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Introduction

Given a linear code, it is important both to identify fast decoding algorithms and
to estimate the first terms of its weight distribution. Efficient decoding algorithms
allow the exploitation of the code in practical situations, while the knowledge of the
number of small-weight codewords allows to estimate its decoding performance. For
affine-variety codes and its subclass formed by Hermitian codes, both problems are
as yet unsolved. We investigate both and provide some solutions for special cases of
interest.

The first problem is faced with use of the theory of Grébner bases for zero-dimensional
ideals.

The second problem deals in particular with small-weight codewords of high-rate
Hermitian codes. We determine them by studying some geometrical properties of
the Hermitian curve, specifically the intersection number of the curve with lines and
parabolas.

This thesis is divided in two parts.

The first part contains preliminaries and known results except for some sections
that contain original results, namely Section 3.4 where we find some automorphisms
of Norm-Trace curve and Subsection 4.2.1 which is devoted to find a system that
permits us to compute the number of words of a given weight. Finally in Section 5.3
we revisit the phases of Hermitian codes proposed by [HvLP98|.

Known results include basic theory and notations of linear codes ([AE09],|[HP03],
[MS77]) and of Grobner bases (JCLOO07], [ST09]). Some material comes from the lec-
ture notes of the course Coding Theory lectured by M. Sala and written by E. Bellini,
D. Frapporti, O. Geil, M. Piva, M. Sala). In Chapter 4 we define the most important
objects of this thesis, that is, the Affine-variety codes and Hermitian codes, explain
the classical decoding and provide some preliminary results for our decoding method.

Part II contains our results. In particular, Chapter 6 and Chapter 7 describe
our paper [MPS12|, except for last section where we report our results in [FM11].
Chapter 8 comprises the results of our article [MOS12].
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This part is organized as follows:

e In Chapter 6 the main result is Theorem 6.0.1, where we provide a complete
classification of intersections between H and any parabola y = az? + bx + ¢
(a # 0). The proof is divided in three main parts. In the first part of Chapter 6
we lay down some preliminary lemmas and we skecth our proving argument, that
is, the use of the authomorphism group for H. In Section 6.1 we deal with the
odd-characteristic case and in Section 6.2 we deal with the even-characteristic

case.

e In the beginning of Chapter 7 we analyse in depth the first-phase Hermitian
codes (that is, codes such that d < ¢q). We give our algebraic characteriza-
tion in Section 7.2 and we use these results to completely classify geometrically
the minimum-weight codewords for all first-phase codes in Section 7.3. In Sec-
tion 7.4 we can count some special configurations of second-weight codewords
for any first-phase code and finally in Section 7.5 we can count the exact number
of second-weight codewords for the special case when d = 3, 4.

e In Chapter 8 we generalize the general error locator polynomials (that are poly-
nomials introduced in [OS05] to decode cyclic codes) to cover also the multi-
dimensional case and hence the affine-variety case. This chapter contains the
following sections.

- In Section 8.1 we introduce the notion of “ghost points”, which are points
added to the variety to play the role of non-valid error locations.

- Using the definition of ghost point, in Section 8.2 we can define a first
generalization of general error locator polynomials to the multivariate case
(Definition 8.2.5), which provides a first decoding strategy. We also in-
troduce evaluator polynomials (Definition 8.2.6) that permits a second
strategy.

- In Section 8.3 we study the “multi-dimensional case” of a stratified ideal,
that is precisely the theoretical background that we need for any multivari-
ate generalization of general locators. Unexpectedly, there is no obvious
“natural” way to extend the core notion of stratified ideals. We present
three generalizations in Definition 8.3.4 and Definition 8.3.5. We discuss
their implications and provide some preliminary results. This section ends
with the statement of Proposition 8.3.13, which is the main result claimed
in this section (but not proved here). Proposition 8.3.13 is, in some sense,
the multivariate analogue of Proposition 4.4.3 on stratified ideals.

vi



- Section 8.4 is devoted to the long proof of Proposition 8.3.13. This propo-
sition describes some features of the Grobner basis of (the elimination
ideals of ) a zero-dimensional radical ideal .J. The proof is constructive and
relies on iterated applications of some versions of the Buchberger-Mdéller
algorithm.

- Unfortunately, result in the multidimensional case, Proposition 8.3.13, is
not as strong as our result in the one-variable case, Proposition 4.4.3. In
Section 8.5, it does allow us to prove the existence of our first generalization
of locators in Theorem 8.5.1, but we show that better locators can be found,
as in Definition 8.5.2. We discuss with examples a new decoding strategy
by applying these locators, but for the moment we are unable to prove
their existence, since they use multiplicities. This will be done in the next

section.

- In Section 8.6 we develop the theory for generalizing stratified ideals to
the multivariate case with multiplicities.
As usual, we are interested in suitable Grobner bases of elimination ideals
of some zero-dimensional ideals. First, we introduce the notion of stuffed
ideals (Definition 8.6.1), which basically means that the roots of some
polynomials in these Grobner bases have the “expected” multiplicity. We
give a constructive method (“stuffing”) to obtain stuffed ideals from special
classes of ideals (in particular, radical ideals will do). Our main results here
are Theorem 8.6.4, that ensures that the desired shape of our Grobner bases
is unchanged under stuffing, and Theorem 8.6.6, that ensures the existence
of our sought-after locators (in our Grobner bases).

- In Section 8.7 we compute some examples from different families of affine-
variety codes. In particular, we formally determine the shape for multi-
variate locator polynomials in the Hermitian case, for any ¢ > 2 and t = 2
(Theorem 8.7.3), both in our weaker version and in our stronger version.

e In Chapter 9 we show how we computed specific examples and tested experi-
mentally all our counting results.

An appendix with some explicit locators concludes this document.
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Preliminaries






Coding Theory

In this chapter we summarize definitions and known results from [AE09, HP03, MS77].
We denote by F, the field with ¢ elements, where ¢ is a power of a prime, and
by n > 1 a natural number. Let (F,)" be the vector space of dimension n over F,.
From now on, we denote by K any (not necessarily finite) field and by K its algebraic

closure.

1.1 An overview on error correcting codes

In 1948 Claude Shannon published a paper, A mathematical theory of commu-

nication [Shad8|, that was the beginning of Coding Theory. In this paper Shannon
defined a number @) called the capacity of the channel and proved that for any given
degree of noise contamination of a communication channel, it is possible a communi-
cation nearly error-free up to Q.
This result guarantees that any data can be encoded before transmission so that the
altered data can be decoded to the specified degree of accuracy. Hence the codes were
invented to correct the errors that occur during the transmission. The basic idea of
coding theory consists of adding some kind of redundancy to the message m which
the information source A wants to send to a destination B.

In the Figure 1.1 the message m is encoded by the encoder into a codeword c and

CHANNEL
SOURCE /M DESTINATION]
ENCODER N DECODER
A B
MESSAGE CODEWORD RECEIVED ESTIMATE
m=mi,...,Mk C=C1y...,Cn MESSAGE OF MESSAGE

ERROR y=ote m
VECTOR

e=e1,...,€n
Figure 1.1: A communication schema

the information is sent through a channel. In this channel there is some interference
(noise) and so a codeword ¢ is changed to another vector y = ¢ + e, where e is called

CGC 3



Chapter 1. Coding Theory

error vector. Finally the vector y is decoded using the decoder, but only if the oc-
curred errors are not too many (in a sense that will be clear later), the receiver is
able to recover the original message m.

In the next sections we will describe some basic concepts about coding theory
considering the coding procedure as a linear function between vector spaces.

1.2 Linear codes

1.2.1 Basic definitions

Linear codes are widely studied because of their algebraic structure, which makes

them easier to describe than non-linear codes.

Definition 1.2.1. Let k,n € N such that 1 < k < n. A vector subspace of (F,)" of
dimension k is a linear code C over F, with length n and dimension k. An element

of C is called a word of C.

We indicate by [n, k], a linear code over F, with length n and dimension k and

we call binary code a code over Fj.

Note that if C is a linear code [n, k],, than C has ¢* codewords.

Definition 1.2.2. If C' is an [n, k], code, then any k x n matriz G whose rows form
a basis for C is called o generator matrix for C.

In general there are many generator matrices for a code. For any set of k£ inde-
pendent columns of a generator matrix GG, the corresponding set of coordinates forms
an information set for C'. The remaining r = n — k coordinates forms a redundancy
set and r is called the redundancy of C. If the first k coordinates form an information
set, then C' has a unique generator matrix G = [[k | A}, where I}, is the k x k identity
matrix. G is called a generator matrix in standard form.

Thanks to this algebraic description, to encode a message m € (F,)* into the
word c € (F,)", it is sufficient to perform the matrix multiplication mG = ¢. When
the generator matrix is in standard form [I}, | A], m is encoded in mG = (m,mA),
where (z,y) denote the vector obtained by the concatenation of x and y. In this case
the message m is formed by the first £ components of the associated word. For this
reason, the set formed by the first & columns of GG is called information set and this

type of encoding is called systematic.



1.2. Linear codes

Definition 1.2.3. If C is an [n, k|, code, its dual code C* is the set of vectors
orthogonal to all words of C':

Ct={ve[F,)" |v-c=0,VeceC}.
Thus C* is an [n,n — k], code.
A generator matrix of C* is called parity-check matrix of C.

Definition 1.2.4. A parity-check matriz H for an [n,k], code C is a generator
matriz (n — k) x n for C*.

It is easy to see that C' may be expressed as the null space of a parity-check
matrix H, that is,
Vx € (F,)", Ha"' =0 < z€C.

Theorem 1.2.5. If G = [I; | A] is a generator matriz for the [n, k], code C in
standard form, then H = [AT | [n_k} s a parity check matriz for C

Proof. See Theorem 1.2.1 of [HP03]. O

n

For any two vectors z,y € (F,)", we define the (Hamming) distance d(z,y) be-

tween x and y as the number of coordinates in which x and y differ.

n

Whereas, the (Hamming) weight w(x) of a vector x € (F,)" is the number of its

nonzero coordinates, that is,

w(z) = d(z,0).

Definition 1.2.6. The distance of a code C is the smallest distance between dis-

tinct words, that is,
d(C) = min{d(¢;, ¢;) | ci,¢; € C,e; # ¢4}

If we know the distance d = d(C') of an [n, k], code, then we can refer to the code
as an [n, k, d], code.
It is simple to prove that following proposition.

Proposition 1.2.7. Let C be a [n, k,d], code, then
d(C) =min{w(c) | ¢ € C, ¢#0}.

Definition 1.2.8. Let C' be an [n,k,d], code and let A; be the number of codewords
having weight i. The weight distribution of C is the sequence {A;} with 1 <i < n.
If for any i, A; = A, _;, then we have a symmetric weight distribution.

It is simple to prove the following proposition.

5



Chapter 1. Coding Theory

Proposition 1.2.9. Let C' be an [n,k,d|, code and let H be a parity-check matriz
of C. If H has w linearly dependent columns, then exists a codeword in C' of weight
less than or equal to w. As a consequence, if any subset of r columns of H is linearly
independent, then d(C) > r + 1.

An immediate consequence of the previous proposition is an upper bound on the
distance of a code in terms of the length and the dimension.

Proposition 1.2.10 (Singleton Bound). Let C' be an [n, k,d], code, then
d<n-—k+1.

A code achieving this bound is called mazimum distance separable (MDS).
Finally, we define a subcode of a code C' as a subspace of C.

1.2.2  Decoding linear codes

The distance of a code C' is important to determine both the error correction
capability of C', that is, the number of errors that the code can correct and its error
detection capability, that is, the number of errors that the code can detect. In fact,
we can see the noise as a perturbation that moves a word into some other vector. If
the distance between the words is large, there is a low probability that the noise can
move a codeword near to another one. To be more precise, we have the following
theorem.

Theorem 1.2.11. Let C be an [n,k,d|, code, then C has detection capability d — 1

and it has correction capability t = |52 |.

Proof. See Theorem 1.11.4 of [HP03] or Theorem 2 of §3 of [MS77, 1]. O
Let ¢ € C be the word transmitted and let y € (IF,)" be the vector received, then

e =y — cis the error vector. If we apply the parity-check matrix H to y, we get:

Hy" = H(c+e)' = He! = s.

Definition 1.2.12. The elements in (F,)"*, s = Hy”, are called syndromes. We

say that s is the syndrome corresponding to .

Note that if we transmit another word and the same error e occurs, we get the
same syndrome. So the syndrome does not depend on the specific word sent, but only
on the occurred error e.

We define a coset as the affine subspace associated to the vector subspace C', that is,

a+C={a+c|ceC}witha e (F,)".

6



1.2. Linear codes

Note that (F,)" can be partitioned into q" " cosets of size ¢".
Two vectors a,b € (F,)" belong to the same coset if and only if a — b € C. The
following fact is just a reformulation of our arguments.

Theorem 1.2.13. Let C be an [n,k,d], code. Two vectors a,b € (F,)" are in the

same coset if and only if they have the same syndrome.

Proof. Let a,b € (F,)". Then a,b belong to the same coset if and only if
a—b € C <= Ha-b"=0 < Had = Hb.
O
Definition 1.2.14. Let C' be an [n,k,d], code. For any coset a + C and any vector

v € a+ C, we say that v is a coset leader if it is an element of minimum weight in

the coset.

Definition 1.2.15. If s is a syndrome corresponding to an error e of weight w(e) < t,
then we say that s is a correctable syndrome and e a correctable vector error.

Theorem 1.2.16 (Correctable syndrome). If no more than t errors occurred (i.e.
w(e) < t), then there exists only one error e corresponding to the correctable syndrome
s = He and e is the unique coset leader of e + C.

Proof. See Corollary 1.11.3 of [HP03] O

We are ready to describe the decoding algorithm of linear codes, that is the de-
coding using standard array. The standard array is a matrix that contains the 2"
vectors of (IF,)"™ ordered by coset. Then the complexity of the decoding procedure is
exponential in terms of memory occupancy.

The decoding procedure is the following.

1. After receiving a vector y € (F,)", compute the syndrome s = Hy’.

2. Find z, a coset leader of the corresponding coset.
This is equivalent to finding a vector e of smallest weight in the coset containing
y such that y —e € C.

3. The decoded word is c =y — 2.

4. Recover the message m from ¢ (in case of systematic encoding m consists of
first k& components of ¢).

In [BKvT99|, [BMvT78| and [Var97] it is shown that the general decoding problem
for linear codes and the general problem of finding the distance of a linear code are
both NP-complete. This suggests that no algorithm exists that decodes linear codes

in a polynomial time.



Chapter 1. Coding Theory

1.2.3  Probability of the Undetected Error

When decoding using the standard array, the error vector e chosen by the decoder
is always one of the coset leaders. The decoding is correct if and only if the true error
vector is the coset leader. That is, if w(e) > ¢, then the decoder may make an error
and the output is another codeword. The probability that the decoder output is the
wrong codeword is called Probability of the Undetected Error (PUE) or word error

rate.

We will define the PUE in a g-ary symmetric channel. That is,

Definition 1.2.17. A g-ary symmetric channel (SC) is a channel which has the

following properties:

1. the component of a transmitted word (that we call “"symbol”) can be changed

only to another element of F,.
2. The probability that a symbol becomes another one is the same for all symbols.

3. The probability that a symbol changes during the transmission does not depend

on its position.

4. If the i-th component is changed, then this fact does not affect the probability of
change for the j-th components.

To these channel properties it is usually added a source property, that is,
5. all words are equally likely to be transmaitted.

Obviously, the g-ary SC is a model that rarely can describe real channels, but it
permits a simpler construction of the theory. Now we are going to see in which way.
Let p be the probability that the symbol 1 become 0 or vice-versa where 1 < p < 1/q.
Suppose that during the transmission occurs an error e. The probability that e is the

vector v € (F,)"™ of weight i is
Prob{e = v} = p'(1 —p)" " (1.1)
Hence, if the code C' has weight distribution {4;} with 0 < ¢ < n, then by (1.1)

PUE =) Ap'(1-p)""

=1

Note that if p is very low, then the PUE is more influenced by the small weight

codewords.



1.3. Cyclic codes

1.3 Cyeclic codes

1.3.1 An algebraic correspondence

Definition 1.3.1. An [n, k,d], linear code C is a cyclic code if the cyclic shift of a
word 1s also a word, that is,

(007 .- 'acn—l) €C = (Cn—17007 s 7Cn—2) e C.

A powerful instrument to describe algebraic properties of cyclic codes is to rep-
resent codewords in polynomial form. Detail can be found in Chapter 4 of [HP03].
Here we report an informal introduction of some tools that we will use in Section 2.2.

Let F,[z] be a polynomial ring. For any f € F [x] we denote

(f) ={fg|g € Fylz]}

and we say that (f) is an ideal. We construct a bijective correspondence between the
vectors ¢ = (g, . .., cp_1) of (F,)™ and the polynomials c(z) = co+c1z++ - +¢p12™ !
in F,[z] of degree at most n — 1.

Note that if ¢(x) is a word, then the shift to the right of ¢(z) is xc(x) mod ™ — 1.
This suggests that the words of cyclic codes can be represented as polynomials in a
residue class ring R = F,[z]/I, where I is the ideal I = (2™ —1). So we can identify C'
with a subset of R and thus, with a slight abuse of notation, we can multiply elements
of C' with polynomials modulo 2™ — 1

Knowing that x’- ¢ € C for any ¢ € C, it is simple to prove the following theorem.

Theorem 1.3.2. Let C' be an [n, k,d], code. Then C' is cyclic if and only if C is an
ideal of R.

Let C' be an [n,k,d], cyclic code. It is easy to prove (see Theorem 4.2.1 and
Corollary 4.2.2 of [HP03|) that there exists a unique monic polynomial g of minimal
degree that generates C' as an ideal of R. Moreover,

if C' = (g9) = g divides 2" — 1 in F [2] and its degree is deg(g) =n — k.

We call g the generator polynomial of C.
A generator matrix can easily be given by using the coefficients of the generator

polynomial g = Z;:ok gt

o= fg _ Q 90 . gnikfl Gn—k .O .O
$kg 0O ... 0 9o g1 oo On—k



Chapter 1. Coding Theory

Previous observations imply that cyclic codes of length n over F, are generated by
divisors of 2" — 1. Let

"t —1= H fis f; irreducible over [F,.
j=1

Then to any cyclic code of length n over F, corresponds a subset of {f;}5_;. So, to
find all cyclic codes, we have to find the irreducible factors of 2™ — 1 over [F,. Let
us put ourselves in the case 2" — 1 has no repeated factors which is when ¢ and n
are relatively prime. To factorize 2™ — 1 over F,, we need to find all zeros of 2™ — 1
in some extension field F -, for some r € N. The smallest field containing F, and to
which these roots belong is called the splitting field of ™ — 1 over F,.

Theorem 1.3.3. Let n,q be coprime. Let Fy be the splitting field of x™ — 1 over Fy.
Then erist o € Fyr such that

This element « 1s called primative n-th root of unity.
Proof. See Theorem 4.1.1 of [HP03]. O

Note that (see Theorem 3.7.4. of [HP03]) if f(z) is a polynomial in F,[z] and if «
is a root of f(z) in some extension field F,r, then:

L f(a?) = f(x)?
2. afis also a root of f(z) € F,.
Hence, in this case the generator polynomial of C' has powers of a as roots.

Definition 1.3.4. Let n, q be coprime. Let C be an [n, k, d], cyclic code with generator
polynomial g. The set:

Sca=8c={i1, .. ink | ga¥)=0,j=1,...,n—k}

is called the complete defining set of C.
The g-cyclotomaic class of i, or q-cyclotomic coset of i, is the set

Ci={i,q,...,q"i},
where m s the smallest positive integer such that © = i¢™ mod n.

10



1.3. Cyclic codes

So the complete defining set of a cyclic code is the collection of g-cyclotomic classes.
From now on we fix a primitive n-th root of unity a and we write Sco, = Sc. A
cyclic code is defined by its complete defining set, since

C={ceR|c(a')=0,i€Sc}+=g= H(x—o/).

€S
By this fact it follows that
1 ail Ck2i1 a(n—l)il
1 aiQ a2i2 a(n—l)ig
H —
1 Oéinfk a2in7k Ce Oé(n_l)infk

is a parity-check matrix (defined over F m) for C.
In fact, if ¢(x) = ¢+ 1z + -+ + ¢,_12"7L, then c(a”) = 31} cia™, so

clan
(o) "
c
He! = ) = : — ¢ € C.
‘ 0
c(a'n=*)

Remark 1.3.5. We note that, since S¢ is partitioned into cyclotomic classes, there are
some subsets S, of S¢ (containing at least one element for each cyclotomic coset of
Sc) any of them sufficient to specify the code unambiguously and we call any such
S¢ a defining set.

Theorem 1.3.6 (BCH bound). Let C be an [n,k,d], cyclic code with complete
defining set Sc = {i1,...,in_r} and let (n,q) = 1. Suppose there are § —1 consecutive
numbers in Sc, say {mg,mo+1,...,mg+ 3 —2} C Sc. Then

d>o.
Proof. See Theorem 4.5.3 of [HP03|. O

Now we are able to define two particular cyclic codes, BCH codes and Reed
Solomon codes.

Definition 1.3.7. Let C be the [n, k,d], cyclic code with defining set S = (mg, mo +
L,...,mg+ 0 —2) such that

0<my<---<my+0—-2<n-1

Then, C' is a BCH code of designed distance 6. The BCH code is called narrow
sense if mg =1 and it is called primitive if n = q¢™m — 1.

11



Chapter 1. Coding Theory

Example 1.3.8. We consider the polynomial 27 — 1 over Fy:

1=+ 1) +2° + 1) (2> +2+1)

T T 1)
f1 f2 f3

Let C be the cyclic code generated by g = f; - fo. Let a a primitive n-th root of unity
such that fo(a) = 0, then So = {0,1,2,4,5,7,8}. Hence C is a [9,2,d] code over
Fy with S¢ as defining set and so it is a BCH code of designed distance § = 6. The
BCH bound ensures that the minimum distance is at least 6. On the other hand, the
generator polynomial

g@) ="+ 28+t + 2P+ + 1
has weight 6, so the distance is exactly d = 6.

Definition 1.3.9. A Reed Solomon code over F,, denoted by RS(k,n,F,), is a
BCH code with length n = q — 1.

Note that if n = ¢—1 then 2™ —1 splits into linear factors. If the designed distance
is d, then the generator polynomial of a Reed Solomon code has the form

@) = (¢ = a)(x = ") (2 — )

and k =n —d+ 1. It follows that RS codes are MDS codes.
In Section 4.1 we will see the Reed-Solomon codes as affine-variety codes.

1.3.2  Encoding and decoding with cyclic codes

In this section we study the encoding and decoding of a message in the case of

cyclic codes.

Let C be an [n, k, d], cyclic code with generator polynomial ¢ of degree n — k. We
recall that C' will correct at most t = <] errors.

Let m = (my,...,mg_1) be a message, we consider its polynomial representation
m(z) in the polynomial ring R. We can encode the message in two ways, the simpler

is to multiply m(z) by the generator polynomial g(z):
c(x) =m(z)g(x) € C.

The other procedure exploits the proprieties of R and it is used to obtain a systematic
encoding. We have to multiply m(z) by 2" % and divide the result by g, obtaining:

m(@)a"" = q(w)g() + (@)

12



1.3. Cyclic codes

where deg(r(z)) < deg(g(x)) = n — k. So the polynomial representation of the
remainder is an (n — k)-vector. Joining the k-vector m with the (n — k)-vector r we
obtain an n-vector ¢, that is

In this way, the message is formed by the last k£ components of the received word.
In the last case, to verify that some error occurred, it is sufficient to check if the
remainder of the division by g of the received polynomial ¢ is different from zero.
This procedure to compute the reminder is called Meggitt Decoding Algorithm (see
Section 4.6 of [HP03]).

Suppose that during the transmission an error e occurs with w(e) < ¢. Then,
the remainder of the division by ¢ in the procedure above gives exactly the syn-
drome associated to e. We can find e using the standard array which is described in
Subsection 1.2.2.
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Introduction to Grobner bases

In this chapter we will introduce some basic notions and known results from
[CLOO0T7] and [ST09]. Some material comes from the lecture notes of the course Cod-
ing Theory lectured by M. Sala and written by E. Bellini, D. Frapporti, O. Geil, M.
Piva, M. Sala.

We denote by [F, the field with g elements, where ¢ is a power of a prime. Let
n > 1 be a natural number and let (F,)" be the vector space of dimension n over F,.
We denote by K any (not necessarily finite) field and by K its algebraic closure.

2.1 Monomial ordering

A monomial in x4, ..., 2, is a product of the form

Qm

a1
ZEI '...'Zlfm

where all of the exponents a; are non negative integers. The sum a; + ... + ay is
defined to be the total degree of this monomial. We denote by M(X) = M the set

of all monomials in the variables x4, ..., z,,.

A polynomial f in x4,...,x,, with coefficients in K is a finite linear combination
of monomials. That is,

f= Zaaxa, a, € K,
(07

where z* = 27" - ... - 2% and the sum is over a finite number of m-uples a =
(o, ..., ). Then we call a, the coefficient of the monomial z* and we denote by

deg(f) the total degree of f which is the maximum |a| = oy + ... + a;, such that the

coeflicient a,, is nonzero.

Note that the sum and product of two polynomials is again a polynomial. It is
simple to prove that under addition and multiplication, K[zy, ..., z,,] = K[X] sa-
tisfies all field axioms except for the existence of multiplicative inverses (since, for
example, 1/z is not a polynomial). For this reason K[X], the set of all polynomials

CGC 15



Chapter 2. Introduction to Grébner bases

in xy,...,x, with coefficients in K, is called a polynomial ring.

Since a polynomial is a sum of monomials, we would like to be able to arrange
the terms in a polynomial unambiguously in descending (or ascending) order. To do

this, we have to define a monomial ordering <.
Definition 2.1.1. A monomzal ordering < is a binary relation on M such that:

1. YV my # mg € M, either my < mg or mg < my.

Y my,mg,m3 € M, if m; < msy and mo < mg, then my; < mg.
2. ¥ my,mg,m € M if my < mg then my-m < mo - m.
3. < 18 a well-ordering, i.e. every non-empty subset of M has a least element.

Note that for every monomial ordering: 1 < m.
Now that we have defined monomial ordering, we report some examples. We can

suppose that x; > ... > x,, and let my, my € M such that m; = z{" - ... - 2% and
mo=alt . xhe

Lex that is a lexicographic order. We say that my <., ms if there exists j such that
a; < Bjand o = B for 1 <7 < j <m.

Example 2.1.2. Let M = M[z,y, z] and z > y > z. Then

z? = y* and 2%yz® = xyz.

GrLex that is a graded lexicographic order and it is also call total lexicographic order.
We say that my <g, me if |of < |B] or if |a] = |B| and my <jex mo.
Example 2.1.3. Let M = M[z,y, 2] and > y > z. Then

z? <yt and 2%y23 = xytz.

DegRevLex that is a graded reverse lexicographic order. To say that mi; <pgrr ma,
first of all we compare their total degrees: if || < |B| then m; <prp ma,

otherwise we have to compare the total degree of n; = z{ - ... -z ™" and
ny =a/* .. -z’ and so on.

Example 2.1.4. Let M = M[z,y, z] and z > y > z. Then
2 < y4 and x2yz3 < xy4z since $2y < xy4.

16



2.1. Monomial ordering

Note that DegRevLex is the same to reverse the lexicographic order, that is,
mi <prr, Mg if there exists j that a; > B and a; = g8 for 1 <7 <i <m.

Weighted Degree. We assign a weight w; € N* to each variable z; and we denote
by w(mq) =Y. cuw; and by w(mg) = >, fiw;. We say that my <, my if either

w(my) < w(msg) or w(my) = w(ms) and my <je, mo.

Example 2.1.5. Let M = M([z,y,z| and = = y > z. We assign the weight to
each variables w, = 2, w, =1 w, = 3. Then

22 <yt and 2%y23 = xyz.

Block Order. Let X = {zy,...,2,} and Y = {y1,...,y,} be two variable sets.
Let <x and <y be two orders, on the monomials of X and on the monomials
of Y, respectively. That is my, my as previous and n; = y;" - ...y’ and
ny =y, -y’ Let < as (<x,<y) a block order on the monomials of X UY".
We say that min; < mong if ny <y ng or if ny = ny and my; <x mo. The
definition of a block order for more variable sets is a direct generalization.

Example 2.1.6. Let M = M|z, 22,11, Y2,y3] and let <= (<jes, <grr) and
Ty > To > Y1 > Y2 > Y3. Then

2 2 3 3, 3 3
x] < Toy; and x1y1Y5 > THY1Y; since xp > X

We will use the following terminology.

Definition 2.1.7. Let Q@ € N™. Let f = 3 .o a.2x* be a non zero polynomial in
K[X] and let < be a monomial ordering. We say that 2° is the leading monomial
of fif % = % for all a # B such that o € Q and it is denoted by Im(f) = 27 .
We denote by T(f) = agz”® the leading term of f and by lc(f) = ag the leading
coefficient of f.

Using a monomial ordering, it can be proven that the leading monomial, the
leading term and the leading coefficient of f are well defined and unique.

Example 2.1.8. Let f = 42y + x>z + 5z in R[z,y, 2] and let =, be a lex order.
Then Im(f) = 2%y, le(f) = 4 and T(f) = 422y.

17



Chapter 2. Introduction to Grébner bases

2.2 Basic notions about ideals and Grobner bases

In this section we consider the ideals and the classic results of these algebraic

objects.

Definition 2.2.1. A subset I C K[X] is an ideal if
1. 0e I
2. If f, g€ I then f+ge€I.
3. If f € I and h € K[X] then fh e I.

Let fi,..., fs be polynomials in K[X]. If

I= {Z/\ifi | A € K[X]}
i=1
then I is finitely generated by fi,..., fs and it is denoted by I = (f1,..., fs)-

An ideal generated by one element is called a principal ideal.
A commutative ring A is a Noetherian ring if any ideal I C A is finitely generated.

Definition 2.2.2. We define a semigroup ideal T' as a subset of M such that for
allt €T, m e M we havet-m e T.

Let tq,...,tx € M and set:
k
T = J{\i| A e M}
i=1

Then T is a semigroup ideal of M. We say that T is generated by {ti,...,t;} and
we write T' = (t,...,1x).

Lemma 2.2.3. Let M C M and I = (m; | m; € M) be an ideal. Then a monomial

m lies in I if and only if m is divisible by m; for some m; € M.
Proof. See Lemma 2 of chapter 2 of [CLOO07, §4]. O

Theorem 2.2.4 (Dickson’s Lemma). Every semigroup ideal is generated by a finite
set.

Proof. See Theorem 5 of chapter 2 of [CLO07, §4]. O

18
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In the previous section, we defined the leading term of f € I. For any ideal I, we

can define its ideal of leading terms T(I) as the set of leading terms of elements of .
That is,

T(I) = {Mm | there exists f € I with T(f) = Am}.

And we denote by (T(I)) the ideal generated by the elements of T([).
In a similar way we can define the ideal of leading monomials of I, that is,

Im(I) = {Ilm(f) | f € I} € M.

It is clear that Im([]) is a semigroup ideal.

Note that, if I = (fy,..., fx), then (T(f1),...,T(fx)) € (T(I)), but these two
ideals may be different and it is the same for Im(7).

Example 2.2.5. Let I = (f1, fo) where f; = 2> —z and f, = zy —y + 1. We use
lexicographic ordering on the monomials in K[z,y]. Then zf; —yf; = x, so x € 1.
Thus z = T(x) € (T(I)) but z is not divisible by T(f;) = 22 or T(fy) = xy. Hence,
by Lemma 2.2.3, = € (T(f1), T(f2)).

Proposition 2.2.6. Let I C K[X] be an ideal. Then (T(I)) is a monomial ideal and
there are gy, ...,gx € I such that (T(I)) = (T(g1),...,T(gx))-

Proof. See Proposition 3 of chapter 2 of [CLOO07, §5]. O]

Theorem 2.2.7 (Hilbert Basis Theorem). Any ideal I C K[X] has a finite generating
set.

Proof. See Theorem 4 of chapter 2 of [CLOO07, §5]. O]

We just noted, in Example 2.2.5, that not all bases {f,..., fi} of an ideal I have
the special property that (T(I)) = (T(f1),..., T(fx)). Those bases for which the
equality holds give rise to the following definition.

Definition 2.2.8. Let I be an ideal and < be a monomial ordering. We say that
G = {g1,...,9x} is a Grébner basis for I if (T(I)) = (T(g1),...,T(gx)). We
denote by GB(I).

Equivalently, G is a Grébner basis of I if G C [ and if for all f € [ there exist
g; € G such that Im(g;) divides Im(f).
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Theorem 2.2.9 (Buchberger Theorem). For every ideal I C K[X]| and for every
monomial ordering < on M, there exist a Grobner basis G for I.

Proof. See Corollary 6 of chapter 2 of [CLOO07, §5]. O

Moreover, there exists an algorithm, that is, Buchberger algorithm [Buc06, Buc98|
[CLOO07, 287| that transforms any finite set of generators for I into a Grobner basis.

Actually, Grobner bases computed using the Buchberger algorithm are often bigger
than necessary. We can eliminate some unneeded generators by using the following

lemma.

Lemma 2.2.10. Let G be a Grobner basis for the polynomial ideal I. Let g € G be a
polynomial such that T(g) € (T(G\{g})). Then G\{g} is also a Grébner basis for I

Proof. See Lemma 3 of chapter 2 of [CLOO07, §7]. O

Because of Lemma 2.2.10, we can define a minimal Grébner basis for I C K[X]
as a Grobner basis G for I such that for all ¢ € G we have that lc(g) = 1 and

T(g) € (T(G\{g}))-

Unfortunately, a given ideal I may have many minimal Grobner bases. But we can
define a specital minimal basis, that we call a reduced basis. In this way to any ideal

we can associate a unique basis.

Definition 2.2.11. Let G = {¢1,...,gr} be a Grébner basis for I. We say that G is
reduced if for all g € G, lc(g) = 1 and no monomial of g divides T(g;) where g; # g
and g; € G.

Proposition 2.2.12. Let I # {0} be a polynomial ideal. Then, for a given monomial

ordering, I has a unique reduced Grobner basis.
Proof. See Proposition 6 of chapter 2 of [CLOO07, §7|. ]

For any ideal I in a polynomial ring K[X], X = {z1,...,z,,}, we denote by V(I)
the variety of I in K, that is the set of all zeros of I in K

VI)={PcK"|f(P)=0 VfelI}.
Theorem 2.2.13. Let I = (f1,..., fi) be an ideal in K[X] and let P € K. Then
filP)=...= fi(P)=0 < g(P)=0 VYgel.

Proof. See Proposition 9 of chapter 2 of [CLO07, §5]. ]
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Definition 2.2.14. Let I be an ideal. If the cardinality of V(I) is finite, then I is
called a 0-dimensional ideal.

Theorem 2.2.15 (The Weak Nullstellensatz). Let K be an algebraically closed field
and let I C K[X] be an ideal satisfying V(I) = 0. Then I = K[X].

Proof. See Theorem 1 of chapter 4 of [CLO07, §2]. O

Definition 2.2.16. For any Z C K a set of points, we denote by Z(Z) the vanish-
ing ideal of Z, T(Z) C K[X], that is, Z(Z) = {f € K[X] | f(P) =0VP € Z}.

Theorem 2.2.17 (Buchberger-Moéller). Let Z be a finite set of points in K™. Let
G = {91,--.,9x} be a strictly ordered reduced Grébner basis of I = I(Z), that is

Im(g1) < ... <Im(gy). Let P = (p1,...,pm) be a point that does not belong to Z,
then a Grébner basis for I' = Z(Z U{P}) is G = G1 U Gy U G, with

e Gi={g€G|lm(g) <Im(g")},
e Gy ={(z; —pi)g* | 1 <i<m},
e Gy ={g— 2g" | Im(g) - Im(g")}.

where g* is the first polynomial in I such that does not vanish in P. That is, g*(P) # 0
and g(P) =0 for all g € G such that Im(g) < Ilm(g*).

Proof. See |[MB82, Mor09] or |[CLO07, 2§7]. O

Definition 2.2.18. Let I be an ideal in a polynomial ring K[X]|, the radical of I,
denote by \/1 is the set VI = {f € K[X]| f" € I for some n > 1}.

Note that I C v/1. If I = /I, then I is radical, that is, f* € I implies that f € I,
for some n > 1.

It is easy to prove that Z(Z) is radical (Corollary 3 of chapter 4 of [CLO07, §2|).

Theorem 2.2.19 (Hilbert Nullstellensatz). Let K be an algebraically closed field. If
I CK[X] is an ideal, then
VI =Z(V(I))

Proof. See Theorem 6 of chapter 4 of [CLO07, §2]. O

Theorem 2.2.20 (The Ideal-Variety Correspondence). Let K be an arbitrary field.
If I} C Iy are ideals, then V(I3) C V(I1) and, similarly, if V(Is) C V(1) are varieties,
then Z(V(11)) C Z(V(13))

Proof. See Theorem 7 of chapter 4 of [CLO07, §2]. O
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Theorem 2.2.21. Let I C F,[X] be an ideal such that {x] —z; | 1 <i<m} C I,
then I is 0-dimensional and radical.

Proof. Tt {z} —x; | 1 < i < m} C I it means that V(I) C F* and then #V(I) <
[F7*| = ¢™. Thus I is 0—dimensional.

Since I C VI, to prove that I is radical it is sufficient to show that /I C I.

Let f = aymy +...a,m, where a; € K, m; € M such that m; = 27" - ... - 2,"" with
1 <7 <n. First of all note that f? = f mod /. In fact, since a € F, we have a? = a

and m! = m; mod I since the field equations are in the ideal and so

mi = (x{" - atmi) = () () = g % =y

If f € VI then f" € I by definition of radical of I, " € I is equivalent to say that
f7 =0 mod I. We can always consider that r < ¢ since, otherwise, we reduce r
module q. So f" € I = f"- f9" € I, thatis, f¢ =0 mod I but f¢ = f mod [
and so we can conclude that f € I and /I C I. O]

Finally we define the Hilbert staircase N(I), which is an important tool also for
affine-variety codes, the central argument of Chapter 4. N(I) is the set of all the

monomials that are not leading monomial of any polynomial in I:

Definition 2.2.22. The set N(I) = M\Im(I) is called the Hilbert staircase or
footprint of I.
Example 2.2.23. Let I C F,[z,y], let < be lexicographic order y < .

Let
I = (2°, 2%y% 2*y°, %)

Since (Im(I)) = (I), then, as we see in 3
the figure, the Hilbert staircase has the )
y‘) = °
following form: d
y’1 = °
{yza$y1’$2y]73337173y7x47x4y} 3
IJ' - ° x—\
where 0 <i<b5and 0 <5 < 2. 2t e e %
N(1)
A 8 ° . . °

Let I C K[X] there is a nice and natural connection between the number of zeros
of I and the number of points in its footprint w.r.t. any ordering.

Theorem 2.2.24. Let I be a 0-dimensional radical ideal in F,. For any monomial
ordering we have: #V(I) = #N(I).

22



2.2. Basic notions about ideals and Grébner bases

Proof. We prove this corollary by induction on variety cardinality and using the
Buchberger-Moller algorithm. Let I C F [X], with x1 > 29 > ... > 2y,.

If #V(I) = 1, then V(I) = {P}, where P = (py,...,pn) € F,". By Theorem 2.2.17
we can find a Grobner basis G for Z(V([/)), which is

g:{xl_ph”'axm_pm}‘

Since I is radical we can use Theorem 2.2.19 and so we have that Z(V(I)) = I = I.
Hence N(I) = {1}, that is, #N(I) = 1.

Let us suppose that #V(I) =n—1 = #N(I) =n — 1 and we want to prove that
#V(I') =n = #N(I') = n. Let #V(I') = n, then V(I') = {Py,..., P}, with
P e E;n for 1 <i <n. We consider Z ={Py,...,P,_1} and I =Z(Z).

By inductive hypothesis #N(I) = #V(Z) = n — 1. Let G be a Grobner basis for
I. Applying Buchberger-Moller Theorem for G and the point P, = (p1,...,pm) we
obtain a Grobner basis G’ for the 0—dimensional radical ideal I' = Z(Z U P,), which
is: ¢’ = G1 UGy U G5, where

Gi1={g G llm(g) <Im(g")}

Gy =A{(zi —pi)g" [ 1 <i<m}
9(Pn)

Gs={g—

» =1 g*(P)

where ¢* is the first polynomial in I such that does not vanish in P,. That is,

g (P,) # 0 and g(P,) = 0 for all ¢ € G such that Im(g) < Im(g*). Now, by

construction, we have

g" [ Im(g) = Im(g")}

Im(I') = {lm(g1) | g1 € G1} U{lm(g"z;) | 1 <i <m}U{lm(g) | g € Gs}
and
Im(I) = {lm(g1) | g1 € G1} U{lm(g")} U {lm(g) | g € G3}.

Since V(I) C V(I'), by Theorem 2.2.20, we have that I’ C I. Hence Im(g*x;) € Im(I)
and
Im(I) = Im(I') U {im(g.)} = #N(I') = #N(I)+1=n. O

We consider I C K[X] an ideal such that {z] —z; | 1 < i < m} C I and let
R = K[X]/I.

Theorem 2.2.25. Let I be an ideal in K[X]| and let < a monomial ordering. The
set
B={m+1|meN()}

constitutes a basis for R as a vector space over K

Proof. See Theorem 5 of [Gei09]. O
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2.3 Elimination Theory

In this section we see a theorem about the structure of the Grobner basis of a
O-dimensional ideal w.r.t lex monomial ordering. Let I be an ideal in K[z1, ..., z,,],
as monomial ordering we use the lex ordering induced by z; < ... < z,,.

Definition 2.3.1. Let I = (fi,..., fr) C K[z1,...,2,]. Thei-th elimination ideal
I; is the ideal of K[z, ..., x;] defined by

]ZZIOK[CL’M,I'Z]

Note that conventionally z; > ... > x,, and the i-th elimination ideal I; is the
ideal of K[x;41,...,zy] defined by I; = I N K[z;4q,. .., T

Theorem 2.3.2 (The Elimination Theorem). Let I C K[X] be an ideal and let G be
a Grébner basis of I with respect to lex order where v1 < ... < x,,. Then, for every
0 < i <m, the set

Gi=GnKlxy,..., ]

is @ Grébner basis of the i-th elimination ideal I;.

Proof. see Theorem 2 of chapter 3 of [CLOO07, §1]. O

Let g = a;xt + ;1271 + ... + ap € G, where the a;’s belong to Klzy, ..., x;_1],
then a; = Ip(g) is called the leading polynomial of g.

Theorem 2.3.3 (Gianni-Kalkbrener Theorem). Let G be the reduced Grébner basis
of the 0-dimensional ideal I in K[X| w.r.t. lex ordering with x1 < ... < x,,. Then:

1. There exists exactly one g € G such that g € K[z], i.e. Gy = {g}.

2. For all 1 <i < m, we have that G; # () and that G; is the Grobner basis of the

elimination ideal I;.

3. Let A = (a1,...,a,) € V(I) and let a = (ay,...,a;_1). Let g € G;, then
a; € V(g(a,z;)), and the following equivalence holds

Ip(g)(a,z;) =0 in K <= g(a,z;) =0 in K[z;].

Moreover, there exists h € G; such that h(a,z;) # 0 in K[z,].
Conversely, if g(a,a) = 0, then there exists A = (a, @, aiy1,-..,an) € V(I).

Proof. see |Gia89, Kal89] O
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Theorem 2.3.3 allows us to compute the set V(1) of zeros of a given 0-dimensional
ideal I in K. We compute the reduced Grébner basis G for I w.r.t. lex 1 < ... < .

By Theorem 2.3.3 there exists exactly one polynomial g; in the first variable x;.
So we can compute its roots. Then we evaluate all polynomials of GG in these roots,
obtaining polynomials in only one variable, that is 5. So we can compute their roots,
and so on.

Example 2.3.4. We consider three polynomials in Fo[z, y, 2]
fi=a?+2my fo=axz-y fs=2-y
Let I = (fi, fo, f3), we want to compute V(I). We consider the lex order x > y > z,
then the reduced Grobner basis G of [ is
G =22—z2=2(z-1)

G=yz—y=ylz—1)

93:?/2—2
gs =22 —Y
gs =Y — 2

gs = 1% — 2

So G1 =G NFy[z] = {g1} and Gy = GNFyly, z] = {92, 93}. By Theorem 2.3.3, G is
a Grobner basis of I} = I NFy[z] and G is a Grébner basis of I, = I NFy[y, z].

We compute the roots of ¢g; and we find z; = 1 and 2z, = 0. Now we evaluate all
polynomials of Gy in z;. An we obtain g»(y,21) = 0 but g3(y,z1) = > — 1, so y
must be 1,2. Whereas, g2(y, 22) = —y and g3(y, 22) = 3> so y must be 0. Finally we
evaluate g4, g5, g6 in (0,0), (1,1) and (2,1). And we obtain

g4(2,0,0) =0 g5(,0,0) =0 g6(2,0,0) = 22 — =0
gz, 1,1)=2—1 gs(z,1,1)=2—-1 gs(z,1,1)=2>-1 = z=1
g(r,2,1)=2—-2 g5(x,2,1)=—-2—-1 gs(x,2,1)=2*~-1 = =2

So the solutions are

Py =(0,0,0), Py =(1,1,1), Py=(2,2,1).
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Hermitian and Norm-Trace curves

3.1 Known facts on Norm-Trace curve and Hermitian curve

From now on we consider [F- the finite field with ¢" elements, where ¢ is a power
of a prime. We consider » = 2 and we let « be a fixed primitive element of IF 2, and
we consider 3 = %! as a primitive element of F,. From now on ¢,¢? a and § are

understood as above.

We consider the norm and the trace, the two functions defined as follows.

Definition 3.1.1. The norm Ngzr and the trace Trizr are two functions from F,
to IF, such that

]F T r—1

Ng, () = g g Trgzr(a:) — 4?4l

The Norm-Trace curve x is the curve defined over F, by the following affine
equation |Gei03|

P00 = o™y 4y where 7,y € Fyr. (3.1)

We can note that the points (7,7) € (F,-)? such that Nizr () = Tr];F;ZT (7) are the zeros
of x. So, it is possible to prove (Appendix A of [Gei03]) the following lemma.

Lemma 3.1.2. The Norm-Trace curve x has exactly ¢* ~* F,--rational affine points.

. r— ’I‘_l
The genus of x is g = 3(¢" " — D(E - 1).
If we consider r = 2, we obtain a famous curve, that is, a Hermitian curve. The

Hermitian curve H = H, is defined over F 2 by the affine equation

29! = y? + y where 2,y € Fp. (3.2)

—q(q;) and has n = ¢ rational affine points, denoted by

This curve has genus g =
Py, ..., P,. Forany z € F,, the equation (3.2) has exactly ¢ distinct solutions in [F .

H contains also one point at infinity P., so it has ¢*+1 rational points over F 2 [RS94].
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Chapter 3. Hermitian and Norm-Trace curves

We denote with N and Tr, respectively, the norm and the trace from Fp2 to F,. It
is clear that H = {N(z) = Tr(y) | z,y € Fp}.
We can define a similar curve H' = {N(z) = —Tr(y) | =,y € F,2} and, using the
next lemma, it is easy to see that also M’ contains ¢* F,-affine rational points. A
well-known fact is the following [LN86].

Lemma 3.1.3. For any t € F,, the equation Tr(y) = y?+y =t has exactly q distinct
solutions in F 2. The equation N(z) = 29t =t has ezactly ¢ + 1 distinct solutions,

if t # 0, otherwise it has just one solution.

Proof. The trace is a linear surjective function between two [ -vector spaces of di-
mension, respectively, 2 and 1. Thus, dim(ker(Tr)) = 1, and this means that for any
t € F, the set of solutions of the equation Tr(y) = y? + y = ¢ is non-empty and then
it has the same cardinality of IF,, that is, q.

The equation z9"! = 0 has obviously only the solution z = 0. If ¢t # 0, since
t € F,, we can write t = 3, so that * = a*7(@~1 are all solutions. We can assign
7=0,...,q, and so we have ¢ + 1 distinct solutions. O

3.2 Intersection between the Hermitian curve H and a line

In this section we analyse the intersection between the Hermitian curve H and

any line.

Lemma 3.2.1. Let L be any vertical line {x = t}, witht € Fp2. Then L intersects
H in q affine points.

Proof. For any t € Fp, t971 € F,, and so the equation y? + y = t9*! has exactly ¢
distinct solutions by applying Lemma 3.1.3. O]

Lemma 3.2.2. In the affine plane A*(F,2), the total number of non-vertical lines is
q'. Of these, (¢" — ¢*) intersect H in (q+1) points and ¢> are tangent to H, i.e. they

intersect H in only one point.

Proof. Let L any non-vertical line, then £ = {y = ax + b}, with a,b € F 2. We have
q? choices for both a and b, so the total number is ¢*. Then

HNL={(z,ax+b) | a’2?+b"+ax+b=2a""" z€Fp}
Let ¢ = ¢(a,b) = a?™ + b9+ b, then ¢ € F,. We have two distinct cases:

e ¢ =0. Then a%z? + b7 + ax + b = 277! becomes a%z? — a?! 4 ax = 29", which

gives x = a?, that is, £ is tangent.
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3.3. Automorphisms of Hermitian curve

e ¢ # 0. Then a%? + b? + ax + b = 277" becomes 27" — a%29 + a9 — ax = c,
which gives (z — a?)?™ = ¢. Since ¢ = (a9™!)" for 1 < r < g — 1, we have
r=a?+ "D for any 0 < i < q.

The number of pairs (a,b) satisfying c(a,b) = 0 is ¢3, because they correspond to the
affine points of H/, and those satisfying ¢ # 0 are (¢* — ¢3). O

Corollary 3.2.3. Let L be any horizontal line {y = b}, with b € Fpe. Then if
Tr(b) = 0, L intersects H in one affine point, otherwise, if Tr(b) # 0, L intersects H
n g+ 1 affine points.

Proof. Apply Lemma 3.2.2 with a = 0. O

3.3 Automorphisms of Hermitian curve

We consider an automorphism group Aut(H/F2) of the Hermitian curve over F 2.
Aut(H/F,2) contain a subgroup I', such that any ¢ € I' has the following form, as in
[Xin95] and in Section 8.2 of [Sti93]:

o r o\ €x + 7y
Y eIy +eyiz +6

with (v,d) € H, e € 7. Note that I is also a subset of group of affine transformation
preserving the set of [F2-rational affine points of H.
If we choose € = 1 we obtain the following automorphisms

with (v,0) € H, (3.3)

T x+
yr—y+yr+o

that form a subgroup A with ¢3 elements, see Section II of [Sti88].

The reason why we are interested in the curve automorphisms is the following. If we
apply any o to any curve X in the affine plane, then the planar intersections between
o(X) and ‘H will be the same as the planar intersections between X and H. So, if we
find out the number of intersections between X' and H, we will automatically have
the number of intersection between o(X’) and #H for all o € I'. This is convenient
because we can isolate special classes of parabolas that act as representatives in the
orbit {o(X)},er. These special types of parabolas may be easier to handle.
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Chapter 3. Hermitian and Norm-Trace curves

3.4 Automorphisms of Norm-Trace curve

Similarly, we find an automorphism subgroup of Aut(x/F,-) of the Norm-Trace
curve, where y is as (3.1).

We consider (v,0) € x. For any e € F} we obtain the following automorphisms

{x»—>€x+7 (3.4)

y — €q7»_1+q7»—2+,..+1y + (5 + Zl Ea“.yﬂq_l.aq

where for any subset A; C S with S ={1,...,r — 2}, we have

aizl—i—Zqi and Bi=q '+ Z q'.
i€A; i€S\A;
That is,
G+Gi=1+q++.. g

and

olx)= ex+~
a(y) _ Eq’“—1+q"—2+...+1y +5+ €1+q,yq2+q3+...+qr_1x1+q_|_
€1+q27q+q3+“.+qr71x1+q2 + o + €1+q+“.+qr72'yqr71x1+q+_._+qr72.

Since (,9) € x, then there exists an automorphism o satisfying (3.4). In fact o(y)
and o(z) verify the equation o(y)?  +...4+o(y) = o(z)d 11,
Furthermore these automorphisms fix the point at infinity.

This set of automorphisms constitutes a group of order ¢*~'(¢" —1). In fact € # 0
and § are arbitrary, so we have ¢" possible ¢, and for each § there are ¢"~! possible
values of 7. We have proved:

Proposition 3.4.1. The automorphism group of the Norm-Trace code contains a

subgroup of order ¢*~1(q" — 1).

In particular, if we choose ¢ = 1 we obtain the following automorphisms

{ P Ity with (7,4) € x, (3.5)

yr—ry+0+ 3y e
with «; and ; as before. That is

T+
yr— Y40+ 7q2+q3+...+q“1x1+q + 7q+q3+..‘+q7*1$1+q2 4.+ 7qT*lx1+q+...+qT*2
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Affine-variety codes

In this section we fix some notation and recall some known results.
Recall that F, is a field with ¢ elements, where ¢ is a power of a prime, and (F,)"
is a vector space of dimension n over F,. Any vector subspace C' C (F,)" is a linear

code (over FF,).

4.1 Affine—variety codes

We present the Reed-Solomon codes (see Definition 1.3.9) as evaluation codes.
Let {Py,..., P,} be all elements of F, and define (again) the Reed Solomon codes as
follows:

RS(k,n,Ey) = {(F(P), ... J(P)) | f € KIX], deg(f) < k - 1}.

If £ < nthen dim(RS) = k and it is simple to prove that the distance is d = n—k+1.

These codes are a particular case of a larger family of codes, that is, affine-variety
codes.

Let m > 1 and [ CF,[X] =F,[z1,...,2,) be an ideal such that
{2} =y, 208 — 2o, ... 20 —2,} CI.

Let V(I) =P ={P, P,...,P,} C (F,)™ its variety, that is, the set of its common
roots. Let gi,...,¢gs € F,[X] be generators of I = (g1,...,¢s).

Since I is a zero-dimensional radical ideal (by Theorem 2.2.21), we have an iso-
morphism of F, vector spaces, that we call the evaluation map:

evp: R= Fylzy,...,zn|/I — (F)"

Let L C R be an I, vector subspace of R with dimension r.

(4.1)

Definition 4.1.1 ([FL98|). The affine—variety code C(I,L) is the image of L

under the evaluation map evp and the affine—variety code C+(I, L) is its dual code.
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Chapter 4. Affine-variety codes

If by,...,b, is a linear basis for L over [F,, then the matrix
bi(P) bi(P2) ... bi(Py)
H = : : o :
b(Py) b.(P2) ... b.(P,)

is a generator matrix for C'(I, L) and a parity-check matrix for C+(I, L).
Theorem 4.1.2. Fvery linear code may be represented as an affine—variety code.
Proof. See Proposition 1.4 of [FLI§| O

Examples of affine-variety codes are Norm-Trace codes and, in particular, Hermi-
tian codes, which we study in the following section.

4.2 Norm-Trace codes and Hermitian codes

We consider a Norm-Trace polynomial over F,-

r—1 -1

gy Ty —pt

r—2

Let I = (y9  +y? 4. 4yl — gl FCetetl g0 g " ) and let R =
Frlz,y]/1. We take L C R generated by

(¢"—1)

—i<m, 0<j<qg " 0<i<q —1},

By ={2"y +1|q¢ "+

L —qg—2.

where m is an integer such that 0 <m < ¢* '+ ... +q¢" — ¢~
For simplicity, we also write x"y* for x"y* + I.

We consider the evaluation map (4.1) evp : R — (F,)™, where n = ¢*"~'. We have the

following affine—variety codes: C(I, L) = Spang , (evp(Bp,q)) and its dual (C(Z, L))+

is a Norm-Trace code.

If we consider r = 2, we have a special case of a Norm-Trace code, that is, a
Hermitian code. In this case I = (y? +y — gt g — gy — y) C Fpelz,y| and
R =TFplx,y]/I. We take L C R generated by

Bmyq:{[pTy5+]|qT—|—(q+1)3§m7 0<s<qg-—1, OSTSQQ_].},

where m is an integer such that 0 <m < ¢* +¢*> —q — 2.
Then the affine-variety code C'(m, q) = (C(I, L))*, where C(I, L) = Spang , (evp(Bpn)),
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4.2. Norm-Trace codes and Hermitian codes

is called the Hermitian code with parity-check matrix H.
filP) o fu(B)
H = : : where f; € B, 4, (4.2)
filP) o filB)
where, for Hermitian codes, n = ¢°.

As we will see in Chapter 5, the Hermitian codes have specific explicit formulae linking

their dimension and their distance.

4.2.1 First results on words of given weight

Let 0 <w < n and C be a linear code. We recall (see Subsection 1.2.1) that
Ay(C) ={ce C|w(c) =w}|.

Let z € (F,)", 2= (%,...,%,). Then

zeC( L) < HZ' =0 < Y zb(P) =0, j=1,...,r (4.3)

=1

Proposition 4.2.1. Let 1 < w < n.

Let J,, be the ideal in Fo[z11, ... T1m, - s Twis - Twms 21, - - - » 20| generated by
Zzibj(PZ-) for j=1,....r (4.4)
i=1
gn(Tin, . Tig) for i=1,...;,wandh=1,...,s (4.5)
71 =1, w (4.6)

I (@u—zp' =1, 1<j<i<w (4.7)
1<I<m

Then any solution of J,, corresponds to a codeword of C+(I, L) with weight w. More-

over,
VI

w!

A(CH(I, L)) =

~

Proof. Let ¢ be a permutation, ¢ € S,. It induces a permutation & acting on

{11 Ty Tt T, 215 2w} 38 O(Tig) = Ty and (%) = z50). 1t is
easy to show that J, is invariant w.r.t. any &, since each of (4.4), (4.5), (4.6) and
(4.7) is so.

Let @ = (T1as---Timms-- s Tawds - - Twgms 215 - -+ 2w) € V(Jyw). We can associate a
codeword to ) in the following way. For each i = 1,... ,w, P,, = (T;1,...Tim) is in

V(I), by (4.5). We can assume 11 < ry < ... < 1y, via a permutation & if necessary.
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Chapter 4. Affine-variety codes

Note that (4.7) ensures that for each (4, ), with i # j, we have P,, # P, , since there
is a | such that z;; # x,;. Since 20" =1 (4.6), zZ; € F, \ {0}. Let ¢ € (F,)" be

¢c=(0,...,0,%,0,...,0,%,0,...,0,%y,,0,...,0).
0 0 0

Pry P,

i br

w

We have that ¢ € C+(I, L), since (4.4) is equivalent to (4.3).

Reversing the previous argument, we can associate to any codeword a solution of J,,.
By invariance of J,,, we actually have w! distinct solutions for any codeword. So, to
get the number of codewords of weight w, we divide |V(J,,)| by w!. O

Note that this approach is a generalization of the approach in [Sal07] to determi-
nate the number of words having given weight for a cyclic code.

4.3 The approach by Fitzgerald and Lax to decoding the affine-

variety code

In |FL98| a decoding technique was proposed following what is known as the
“Cooper philosophy”. Although this terminology has been established only recently
(]MO09]), this decoding approach has a quite wide literature, e.g. [C0090],|Co093|,
[CMO02al,|Co091], [CRHT94al. We describe this technique for affine-variety codes,
as follows. TLet C*(I,L) be an affine-variety code with dimension n — 7 and let
I ={g1,...,9y). Let L be linearly generated by by,...,b,. Then we can denote by
J! the ideal (FL is for “FitzgeraldLax”)

Cit
‘]]-'E C Fq[sl,.. . ,sr,xt,l,...,xt,m,...,xl’l,...,ml’m,el,...,et] = Fq[S,Xt,... ,Xl,E]
where!
JC,t _ Zt b ) ) _
FL = j=1¢j p(T,15- 5 Tjm) — Sp )
1<p<r (4 8)
{eq_l - 1} sAgn(@j1, - Tjm) hi<n<y '
J 1<j<t ’ B P
Let <g be any term ordering on the variables s, ..., s, and <. be the lexicographic
ordering on the variables X;, ..., Xy, such that
Tt <lex ** <lex Ttm <lex * " <lex T11 =lex ** <lex T1,m-

Let <g be any term ordering on the variables ey, ... e;.

Then let < be the block order (<g, <jx, <g). We denote by gﬁg a Grobner basis of
Jgﬁ with respect to <. In |FL98| we can find a method describing how to find the
error locations and values, by applying elimination theory to the polynomials in gth

1To speed up the basis computation we can add {sz - :pjﬁb}lgjgty to the ideal.
1<<m
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4.4. Base notion for decoding using our method

Example 4.3.1. Let C' = C*(I, L) be the Hermitian code from the curve y>+y = 2
over Fy and with defining monomials {1, z,y, 2% xy}. The eight points of the variety
defined by I are

Pl = (070)7P2 - (Ovl)aP3 = (1,(1),P4: (170‘2)»
Ps = (Oé,O[),P@ = (a,a2)7P7 = (052304)7P8 = (042,042),

where « is any primitive element of F4. It is well-known that C' corrects up to t = 2

. C.2 .
errors. The ideal J7 C Fys1,..., S5, 22, Y2, X1, Y1, €1, €2] is

JO2 _ (gt 4 4 4 3_1 63142 3

7o =21 — 22y — 22,y — v,y —ye.ef — ey — Lyi +y1 —ay,

2 3
Y5 + Y2 — Ty, e1 + e — S1,e1x1 + eax2 — S2,€e1Y1 + eays — S3,

2 2
€171 + eaxy; — S4,€171Y1 + e2x2y2 — 85}>-

Typically the Grobner basis of Jgrf that has been obtained using the block order <
contains a large number of polynomials and most are not useful for decoding purposes.
We would have to choose a polynomial in F,[S, ;] that, once specialized in the
received syndrome, could be used to find the first coordinates of all the errors. It is
important to observe that in this situation we do not know which polynomial is the
right one, because after the specialization we can obtain a polynomial which vanishes
identically.

4.4 Base notion for decoding using our method

4.4.1 Stratified ideals

In this subsection we summarize some definitions and results from |[GS09].

Let J C K|S, A, 7] be a zero-dimensional radical ideal, with variables § =
{s1,...,sn}, A = {a1,...,ar}, T = {t1,...,tx}. We fix a term ordering < on
K[S, A, T], with S < A < T, such that a; < a1 < ... < a; is the order of the
variables in A. Let us recall the elimination ideals (see Section 2.3)

Js =JNK[S],Jsa, = JNK[S,ar],...,Js0;,,..a, = J NK[S,ar, ..., a1] = INK]S, A].

We want to view V(Js) as a disjoint union of some sets. The way we define these
sets is linked to the fact that any point P in V(Js) can be extended to at least one
point in V(Js,, ). But the number of all possible extensions of P in V(Js,, ) is finite,
since the ideal is zero-dimensional, so we can partition V(Js) in sets such that all
points in the same set share the same number of extensions. We denote by A(L) the
maximum number of extensions in V(Js,,) for any P € V(Js). The same principle
applies when we consider the variety of another elimination ideal, e.g. V(Jsa, .. a,)-
We can partition it into subsets such that all points in the same subset share the
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Chapter 4. Affine-variety codes

same number of extensions in V(Jsa, . a,a,_,)- LThe maximum number of extensions
is denoted by A(h —1).
We write our partitioning in a formal way, as follows:
V(Js) = sk with
YF ={(s1,...,55) € V(Js) | 3 exactly [ distinct values é(Ll), . ,5?
st. (51,...,5v,30)) € V(Jsa, ), 1 <L <1}

V(Jsay..a) =D 51 9 < p < L with
(

St ={(G1,...,5n5,35,...,3,) € V(Jsa,. a,) | 3 exactly [ distinct values

_ _ _ _ _
ag_l, o ,ag)_l s.t. (S1,...,5n,aL,...,an, agzl) €V(Jsay o) 1<}

77777

For an arbitrary zero-dimensional ideal J, nothing can be said about A(h), except
that A(h) > 1 for any 1 < h < L.

Definition 4.4.1 (|GS09|). With the above notation, let J be a zero-dimensional
radical ideal. We say that J is stratified, with respect to the A variables, if:

(a) A\(h)=h, 1 <h <L, and

() SP£0, 1<h<L 1<I<h

To explain conditions (a) and (b) in the above definition, let us consider h = L
and think of the projection

v V<JS,aL> — V(Js) (49)

In this case, (a) in Definition 4.4.1 is equivalent to saying that any point in V(Js)
has at most L pre-images in V(Js,,) via 7, and that there is at least one point with
(exactly) L pre-images. On the other hand, (b) implies that, if for a point P € V(Js)
we have |7~ 1(P)| = m > 2, then there is at least another point Q € V(Js) such that

7 @) =m— L.

Example 4.4.2. Let S = {s1}, A = {a1,a2,a3} (L = 3) and T = {t;} such that
S <A< T and a3 < ay < aj. Let us consider J = Z(Z) C Clsy, a3, as, a1, t1] with
Z = {(1,2,1,0,0), (1,2,2,0,0), (1,4,0,0,0), (1,6,0,0,0), (2,5,0,0,0), (3,1,0,0,0),
(3,3,0,0,0), (5,2,0,0,0)}. Then:

V(Js) ={1,2,3,5
(JS ag) :{ ( ) (1 6)’(275)7(371)7(373)7(5’2)}
V(Js,a5,8:) = {(1,2,1),(1,2,2)(1,4,0), (1,6,0), (2,5,0), (3,1,0), (3,3,0), (5,2,0)}
) =

V(JS as,az,a1
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4.4. Base notion for decoding using our method

Let us consider the projection m : V(Jsa,) = V(Js). Then:

T BHI=1, = {2D =1 = ({3D =2, = ({1})] =3,

so S0 = {2,5}, 30 = {3}, 333 = {1} and 337 = 0, s > 3. This means that
ML) = A(3) = 3 and Y} is not empty, for [ = 1,2,3. Thus the conditions of
Definition 4.4.1 are satisfied for h = L = 3 (see Fig. 4.1). In the same way, it is easy
to verify said conditions also for h = 1,2, and hence the ideal [J is stratified with
respect to the A variables.

LN

6 [

5L .

4L °

3L ®

2 ® ®

1t [
\ \ \ \ \ L
1 2 3 4 5 6 5,

Figure 4.1: A variety in a stratified case

With the above notation, an immediate consequence of Theorem 3.6 in [GS06]
(Theorem 32 in [GS09]) is the following proposition.

Proposition 4.4.3. Let < be any lexicographic term order with S < A < T and
ar, < ap_1 < ---<ay. Let J be a stratified ideal with respect to the A variables. Let
G = GB(J). Then G contains one and only one polynomial g such that:

geK[S,al,  T(g) =ar.

4.4.2  Root multiplicities and Hasse derivative

Definition 4.4.4. Let g = Y. a;2" € K[z]. Then the n-th Hasse derivative of g
is o™ (g) and the n-th formal derivative of g is g™, where

(n) — i N d (n) _ | { ien
" (g) Z <n)a1x and ¢ nZ (n a;zt ",

%

37



Chapter 4. Affine-variety codes

We can note that ¢ = nlp™(g). In a field with characteristic p, it is more
convenient to use the Hasse derivative, because n! = 0 for all n > p.

Note that <p(2) (9) # <P(1) (<P(1)(9))-

Definition 4.4.5. Let g € K[z], g #0, P € K and g(P) = 0. The multiplicity of
P as a root of g is the largest integer r > 1 such that

" (g)(P) = so('“)(g)th =0, for0<k<r—1

The following theorem is well-known, see e.g. [LN97].

Theorem 4.4.6. Let g, f € K[x] and let g be irreducible. Then
gl = ge®(f) for 0<k<r—1.

As a consequence of the previous theorem when g = (z — P) for any P € K, we
have
(z-P)|f = go(k)(f)‘ L =0 for 0<k<r—1.

4.4.8  General error locator polynomials

Let C be an [n, k, d] linear code over F, with correction capability ¢ > 1. Choose
any parity-check matrix with entries in an appropriate extension field Fym of F,,

n—k

m > 1. Its syndromes lie in (Fym)"~" and form a vector space of dimension r =n—k

over IF,. Let a be a primitive n-th root of unity in Fym.

Definition 4.4.7. Let L be a polynomial in F,[S, x|, where S = (s1,...,5,). Then L
is a general error locator polynomial of C if

1. L(S,z) =2t + a2 4+ +ag, with a; € F[S], 0 < j <t—1, that is, L is a
monic polynomial with degree t with respect to the variable x and its coefficients
are in F,[S];

2. given a syndrome s = (31,...3,) € (F,m)", corresponding to an error vector of

q
weight ;v <t and error positions {ki,...,k,}, if we evaluate the S variables at
s, then the roots of L(s,x) are exactly {a*, ... o* 0}, where the multiplicity

of 0 ist — p.

Given any (correctable) linear code C, the existence of a general error locator
polynomial is not known. In [OS05] the authors prove its existence for any cyclic
code and recently in [GS06, GS09, Gio06]| its existence has been proved for a large
class of linear codes.

We can extend Definition 4.4.7 to the case when there are also erasures.
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4.4. Base notion for decoding using our method

Definition 4.4.8. Let L be a polynomial in F[S, W, x], S = (s1,...,5,) and W =
(w1, ..., w,), where v is the number of occurred erasures. Let 2 + v < d. Then L is
a general error locator polynomial of type v of C if

1. L(S,W,z) =27 + ar—127 + - + ag, with a; € F,[S, W], for any
0<j<7—1, that is, L has degree T w.r.t. x and coefficients in F,[S, W];

2. for any syndrome s = (S1,...,5,) and any erasure location vector
w= (W1, ..., W,), corresponding to an error vector of weight u < T and error
locations {ki, ..., k,}, if we evaluate the S variables at s and the W variables
at w, then the roots of L(s,w,z) are {a*,... o« 0}, where the multiplicity of
0is 71— .

For the benefit of readers unfamiliar with simultaneous correction of errors and
erasures, we sketch how it works. When some (say v) symbols are not recognised
by the receiver, the decoder treats them as erasures. The decoder knows the po-
sitions of these erasures 7i,...,%,, which means in our notation that the decoders
knows the erasure locations grouped for convenience in the erasure location vector
w = (w,...,w,) = (a",...,a"). A standard result in coding theory is that it is
possible to correct simultaneously v erasures and 7 errors, provided that 27 + v < d.

To be consistent with our notation, we may refer to a polynomial in Definition 4.4.7
also as a general error locator polynomial of type 0.

For a code C, the possession of a polynomial of each type 0 < v < d might be a
stronger condition than the possession of a polynomial of type 0, but in [OS05]| the
authors prove that any cyclic code admits a polynomial of any type v, for 0 < v < d.
In [GS09] the existence of general error locator polynomials (of any type) for a large
class of linear codes was proved, but it is still unknown whether such a result holds
for general linear codes.
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The four phases of Hermitian codes

In this chapter we analyse the four phases of Hermitian codes.
We recall the notion of numerical semigroup and we report some technical results
that we find in Chapter 5 of [HvLP98]. We describe the four Hermitian phases that
span the Hermitian codes, focusing at the first phase. We also note that the first
phase could be extended to include a portion of the second phase and there is also
an intersection between the third and fourth phase.

5.1 Numerical semigroups

We define a subset A C N to be a numerical semigroup if 0 € A and for all x,y € A
then also z +y € A.
The elements of A are called nongaps of A, whereas the elements in N\A are called
gaps. The number of gaps is called the genus and it is denoted by g. The conductor
c of A is the smallest n € N such that {x € N |z > n} is contained in A. So ¢ — 1 is
the largest gap of A if ¢ > 0.

Let A= {ay,...,a;} be a subset of a semigroup A. If for any element s € A there

exist x1,...,xr € N such that s = Zle x;a;, the semigroup A is said to be generated

by A and written A = (A).

The elements of a semigroup A will be enumerated by the sequence (p; | i € N) such
that p; < p;11 for all i. The number of gaps smaller than p; will be denoted by ¢(7).

Lemma 5.1.1. Let A be a semigroup with finitely many gaps.
(1) If i € N, then g(i) = p; —i+ 1.
(2) If i € N, then p; < i+ g —1 and equality holds if and only if p; > c.
(3) If i >c—g, then p; =i+ g — 1.
(4) If i < c—g, then p; < c— 1.
Proof. See Lemma 5.6 of [HvLP98|. O
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Proposition 5.1.2. Let g a finite number. Then ¢ < 2g.
Proof. See Proposition 5.7 of [HvLP98| O

A semigroup is called symmetric if ¢ = 2g.

Proposition 5.1.3. Let a,b € N such that gcd(a,b) = 1. The semigroup generated
by a and b is symmetric. Furthermore ¢ = (a —1)(b—1) and g = 3(a —1)(b—1).

Proof. See Proposition 5.11 of [HvLP98| O

5.2 Analysing Hermitian codes using numerical semigroups

Now we specialize to the case of Hermitian codes.

We consider a Hermitian curve H over Fp2, Le. 297 = y9+y. Let R =F ez, y|/1,
where [ = (20t —yt—y, 29—z, y” —y) and P = {Py,..., P,} is the set that contains
the affine points of H.

Let < be a weighted degree ordering with w, = ¢ and w, = ¢+1 and <, y. Let
p: M C R — N be a weight function such that p(z"y®) = qr + (¢ + 1)s. We recall
that the Hilbert staircase N(I) is the set of all the monomials that are not leading
monomial of any polynomial in I (Definition 2.2.22).
Note that (Im(I)) = {y% 7, y?}. A reduced Grobner basis for I is G = {y? +y —
29+ 27 — ¢} and the leading terms of G are Im(G) = {y%, z7°}. Hence, the footprint
N(I) of I is

NI ={z"y" [r<¢" -1 s<q—1}

Remark 5.2.1. The weights of the elements in the footprint are exactly the elements
of the semigroup, and there are no repetitions. That is, p;;1 € A is nothing else

than the weight function of f;,;. This is the (i 4+ 1)-th elements of N(I), where the
monomials in the footprint is ordered by <, the weighted degree ordering.

As we have seen in Section 2.2 the number of affine points of H, is related
to the Hilbert staircase of I. In fact, by Theorem 2.2.21, I is a 0-dimensional
and radical ideal. Hence, by Theorem 2.2.24 the number of affine points of H is

#V(I) = #N(I) =q-¢* = ¢".
By Theorem 2.2.25 a base of R is
B={m+1I|meN{)}
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5.2. Analysing Hermitian codes using numerical semigroups

We consider £; C B such that £; = {f € B | p(f) < p;} where p; is the i-th element
of A. Then a Hermitian code C; could be seen as the dual of an evaluation code

E; = {evp(f) | f € Li},

where evp is the evaluation map as in (4.1). In fact in Section 4.2 we saw that a
Hermitian code is C(m, q) = (C(I, L))* where L C R and a base of L is

Bung={2"y*+1|qr+(qg+1)<mwiths<g—1, r<q¢ —1}.

Since p(x"y®) = qr+(g+1), then the semigroup A of the weight function of Hermitian
curve H is generated by (¢, ¢+1) and it is denoted by Ay,. Hence, by Proposition 5.1.3,
Ay is a symmetric semigroup and g = g(q — 1)/2.

Example 5.2.2. We consider a Hermitian curve with ¢ = 4.
The semigroup Ay is generated by (q,q + 1) = (4,5). The genus is g = 6 and the
gaps are {1,2,3,6,7,11}.

| 1121314567 8

filllx|ly|x |2y |y |x°| 2%y
pi 01415 8|9 |10]12| 13

The ideal
I=("—y'—y,2' —a,y'® —y)

by Theorem 2.2.21 is a 0-dimensional

and radical ideal.

The number of affine points of H is

#V(I) = #N(I) =416 = 4%, ]
N(I)
Y ¢ o o o o o o o o o o o o o o o
Theorem 5.2.3. The minimum distance of E; is d; > n — p;.
If p; < n, then dim(E;) = i.
Proof. See Theorem 5.18 of [HvLP98]. O

To describe the phases of Hermitian codes we need some technical lemmas.
We denote with N; the set defined in the following way:

NZ:{<]7k) €N2 ‘ )0]+pk:pl+1}

The number of elements of N; is denoted by v; and let d(i) = min{v,, | m > i}.
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Theorem 5.2.4. Let d(C;) be the minimum distance of C;. Then d(C;) > d(i).

Proof. See Theorem 4.13 of [HvLP9S]. O

For the Hermitian codes, Theorem 5.2.4 gives the true minimum distance [YK92],
that is, the distance of Hermitian code C; is d(7).

Lemma 5.2.5. Let i > 3g — 1, then v; = d(i) = i+ 1 — g. In general we have
dii)>i1+1—g.

Proof. See Theorem 5.24 of [HvLP98]. O

Lemma 5.2.6. Let p;y1 € Ay such that piy1 = qr + (¢ + 1)s.
If pis1 < @ — 1 then v; = (r + 1)(s + 1) and there is at least one gap in the interval

[Pit1 — Vi, Pig1]-
Proof. See Lemma 5.27 of [HvLP98|. O

Lemma 5.2.7. Let piy1 € Ay. If i < gand (j —1)(g+ 1) < piy1 < jlqg+ 1) then
d(i) =7+ 1.

Proof. See Proposition 5.28 of [HvLP98]. O

Lemma 5.2.8. Let Ay the semigroup of the weight function of Hermitian curve H.
If i > g then d(i) = min{p; | pr > i+ 1—g}.

Proof. See Theorem 5.30 of [HvLP9§|. O

Lemma 5.2.9. Let Ay the semigroup of the weight function of Hermitian curve H.
If 1 = g then p; = 2g — 2.

Proof. Note that ¢ — 2 is not a gap. In fact we can write c — 2 = ¢> — ¢ — 2 =
(g +1)(¢ —2) € Ay. Since pyq1 = ¢, then p, = ¢ — 2 as ¢ — 2 is a nongap. ]

Finally, we define the Goppa bound dg(i) on the minimum distance of C; as
dg(i):i—l-l—g.

So d(C;) < de(d).

We now report the five phases of Hermitian codes found in [HvLP98| and we anal-
yse, for each phase, the distance and the dimension of C;. Note that the last phase
is composed only by trivial codes. So we can consider just the first four phases.
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In the next section we analyse the intersection between the first two phases and the
last two and we rewrite the formulae for the distance and dimension.

By Theorem 5.2.3, if p; < n then dim(C;) =n —i=n+ g — p; — 1. Otherwise, if
pi > n, we have that dim(E;) < i so dim(C;) > n —i but also k <n —d+ 1 by the
singleton bound.

(1) 1<i<gand p; <2g—2by Lemma 5.2.9 and by (4) of Lemma 5.1.1.
Write i = ala+1)/2+b+1with 0 <b<a<g—2andb# q—2. Then
pi = aq+b.

If b < a then we have p;11 =ag+b+ 1,50 (a—1)(¢+1) < pip1 < alqg+1),
so by Lemma 5.2.7 d(i) is a + 1.

If a = b then p;;; = (a + 1)q. In fact f; = y* and so fi; 1 = 2!, Therefore
a(lg+1) < piy1 < (a+1)(¢+1), so by Lemma 5.2.7 d(i) is a + 2.

(2) g <i<3¢g—2and 2g—2 < p; < 49 — 3 by (3) of Lemma 5.1.1 and by
Lemma 5.2.9.
Write i =3g—1—(a—1)g—0b with 1 < a,b < ¢—1. By Lemma 5.2.8, we have
that d(i) = min{p; | p; > i+1—g=(¢—a—1)g+ (¢ —0b)}.
Ifa<bthen (¢g—a—1) > (¢—0b),s0 (q—a—1)g+(¢—0b) = (r+s)q+ s with
r=b—a—1and s=q—>b. So the smallest nongap is d(i) = (¢ — a)q — b.
Ifa > bthen (¢—a—1)g+(¢—a) < (¢—a—1)g+(g—b) < (g—a—1)g+(g—1), so, if
we call r = g—a, we have that (r—1)(¢g+1)+1 < (¢—a—1)g+(¢—b) < gr—1.
Since 1 < r < ¢—1, then all integers in the interval [(r—1)(¢+1)+1, gr—1]
are gaps. So the smallest nongap is d(i) = (¢ — a)q.

(3) 3g—2<i<n—gand 49 —2 < p; <n —1 by (3) of Lemma 5.1.1.
By Lemma 5.2.5, d(i) =i+ 1—g = p; + 2 — 2g.

4 n—g<i<n+4+gandn—1<p; <n+2g9—1by (3) of Lemma 5.1.1.
Writet=n—g4+aqg+bwith0<a<qg—2,0<b<q—1.
Then piy1 = i+g = q(¢> +a—0b) +b(g+ 1), which means that f,, = 7 t¢byb,

If a < bthen ¢>+a—0b>¢*>—1, so by Lemma 5.2.5, d(i) =i+ 1—g =
n—2g9+aq+0b+1.
If a > b then the exponent of z is at least ¢%, so evp(fi11) € E; and C; = Cy ;.

By Lemma 5.2.8, the minimum is
d(i) = d(i+1) = {p: | pr > (i+1)+1—g = n—2g+aq+b+2 > n—2g+aq+a+2},
that is, d(i) =n — 29 + aq + a + 2.
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In this case we have that k <n —d+ 1 < n — 17+ g by singleton bound, but
also k > n — i, since dim(£;) <i. So 1 < k < 2g¢.

(5) i > n+g, then C; = 0.
In fact p; is at most (¢> —1)g+ (¢—1)(¢g+1) -1 =@ —q+¢F#—-2=n+29—2,
so by Lemma 5.1.1 ¢ <n+g— 1.

5.3 Phases intersections

In this section we analyse in detail the four phases and we consider the intersec-
tion between the first and the second phase and the intersection between the last two.
After that we modify the range of the first and second phase found in [HvLP98] and
the formulae to compute the distance and dimension of each code with respect to the
phase.

Now we focus on the intersection between the first and the second phase. We
consider 2 < g + ¢, then we can write
1
@':5@(04—1-1)4-5—!—1 0<pf<a<qg-1.
Then p; = ag+ 8 and, by (1) of Lemma 5.1.1, the number of gap g(i) = aqg + § — i.

We note that if @« < ¢ — 2, we are in the first phase. So we just study the case
a=q—land 0 < <q—1.

We want to prove that d(C;) = a+1=qifi=g+F+1with0< g <qg—1,
whereas if 5 =a=¢—1, then d(C;) =a+2=q+ 1.

Let 8 < q— 3 then pjs1 = ag+ B+1 < ¢> — 1 so we can apply Lemma 5.2.6. We
obtain p;y1 =aq+ S+ 1=qr+(¢g+1)s where r + s =a and s = 4+ 1 and

vi=r+)s+)=(a@-B-1+1)B+1+1)=(¢—1—-8)(B+2).

Therefore d(i) = min{v,, | m > i} =min{(¢—1-0)(B+2) | <q—2} =¢q In
fact we have to study the function f(z) = (¢ —1—x)(z +2) in [0, ¢ — 2], which is a
concave parabola that intersects the z-axis in ¢ — 1 and the y-axis in 2(¢ — 1). So the
minimum value of f(z) in the interval is exactly f(q —2) = q.

If = q—2, we have i = g + ¢ — 1 and, by Lemma 5.2.8, d(i) = min{p; |
pe > i+ 1—g} = q, whereas if § = ¢ — 1, we have that i = ¢ + ¢ and so
d(i) =min{p; [ pr > i+1—g} =q+1
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We have proved that there is an intersection between the first and the second
phase. In Section 7.1 we are going to study the Hermitian codes of the above men-
tioned extension of the first phase. For our theorems and results we need to consider
the first phase as 1 < g+ ¢ — 2 and p;4; < ¢*> — 1, that is, 3 < ¢ — 2.

So, from now on, we consider the first phase as i < g+ ¢ — 2 and p;j 11 < ¢* — 2.

Since we changed the parameters of first phase, we have to modify also the second
phase. Let g+ ¢ <i<3g—2and ¢> — 1< p; <4g — 3 by (3) of Lemma 5.1.1.
Leti=3g—2—(a—1)g—bwithl1<a<g—2and 0<b<qg—2. By Lemma 5.2.8,
we have that d(i) =min{p, | py > i+1—g=(¢—a—1)g+ (¢ —b—1)}. The proof
to find the distance is similar to the above proof. In fact

Ifa<bthen (g—a—-1)>(¢q—b—1),s0(¢q—a—1)g+(¢q—b—1)=(r+s)g+s
withr=b—a—1land s=q¢—b—1. Sod(i) =(¢—a)g—b— 1.

If a > b then (¢g—a—1)g+(¢—a) < (g—a—1)g+(g—b—1) < (g—a—1)g+(¢—1), so,
if we call r = ¢—a, we have that (r—1)(¢+1)+1 < (¢g—a—1)¢+(qg—0b) < gr—1.
Since 1 < r < ¢ — 2, then all integers in the interval [(r — 1)(¢+ 1) + 1,¢r — 1]
are gaps. So the smallest nongap is d(i) = qr = (¢ — a)q.

We know that the dual of a Hermitian code it is also a Hermitian code. In par-
ticular (C(m,q))* = C(my,q), where m; =n+2g —2 —m.

So we analyse codes of the fourth phase as dual of Hermitian codes of the first
one. In this way we find an intersection between third and fourth phase and a single
formula for the distance.

We consider i the index of our first phase, that is, i, = a(a +1)/2+ b+ 1 with
0<b<a<g—landb#q—1. Then p;, =aq+0b. So

pi=n+29—2—p, =n+29—2—-aqg—>

and 7, by (3) of Lemma 5.1.1,isi =n+g—1—aqg —b.

Note that, since fourth phase codes are dual of first phase codes, we have that,
for n — g <i < n+ g, there are not n + g — (n — g) = 2¢ but only 2g — 2 = g codes.
For this reason, even if we do not obtain all values of 7, we can write i = n4+g—1—aq—>b
with 0 < b <a <qg—1and b+# gq— 1. So in this case we can apply Lemma 5.2.5
obtaining d(i) =n — aq — b.

As regards the dimension of these Hermitian codes it is exactly i; = a(a+1)/2+b+1.
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Note that the third phase has some regularity, that is, for any step the dimension
is decreasing by one and the distance is increasing by one.
To study these codes, it is better to have the third phase as large as possible. For this
reason we restrict the range of our fourth phase and we consider the fourth phase as
n—g<i<n4+gandn—1<p <n-+2g—1 where

pi=n+29g—2—aq—bwith0<b<a<qg—2.

We can do that since the codes C'(n,q) and C(n — 1,q) are the same.
Obviously the minimum distance and the dimension do not change.

We report in Table 5.1 the explicit formulae linking the dimension and the dis-
tance of Hermitian Codes C; = C(m, q).

From Figure 5.1 and Figure 5.2 it is easy to understand our decision for the
classification of Hermitian codes. In particular in Figure 5.1 all Hermitian codes over
F, with ¢ = 3, divided by phases, are represented. Whereas, in Figure 5.2 we plotted
some Hermitian codes over F, with ¢ = 4. In this figure we do not report all codes of
phase 3 since they all stand on a single line.
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Figure 5.1: Hermitian codes with ¢ = 3.
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Figure 5.2: Hermitian codes with ¢ = 4.
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Intersections between the Hermitian curve 4 and

parabolas

In this chapter, we report our results in [MPS12].

Let F,2 be the finite field with ¢* elements, and let F, be the finite field with ¢
elements, where ¢ is a power of a prime. We call o a primitive element of F2, and
we consider 3 = a?™! as a primitive element of F,,.

We recall the definition of the Hermitian curve H over F,2 (Section 3.1), i.e.
xq-i—l — yq + .

Given two curves X and Y lying in the affine plane A%(F,) it is interesting to know
the number of (affine plane) points that lie in both curves, disregarding multiplicity.
We call this number their planar intersection. This knowledge may have applications
for the codes constructed from X and Y. As regards H, it is interesting for coding
theory applications [Coull, BR12a, BR12b, FM11]| to consider an arbitrary parabola
y = ax?® 4+ bx + ¢ over Fp2 and to compute their planar intersection. Moreover, it is
essential to know precisely the number of parabolas having a given planar intersection
with H. Only partial results were known [DD10, DDKO09|, we present here for the
first time a complete classification in the following theorem.

Theorem 6.0.1. For q odd, the only possible planar intersections of H and a parabola
are {0,1,g — 1,q, ¢+ 1,29 — 1,2q}. For any possible mutual intersection we provide
in the next tables the exact number of parabolas sharing that value.

#HN parabola 0 1 q—1

# parabolas (q + 1)@ g+ 1)q(q2—3) (g + 1)q(q;1)2
#HN parabola q g+1

# parabolas Plg+1)(? —q+1) (g + 1)q(q—1%(q—3)
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Chapter 6. Intersections between the Hermitian curve H and parabolas

#HN parabola 2q — 1 2q
# parabolas g+ 1)@ (g +1) (qgl)

For q even, the only possible planar intersections of H and a parabola are {1,q —
1,q+ 1,2q — 1}. For any possible mutual intersection we provide in the next tables

the exact number of parabolas sharing that value.

#HN parabola 1 q—1

# parabolas Plg+1)(E-1) g+ 1(g—-1)3
#HN parabola qg+1 2q —1

# parabolas || ¢*(¢+1)(¢—1)(§ - 1) ¢*(q+1)3

We begin with some simple lemmas.

First of all, we recall (Section 3.1) that the Norm N and the Trace Tr are two
functions N, Tr : F 2 — F, such that N(z) = 29" and Tr(x) = 27+ .

Using these functions, we define the map F, : F,» — F, such that
F,(r) = N(z) — Tr(az?). (6.1)
We can note that the following property holds for the function F:
Lemma 6.0.2. Ifw € F, then F,(wz) = w*F,(z).

Proof. Since w € F,, we have F,(wz) = N(wz) — Tr(a(wz)?) = wiTadt — qlw?12%1 —

aw?r? = W? (2T — @922 — az?) = WF, (). O

Lemma 6.0.3. Lett € Fy,, then there is a solution of 2971 =t if and only if N(t) = 1.
In this case, ¥~ =t has exactly (q — 1) distinct solutions in F .

Proof. We consider the function f : Fp — Fp2 such that f(z) = 277!, We want to
prove that ¢t € Im(f) <= N(t) = 1.

We can note that if t = @@= for any ), then z = o

is a solution of z91 =t. We
claim that the solutions are:

z =MD with 0 < k < ¢ — 2.

In fact (a*FatD)a=1 = oMa=1) = ¢ for 0 < k < ¢ — 2. So if the equation 297! = ¢ has
at least one solution, then it has at least ¢ — 1 distinct solutions. Since the equation
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degree is ¢ — 1, then it has exactly ¢ — 1 distinct solutions.

Further we can note that if ¢ € Im(f) == N(¢) = 1. In fact N(t) = ¢4l =
(x?7 1)t = 1. So Im(f) C {t | N(t) = 1}. But [Im(f)] = ¢+ 1 and |{N(t) = 1}| =
g+ 1 hence Im(f) = {t | N(t) = 1}. O

Remark 6.0.4. We note that 4N(a) = N(2a) for any a € Fp.
Lemma 6.0.5. If q is odd and 4N(a) = 1 then a is a square in Fp.

Proof. Let a = oF, so that 4N(a) = 1 = 4af@+) =1 = 44" = 1. Since 4 is a

square in [F,, we have
4=p" = " =1 = 264+ k=0 modq-1,
so that k is even and a is a square. O

We recall a well-known result in linear algebra:

Lemma 6.0.6. Let f : V — W be a linear function and f(a) = a € Im(f). Then
fYa) = a+ker(f) and

dimker(f) + dim Im(f) = dim V.

Lemma 6.0.7. For any a € Fpe, let f: Fp — Fp, f(zr) = 2ax — 2% Then f is
Fg-linear.

Proof.
Ve,d e Fp, fle+d) = 2ac—c?+2ad —d? = f(c) + f(d).
VceFp, Vkel, then flke) = 2akc—kic? = 2ake — ke? = kf(c).

Because of Lemma 6.0.7 and Lemma 6.0.6 we have the following corollary:

Corollary 6.0.8. Let f : Fp2 — Fp such that f(x) = 2ax — 29. Then the equation
f(x) =k has q distinct solutions if k € Im(f), otherwise it has 0 solutions.

Lemma 6.0.9. Let y = ax? + bx + ¢ and y = ax? + bx + ¢ be two parabolas. If
Tr(¢) = Tr(c), then the planar intersections between the Hermitian curve H and the

parabolas are the same.

Proof. From a set {y = ax® 4+ bxr 4+ ¢} N'H and another set {y = az? + bz +c} NH
we obtain by direct substitution respectively x4 = a2 + ax?® + b%x? + bz + Tr(c)
and 277! = 92?7 + ax? + b929 + bx + Tr(c). If Tr(¢) = Tr(c), the two equations are
identical. O

o7



Chapter 6. Intersections between the Hermitian curve H and parabolas

For the proof of Theorem 6.0.1, we will need to apply the automorphism of Her-
mitian curve to the parabolas. We recall the automorphism of Hermitian curve (3.3)
(Section 3.3):

{IH“”” with (v,6) € H.

Yy y+yr+o
If we apply (3.3) to y = az?, we obtain
y = az® + x(2ay — ¥7) + ay® — 6, (6.2)
while if we apply (3.3) to y = ax?® 4+ ¢ we obtain
y = az® + x(2ay —9) +ay* — 0 +c. (6.3)

In the general case, if we have y = az? + bx + ¢ and apply the automorphism (3.3)
we obtain
y=ar’+ (2ay — '+ b)x +ay* +by - +c (6.4)

To prove Theorem 6.0.1, we have to study two distinct cases depending on the
field characteristic. Section 6.1 is devoted to the proof of Theorem 6.0.1 when the
characteristic is odd, while Section 6.2 is devoted to the proof of Theorem 6.0.1 when
the characteristic is even.

6.1 Odd characteristic

In this section, ¢ is always odd.

6.1.1 Intersection between H and y = ax* + c

Intersecting a parabola of the form y = ax? + ¢ with the Hermitian curve, we
obtain 27! = a%2%1 4 ax? + Tr(c) which is equivalent to

N(z) — Tr(ax?) = F,(x) = Tr(c). (6.5)

We have to study the number of solutions of (6.5). From this equation we get a%z%? —
9! + az® = —Tr(c), that is,

(a2 — 297 + a) = —Tr(c). (6.6)
Now we set 77! =t and we factorize the polynomial a?t® —t + a in F2[t], obtaining

1+4/1-4N(a) 1£VA

2a4 2a4

t1o =
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6.1. Odd characteristic

where A =1 —4N(a). So equation (6.6) becomes

a’x? <xq1 _ L \/Z> (qu 1 ﬂ) = —Tr(c). (6.7)

2a4 2a4

Since A € F, there is z € F 2 such that A = 2%, and so the equation (6.7) is in F 2 [x].
Note that
A=0 <= N(2a)=1.

So, in this special case, (6.7) becomes a?x?(x9™! — 2a)? = —Tr(c). We have proved

the following lemma:

Lemma 6.1.1. By intersecting a parabola y = ax® + ¢, where N(2a) = 1, and the

Hermatian curve, we obtain the following equation
alx? (297" — 2a)* = —Tr(c).
Recall that « is a primitive element of F2 and § = a?*! is a primitive element of F,.
Lemma 6.1.2. Let x = /3%, with j=0,...,qandi=0,...,q— 2. Then
o If4N(a) # 1, then the non-zero values F,(a?3") give us all the elements of IF.

o If4N(a) = 1, then the non-zero values F,(a’ ") give us half of the elements of
.
q

Proof. We fix an index j such that Fj,(a’) # 0. The set of the values
{Fa(@?B") }ozizg—2 = {B* Fu(a?) bozizq—2

contains half of the elements of I}, since ¢ is odd (and qg—l is an integer) and so
62(%1) =a? 1 =1.

If 4N(a) = 1, by Lemma 6.1.1, F,(z) becomes —ax?(x9™' — 2a)?, so B F,(a’) =
—a!%(a?? — 2a0’ )?, and give us half of the elements of F, that are all square of F;.
If 4N(a) # 1, by varying j, we can obtain every element of ;.

In fact, F,(z) = —2?(a92?7? + a — 277!), s0

Fa(ozj) = N(ozj) — Tr(a(ozj)2) = —aa¥ — a1 = 57— B,

where 0 < r; < ¢ — 2 and f*F,(a?) = 8% — 3%*7 that are all elements of IF}.

[]

Now we study the number of solutions of equation (6.5), analysing two cases:
when Tr(c) = 0 and when Tr(c) # 0.
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Chapter 6. Intersections between the Hermitian curve H and parabolas

x Case Tr(c) = 0. By Lemma 6.0.9, it is enough to study the case ¢ = 0, which is
the intersection between H and y = az?. By (6.7) we have

alz? (acq_l — —1 + \/Z) (xq_l - —1 — \/Z> =0

2a4 2a1
We must differentiate our argument depending on A. Recall that A € F,.
- A =0. By Lemma 6.1.1, (6.7) becomes
alx? (27! —2a)* = 0.

So we have always one solution x = 0 and the solutions of 2971 = 2a.
Since N(2a) = 1, by Lemma 6.0.3, the number of solutions of 297! = 2a
are ¢ — 1. Therefore, in this case, we have ¢ points of intersections between
the parabola and the Hermitian curve H.

By condition on a, i.e. N(2a) = 1, we have (¢ + 1) distinct a’s.
- A =1. That is, N(2a) =0 <= a = 0, which is impossible.
- A e F,\{0,1}. We note that any element in F, can always be written as

2? with 22 € F2. In order to study the solutions of (6.7), we can consider
the solutions of the following equations

1+z2
1 — . 6.8
* 2a4 ( )

By Lemma 6.0.3 we know that 297! = 12% has some solutions if and only
if N (£2) = 1. Note that

1 1 q+1
N( +Z>:1 — L

2a4 1—22

=l <= 1l-z2z=(142) <= —z=21

1—2
2a4 "

If (6.8) has a solution = and z € F,, then z simultaneously satisfies 27 = z

We obtain the same result for 27971 =

and 2?7 = —z. Since ¢ is odd, this is possible only when z = 0, which
implies A = 0, which is not admissible.

Returning to count the intersection points, thanks to the previous discus-
sion of the solution of (6.8), we have to consider two distinct cases:
1. z =29 that is, z € F,. Since z # 0, 1, there are ‘1;21 —1= ‘I;QP’ possible
values of 22, and so we have (q + 1)‘1;—3 values of a. In this case, the
parabola y = az? + ¢ intersects H in only one point (with = = 0).
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2. z = —2% The equation —z = 27 has only one solution in F,, so the
other ¢ — 1 solutions are in F2\F,. For such z, we have 2(¢ —1)+1 =
2q — 1 points of intersection. That is, ¢ — 1 solutions from equation

-1 _ 1=z . . —1 __ 14z .
i7" = 5=, q — 1 solutions from equation ¢ = 5= and one point
from xz = 0.

It is simple to verify that the number of z* such that z € Fp2\F, is
‘12;1. So we have (q+ 1)’1;—1 values of a for which we have exactly 2¢—1
points of intersection between y = ax? + ¢ and H.

Now we apply the automorphism (3.3) and we want to compute how many
different parabolas we can obtain. Applying (3.3) to y = ax?® we obtain (6.2):

y = az® + v(2ay — %) + ay® — 6.

For the moment, we restrict our counting argument to the case A # 0. We
note that if A # 0, we have a maximal orbit, that is, all possible parabolas
are distinct (there are ¢> because I' has ¢® elements). In other words, we claim

that it is impossible that we obtain two equal parabolas with (v,6) # (7,9). To
prove that, we have to solve the following system:

207y =41 = 2ary — 1
ay: —85=ay*-§

,yq-ﬁ-l =0T+6
:yq+1 — Sq + S
1 — 4a9t1 £ 0.

However, 2ay — 741 = 2ay — 71 <= 2a(y —7) =71 -1 = (7 —v)! =
4aH (Y =)y =) = (F —9)(7 — ) < 4a? = 1. And it is impossible,
since A # 0.

Hence, when A # 0, we have exactly ¢® distinct parabolas that have the same

planar intersections with H as y = az? has.

Case y = ax? + ¢, with Tr(c) # 0. As in previous case, we have to differentiate

depending on A.

- If A = 2% and z € F,, we know that F,(z) vanishes only if z = 0. If z # 0,
then by Lemma 6.1.2, F,(8'c’) = B*F,(a?) = t assumes every value of
F:. But x = o/ assumes ¢* — 1 distinct values, varying 7 and j. So every
t is obtained ¢ + 1 times (F,(x) is a polynomial of degree ¢ + 1). Hence,
the equation F,(z) = Tr(c) has exactly ¢ + 1 solutions.
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Chapter 6. Intersections between the Hermitian curve H and parabolas

- If A =2 and z € F2\F,, we know that F,(z) = 0 has 2¢ — 1 solutions.

So there are exactly two distinct values of j such that Fj,(a’/) = 0, one for

1+z
2a4

value in T} is obtained ¢ — 1 times. Hence, the equation F,(x) = Tr(c) has

each equation 297! = (to find the ¢ — 1 solutions, we vary 7). So every

exactly ¢ — 1 solutions.
- If A =0 we have 4a9™! = 1.
So (6.1) can be written as a%z?(z% ! — 2a)? = —Tr(c), that is,

23 (297 — 2a)? = —4aTr(c) = —4af" (6.9)

for some fixed r with 1 <r < ¢ — 1.

Note that (6.9) can be written as f(x)? = —4aTr(c), where f is as in
Lemma 6.0.7, that is, f(z) = 29 — 2axz.

We note that —4af" is always a square in Fp. In fact —45" is a square
because it lies in I, and also a is a square by Lemma 6.0.5. Let us write
—4af" = a®, so (6.9) becomes z(z7! — 2a) = & a” where 0 < h < QQTA.

We consider the “positive” case:
f(z) =29 — 2ax = ™. (6.10)

It is simple to prove that if z is a solution of equation (6.10), then —x
is a solution of the equation 27 — 2ax = —a”. So by Corollary 6.0.8 the
equation F,(x) = Tr(c) has 0 solutions if a” is not in Im(f) or 2¢ solution
if o is in Im(f).

6.1.2 Intersection between H and y = ax® + bx + ¢

We consider a parabola y = az?® + bx + ¢, apply the automorphism (3.3) and we
obtain (6.4).
Note that, for any k € F e,

2ay —y'+ b=k = 2ab? + b= 2ak? + k, (6.11)
because b? = (k — 2ay +77)? = k7 — 5-77 + = k7 + 5- (=7 + 2ay) = k7 + 5-(k — b).
A consequence is that 2ay — 774+ b=0 — 2ab? +b=0.

We consider two distinct cases 2ay —v? + b =0 and 2ay — y9+ b # 0.
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6.1. Odd characteristic

2a'y—7‘1+b7é0.‘

Theorem 6.1.3. Let y = ax?*+bx + ¢ be a parabola with 2ab?+b # 0 and N(2a) = 1.
Then there exists v such that for any 0, applying the automorphism (3.3), we obtain
y = azr®+ (2ay — v+ b)x + ay® + by — § + ¢, with 2ay — 7 + b # 0. We can write

any such parabola as y = (ux + wv)? where a = u? and v? + 2av # 0.

Proof. Because of (6.11) with k£ # 0 we have that, since 2ab? 4+ b # 0, then 3~ such
that 2ay — 9+ b # 0.
Let k € Fp2 such that 2ay — 17 +b = k # 0. By Corollary 6.0.8, if there exists at
least one solution of 2ay — v¢ = k — b, then there exists ¢ solutions. So we have at
least q different ~’s that verify the previous equation.
To prove that any parabola as in (6.4) can be written as y = (uz + uv)? with a = u?
and v? 4+ 2av # 0, it is sufficient to prove that the solutions of the following system
contain all ¢’s.

2ay — ¥4+ b=2av #0

ay?+by—0+c=av?#£0

7Q+1 = 44 + J

1—4attt =0

Using (6.11) the first equation of system 2ay — 7+ b = 2av implies that v?+ 2av # 0.
In fact if we consider (6.11) with k& = 2av, we have 0 # 2ab? + b = 2ak? + k =
2a(2av)? + 2av = v? 4 2av.

By the second equation we have ¢ = § + av? — ay?* — by. So for any 7 (and there are ¢
possible v’s), there are ¢ distinct §’s (by the curve equation). So we have ¢ different
c’s, that is, all possible c’s.

Finally, we can write (6.4) as y = a(z + v)?. By Lemma 6.0.5, a = u? is a square so

y = (ux + uv)?. O

Theorem 6.1.4. Let a,v € Fp such that N(2a) = 1 and v? + 2av # 0. Then the
Hermitian curve H intersects the parabola y = a(x + v)?* in q points.

Proof. We have to solve the system

= 27 = (ux + uw)* + (u+ w)?

{ y = (uxr + uv)?

xq+1 — yq + y
By a change of variables z = ux 4 uv, we obtain (3=*2)7"! = 220 + 22 so we have
—(uv)2? — (uv)?z + ()Tt = It 220 40T 2 pTT — 0T (29— 2 )2,
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Chapter 6. Intersections between the Hermitian curve H and parabolas

Since N(2a) = 1 and a = u?, we have u9*! = £1 and so

1
§(zq —2)? = N(uw) — Tr(z(uv)9) (6.12)
1
—E(zq + 2)% = N(uwv) — Tr(z(uv)?) (6.13)
We consider two cases:
« If u?! = I, we can note that (27 — 2)? is not a square in F, if 29 — z # 0.
In fact, suppose by contradiction that (27 — 2)? = % then 27 — 2 = 8" € F,

but also 27+ z € Fy, so -2z € F;, <= 2z € F; and so 27 — z = 0, which is
impossible.

« If ui™! = —2, we can note that (29 + z)? is a square in F, because 27+ z € F,.

Let ¢t = N(uv) — Tr(z(uww)?). So t € F,. Due to (6.12) we have 2t = (27 — 2)?, while
(6.13) becomes —2t = (279 + 2).

When uf*! = 1 we have “* values of ¢ (that are all the non-squares) and ¢ = 0,

1
2

Now we consider separately the cases t = 0 and ¢ # 0.

whereas when v/t = we have £-1 values of ¢ (that are all the squares) and ¢ = 0.

- We claim that if ¢ = Oand ™' = £+ = =z € F,. Whereas if t =
0 and ui*! = =1 = 2z € Fp\F,. We show only the case u?™ = 1. With
these assumptions (6.12) becomes

(uv)att

—(uw)2? = (w)?z + (W) =0 = 2= w0y T

We can note that since v? + 2av # 0, then (uv)?4uv # 0. In fact, suppose that
v? 4 2av = 0, then (uv)? + uv = —5-2av + uv = 0.

We have to verify that 27 = z. Indeed 27 = u(ﬂ%q =
Similar computations (here omitted) show the case u?™ = —1.

- We claim that if t # 0 and u?™! = j:% — z & F,. With these assumptions,
we show only the case u?™ = 1. We have (27 — 2)? = 2t = o, that is,
24 = z+ a". Now we substitute 27 in —(uv)z? — (uv)9z + (uv)? = ¢ and we
obtain —(uv)(+a” + z) — (w)?z + (uwv)?™ = La®", that is,

(uwv)®™ — 102" F uva”

z= T (av) (6.14)
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We can note that a9 = —a’, in fact 2t = o®" € F,, so (a?")? = o, that is,
o™ = +a" but o” ¢ F, (since 2t is not a square in F,) so a? = —a”. We have
thus proved
(uv)qH _ %&27" F uwva” (uv)q—i—l _ %a2r + (uv)qof
z= and 27 =
Tr(uwv) Tr(uwv)

Now we have to verify that the two z’s as in (6.14) are solutions of (6.12). We
have z? — z = £a" and N(uv) — Tr(z(uv)?) =t. So

+a" =21 -z = £Tr(w)a" = £(ww)%a” + uva’

and
(uv) Tt — z(uv)? — 29 (uv) =t

= (w)"Tr(uv) — (o) ((uv)?™ — a2 Fuva”)+
—uv((uv)?*! — 2o £ uva”) = Tr(uv)t

< (w)MTr(uwv) + t Tr(uwv) — (uv)?H — (uw)?+2 = Tr(uv)t

—  (w)MTr(uwv) — (uv)?+ — (uw)?+2 = 0.

So the z’s are solutions of (6.12).

Similar computations (omitted here) show the case u?™ = —1.

Therefore, we have two solutions for any ¢ not a square in F; and we have only one
solution when ¢ = 0. That is, we get a total of q;212 + 1 = q intersections.

The same holds for the case with udt! = —%. O

Now we consider the second case.

2ay —y1+ b= 0.

We note that if 2ay — 47 + b = 0 then 2ab? + b = 0, and so (6.4) is actually
y = az® + c. Now we apply the automorphism (3.3) to the parabola y = az? + ¢ and
we obtain (6.3). Now if

- A # 0, the parabolas in (6.3) are all distinct.

The number of values of ¢ such that Tr(c) # 0 are exactly ¢* — ¢, but we must be
careful and not count twice the same parabola. In particular, if two parabolas
share a and b, then they are in the same orbit if Tr(c) = Tr(¢’). So we must

consider only one of these for any non-zero Tr(c). Thus there are ¢ — 1 values.
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Chapter 6. Intersections between the Hermitian curve H and parabolas

Summarizing:

* If A =2%and z € F, (and Tr(c) # 0), then the number of parabolas with
q + 1 intersections is

q—3 1
(g+ 1)~ ¢lg—1) = 5613(612 —1)(q - 3).

* If A = 2% and 27+ 2z = 0 (and Tr(c) # 0), then the number of parabolas
with ¢ — 1 intersections is

qg—1 1
(g+1)—5—¢la—1) =3¢+ Dg-1)"
S—— bye
- A =0, that is, 4a?™! = 1, we want to understand how many different parabolas
of the type y = az? + bz + ¢ (with a fixed) we can obtain. So we have to study
the number of pairs (b, ¢).

We note that
Tr(e) = a%® + Tr(c). (6.15)

In fact

Tr(c) = (ay?—9)?+ay* =+ Tr(c)
(a7?)7+ ay® =y + Tr(c) = a™9*(y"~! — 2a)* + Tr(o).

Let Tr(c) = k, with k € ;. Let us consider two distinct cases:

- Tr(c) = Tr(¢). By (6.15) we have that Tr(c) = Tr(¢) <= b=0.
So the number of pairs (0,¢) are exactly ¢* — ¢, because they correspond
to all ¢ € F2 such that Tr(¢) # 0.

- Tr(c) # Tr(¢). Then Tr(c) = a®b® + k.
Since b = 2ay — 74, then, by considering all possible 7’s, we obtain ¢ — 1
distinct b’s.
In fact, we can consider the function f : Fp2 — Fpe such that f(y) =
2ay — 9. By Corollary 6.0.8, for any ¢ € Im(f), the equation f(v) =t has
q distinct solutions.
Since we are interested in the case b # 0, we have L{J_Q) = g — 1 different
b’s. We can note that if b is a solution of the equation 2ay — «v? = 0, then
—b is also a solution.
Since we are interested in the pairs (b%, ¢), we note that we have to consider

the equation Tr(¢) = a%b? + k, so the pairs (b, ¢) are exactly &1 (¢ — q).
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In fact there are exactly -+ distinct b* and for any pairs (b% k) we have
exactly ¢ distinct ¢’s. While the possible k’s are exactly ¢ — 1 (because
Tr(c) # 0).

All possible pairs (b, ¢) are 2551 (¢> — q) = (¢ — 1)(¢* — ).

We fix a and we obtain exactly (¢ — 1)(¢*> — q¢) + ¢* — ¢ = ¢*(¢ — 1) parabolas
of the type y = ax® + bx + C.

In conclusion if A = 0 and Tr(c) # 0, then we have ¢*(¢+1)%* parabolas with
2q or 0 intersections.

The last type of parabolas cannot be easily counted and so we obtain their number
by difference.

Claim 6.1.5. The number of parabolas that have q intersections with the Hermitian
curve H is ¢*(q+ 1)(¢* — ¢+ 1).

Proof. The number of total parabolas is ¢*(¢°> — 1). By summing all parabolas that
we already counted we obtain

—1 —1
¢*(qg+1) (2q2 +qq2 (q—1+q—3)+g(q—1+q—3)> =

=g+ D(g—1+¢*(q—2)).
So the number of parabolas that have ¢ intersections with H is
¢'(¢* =1 =@+ Da—-1+¢*(g—2)) =
2 2 2 2 2
¢+ (g—1)—qg+1-q(¢—2)=q(¢+1)(¢ —q+1).
m

We have proved the following theorems, depending on the condition Tr(c) = 0 or

Tr(c) # 0.

Theorem 6.1.6. Let ¢ be odd. A parabola y = az* + ¢ with Tr(c) = 0 intersects the
Hermatian curve H in 2q — 1,q or 1 points.

Moreover, we have
(q+ 1)‘1;—1q3 parabolas that intersect H in 2q — 1 points.
(g +1)(¢*> — q + 1) parabolas that intersect H in q points.

(¢+ 1)%52¢> parabolas that intersect H in one point.
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Theorem 6.1.7. Let ¢ be odd. A parabola y = ax® + ¢ with Tr(c) # 0 intersects the
Hermitian curve H in 2q,q+ 1,q — 1 or 0 points.
Moreover, we have

g+ 1)5- L parabolas that intersect H in 2q points.

3 -3 , . .
¢°(q +1)(¢ — 1) parabolas that intersect H in q + 1 points.
(g +1)- (a-1)° 1) parabolas that intersect H in q — 1 points.

g+ 1)5- L parabolas that intersect H in 0 point.

Therefore, thanks to Theorem 6.1.6 and to Theorem 6.1.7, we obtain the first half
of Theorem 6.0.1.

6.2 Even characteristic

In this section, ¢ is always even.

2

We claim that it is enough to consider just two special cases: y = az® and y =

ax?® + c. Before studying these two cases, we consider the following lemma:

Lemma 6.2.1. Let x = o/ 8%, with j =0,...,q and i =0,...,q — 2; then the values
F.(a? (") that are not zero are all the elements of ;.

Proof. Fixing a index j, by Lemma 6.0.2 we have F, (o’ %) = 8% F,(a?). If F,(a?) =0
we have finished, otherwise §*F,(a’) are all elements of F;, because also §* is a

primitive element of F,. O]

We divide the study into two parts.

2

* Case y = az®. We intersect H with y = az® and we obtain x?(a%2?72? —

z97 1 4+ a) =0, as in (6.6). We set 277! = ¢ and we have to solve the equation
a%? —t +a = 0. Setting z = ta? we obtain

224 240ttt =0.

It is known that this equation has solutions in a field of characteristic even if
and only if Trif (a?™') = 0 (by special case of Artin - Schreier Theorem, see
Theorem 6.4 of [S.02]). And this latter condition holds, since we have

F
TlrIFg2 (a?th) = Tl"%(TI‘F (a?th)) = Tr%(O) =0.
We also have N(¢) = 1, in fact 77! = (2971)7"! = 1. Then we have
29" = N(2) = N(a?) = a’ e — qatt — N(a)
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and so the equation becomes
242+ =0,
Since t # 0, z # 0, then we must have
21+ 2=1.

We can note that, since a?™ € F,, then it is possible to compute its trace from
F, to F, and we obtain

Trig(a‘”l) = Trgg(z‘”l) = Tr%(zz—kz) = 2422422 429 = a2

If it is equal to 0, we have a contradiction, then there is not any solution x € F .
On the other hand if it is equal to 1, then we have solutions.

When the solutions exist, since z9t! = a9t!, a solution z is aa?@ Y, for some

. . . . 5! —

4, and the other is z + 1, which we can write as aa/’ (@Y. From each of these
. JN\g— J+i(g+1) J B

we have the corresponding ¢ = (2-)7~" and so the z’s are *—— = % and

§'+i(a+1) i’ gi . .
ol T — B withi=0,...,9— 2.
a a

We can summarize:

- If Trg;(aq“) = 0, there is only one solution. This happens when a = 0,
which it is not acceptable, and for  —1 other values of a?*! so the possible
values of a are (2 —1)(q+ 1).

- If Trgg(aq“) = 1, there are 2¢ — 1 solutions. This happens for  values of
a’!, so the possible values of a are £(q+ 1).

As in the odd case, we apply the automorphism (3.3) to the parabolas of type
y = ax? and we can see that distinct automorphisms generate distinct parabolas.
We omit the easy adaption of our earlier proof.

So we have proved the following theorem:

Theorem 6.2.2. The Hermitian curve H and the parabola y = ax? intersect
in either one point or 2q — 1 points.

Moreover, from the application of (3.8) to these parabolas, we obtain:

(2 —1)(q+ 1) parabolas with one point of intersection with H.
7’ 1

2
(¢ + 1) parabolas with 2q — 1 points of intersection with H.

* Case y = ax® + ¢ with Tr(c) # 0. We consider the equation (6.1). We divide
the problem into two parts:
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Chapter 6. Intersections between the Hermitian curve H and parabolas

- If TIE;’ (a?™1) = 0, we know that F,(z) is equal to zero only for z = 0. If
x # 0, then by Lemma 6.2.1 if we fix j we have that F,(z) = F,(a/3") =
B*F,(a?) are all the elements of F;. But j can assume ¢ + 1 distinct
values, so any value of F; can be obtained ¢ + 1 times. So, the equation
F,(z) = Tr(c) has exactly ¢ + 1 solutions.

- If Trg;(aq“) =1, F,(z) = 0 has 2¢ — 1 solutions. So, if we fix an index
7, the values of F,(a’/B") = B*F,(a’) are all equal to zero or are all the
elements of ;. There are exactly two distinct values of j that give zero,
so any non-zero value of I, can be obtained ¢ — 1 times. So, the equation
F,(z) = Tr(c) has exactly ¢ — 1 solutions.

We apply the automorphism (3.3) to the parabola y = ax? + ¢ and we obtain
(6.3). These are all distinct and different from those of Theorem 6.2.2, because
the planar intersection of H and the previous parabolas are different. The
number of values of ¢ such that Tr(c) # 0 are exactly ¢*> — ¢, but we must be
careful and not count twice the same parabola. In particular, if two parabolas
share a and b, then they are in the same orbit if Tr(c) = Tr(¢). So we must
consider only one of these for any non-zero value of Tr(c). These are ¢ — 1 of
these values.

Summarizing, we have proved the following theorem:

Theorem 6.2.3. The Hermitian curve H and the parabola y = ax® + ¢ with
Tr(c) # 0 intersect in either ¢+ 1 or ¢ — 1 points.

Moreover, from the application of (3.8) to these parabolas, we obtain:
(4 —1)(q+ 1)(qg — 1) parabolas (with Trg‘;(aq“) = 0) with ¢+ 1 points of
intersection with H.

¢*4(q+1)(g—1) parabolas (with Trgg(aqﬂ) = 1) with q—1 points of intersection
with H.

By summing all parabolas that we have found in Theorem 6.2.2 and Theo-
rem 6.2.3, we obtain

o+ (f-1+2+@-nd-1+9) -

=g+ D(g—-D(A+q—-1)=q"(¢* - 1).

Since this is exactly the total number of the parabolas, this means that we actu-
ally considered all parabolas, and so we obtain the second half of Theorem 6.0.1.
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In this chapter we analyse the small-weight codewords of Hermitian codes of the
first phase, that is, of all codes C(m, q), with m < ¢®> — 2. In particular we are able
to obtain geometric characterizations for small-weight codewords for those Hermitian
codes. From these geometric characterizations, we obtain explicit formulae which
permits us to determine the number of minimum-weight codewords for all Hermitian
codes with d < g (see Section 7.3). In Section 7.4 we find the number of words having
weight d + 1 for some special cases and in Section 7.5 we compute all second-weight
codewords for codes with distance d = 3, 4.

This work can be found in our article [MPS12].

In the last section, we use a geometrical approach reporting our results in [FM11].

7.1 Corner codes and edge codes

The first phase Hermitian codes can be either edge codes or corner codes.

Definition 7.1.1. Let 2 < d<qgandlet1 <j<d-—1.
Let L = {1,z,..., 292} LY = {y,zy, ..., 23y}, ... Lq , = {y??}.
Let If = ™1, .. 19 = z9Ty/™t

o If By =LiU---ULS ,, then we say that C(m,q) is a corner code and we
denote it by HY.

o If Bpg = L{U--- ULy ,U{if,... 19}, then we say that C(m,q) is an edge
code and we denote it by Hg.

From previous results (see Chapter 4.2), that we report also in Table 5.1, we have
the following theorem.

Theorem 7.1.2. Let2<d<q,1<j3<d—1. Then

d(d —1)
2

d(d—1)

d(Hy) = d(H}) = d, dimg ,(H}) =n - , dimg , (H]) =n — 5
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Chapter 7. Small-weight codewords of Hermitian codes

In other words all evp(2"y®), where P is the set of the F-rational affine points of
H, are linearly independent (i.e. H has maximal rank). Moreover for any distance
d there are exactly d Hermitian codes (one corner code and d — 1 edge codes). We
can represent the above codes as in the following picture, where we consider the five

smallest non-trivial codes (for any ¢ > 3).

HY is a [n,n — 1,2] code.
B,., = L% = {1}, so the parity-check ma-

. o \ &
trix of Hy is (1,...,1).

n-1=k

HJ is a [n,n — 2,2] code. n-2=f
B,=Liui={1,z}

n-3=k

HY is a [n,n — 3,3| code. P

By = LU L = {Liz,) -

n-5=k

Hy is a [n,n — 4, 3] code.
Bmaq = Lg UL? l—ll? = {17x7y7x2}

HZ is a [n,n — 5,3] code.
Bm’q = Lg = Lzl)’ U {l?,l%} = {1795,97952,%9}

7.2 First results for the first phase

Ideal J,, of Proposition 4.2.1 for C'(m, q) is

Jw = < { Zz;uzl Z1$:yzs} ) {$g+1 - y;] - yi}i:l,...,w )

T"YSEBm,q

e S ) SIS {7 e ) SN (Y
i=1,...,w i=1,...,w i=1,...,w

----- ) 20y

{H1§i<j§w((wi —a) T = D) (i —yy) T - 1} >

Let w>v>1. Let Q= (T1,.-,Tw, Y1y Yy 215 - - - » Zw) € V(Jw). We say that
@ is in v-block position if we can partition {1,...,n} in v blocks I3, ..., I, such
that
T; =T; <= 1 < h <wvsuch that 7,5 € I),.

W.lo.g. we can assume || < --- < |[,| and I; = {1,...,u}. It is simple to prove

the following numerical lemma.

Lemma 7.2.1. We always have u+v < w + 1. Ifu > 2 and v > 2, then v < [ ]
and u+v < [§]+2.

We need the following technical lemma.
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7.2. First results for the first phase

Lemma 7.2.2. Let us consider the edge code Hg with 1 <73 <d—1and3 <d<
w<2d—3. Let Q = (T1,. -, Tws Yps -+ » Yy 21, - - - s Zw) € @ s0lution of Jy, in v-block
position, with v < w, then exactly one of the following cases holds:

(a) u=1,v>dand w>d+1
or

(b) v=1, that is, Ty = - -+ = Ty,.
Ifd=2 and w = 2, then (a) holds for H,.
Proof. We denote for all 1 < h <w

Xp==ziifi €Ly, Zy=Y % Yig=) Bzuwithl<di<u—1

i€l iely

(a) u= 1. We have to prove, by contradiction, that v > d.
Let v < d. Since Q € V(Jy), then LY (Q) = I¥(Q) = 0, that is

w

OZijzi:ZX;;zi:Zv:X;;Zh 0<r<d-L (7.2)
h=1

=1 iEIh =
We only need to consider only the first v equations of (7.2), because v < d, so

1 1

v X, ... X,
Y XiZy=0 0<r<v-1 < , _ : | =0 (7.3)
1 : : Z
D LD G

v

The above matrix is a Vandermonde matrix, so it has maximal rank v. There-
fore, the solution of (7.3) is (Z1,...,2Z,) = (0,...,0). Since u = 1, then
Zy =7z = 0, which contradicts Z; € F2 \ {0}. So if v > d then w > d + 1.

(b) u > 2. We suppose by contradiction that v > 2.
We consider Proposition 4.2.1. A subset of equations of condition (4.4) is the
following system, where 0 < r <w

Ziil fﬁz =0 22:1 XgZh =0

LTz =0 Y XY =0
Zf_l Y — Z.h_l hohd (7.4)
STz =0 S 1 Xi Y1 =0
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Chapter 7. Small-weight codewords of Hermitian codes

In fact system (7.4) is a subset of (4.4) if and only if deg(z?y ") < d — 1 for
any 1 =1,...,w. Thatis, v+ (v —1) <d—-1 <= v+u<d.

To verify it, since v > 2, it is sufficient to apply Lemma 7.2.1 and we obtain
utv< |2 +2< (23 +2=4d

By system (7.4) we obtain u Vandermonde matrices (all having rank v). There-
fore, the solutions of these systems are zero-solutions. So, in the particular case

h=1,wehave Z; =Y, =... =Y, =0, that is
Z?:o z;=0 1 . 1 B
u R _ _ 21
Zi:o Yiz; = O U1 e Yu .
) <= ) ] =0
: : : 3,
oz =0 gt !

Since the g;’s are all distinct (because the z;’s are all equal), we obtain a Van-
dermonde matrix, and so z; = --- = Z, = 0, but this is impossible because
Z; € F2 \ {0}. Therefore v = 1.

The case Hj is trivial. O

7.3 Minimum-weight codewords

Corollary 7.3.1. Let us consider the edge code Hj with 1 < j<d-—1.
IfQ=(T1,....Ta, Yy, 1Yy, 21, - - - s 2d) € V(Ja), then T, = --- = Z4. In other words,
the points that correspond to a minimum-weight word lie in the intersection of the
Hermitian curve H and a vertical line.

Whereas if d > 4 and Q = (T1,...,Zd+1, Y1, - - -+ Ygs1s 215 - - - Za+1) € V(Jat1), then

one of the following cases holds
(a) T; #T; withi # j for 1 <i,j <d+ 1.
or

(b) T, == ZTqp1.

Proof. We are in the hypotheses of Lemma 7.2.2. So if w = d then u # 1. So v = 1.
Whereas, if w = d + 1 then there are two possibilities. In case (a) of Lemma 7.2.2,

all the z;’s are different, since v = d + 1, or, case (b), Ty = -+ = Tgqy1. O
Now we can prove the following theorem for edge codes.

Theorem 7.3.2. The number of minimum weight words of an edge code Hg 08

Ag= (" —1) (Zl)
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7.3. Minimum-weight codewords

Proof. By Proposition 4.2.1 we know that J; represents all words of minimum weight.

The first set of ideal basis (7.1) has exactly @ + j equations, where 1 < j < d—1.

So, if 7 = 1, this set implies the following system:

Z1+- -+ 2g=0

121+ -+ Z32qg =0

h1z1+ -+ YaZa =0

T3z + 322 =0 (7.5)

JPm A+ 22 =0
2 3l =0

Whereas, if j > 1 then we have to add the first 7 — 1 of following equations:

2425 + -+ 380z = 0

(7.6)
TG 4+ Zals 22 =0
But 7; = ... = Z4, since we are in the hypotheses of Corollary 7.3.1. So the system
becomes
Bt Za=0
1z 4+ GaZa =0
_ (7.7)

gf_le + -+ gg_zgd =0

We have ¢? choices for the z;’s and, by Lemma 3.2.1, we have (g) d! different g;’s,
since for any choice of the z;’s there are exactly ¢ possible values for the ¥;’s, but we
need just d of them and any permutation of these will be again a solution. Now we
have to compute the solutions for the z;’s.

We write the system (7.7) as a matrix, which is a Vandermonde matrix with rank d—1.
This means that the solution space has linear dimension 1 because 1 =d —(d —1) =
number of variables — rank of matrix. So the solutions are (a1, asq, . . ., aq_1) with
a € F(’;Q, where a; are fixed since they depend on g;. So the number of the z’s is
F’| = ¢* — 1, then Ay = L (P —1)(9)d)). O
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Chapter 7. Small-weight codewords of Hermitian codes

We consider now corner codes. We have the following geometric characterisation.

Proposition 7.3.3. Let us consider the corner code HY. Then the points

(Z1,91),- -, (Ta,¥q) corresponding to minimum-weight words lie on the same line.

Proof. The minimum-weight words of a corner code have to verify the first condition
d(d—1)

set of .J,,, which has (T equations. That is,
24+ 24=0
T1Z1+ -+ 2gz2qg =0
1z + -+ YaZa =0

B3z 4+ 332, =0
UPEn Yy 220 =0

This system is the same as (7.5), but with a missing equation. This means that (7.8)
has all solutions of system (7.5) and other solutions.
If we consider a subset of (7.8):

Zi+- -+ 2z2g=0
121+ +7T3z2g=0
37+ + 7329 =0 (7.9)

29725 4+ 30722, =0

we note that the z;’s are all non-zero if all Z,;’s are distinct (or all are equal). Therefore,
we have only two possibilities for the z;’s: either are all different or they coincide.
The same consideration is true for the ,’s, in fact when we consider (7.8) and we
exchange x with y, we obtain again (7.8).

So we have two alternatives:

e The z;’s are all equal or the g;’s are all equal, so our proposition is true.

e The z;’s and the y;’s are all distinct. We will prove that they lie on a non-
horizontal line that intersects the Hermitian curve.
Let y = Sx + X be a non-vertical line passing through two points in a minimum
weight configuration. We can do an affine transformation of this type:

x=ua
y=9y+ar’, acFp

such that at least two of the y’’s are equal and not all 3’s are coincident. Substi-
tuting the above transformation in (7.8) and applying some operations between

76
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the equations, we obtain a system that is equivalent to (7.8). But this new
system has all y’s equal (or all distinct), so the y”’s have to be all equal. Hence
we can conclude that the points lie on the same line.

We finally prove the following theorem:

Theorem 7.3.4. The number of words having weight d of a corner code HC? 5

S—d+1
pome (1)

Proof. Again, the points corresponding to minimum-weight words of a corner code
have to verify (7.8). By above proposition, we know that these points lie in the
intersections of any line and the Hermitian curve H.

Let Q = (T1,. -, TasYys- -+, Ygs 215 - - - s 2a) € V(Jg) such that Ty = ... = Ty, that is,
the points (Z;,¥;) lie on a vertical line. We know that the number of such @’s is

q%f—D(QdP

Now we have to compute the number of solutions @ € V(J;) such that (z;,y;) lie on
a non-vertical line.

By Lemma 3.2.2 we know that the number of the y;’s and Z;’s is

@4—Q%<q;1)dh

since for any choice of the y;’s there are exactly g+ 1 possible values for the z;’s, but
we need just d of these (and the system is invariant). As regards the number of the
Z;’s, we have to compute the number of solutions of system (7.8).

We apply an affine transformation to the system (7.8) to obtain a horizontal line, that
is, to have all the z;’s different and all the 7;’s equal, so we obtain a system equivalent
to system (7.7). Therefore we have a Vandermonde matrix, hence the number of the
Z’sis ¢* — 1. So

As= F (AP -1)()d + (¢" — ) (¢* = D(*H)dY)

= Pl - D)
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Chapter 7. Small-weight codewords of Hermitian codes

7.4 Second-weight codewords

In this section we study the case when the z;’s and the y;’s lie either on a vertical
line or a non-vertical line.

Theorem 7.4.1. The number of words of weight d + 1 with y; = ... = yayr1 of a
corner code HY is:

o=~ @+ a (7).

Whereas for an edge code HC{ with 1 < 7 <d—1 the numbers is:

(qQ—Q)@iD.

Proof. We have ¢* choice for the ,;’s and, by Corollary 3.2.3, we have (gﬁ)(d + 1)!
different z;’s, since for any choice of the y;’s there are exactly ¢ + 1 possible values
for the z;’s, but we need just (d + 1) of them and any permutation of these will be
again a solution.

Now we have to compute the solutions for the z;’s, in the two distinct cases.

x Case H f; . By Proposition 4.2.1 we know that .J; represents all words of minimum
weight. The first set of ideal basis (7.1) has exactly @ equations, which is
system (7.8) with more variables, that is, instead of T4, 74 and Z;, we have,
respectively, Zgi1, Ygr1 and Zgyi. Since §; = ... = ¥q41, the said variation of
system (7.8) is

A+t 2 =0

121+ -+ Tap1Za+1 = 0

T3z + -+ T3 2041 =0 (7.10)

-2~ —d—2-

We can note that, if we write the system (7.10) as a matrix adding these two
equations 2§+ . .+x§j& =0 and z{+...+2%, ; = 0 we obtain a Vandermonde
matrix. So all rows of (7.10) are linearly independent. This means that the
solution space has linear dimension 2 because 2 = (d + 1) — (d — 1). So the
number of the z’s is ¢* — [{z; = 0 for at least an i}|, since we have ¢* for each
zq+1 and zg. We want to compute the number of z; = 0 for at least one 7.

Since the matrix H has maximum rank, we can apply the Gauss elimination to

78



7.4. Second-weight codewords

the system (7.10)

(

Z1+ -+ 2411 =0
h2’222 + ...+ hQ’dZd + h27d+1 + 2411 =0

(7.11)
ha-1,d-2Zd—2 + ha—1,d-1Zd—1 + ha—1,4Z4 + ha—1,4+1Za+1 = 0
| Pa-1a-12Zd-1 + ha-1,42a + ha-1,4+1%2411 =0
If we solve the system (7.11) we obtain
ha—1a-1Za—1 + ha—1,aZa + ha-1,4+1%2441 = 0 (7.12)
First of all we consider the case z;_; = 0, that is
_ _ _ ha—1,d4+1 _
hi—1,4Z4 + ha-1,441Za4+1 = 0 == Zg = — N S zan (7.13)
d-1,d

The equation (7.13) in the variable z;,1 € F 2 has exactly ¢* solutions. In par-
ticular, we have the pair (Z4, Z4+1) = (0,0) and other ¢* — 1 ways to choose the
variable Zg 1.

We have similar conditions when z; = 0 and Zz;,; = 0. As before we have the
pairs (Zg_1, Zg+1) = (0,0) and (Z4_1, 24) = (0,0) and other ¢*> — 1 ways to choose
Z4-1 and ¢? — 1 ways to choose Zg.

So the equation (7.12) has exactly 3(¢* — 1) + [{(Z4-1, Za, Zar1) = (0,0,0)}| =
3¢% — 2 solutions.

Now we consider the second last line of the system (7.11): hg_14-2Z4-2 +

ha—1,d-1Z4—1 + ha—1,aZa + ha—1,4+12a+1 = 0, that is,
Za—o = —(ka—1Z4—1 + kaZq + kat1Za+1) (7.14)

First of all we have to study the case z;_o = 0. We just studied the case in

which all variables z; 1 = Z; = Z4.1 = 0, so we have to study the case when all
kg
ka1

So the equation (7.14) has exactly (¢? — 1) solutions.

. . . ki1 — _ _
variables are different from zero, that is, ﬁzd,l + Zg = —Zg1 =k € ]F;Q.

We repeat the argument for each of system’s equations (7.11), there are (d —2)
of them, if we do not count the last equation. Therefore

#(z; = 0 for at least one i) =3¢ =2+ (d — 2)(¢* —1) = (d + 1)g —d

So the system (7.11) has exactly ¢* — (d + 1)g + d solutions. Then the number
of words of weight d + 1 with y; = ... = ygy1 of H) is:

o=~ @+ a (7).
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Chapter 7. Small-weight codewords of Hermitian codes

* Case Hg. In this case the first set of ideal basis (7.1) contains exactly @ +J

equations, where 1 < j < d — 1. So, if j = 1, this set implies the system (7.5)
with more variables, that is, instead of Z4, 74 and Z;, we have, respectively,
Zg+1, Ygr1 and Zgo1. Whereas, if j > 1 then we have to add the first j — 1 of
equations (7.6) with more variables.

Since 4; = ... = Y411, the system becomes

24+ 21 =0
121+ -+ ZTag412441 = 0
I3z + -+ T3 % =0 (7.15)

—d—1- —d—1-
Ty At Ty Zdn =0

This means that the solution space has linear dimension d — (d —1) = 1. So the
number of the 2s is [F},| = ¢* — 1, then the number of words of weight d 41
with y; = ... = ygy1 of HC{ is:

(¢* = 1)(@* —q) <3i D

[]

Theorem 7.4.2. The number of words of weight d + 1 with v1 = ... = x441 of a
corner code HC? and of an edge code Hj 18:

2/ 4 2 q
¢°(¢" = (d+1)q +d)<d+1>'
Proof. By Proposition 4.2.1 we know that J; represents all words of minimum weight.
For an edge code the first set of ideal basis (7.1) implies, if j = 1 the system (7.5)
with more variables' and if 7 > 1 we have to add the first j — 1 of equations (7.6) with
more variables. Whereas, for a corner code, the first set of ideal basis (7.1) implies
the system (7.8) with more variables. But Z; = ... = Zg41, S0 the systems becomes

Zi++ 241 =0
izt + Yar1Za =0

. (7.16)
W4+ Y52 =0

Yinstead of Z4, 44 and z4, we have, respectively, Zq11, Y4+1 and Zg 1. This is true every time
that we write with more variables
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7.4. Second-weight codewords

We have ¢? choice for the Z;’s and, by Lemma 3.2.1, we have (qurl) (d + 1)! different
yi’s, since for any choice of the Z;’s there are exactly ¢ possible values for the y;’s,
but we need just d+ 1 of them and any permutation of these will be again a solution.
And we have (¢* — (d + 1)¢® + d) possible z;’s which is exactly the situation met in
Theorem 7.4.1.

]

Theorem 7.4.3. The number of words of weight d + 1 of a corner code Hy with

(2, y5) lying on a non-vertical line is:

' =)t - e+ (7).

Theorem 7.4.4. The number of words of weight d+1 of an edge code Hj with (z;,v;)

lying on a non-vertical line 1s:
4 3\(,2 q+1
— -1 :
(¢" —a°)(q )( s 1)

The proofs are similar to those of the statements as in Section 7.2 and the previous
theorems and so are omitted.
In other cases, we have to consider the intersection of the curve with higher de-
gree curves and the formulae get more complicated. For example the cubic found in
|[Coull, BR12a).

Now we are going to study some special cases of Hermitian codes, that is, we count
the number of words having weight d+1 for any Hermitian code having distance d = 3
or d = 4. In the following section we are going to prove these theorems:

Theorem 7.4.5. The number of words of weight 4 of a corner code Hy is:

=1 (Darv-c("] er +2-9) 416 -9,

The number of words of weight 4 of an edge code H31 18:

Ay = (Z) (¢ —4¢> +3) + ala” = 1&);@ — (¢? —1) i_q:Nk (Z)

Where Ny, is the number of parabolas and non-vertical lines that intersect H in exactly
k points.
The number of words of weight 4 of an edge code H32 18:

1
A4=q2(q—1)(q4 )(2q3—3q2—4q+9)-
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Chapter 7. Small-weight codewords of Hermitian codes

Theorem 7.4.6. The number of words of weight 5 of a corner code H) is:

as = 5 (1) @ - 0@ - 0 - 0,

The number of words of weight 5 of all edge codes HZ for1 <5 <3 1s:

qg+1

A5=q2(q—1)( .

)(2q3 — 4¢* — 5¢ + 16).
The formula for A, of Hy in Theorem 7.4.5 contains some implicit values N}’s. To
derive explicit values it is enough to consider Theorem 6.0.1.

7.5 The complete investigation for d = 3, 4.

In this section we will study separately the corner and edge codes of distance 3
and 47 that iS, Hga Héa H%a Hga {Hi}1§j§3‘

Study of Hg.
Now we count the number of words with weight w = 4. In this case, the first condition
set of J, becomes:

z21+22+23+24=0

T121 + Tozo + T323 + 1424 = 0

Y121 + Y222 + y3z3 + yaza = 0

We notice that this is a linear system in z;. We first choose 4 points P; = (x;,y;) on
‘H and then we compute the number of solutions in z;’s. The coefficient matrix is

11 1 1
Tr1 T2 T3 X4
Y1 Y2 Ys Ya

This matrix cannot have rank 1. If the rank is 2, this means that all P;’s lie on a same
line. The vector space of solutions has dimension 2, so that we have ¢* —4(¢> —1) —1
solutions in z;’s (we have to exclude the zero solution and solutions with one z; = 0).

Otherwise, the rank is 3. In this case, we have 3 points on a same line, say
Py, Py, Py, if and only if we have a square submatrix of order 3 whose determinant is
0, but this implies that z; = 0, which is not admissible. If we choose 4 points such
that no 3 of them lie on a same line, all z;’s will be non-zero and we get a codeword.
The vector space of solutions has dimension 1, so that we have ¢®> — 1 solutions in z;’s
(we have to exclude the zero solution).
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If the rank is 2, the total number of solutions (in z;, y;, z;) is

(q2 <Z) +(¢" =% (q Z 1)) (¢" — 44" +3).

If the rank is 3, the total number of solutions (in z;, y;, z;) is

(D) @)w-o-w-a(t)w-a-
—¢ (Z) —(¢" = ¢ (qz 1)) (> —1).

Putting together, we get the total number of codewords of weight 4 of Hg:

a= (W) -¢(3)@-0-@-o (") )@ -a-v) - v
+ (q2 (Z) +(q" - q3)<q Z 1)) (4" — 5¢" +4).

Doing the computations we obtain the first part of Theorem 7.4.5.

Study of H:l,)
We count the number of words with weight w = 4. In this case, the first condition
set of J,, becomes:

214+ 20+ 23+24=0

T121 + Tozo + X323 + 1424 =0

Y121 + Y222 + Y32z + yazy = 0

232 4 1320 + 1323 + 1324 = 0
As above, we first choose 4 points P; = (z;,y;) on H and then we compute the number
of solutions in z;’s. The coefficient matrix is

1 1 1 1
Ty T2 T3z T4 (7 17)
Yr Y2 Ys UYa

2 2 92 .2
Ty Ty T3 Xy

Now we study the rank of the matrix according to “v-blocks”.
If all x;’s are equal, we have 4 points on a vertical line; the rank is 2 (see below)
and the number of codewords is (see case Hj)

¢ (Z) (q" — 44" +3).
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If only three x;’s are equal, we have 3 points on a vertical line and another one
outside, but this configuration is impossible for HJ (that is, we do not have codewords
associated to it), and it is also impossible for Hé, since Hé - Hg.

If we have two pairs of equal x;’s (for instance, 1 = z9 # 3 = x4), we can have

codewords. In this case, we deduce

Zl+22:0723+2420,

21(h — y2) + 23(ys — ya) = 0,

q2
2
to choose {ys3,vy4}, ¢> — 1 ways to choose z, this determines all z;. The number of

so that we have (%) ways to choose {z1, 23}, (%) ways to choose {y1,y2}, (%) ways

codewords in this case is
(¢ = 1)*(¢g —1)?
3 )

If only two x;’s are equal, say 1 = x5, we can show that we have z; + 25 = 0,
z3 = 0, z4 = 0, which is not admissible.

If we have all x;’s distinct, the submatrix

1 1 1 1
X1 T2 T3 T4

2 2 92 2
Ty Ty T3 Ty

has rank 3, but if the whole matrix (7.17) has rank 4 we can only have the zero
solution, which is not admissible. Thus, (7.17) must have rank 3, that is, the y;’s row
must be linearly dependent on the other rows. This means that

Ja,b,c € Fp such that y; = ax? +br;+cVi=1,...,4.

That is, all P;’s lie on the same parabola (or on the same non-vertical line, when
a = 0). In this case, the number of codewords is

(¢° — 1)§Nk <Z>7

where Ny is the number of parabolas and non-vertical lines that intersect H in exactly
k points.
Putting all together we get A4, that is, the second part of Theorem 7.4.5.
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Study of H3.
We count the number of words with weight w = 4. In this case, the first condition
set of J,, becomes:

21+29+23+24=0

T121 + Tozo + T323 + 1424 = 0
Y121 + Yozo + Y323 + ysza =0
32+ 2i2 + 2323 + 2324 = 0

T1Y121 + TaYaze + X3y323 + TaYazs = 0

\

As above, we first choose 4 points P; = (z;,y;) on H and then we compute the number
of solutions in z;’s. The coefficient matrix is

1 1 1 1
x X2 Zs3 Xy

Yy Y2 Yz Y4 (7.18)

2 2 2 2
Ty T T3 Ty

T1Y1r T2Y2 T3Y3 T4lYa

Now we study the rank of the matrix according to “v-blocks”.
If all x;’s are equal, we have 4 points on a vertical line; the rank is 2 (see below)
and the number of codewords is (see case H3)

¢ (Z) (q" — 44" +3).

If only three x;’s are equal, we have 3 points on a vertical line and another one
outside, but this configuration is impossible (as above).
If we have two pairs of equal x;’s (for instance, z1; = x9 # 23 = x4), we can deduce

21+22:0,23+Z4:0,

and then
z1(y1 — y2) + 2z3(ys — ya) = 0
r121(y1 — Y2) + w323(ys —ya) = 0
but this system in the unknowns y; — y2, y3s — y4 has determinant z;z3(x3 — x1) # 0, so
that y; = yo, which is impossible.
If only two x;’s are equal, say 1 = x9, we can show that we have z; + 2o = 0,
z3 = 0, z4 = 0, which is not admissible.
If we have all x;’s distinct, the submatrix

1 1 1 1
Ty T2 T3 T4

2 2 .2 .2
Iy Ty T3 Ty
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Chapter 7. Small-weight codewords of Hermitian codes

has rank 3, but if the whole matrix (7.18) has rank 4 we can only have the zero
solution, which is not admissible. Thus, (7.18) must have rank 3, that is, the y;’s
and x;y;’s rows must be linearly dependent on the other rows. This means that
y = ar®+br+cand vy = dz?+ ex + f, then az® + (b—d)z* + (c —e)z — f = 0. But
this equation can have at most 3 distinct solutions, and we need 4. Thus we must
have a = 0,b=d,c =e¢, f =0, that is, y = bx + ¢: all P;’s lie on a same non-vertical

line, and the number of codewords is
q+1
- ("] e -0,
Putting all together we get A4, that is, the last part of Theorem 7.4.5.

Study of HJ.

We count the number of words with weight w = 5. We have a linear system in z;
with a (6 x 5) matrix. If its rank is 5, we can only have the zero solution, which is
not admissible. Thus, its rank must be at most 4; this means that we have at least 2

relationships of linear dependency, say
ry = a+ bx + cy + da?
vy =e+ fz + gy + ha?.

We need to find 5 points on the intersection of 2 different conics, but this means that
the 2 conics must be degenerate, they must have a common line, and all 5 points
belong to this line. We could distinguish between vertical lines and non-vertical lines,
but in both cases the rank of the matrix is exactly 3. So, the number of codewords is

As = <<q4 —q°) (q Z.)L 1) +q (g)) (q" —5¢° +4).

Doing the computations we obtain the first part of Theorem 7.4.6.

Study of Hy, H3, H3.
To count the number of words with weight w = 5, we remember that

H} D Hj D H} D H} D HY

and the first and the last code have all words with weight 5 corresponding to 5 points
on a line. We notice that for a vertical line the rank of the matrix is 3, while for a
non-vertical line the rank of the matrix is 4. So, the number of codewords is

As = ¢ <g) (¢" = 5¢* +4) + (¢" — ¢°) (q _g 1) (¢* = 1).

Doing the computations we obtain the last part of Theorem 7.4.6.
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7.6. On the geometry of small weight codewords of AG codes

7.6 On the geometry of small weight codewords of AG codes

In the previous sections, the number of small weight codewords for some families
of Hermitian codes was determined. Besides explicit computation, the main ingre-
dient in Section 7.3 is a geometric characterization of the points in the support of a
minimum weight codeword, which turn out to be collinear (see Corollary 7.3.1 and
Proposition 7.3.3).

In this section, we report our results in [FM11].

Here we show that such a property is not peculiar to Hermitian codes, but it
holds in full generality for dual algebraic geometric codes on any smooth complete
intersection projective variety of arbitrary dimension. We start recalling some geo-
metrical base notions in regard to AG codes. To do these we consider Chapter Two
of [HvLP98|, the first two chapters of [Sti93| and Chapter Thirteen of [HKTO08|.

In the following section, we denote by I the algebraic closure of F,.

Let A" be the r-dimensional affine space with coordinates x; ..., z, and let P" be
the r-dimensional projective space with homogenous coordinates zg, xy ..., z,. In A"
the algebraic set of zeros of ideal I of Flxy,...,x,] are the variety V(I).

Let I be a prime ideal in the ring Flxy, ..., z,]. The set X of zeros of I is called an
affine variety. We denote with F[X] the coordinate ring F[z1, ..., x,,|/I of the variety
X and the quotient field of F[X] is denoted by F(X), that is a rational function field
on X

f(X)

F(X) = {F;) | F(X).9(X) € F[X].g #0+1}.

Let X be an algebraic curve defined over F,, that is, an affine variety of dimension
one, where the dimension of X is the transcendence degree of F(&X') over F.

In projective space P", the situation is similar but we have to use the homoge-
nous coordinates. So a projective variety X is the zero set in P” of a homogeneous
prime ideal I € F[Xy, X,..., X,]. Consider the subring R(X) of F(X,, Xi,...,X;)
consisting of the fractions f/g, where f and g are homogeneous polynomials of the
same degree and g ¢ I. Then R(X) has a unique maximal ideal M (X') consisting of
all those f/g with f € I. The function field F'(X) is by definition R(X)/M (X).

Let X be an affine variety and let P be a point on X. Then a rational function ¢
is called regular in the point P if we can find polynomials f and g such that g(P) # 0
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Chapter 7. Small-weight codewords of Hermitian codes

and ¢ is the coset of f/g.
If X is a projective variety, we have the same definition. In this case, f and g are two
homogeneous polynomials of the same degree.

The local ring Op of the point P on the variety X is the set of rational functions
that are regular in P. Let Mp be the set of functions in Op that are zero at P.
We consider ¢ the generating element of Mp. It is possible to write every element z
of Op as z = ut™, where u is a unit and m is a natural number. If m > 0, then P
is a zero of multiplicity m of z, otherwise P is a pole. We denote this by vp(z) =m
and the function t is called local parameter.

Finally we recall a smooth curve and its related notations.

Consider a curve X in A%, defined by the equation f = 0. Let P be a point on
this curve. If at least one of the partial derivatives fx or fy is not zero in P, then P
is called a simple or nonsingular point of the curve and a curve is called nonsingular,
reqular or smooth if all the points are nonsingular.

Let X be an absolutely irreducible (i.e. irreducible in the algebraic closure) non-
singular projective curve over F,. We recall that a divisor on X is a formal sum

D = Z npP with np € Z and almost all np = 0.

pPex

The support of a divisor is the set of points with nonzero coefficient, that is
supp(D) ={P € X | np # 0}.

A divisor D is called effective if all coefficients np are non-negative. The degree
deg(D) of the divisor D is > np.

If f is a rational function on &', not identically 0, we define the divisors of f as
(F) =2 vr(HP = (Ho = (Hexr
Pex

where, if we denote with Z and N, respectively, the set of zeros and the set of poles
of f, we have the zero and the pole divisor

(flo=>_ve(f)P and (f)o = > —lve(f)|P.

Let P € P". An integer n > 0 is called a pole number of P if there is an element
f € F with (f)s = nP. Otherwise n is called a gap number of P.
Now, we are already to define a Riemann-Roch space.
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7.6. On the geometry of small weight codewords of AG codes

Definition 7.6.1. Let D be a divisor on a curve X. The Riemann-Roch space
associated to D is a vector space L(D) over F definited as

LID) ={f eF(X)[(f)+ D =0}u{0}.

The dimension of L(D) over F is denoted by [(D), which is called also the dimension
of the divisor D.

The genus g of F(X) is defined by
g =max{deg D — (D) + 1| D € Div(X)}.
Theorem 7.6.2. If D is a divisor of F(X) of degree deg D > 2g — 1 then
[(D) =degD +1—g.
Proof. See proof of Theorem 1.5.17. of [Sti93]. O

Now we have all the geometrical notions needed to define an AG code.
Assume that Py, ..., P, are rational points on X and D is a divisor such that D =
P+ ...+ P,. Let G be some other divisor such that supp(D) N supp(G) # 0 and we
denote with m the degree of G, that is, m = deg(G). Then we can define

Definition 7.6.3. The algebraic-geometric code (or AG code) C(D,G) associated
with the divisors D and G is defined as

C(D,G) ={(f(P),.... f(B)) | f € L(G)} CTFy.

In other words an algebraic-geometric code is the image of the evaluation map,
i.e. Im(evp) = C(D, ), where the evaluation map is evp : L(G) — F} given by

evp(f) = (f(P1),-.., [(Pn)) € Fy.
Theorem 7.6.4. Let C'(D,G) be a [n,k,d] algebraic-geometric code. Then
e k=I1(G)-1l(G - D).
e d>n—m.
Furthermore if 2g —2 <m <n then k=m — g+ 1.

Corollary 7.6.5 (Goppa’s Bound). Let C(D,G) be a [n,k,d| algebraic-geometric
code and let 2g —2 < m < n. Then

d>n—k+1—g.
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Let C(D,G)* be a dual of C(D,G). Then it is also an algebraic-geometric code.
Corollary 7.6.6. Let CH(D,G) be a [n,k,,d,] algebraic-geometric code. Then

ek, =n—m+g-—1.

ed, >m—29+2.

en—k +1—g<d, <n—k +1.

Note that in Chapter 5 we saw this corollary for the special case of Hermitian
codes. In particular we have the distance in Lemma 5.2.5 and the dimension is a
consequence of Theorem 5.2.3.

We are ready to report some notation and results (without demonstration) from
the paper The dual minimum distance of arbitrary-dimensional algebraic-geometric
codes of A. Couvreur [Coull].

We denote with H°(P", Op+(u)) the space of homogeneous forms of degree u in
r + 1 variables.

Definition 7.6.7. Let Pi,..., P, be rational points of P". They are in u-general
position if the evaluation maps evp,, ..., evp, are linearly independent in the dual
of HY(P", Opr(u)). If they are not in u-general position, we can say that they are
u-linked. Moreover they are said to be minimally u-linked if they are u-linked and

if each proper subset of { Py, ..., Ps} is in u-general position.

Lemma 7.6.8. Let Py, ..., P, be a minimally u-linked configuration of points in P.
Let d and | be two integers satisfying respectively 1 < d < wu and 1 <1 < s. Let H be
a hypersurface of degree d containing exactly | of the P;’s. Then, the s — | remaining

points are (u — d)-linked.
Proposition 7.6.9. A set of s < u+ 1 distinct points Py, ..., P € P" is u-general.

Proposition 7.6.10. Let Py, ..., P, o be a family of u-linked points. Then they are
collinear.

Proposition 7.6.11. A configuration of s < 2u + 1 distinct points Py,..., P; € P"

such that no m + 2 of them are collinear is u-general.

Proposition 7.6.12. For all u > 1, any minimally u-linked configuration of n < 3u
points 1s a set of coplanar points.
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Proposition 7.6.13. A configuration of s < 3u—1 distinct points such that no m+2
of them are collinear and no 2m + 2 of them lie on a plane conic, are u-general.

Proposition 7.6.14. An u-linked configuration of 3u points such that no u + 2 of
them are collinear and no 2u + 2 of them lie on a plane conic is a family of coplanar
points lying at the intersection of a cubic and a curve of degree u having no common
component.

Now we can start with our results.

Theorem 7.6.15. Let X C P", r > 2, be a smooth connected complete intersection
defined over F,. Let D and G be two divisors on X as previous and let G be such
that L(G) D HO(P", Opr(u)). Let d be the minimum distance of the code C(D,G)*
and let {P,,, ..., P,,} be the points in the support of a minimum weight codeword.

(i) If d <u+2, then d = u+ 2 and all the u + 2 points P;, are collinear in PT.

(i) If d < 2u+ 2 and no u+ 2 of the P;,’s are collinear, then d = 2u + 2 and all

the 2u + 2 points P;; lie on a plane conic.

(i) If d < 3u, no u+ 2 of the P;,’s are collinear and no 2u + 2 of them lie on a
plane conic, then d = 3u and all the 3u poinls P, lie at the inlersection of two

coplanar plane curves of respective degrees 3 and u.

Proof. Let c € C(D,G)* be aminimum weight codeword having support {P;,, ..., P, }
with s = d. By the definition of a dual code, we have

icjf(Pij) = 0 for every f € L(G) D H(P", Opr(u)).

Jj=1
In particular, we have

chevpij(f) = 0 for every f € H'(P", Opr(u)).

J=1

Hence evp, turn out to be linearly dependent in HO(P", Opr(u))* and by Defini-
tion 7.6.7, P, ..., P, are u-linked. Now we have, in case

(1) by Proposition 7.6.9, d = s = u + 2 and so we can apply Proposition 7.6.10.
(74) by Proposition 7.6.11, d = s = 2u + 2 and so we apply Proposition 7.6.12.
(731) by Proposition 7.6.13, d = s = 3u and by Proposition 7.6.14 we prove this case.

]
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We focus on the Hermitian codes (Chapter Eight of [Sti93] and Chapter Five of
[HvLP9g]).

As we know, a special case of algebraic-geometric code is a Hermitian codes. We
consider the Hermitian curve H of affine equation 27" = 7 +y defined over F 2. We
recall that the genus of H is g = q(¢ — 1)/2 and H has ¢® + 1 points of degree one,
namely a pole Q and ¢* distinct points P, 3 = (a, 3) such that o?™ = 57+ 3.

Definition 7.6.16. For m € 7Z we define the code C(m,q) = C(D, mQ) where

D= > Pug

adtl=p14+p

is the sum of all places of degree one (except Q, that is a point at infinity) of the
Hermitian function field F(H). The codes C(m,q) are called Hermitian codes.

We can note that if m < 0, then £(mQ) = 0 and so C(m, q) = 0.
For m > ¢ + (29 — 2) = ¢* + ¢* — ¢ — 2, by Theorem 7.6.4 and Theorem 7.6.2 we
have that

dim C(m,q) = 1(mQs) +1(MQe — D) = (m+1—g) — (m - +1—g) = ¢,

therefore C'(m, q) = F;.
So we study the Hermitian codes with 0 <m < ¢*+ (29 —2) = ¢ +¢*> — ¢ — 2.

We can note that if m < 0, then £(mQ ) = 0 and so C(m, q) = 0.
For m > ¢* + (29 — 2) = ¢ + ¢* — ¢ — 2, by Theorem 7.6.4 and Theorem 7.6.2 we
have that

dim C(m,q) = 1(mQs) +1(MQe — D) = (m+1—g) — (m - +1—g) = ¢,

therefore C'(m, q) = F;.
So we study the Hermitian codes with 0 <m < ¢*+ (29 —2) = ¢ + ¢* — ¢ — 2.

Now we report a result (see Lemma 6.4.4. of [Sti93]), that we need for the our

following propositions and the four phases of Hermitian code, that are in Chapter 5.

Let m,i,5 >0, < q—1and ig+ j(q+ 1) < m. Then the elements z'y’ form a
basis of L(mQwo)-
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So our general result specializes as follows:

Corollary 7.6.17. Let H C P? be the Hermitian curve defined over Fp. Let C(D, G)*
be the Hermitian code. Let d be the minimum distance and let {P;,,..., P} be the
points in the support of a minimum weight codeword.

e If 0 <m < ¢*—2, then all the points P;; are collinear.
o If m > q*> — 1, then the following holds.

(i) If d < q+ 1, then all the points P;; are collinear.
(i) If d < 2q, then either g+ 1 of the points P, are collinear, or all the points

P;, lie on a plane conic.
(iii) If d < 3q — 3, then either ¢+ 1 of the points P;; are collinear, or 2q of the
points Py, lie on a plane conic, or all the points P, lie at the intersection

of two coplanar plane curves of respective degrees 3 and q — 1.

Proof. L(G) = ({z'y’ :1>0,0<j<q—1,ig+j(g+1) <m}) and H*(P", Op-(k))
can be identified with the set of polynomials in r variables of degree at most k. We
want to prove that £(G) 2 H(P?, Opz(k)) for every k > 0 such that £ < ¢ — 1 and
k(g+1) <m.

e let0<m<¢g>—2andletd=u+2. Sou=d—2< qg—1. Wehave m = aqg+b
with 1 <b<a<g—1and b+# qg—1. So we know that d =a+ 1 if @ > b and
d=a+2if a =0. Hence d = u + 2 implies:

fora>b,u=a—1andsou(qg+1)=(a—1)(¢g+1) <msince a < q— 1.
fora=b,u=aandsou(g+1)=alg+1)=m<m.
e Letm>¢?—1landletu=q—1. Thenu(qg+1)=¢*—1<m.

We proved that H°(P? Op:2(u)) C L(G). Now our claim follows from Theorem 7.6.15.
[

Note that the first point of Corollary 7.6.17 we have proved in Section 7.3, specif-
ically in Corollary 7.3.1 and in Proposition 7.3.3 and the second point is significant
just for the second phase. In fact the corresponding minimum distance satisfies our
assumption d < 3¢—3 only for ¢ < 3 in the third phase and never in the fourth phase.

In the case of Hermitian codes we may even describe the geometry of small, even
if not minimum, weight codewords (notice that our technical assumption L£(G) =
H°(P? Op2(d — 2)) is satisfied by Definition 7.1.1 of corner code).
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Proposition 7.6.18. Let H C P? be the Hermitian curve defined over Fp. Let
C(D,G)* be the Hermitian code. If 0 < m < ¢* — 2 and L(G) = H°(P?, Op2(d — 2)),
then at least d—1 of the points {F;,,..., P, ;} in the support of a codeword of weight
d+ 0, where 0 < 6 < d — 3, are collinear.

Proof. If ¢; are the non-zero components of the corresponding codeword, then

d+§
2 cf(P,) =0
j=1
for every f € L(G) 2 H°(P?, Op2(d — 2)), in particular {P,,..., P, } are (d — 2)-
linked.
If they are not minimally (d — 2)-linked, then (up to reordering) we have

d+6—-1

> bif(P) =0

for every f € H°(P?, Opz(d —2)). Our assumption £(G) = H°(P?, Opz(d —2)) implies
that the b;’s are the components of a codeword of weight strictly less than d +J. By
induction on ¢ starting from Corollary 7.6.17 we conclude that at least d — 1 of them
are collinear.

Assume now that the points {F;,,..., F;,,,;} are minimally (d — 2)-linked. If they
are not collinear, there exists a hyperplane H containing exactly [ of them, with
2<1<d+0—-1. By Lemma 7.6.8, the remaining d + 6 — [ points are (minimally)
(d — 3)-linked and from Proposition 7.6.11, it follows that at least (d — 1) of them are
collinear since by our numerical assumption on § we have d+0—1<2(d—3)+1. O
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In this chapter we report our article [MOS12].

The approach presented in Section 4.3 shares the same problem with other si-
milar approaches (JCRHT94b],|[LY97],[CMO02a]). In the portion of the Grébner basis
corresponding to the elimination ideal Ig,,, (see Section 2.3), one should choose a
polynomial g in F [S, z:1] \ F,[S], specialize it to the received syndrome, and then
find its x,;-roots. The problem is that it is not possible to know in advance which
polynomial has to be chosen, and there might be hundreds of “candidate” polynomials.
Let us call ideal cht the “Cooper ideal for affine-variety codes” (the convenience for
this historically inaccurate name will be clear in a moment) and the “Cooper variety”
its variety.

The same problem is present in the ideal for decoding cyclic codes presented in
[CRHT94b|, which we will call the “Cooper ideal for cyclic codes” (although again its
formal definition was first presented in [CRHT94b]), where a huge number of poly-
nomials can be found as soon as the code parameters are not trivial. In this case an
improvement was proposed in [CMO02a]. Instead of specializing the whole polynomial,
one can specialize only its leading polynomial, since it does not vanish identically if
and only if the whole polynomial does not vanish (by the Gianni-Kalkbrener theorem,
that is, Theorem 2.3.3). We could adopt exactly the same strategy for the “Cooper
ideal for affine-variety codes” and thus get a significant improvement on the algorithm
proposed in [FL98|. This improvement would reduce the cost of the specialization,
but would still require an evaluation (in the worst case) for any candidate polyno-
mial. In Section 7 of [CM02a| a more refined strategy has been investigated, that is,
the vanishing conditions coming from the leading polynomials were grouped and a
decision tree was formed. In the example proposed there, this resulted in a drastic re-
duction of the computations required to identify the right candidate. Unfortunately,
this strategy has not been deeply investigated in the general case, but we believe that
it is obvious how this could be done also for the Cooper ideal for affine-variety codes,
obtaining thus another improvement.

In [LY97] it was noted that the Cooper variety for cyclic codes contains also
points that do not correspond to valid syndrome-error location pairs and thus are
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Chapter 8. Decoding of affine-variety codes

useless. In [OS05] the authors enlarge the Cooper ideal in order to remove exactly
the non-valid pairs, which we call “spurious solutions”. The new ideal turns out to be
stratified (although the notion of stratified ideal is established later in [GS09]) and
hence to contain the general error locator polynomial, thanks to deep properties of
some Grobner bases of stratified ideals, which is the only polynomial that needs to
be specialized. We are now going to explain how this improvement can be obtained
also for the Cooper variety for affine-variety codes.

We define several modified versions of the Cooper ideal for decoding affine-variety
codes. We summarize what we are going to do:

- In Section 8.1 we define a decoding ideal J! (8.6) that is able to correct any

correctable error, even not knowing in advance the number of errors.

- However, in Section 8.2 we show why this decoding ideal does not necessarily
contain locator polynomials that play the same role of generator error locator
polynomials for cyclic codes. Still, these weak forms of locators (Definition 8.2.5)
can be used to decode.

- In Section 8.3 we develop the commutative algebra necessary to show the exis-
tence of weak locators, with Section 8.4 devoted to the long proof of the main
result, and then in Section 8.5 we will finally be able to define a set of multi-
dimensional general error locator polynomials (see Definition 8.5.2). We define
a suitable ideal containing this set as we show in Theorem 8.6.6.

We note that other authors try to link the lexicographic Grobner basis of an
ideal with the points of its variety, using interpolation at the univariate level, see, for
example, [Led08|.

8.1 Decoding with ghost points

Note that Fitzgerald and Lax consider the possible error locations as ¢t points in
V(I), that we call P,,,..., P,,, but they denote their components dropping the ref-
erence to o, that is, Py, = (x1,...,21,) for 1 <1 <t. We adhere to this notation

from now on.

We observe that in the Cooper ideal (4.8) there is not any constraint on point
pairs. But we want that all error locations are distinct. We have to force this, i.e.
any two locations Py, = (zj1,...,%m) and Py, = (Tg1,. .., Tr,,) must differ in at
least one component. So we add this condition:

I (@i —2)™ =1)=0  for1<j<k<t

1<i<m
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8.1. Decoding with ghost points

In fact, if & € Fy, then a #0 <= o' = 1. Therefore, the product [, ., ((z;, —
zp,)?t — 1) is zero if and only if at least for one ¢ we have (x;, — x;, )91 = 1, ie.
r;, # ry, and thus P, # P, . Our ideal becomes

TCt t
Jrr = < {Zj:l €ibp(Tj1 - Tjm) — SP}ISpSr ;
{gh(xj,h cee vxj,m)}lﬁhﬁ% ) (8'1)

1<j<t

{Thcicm (@0 — @)t = 1)}1§j<k§t>

Remark 8.1.1. Ideal ffg can be used to correct and it will work better than Jfg,
since its variety does not contain spurious solutions. However, we cannot expect that

Jﬁg contains polynomials with a role similar to that of the generic error locator in
the cyclic case, because Jfﬁt still depends on the knowledge of the error number.

In the following we modify (8.1) to allow for different-weight syndromes.

(a) First, we note that in J; ! the following condition is verified
-1 _ ; -
e; =1lwithj=1,...¢

This is equivalent to saying that exactly ¢ errors occurred, which are e, ..., e; €
;. We must allow for some e; with j =1,...,% to be equal to zero. We would
obtain a new ideal where the conditions eg_l = 1 are replaced with e} = e; for

every 7 =1,...,t.

(b) We recall the changes made to the Cooper ideal in [OS05] for cyclic codes. We

consider the error vector

e=(0,...,0,e1,0,...,0,¢,0,...,0,e,,0,...,0) with p <t,
—_ 7 0 T T
ki—1 k1 ky ky mn—1-k,
where ki, ...k, are the error positions and e, ..., e, are the error values. We

consider the j-th syndrome and we obtain the following equation
“ .
> eala)t = s, (8.2
=1

(For the n-th root codes in [GS06, GS09| the formulas are slightly more com-
plicated). To arrive at the desired equation

t

> alat)t =, (8.3)

=1
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Chapter 8. Decoding of affine-variety codes

we have to add the “virtual error position” k defined as of = 0 Yo € F. Using
the location z; = o® (and so the “virtual error location” is o® = 0), equation
(8.3) becomes

" t I t t
Sj = Zez(zz)” + Z ez(ak)kl = el(21)7 + Z Gz(o)kl = Zel(zl)lj'
=1 I=p+1 =1 l=p+1 =1

We can rephrase what we did by saying that we are using 0 as a ghost error loca-
tion, meaning that if we find v zero roots in the error location polynomial, then
i =1t —v (v error locations are ghost locations and so they do not correspond
to actual errors).

Let us come back to the affine-variety case. The error vector is

€ = (0,...,0, 61,0,...70, 6[,0,...,0, eu,O,...,O).
o1—1 Poq Po, P, n—1—oy
The valid error locations are the points P, = (z11,...,21m), 1 <1 < p. The

equation corresponding to (8.2) is

m

I
s, = Z e, (Py,) = Z ey (xi1, ..., Tim)- (8.4)
=1

=1

We want a sum like (8.3), something like s, = >_,_, e;b,(P,,). In order to do
that, we would need Z§=u+1 eb,(P,) = 0, for some convenient ghost points
{P,, }i+1<i<t- Actually, we can use just one ghost point, that we call . But
it must not lie on the variety, otherwise it could be confused with valid lo-
cations. In particular, we cannot hope to use always the ghost point P, =
(%015, Tom) = (0...,0), since (0...,0) could be a point on the variety. For
example, the Hermitian curve H : 297! = y? + y contains (0, 0) for any q.

Let Py be a ghost point. Not only do we need to choose P, outside the variety,
but we must also force e; = 0 for the error values in F, since we cannot hope
that b,(Fp) = 0 for each p. With these assumptions, we obtain

s, = 27:1 elbp(xl,b ce, xl,m) + Z;ZHJA elbp(P())
= Zﬁzl etbp(zi,1, .-, Tim) + Ef:m—l 00,(Fo) (8.5)
= Zle ebp(Ti 1, Tim) -

For us a ghost point is any point Py € (F,)™ \ V(). Depending on the variety,
there can be clever ways to choose F,.
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Decoding with ghost points

{Fa)*

Definition 8.1.2. Let Py = (Toa,...,Zom) € (Fg)™ \ V(I). We say that B
is an optimal ghost point if there is a 1 < j < m such that the hyperplane
xj = To,; does not intersect the variety. We call j the ghost component.

In other words, for any optimal ghost point there is at least a component not
shared with any variety point. See Figure 8.1 for an example.

(Fa)?

Figure 8.1: In the first picture we have a optimal ghost point with two ghost compo-

nents. In the second, a non-optimal ghost point.

Remark 8.1.3. The advantage of using optimal ghost points is that it is enough
to look at any ghost component in order to discard non-valid locations.

If a curve is smooth and maximal (e.g., an Hermitian curve), it will probably
intersect any hyperplane and so no optimal ghost point will exist in this case.

We are ready to define a new ideal, summarising the above argument.
We start from equations (8.5):

t
{E:%%@ﬂw~ﬁmﬂ—%}
1<p<r

J=1

We choose a ghost point Py = (zo1,...,%0m) € V(). We need to find a
generator set for the radical ideal I’ vanishing on V(I)U{F,}. The easiest way of
doing this is to start from any Grébner basis G of I and to use the Buchberger-
Moller algorithm (see Theorem 2.2.17) to compute the Grébner basis G’ of
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Chapter 8. Decoding of affine-variety codes

I'. We restate Buchberger-Moller algorithm in Theorem 8.4.1 (with respect to
Theorem 2.2.17) using a slightly different notation. Let G' = {g},}1<n<y. We
can insert in our new ideal the following polynomials

{gn(@ja, - wim) hi<nzy,

1<5<¢
In our new system we put {ej = ¢;}, because there can be zero values (cor-
responding to ghost locations). We enforce (z1,...,%;,,) # I for all j cor-
responding to actual error locations. In order to do that, when e; # 0 we
must have at least one component of P, different from that of I, that is,

€j ngbgm (25, — xo,L)q_1 —1) =0. So we can add

1<e<m

{ej IT (@ —w0) ' - 1)} :

On the other hand, when e; = 0 we want (z;1,...,2;m) = Fy. To enforce it,
we add

{(6371 = D(zj, — $0,L)}1§jgt, )
1<e<m

Finally, if two points correspond to valid locations then they must be distinct.
However, if at least one is a ghost point, then the following requirement does
not hold:

{ejek IT (@ —2e)" - 1)} :
1<j<k<t

1<t<m

We denote by J! the ideal in Fy[s1,...,8., X, ..., X1,€1,...,¢], with X; =

{11, ximt, - Xe = {21, ..., 2w} St

JOt = < {22:1 eibp(zj1,. ., Tjm) — sp}

per 1 b

<
1
{on(zjns - Tim) hicney s {(63 = D(zj, - xw)}1§j§t, ,
I<j<t 1<i<m (8.6)
{ej [Lic,cm (@0 = 20,)77 1 = 1)}1<j§t»
{ejek [icicm (@0 — 27" = 1)}1§j<k§t >

Since I = ({g},},<j,<p) contains the field equations, we may add them to reduce
the computation of the Grébner basis of J.
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8.2. Weak locator polynomials

8.2 Weak locator polynomials

We would like to define some locator polynomials for affine-variety codes that play
the same role as those in Definition 4.4.7. We would expect to find them in our ideal
(8.6). These locators might look like

EZ‘(S,(’El,...,JZ’Z’) :fEZ—'—&tfll'gil -+ .- +CLO, (87)

with a; € F[S,z1,...,2,1], 0 < j <t —1, that is, £; is a monic polynomial with
degree t with respect to the variable z; and its coefficients are in F,[S, z1,...,x;1].
We would also want the following property.

Given a syndrome s = (51,...5,) € (IF,)", corresponding to an error vector of weight

p < t and p error locations (Zi1,...,Z1m) »--- (Tp1,- .- Tum), if we evaluate the
S variables at s and the variables x1,...,2;_1 at Z;1,...,Z;,-1 for any 1 < j < p,
then the roots of L£;(s,Zj1,...,%i-1,7;) are either {Z1,,...,Z:;}, when pu = ¢, or
{Z1,. .., @i, %o}, when p <t — 1. Apart from the actual location components and

possibly the ghost component, polynomial £; should not have other solutions.

To show that a polynomial of this kind does not necessarily exist in J&!, we
consider the following examples.

Example 8.2.1. Let us consider an MDS code C' = C*(I, L) [5, 1, 5] from the plane
curve {15 —yt +9v* — 9y +y—2 =0} N{z — 1 =0} over F; and with

L={y-3y" -1y +3y" -1},
V() ={(1,1), (1,2), (1,3), (1,4), (1,5)}.
It is easy to see that C' can correct up to t = 2 errors. Let us consider the lex
term-ordering with s; < s9 < 83 < 54 < 85 < Ty < Yo < 1 < Y1 < €3 < €7 in
Fr[s1, 52, 83, 54, S5, T2, Yo, T1, Y1, €1, €2). Ideal J! is generated by

(e] —e1,e5 —ez, w1 — Lwo — Lyf — o} +ui —uf + o7 —y1,95 — v +vs — v5 + 3 — o,

er(—yi +yi +ui —2u1 +2) +ea(—vs + 95 +y5 —2y2 +2) —s1,ea((z2 — 1)° — 1)(y5 — 1),

e1(3y1 — 248 + 3y7 + 3y1) + e2(3y3 — 25 + 35 + 3y2) — s2,€1(3y1 — yi — 2) + e2(3ys — y3 — 2) — s,
e1(—uyf +2y7 — ui —3y1 +3) +ea(—vs + 245 — v5 —3y2 +3) —sa,e1((z1 — 1)° = DT — 1),
erez((1 —22)°® = (11 —y2)° — 1), (€8 — 1) (w2 — 1), (e5 — D)yz, (e — 1)(z1 — 1), (e§ — D),

where the ghost point is Py = (1,0). The reduced Grobner basis G with respect to
51 < 89 < 83 < 84 < 85 < Xy < Yo <Xy <Y <ey<ep has 27 elements and the new
locators are L(s1,. .., S5,22) = L, and La(s1,. .., S5, T2, y2) = L4y, (see Appendix for
polynomials a and b):

L,=x—1and L,, =y’ +ya+b.
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Chapter 8. Decoding of affine-variety codes

Note that £, does not play any role, because all z’s are equal to 1. So to apply the
decoding we evaluate only £, at § and we expect to obtain the (second) components
of error locations. We show it in two cases:

- We suppose that two errors occur at the points P, = (1,1) and P, = (1,2), both
with error values 1, so the syndrome vector corresponding to the error vector
(1,1,0,0,0) is s = (2,1,0,0).

In order to find the error positions we evaluate £, in 5. We obtain two different
solutions L,,(S,y) = y* — 3y +2 = (y — 2)(y — 1), that identify the two error
locations.

- We consider 5 = (0,4,4,0,1) corresponding to (0,0,0,4,0), so only one error
occurs in the point (1,3). Evaluating £,, at § we obtain £,,(S5,y) = y* —
3y = y(y — 3). Also in this case we obtain a correct solutions (0 is the ghost
component). So the above choice of £, and L., seems correct.

Now we consider the above code but with a different ghost point. Also in the
following example, we take an optimal ghost point.

Example 8.2.2. Let us consider the same MDS code C' = C*(I, L) as in Exam-
ple 8.2.1. In this example we choose the (optimal) ghost point By = (0,0). The ideal
JE is generated by

(e] —e1, €l — ea, m1y1 — w1, z2y2 — y2,27 — w125 — 2,95 —yf +yl —yf +yf -1,
6 5 4 3 2 4 3 2 4 3 2
Yo — Y3 + Y2 —Y> + vz —y2,e1(—y1 Ty +y1 —2y1 +2) +ea(—ya +y5 +y3 — 2y2 +2) — 51,
e1(3yt — 2u7 + 3y + 3y1) + e2(3y3 — 2u5 + 33 + 3y2) — s2,e1(3yT — yi — 2) + e2(3ys — ¥ — 2) — s3,
er(—yt +2uF —yi —3y1 +3) +e2(—v5 + 2u5 — ¥3 — 3y2 +3) — sa,e1 (2§ — 1)(yf — 1),
ea(x§ — 1)(y5 — 1), erea((z1 — 22)° — 1)((y1 — y2)® — 1), (5 — D2, (€§ — D)ya, (f — Dz, (e§ — D)y1.),

The reduced Grobner basis G with respect t0 s; < sy <853 <84 <s5< T <ya <1 <Y1 <
ez < e has 27 elements and the new locators are £1(S,z2) = L, and Lo(S, x2,y2) = Loy,
where § = {s1,...,5} (see Appendix for ¢ and d):

L,=x*—xand L,, =y>+yc+d. (8.8)

Also in this case £, does not depend on any syndrome, so to apply the decoding we
just specialize £,,(S,X,y). We would like that the solutions of £,,(8,%X,y) = 0 are
exactly the second components of error locations, but this is not always the case. Let
us consider the same errors as in Example 8.2.1:

- We suppose that two errors occur at the points P, = (1,1) and P, = (1,2), with
both error values 1, so the syndrome vector corresponding to the error vector
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(1,1,0,0,0) is § = (2,1,0,0). In order to find the error positions we evaluate
Ly, in's. We obtain three different solutions

Loy, 1Ly)=y"—3y+2=(y—1)(y—2),
L.(5,0,y) =y* =3y —3=(y+2)~

In this case, we are lucky, because (0, 5) is not a point coordinate and so we can
discard y = 5 finding the two error locations.

- We consider 5 = (0,4,4,0,1) corresponding to (0,0,0,4,0), so only one error
occurs in the point (1,3). Evaluating £,, in (S) we obtain

Loy(5,0,9) =y* —y=yly—1).

In this case we have four possible solutions (1, 3), (1,5),(0,0) and (0, 1), but only
three are acceptable, which are (1,3), (1,5) and (0,0). To individuate those
corresponding to the syndrome vector s, we must compute the two syndromes

and we will see that (1,3) and (0,0) are correct. In this case, the above choice
of £, and L,, is unfortunate.

One might think that the unpleasant behaviour of (8.8) is due to the degenerate
geometric situation. Unfortunately, this is not entirely true, as next the example
shows (we end this long example with a horizontal line).

Example 8.2.3. Let us consider, as in Example 4.3.1, the Hermitian code C' =
C*(I, L) from the curve y*+y = 2° over F4 and with defining monomials {1, z, y, 22, zy}.
It is well-known that C' can correct up to t = 2 errors. Let us consider the lexico-
graphic term-ordering with s1 < ... < 55 < 29 < Yo < 1 < Y1 < €3 < €7 in
Fy[s1, S2, 83, S4, S5, T2, Y2, T1, Y1, €1, €2]. 1deal Jgg is

4 4 4 4 3 3 2 3,2 3

<$1 —T1,Y1 —Y1,T9 —T2,Yg — Y2,67] — 1762 - 17y1 +y1 — T1,Y3 +92 — Ty,
2 2

€1+ ex — 81, €1x1 + eax2 — S2, €1Y1 + €2Y2 — S3, €1T] + €2x5 — Sy,

e1z1y1 + eaxays — Ss),

and the reduced Grdobner basis G (with respect to <) has 53 elements.

The authors of [FLIS§| report 119 polynomials because they do not use lex but a block
order, which is faster to compute but which usually possesses larger Grobner bases.
In G N (F4[S, z2] \ F4[S]) there are 5 polynomials of degree 2 in x5 and these are our
candidate polynomials:

gs = X2285 —+ X2 (555453 =+ sis%szs% + 54215251 -+ 845581 -+ 5453535% -+ 54535? -+ 545% -+ sgs%si’ -+ s%s%)-}—
sg53 =+ 35533332 —+ 35342152 —+ s‘isgsgsl =+ 525351 =+ sisgsgs% + 525353 + sisl =+ sisgs% + sis%s%sﬁr

543332 + 54323% =+ sgsgsl =+ sssgs:f =+ 5333 + sgsl
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g4 = x2234 + xz(sisg + sgsl + s1 + sisgs‘;’) + sisg + sisgs% + sis% + 3453553‘;’ + 545333 + szsi" + s9

g3 = X2283 —+ X2(SZS381 + s;;sgs%s? + 84538% + 83828%) + s%sg + 85s§82 + sisgsgsl + sisgsgs% + 845§s?+
545551 + sgs%s% + s%s%s? + s%s%

g2 = xz232 + xz(SESQSl + 54s‘f + s4 + s%s%) —+ sisg + 8483828‘1; —+ 543352 + 3432$% + 33s§s‘f + 5333 + 5331

_ 2 2.2 2 2.2
g1 = =x2°(s1) +x2(s7s] + szs?) + s3s281 + 345? + 5557

Of course, there are other similar polynomials in J%5N(F4[S, 23] \F4[S]) and they may
be found for example by computing Grébner bases with respect to other orderings.
It is immediate that the leading polynomials are just {si,...,s5}. Suppose that we
receive a syndrome s = (Sy, ..., 85). If it is zero, then no errors occurred. Otherwise,
we might follow the most obvious way to correct, that is, we might substitute s in all
gi’s, until we find one which does not vanish identically. The improvement introduced
by Caboara and Mora translates here in checking only the leading polynomials, i.e.
checking which of the syndrome components s; is non-zero. Since clearly at least one
is non-zero, with a negligible computational effort we are able to determine the right
candidate.

Let us now follow our proposal. Ideal J&! is generated by

{at — 21, y{ — 1, ©3 — 22, Y3 — yo, €] — €1, €3 — ea, yiz1 + y + yiz1 +y1 + 23 + 21,
Y52 + Y5 + Yoo + Y2 + o5 + 2o, y} + y1af + y1 + a7, u5 4+ yard +y2 + 23, €1 + g — 51,
e171 + €2y — S2, e1y1 + e2y2 — S3, €177 + €223 — 54, €1T1Y1 + €2T2Y2 — S5,

er((z1 = 1)° = 1)((y1 — 1)° = 1), ea((w2 = 1)> = 1)((y2 — 1)* = 1), (ef = 1) (21 — 1),

(ef =)y — 1), (e3 = 1) (w2 = 1), (€5 — 1)(y2 — 1), exea((w1 — 22)* = 1) ((y1 — y2)* = 1)}

where the ghost point is (1,1) (note that 1% # 1% + 1).

The reduced Grobner basis G with respect to 81 < S5 < 83 < 84 < 85 < To < UYp <
1 < y; < e3 < ey has 32 elements and the new locators are Li(s1,...,S5,22) = L,
and Lo(s1,...,S5,T2,Y2) = Ly, that are the polynomials of degree two in, respec-

tively, o and ys:

L,= x?+ X(Sngsi + si + slsg’si + s%sgsi + 313?1 + 5334 + 815284 + s§ + 5%52 + 5:1)’)4-
533?) + 528385 + sls%si + 8%9252 + szsgsi + slsgsgsi + 8%82838421 + slsgsi + 5:1)’3234214—
szsi + 5%5254 + si’s%s;l + 518354 + 8%8%84 + 5:{’5354 + 8%84 + s?s%sg + sg’sg + slsgsg—k
sifsg + sg + s%s%s% + 5?5%53 + 5353 + s‘fsg + 53 + 5153 + s“f +1

Loy = vy + y(sg + slsg + 3%3%33 + 3%33 + 8:1)’) + X(S%Sg,si + sls%si + 3%32335421 + s%sgszl + 33544—
5153584 + 5%9334) + sg + 52533235 + 535485 + 5535 + sgsj + slsgsgsj + sgsi + s%s%sgsi—f—

8%925%54 + 5?525354 + 818284 + sgsg + Sg + slsgsg + sls§ + 3%3%33 + 3:{53 + sfsg’ + S? +1

We can apply the decoding in this way: we specialize L, (s,z) to § for any received
syndrome. If the syndrome corresponds to two errors, then we expect that the roots
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of £, (8, x) are the first components of error locations and the roots of £,,(8, X, y) are
exactly the second components of error locations. But it is not always true, we show
it in three cases:

- We suppose that two errors occur at the points Py = (o, + 1) and P; =
(v 4+ 1, ), with both error values 1, so the syndrome vector corresponding to
the error vector (0,0,0,0,0,1,1,0) iss = (0,1,1,1,0).

In order to find the error positions we evaluate £, in s and we obtain the correct
values of z, in fact:

L,5x)=2+z+1=(z—a)(z— (a+1)).
Now we have to evaluate £,, in (§,X). We obtain four different solutions

LoyBavy) =y* +y+1=(y—a)ly—(a+1))

Loy a+ly) =y’ +y+1=(y—a)ly—(a+1))

But this is a problem for us, because all these solutions are curve points:
(o, ), (o, + 1),(a + 1,a),(a + 1, + 1). Only two are the correct locations.
To individuate those corresponding to the syndrome vector S, we must com-
pute the two syndromes and we will see that (o + 1, «), (o, « + 1) are correct.
Another methods to find the correct locations are combinatorial algorithms as
|[FRRO6, Lunl0, GRS03|. All of these methods of try-and-see works nice be-
cause the code is small, but soon it becomes unfeasible. So the above choice of
L, and L, is unfortunate.

- We suppose that the syndrome is (a + 1,0, «,0,0), corresponding to the error
vector (1,,0,0,0,0,0,0). So two errors have occurred and their values are 1
and « in the point, respectively, P, = (0,0) and P, = (0,1). In order to find the
error locations we evaluate £, in § and we obtain £,(S,z) = 2° + z = z(z — 1),
then we evaluate £, in (5,0) and (5, 1) and we get £,,(5,0,y) = L,,(5,1,y) =
y* +y =y(y —1). The equations

L.(8,x) = L4y(5,1,y) = L,,(5,0,y) =0 (8.9)

have four possible solutions: (0,0), (0,1), (1,0) and (1,1). Since the points (1,0)
and (1,1) do not lie on the Hermitian curve, then only one solution couple is
admissible: {(0,0), (0,1)}. This situation is better than the above case, because
we can immediately understand what the correct solutions of system (8.9) are.
This happens by chance and in any case the solutions of equation £,(s) = 0 are

not what we want.
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- Finally we consider § = (o + 1, + 1,1, + 1, 1) corresponding to (0,0, +
1,0,0,0,0,0), so only one error occurs. Evaluating £, and L,,, respectively, in
s and (§,X), we obtain
L.(8,7)=a>+1
(5,2) =2 * (8.10)
Loy Ly) =y +(a+y+a=(y-1)—a)
In this case we are extremely lucky because the two polynomials £, and L,
answer correctly: the solutions of system (8.10) are (1,1), which is the ghost
point, and (1, «), which is the error location.

Remark 8.2.4. Since, in Example 8.2.3, the curve equation has all coefficients in s,
the ideal Jg,f actually lies in Fo[sq, so, S3, S4, S5, T2, Yo, L1, Y1, €1, €2]. This is a special
case of a more general fact: for any affine variety-code and any decoding ideal that
we are considering in the whole paper, all polynomials defining these ideals have
no coefficient different from {1, —1}, except possibly for the polynomials defining 1.
Therefore, if it is possible to have a basis for the ideal I with all coefficients in a smaller
field, then any of its Grébner bases will have elements with the same coefficient field,
which means that the basis computation will be much faster.

Since polynomials like £, and L, in Example 8.2.3 contain the right solutions (to-
gether with unwelcome parasite solutions), they deserve a definition. See Section 4.1
for our notation.

Definition 8.2.5. Let C = C*(I, L) be an affine-variety code. Let 1 <i < m.
Let Py = (o, ---,Tom) € (Fy)™\ V(I) be a ghost point. Let

ti =min{t, {7(P) [ P € V(I)U Ro}|},

and let P; be a polynomial in Fy[S, x4, ..., z;], where S = {s1,...,s.}. Then{P;}1<i<m
is a set of weak multi-dimensional general error locator polynomials of C' if
for any i

L4 Pi(S,.Tl, ce ,CL’Z') = CL’:L + ati_lxﬁ"_l + -+ aop, with Q; S FQ[S, L1y - 71'1'_1], 0<

J < t; — 1, that is, P; is a monic polynomial with degree t; with respect to the
variable x; and its coefficients are in B[S, x1, ..., x;-1];

e given a syndrome 8 = (51,...5,) € (F,)", corresponding to an error vector of

weight p < t, and p error locations (T11,. .., T1m) s (Tt - Tum), if we
evaluate the S variables at s and the variables (x1,...,x;-1) at the truncated
vectors X0 = (Zj1,...,Zji-1) for 0 < j < u, then the roots of Pi(S,X’,x;)
contain:
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8.2. Weak locator polynomials

- either {Z,; | X" =%, 0 < h < p} (when p <t),

- or {Zn; | X =%, 1 < h < u} (when p=t),
plus possibly some parasite solutions.

Note that the difference between {7, | X" =%/, 0 < h < pu} and {7, | X' =%/, 1 <
h < u} is that the latter set does not consider the ghost point.

Now we consider an alternative strategy to compute the error locations, using the
weak multi-dimensional general error locator polynomials and some other polynomials
in ideal JC*t.

Since it is convenient to know in advance the error number and the error values,
we provide the following definition for a general correctable linear code. Let C' be an
[n, k, d] linear code over F, with correction capability t > 1. Choose any parity-check
matrix with entries in an appropriate extension field F» of F, M > 1. Its syndromes
lie in (F,r)"™" and form a vector space of dimension r = n — k over F,.

Definition 8.2.6. Let £ € F,[S,e], where S = {s1,...,s.}. Then & is a general
error evaluator polynomial of C' if

o £(S,€) = ape’ +ay1e + -+ ag, with a; € Fy[S], 0 < j <, that is, € is a

polynomial with degree t with respect to the variable e and its coefficients are in

FQ[S];

e Given a syndrome s = (51,...5,) € (F,u)" corresponding to an error vector of
weight ;1 < t and with e, ... €, as error values, we evaluate the S wvariables
at's, then the roots of € are the error values ey, ..., e, plus 0 with multiplicity
t— .

The importance of £ lies in fact that the error number is p if and only if
e7HEB)  and TR Je(s).

The ideal J&' N K[S, ey, ..., e is easily seen to be stratified, as follows. There is a
bijective correspondence between correctable syndromes and correctable errors (i.e.,
errors of weight 7 < ¢) and so if we fix 1 <[ <tand 1< s <t—1[ we can always
find [ error values ey, ..., e that have s extensions at level ;1. So we can apply
Proposition 4.4.3 and obtain the existence of £.

Theorem 8.2.7. For any affine-variety code C = C+(I, L), the general error evalu-

ator polynomaial exists.
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Chapter 8. Decoding of affine-variety codes

Proof. We apply Proposition 4.4.3 to the stratified ideal J&* N K[S, ey,...,¢e]. It is
enough to take g with T(g) = aF with A = {e;,...,¢;} and S = S. O

Using £, we know not only 7, but also the 7 error values. In order to exploit this infor-
mation, we can consider a straightforward generalisation of weak multi-dimensional
general error locator polynomials (see Definition 8.2.5) where the locators are actually
Ps e F,[S,e,x1,...,x;_1]. We do not give a long definition for these, since we think
it is obvious.

We consider again Example 8.2.3 to show two alternative strategies.

Example 8.2.8. Let us consider the Hermitian code C = C*+(/, L) from the curve

3 over F; and with defining monomials {1,z,y, 2% zy}, as in the Exam-

y2 +y=x
ple 8.2.3. The reduced Grébner basis G of J&* with respect to lex with s; < s5 <
S3 < 84 < 85 < ey < e < Ty <y <xp <y has 33 elements and the general error

evaluator polynomial £ is

2 3.2 3 3.3.2 3.2 2.2.2.2 2...2.3 2
E =e” + esy + 5355 + 515351 + 518557 + 18T + $1555557 + 51935587 + S4558281+

2 3 2.3.3 2 3 3.2
54838287 + S48287 + S48 + 8358587 + 83 + S35581 + S3S81 + $557.

In G there are also these polynomials:
P = x? + x5452 +ea, + b, and g, = X1 + Xy + ¢y,

where a,, b,, ¢, € Fy[s1, s2, 83, S4, S5] (see Appendix for the full polynomials). Now we
change the lex ordering to sy < -+ < s5 < ex <e; <y < w2 < y1 < 1. In the new
Grobner basis we have other two polynomials P, and g,,.

P, =y +y(sas352 + 55 + 1) + ea, + b, and g, = y1 +y2 + ¢,

where ay, by, ¢, € Fy[sq, s2, S3, S4, S5] (see Appendix for the full polynomials). We can
decode as follows. First we evaluate £(5) and we find two error values e, e (when

T =1, one is zero).

- If the syndrome corresponds to two errors, then the roots of Pi(s, eq, z) are the

first components of error locations,

- else if S corresponds to one error, we specialize g, (s, e, 1, z3) in (s, ez, 1), where
1 is the ghost component, and again the root of g,(s,es, 1, x2) is the first com-
ponent of the error location.

Similarly we use Py and g, to find the second location components. Let us explain in
detail the above-mentioned decoding with the help of the three cases of Example 8.2.3.
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s = (0,1,1,1,0) is the syndrome vector corresponding to the error vector
(0,0,0,0,0,1,1,0). Evaluating £ in § we obtain: £(8) = e* + 1, so two er-
rors have occurred and their values is 1. In order to find the error positions we
evaluate Py and Py in (s, 1) and we obtain

Pis,1)=2>+z+1=(x—a)(lx—(a+1))
Pys ) =y +y+1=(y—a)ly—(a+1))

The system Pg(s,1) = P;(s,1) = 0 have four possible solutions: (a, @), (o +
La+1), (a¢+1,a)and (o, + 1). But only two solution pairs are admissible:
{(a+1,a), (0,a+1)} and {(a, @), (a+1,a+1)}, since both o and o+ 1 must
appear as first components (and as second components). We are in the same
ambiguous situation as in Example 8.2.3.

Now we consider the syndrome 8 = (o + 1,0, «, 0,0), corresponding to a vector
(1,2,0,0,0,0,0,0). Evaluating £ in § we obtain £(8) = (e — 1)(e — «), so two
errors have occurred and their values are 1 and a. In order to find the error
positions we evaluate P; and Py in (s, 1) (or in (s, ))

P;(gv 1) - fa:(gva) = 2% and Pye(§7 1) = fy(ga a) = y2 +y = y(y - 1)'

The solutions of the system f,(s,1) = f,(5,1) = 0 are {(0,0), (1,«)}, in this
case we find the correct error positions. Note that this case is an ambiguous
situation in Example 8.2.3, while here it is not.

Vector s = (a+1,a+ 1,1, a4+ 1,1) is the syndrome corresponding to (0,0, a +
1,0,0,0,0,0). We evaluate £ and we get £(S) = e+ (a+1)e. So only one error

occurred and its value is o + 1. We evaluate g, and g, in (s, + 1,1), where 1
is the first ghost component, and we have

g:(5,a+1,1) =2+ 1 and g,(S,a+1,1) =y + a.

Therefore the error location is (1, «).

Now we consider another type of decoding, using £ and taking polynomials from J. fﬁt

as in (8.1). First, we evaluate £(5) to know the number of errors. We do not need

their values. Instead, we compute the Grobner basis of ideal jfg, with 1 <7 < ¢

and we collect polynomials in F,[S,z] and F,[S,y|. For example.,if two errors occur

We Use $1 < 82 <83 <84 <85 <Ta<yY<x1 <y <ey<eand...s5; <y <...to

get, for 7 = 2,
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Chapter 8. Decoding of affine-variety codes

fg}w = x%+ X(sisl + 54335‘;’ + 5433 + 828%) + s?)s;), + 858389 + 838%82 + 838%5251 + 8333523%

—1—5352 + 54535% + s;;s%s‘f + S45351 + 545% + s%s%sl + s%s%s% + sdsgsi’ + 3353 + s%sl

Joy = Y2+ y(s3+ 5483528F + 548382 + 545251 + S551 + 8357 + 55355 + 55 4+ 1) + s + 55578380+
sosgsg + 3553 + 3233535% + 32335% + sisg + 32 + 838%3%3% + SZS%S% + 333333814—
34335251 + 345352513 + 848382 + s% + 33333% + sgsi’ + sg +1

and for 7 =1

2 2
Jiz =X+ 5257 and fi1, =y + s357.

The decoding with {f2., foy. fi.2, f1,} is obvious.
These polynomials are not the ideal polynomials yet, because again we may find
parasite solutions (except with 7 = 1).

In the previous examples we have used some polynomials as weak multi-dimensional
general error locator polynomials, as for example £, and £, in Example 8.2.3. Tt is
not obvious that such polynomials exist for any (affine-variety) code. To prove this,
we need to analyse in depth the structure of the zero-dimensional ideal J*. This
ideal turns out to belong to several interesting classes of zero-dimensional ideals, de-
fined as generalizations of stratified ideals. These ideal classes are rigorously studied
in Section 8.3, where it is claimed in full generality that the sought-after polynomials
can be found in a suitable Grobner basis. Section 8.4 is devoted to the proof of this
claim. In Section 8.5 we will come back to the coding setting.

8.3 Results on some zero—dimensional ideals

Our aim in this section is to describe the structure of the reduced Grébner basis for
some special classes of zero-dimensional ideals which are generalizations of stratified
ideals.

First we provide a generalization of the material in Section 4.4. In this sec-
tion J C K[S, AL,...,A;,T] is a zero-dimensional ideal, with S = {s;,...,sn},
A ={aj1,...,ajmb, j=1,...,L, T = {t1,...,tx}. We fix a block order < on
K[S, AL,..., A, T], with S < AL < --- < A; < T, such that within A; we use lex
with aj; < aj2 < -+ < aj,, (for any j). Let A and A, denote the affine spaces
A = KNV+mL+K and Aj,i — KN-i—m(L—j)—%—i'

With the usual notation for the elimination ideals, we want to partition V(Js)
according to the number of extensions in V(Js,, ,), similarly to what was done in
Subsection 4.4.1 in the one-variable case, that is, when m = 1. The additional com-
plication here is that the a variables are not L any more, but rather they are collected
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8.3. Results on some zero—dimensional ideals

into L blocks, each block having m variables. Since we order the a variables first
according to their block (block Ay is the least) and then within the block from the
least to the greatest, their first index denotes the block and their second index denotes
their position within the block itself. So, the least a variable is ar ; and the greatest
1S a1 -

The members of the partition of V(Js) will be called {2/'} (similarly to the previ-
ously defined ¥F'). The maximum number of extensions will be called (L, 1) (compare
with A(L)).

Remark 8.3.1. It is essential to count the number of extensions in V(.Js ,, ,) discarding
their multiplicities. In the definition of a stratified ideal we required radicality, so in
that case multiplicities did not arise. However, in our following multi-dimensional
generalisations of results and definitions from Subsection 4.4.1-4.4.3, we must drop
radicality and so we have to be very careful when handling multiplicities.

In the general case, if we consider block j and variable a;;, we partition the variety
V(Js,Ap,iAji1,3;1,03;,) INTO subsets {E{’Hl} according to the number of extensions to
V(Js, AL, Aji1,31,350085001)» that is, adding the next variable aj;y1. The maximum
number of extensions will be called 7(j,i + 1). We meet a special case when we
consider the last variable in a block (i.e., i = m), since in that case we extend
will arise if we follow our convention of naming the partition members according to
the added variable, so they are called {¥7"'} in this case, even if their union is
V=Y (JsAp,...Aj-1,8j100a5m ). Coherently, n(j —1,1) denotes the maximum number of
extensions for points in V.

A formal description of the above discussion goes as follows, where [, 7 and m are
integers such that [ > 1, 1 <j<Land 1 <:i<m:

ElL’l ={(51,...,5n) € V(Js) | 3 exactly [ distinct values 5(;7)1, . ,ég?l
s.t. (31,...,5n5,a7 ) € V(Jsa,,) with 1 < £ <1},

i1 B L _ _ B
Z{ :{(517 -..3ySN, aL,lv e 73L,m7 e 7aj+1,17 ceey aj-‘rl,?’n) S V(JS,AL,...,Aj+1) |

d exactly [ distinct values 5;11), e ,ég-f)l s.t. forany 1 </¢<1

_ _ _ _ _ —(0)
(51, -+ 3SNyAL 1y +3@Lmy -+ 53j41,15 - -3 Aj+1,m aj71) S V(szAL7~-qu+lyaj,l>}

j=1,...,L -2,

i _f(z < = . . . . _ -
Zl —{(sl,...,sN,aLJ,...,aLvm,...,aj+171,...,aj+17m,aj71,...,ajvi_l) m
(1) 50
JERRRERY- MY s.t.
s e 3 5 5. s s I ()N
(31, ++55NyAL 1+, ALy -+ @115 - - 5 3t 1my Ag 15 - - - 7337271733',1') 1S 1n

V(JS,AL,‘..,Aj+1,aj,1,...,ajﬁi) 1 é K S l}7 l = 27 b "m’ j = 17 R 7L - 1

V(Js,Ap,.Ajir,a10a50-1) | 3 exactly [ distinet values a
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Chapter 8. Decoding of affine-variety codes

The maximum number of extensions at any level, which is 1(j, ), plays an important
role for our approach and therefore deserves a precise definition. Before defining it,

we need an elementary result.

Fact 8.3.2. Given J, there is a set of natural numbers {n(j,i)}1<j<r, such that
1<i<m

i) V(Js) = L sp
i) V(Jsap1an,) = UIEDSE =1 m -1
iii) V(Jsa, ) = Lt gkt
) V(Jsay. a) =U9ISH G =1 L—2;
0) V(IS Ap,Ajirajnags) = u?ff*”z{"’“, i=1,....m—-1,7=1,...,L —1;

vi) SIS F 0, Vi=1,...,m,Vj=1,... L

Proof. Since [ is a zero-dimensional ideal, V(I) is finite and so any variety projection
V =V(Js,Ay...A;41,3)1,.02;._1) has a finite number of points. Obviously V' is the union
of the corresponding X}, which means that there can be only a finite number of non-
empty E{z and so we use the notation 7(j,7) to denote the largest [ such that E{z is
non-empty. O

Definition 8.3.3. The level function of J (with respect to the Ay, ..., Ay variables)
is the functionn: {1...L} x {1...m} — N satisfying Fact 8.3.2.

We want now to generalize our previous definition of stratified ideals (Defini-
tion 4.4.1) to the multivariate case, but dropping radicality (see Remark 8.3.1). It
turns out that there are two ways of doing it: we have a weaker notion in the next
definition and two stronger notions in the subsequent definition.

Definition 8.3.4. Let J be a zero-dimensional ideal with the above notation. We say
that J is a weakly stratified ideal if

SPAD for 1<I<n(hi), 1<i<m, 1<j<L

Being weakly stratified means that when considering the elimination ideal at level
(4,7) (block j and variable a;;) if there is a variety point with [ > 2 extensions then
there is another point with [ — 1 extensions.

The following definition of multi-stratified ideal is given at variable-block level,
rather than at a single-variable level. It contains two conditions: there is at least one
point with exactly j extensions and there are no “gaps” in the number of extensions
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8.3. Results on some zero—dimensional ideals

(for any integer 1 < [ < j there is at least one point with [ extensions). So it is
exactly the multi-dimensional analogue of the definition of stratified ideals, except
that we drop the radicality. Unfortunately, this straightforward generalization does
not guarantee the existence of polynomials playing the role of “ideal” locators, and so
in the same definition we provide an even stronger notion “strongly multi-stratified
ideal”.

Definition 8.3.5. Let J be a zero-dimensional ideal with the above notation. Let us

consider the natural projections

Ty, - V(JS,AL) — V(Js)

Ty V(JS,AL ..... .Aj+1,.Aj) — V(JS,AL ..... Aj+1>7 j = 17 R L—1

Ideal J is a multi-stratified ideal (in the Ap,..., Ay variables) if

1) forany1 < j < L-1andfor any P € V(Js ,,..4;,,) we have that \ﬂj._l({P})] <j.
Moreover, for any 5 € V(Js) we have that |7;*({5})| < L;

2) for any 1 <j <L —1 there is Q € V(Jsa,,..a,,,) st |7 ({Q})] = J.

.....

Moreover, there is 5 € V(Js) s.t. |m;. ({3})| = L.

For any 1 < j < L, let Z; = p;(V(J)). We say that ideal J is a strongly
multi-stratified ideal (in the Ay,..., Ay variables) if 1) holds and

3) forany 1 < j < L —1, for any T C Z; st. 1 < |T| < j there is a

Moreover, for any T C Zp st. 1 < |T| < L there is an § € V(Js) s.t.
pr(ry ({s}) =T

Again, in the previous definition, we do not count multiplicities.

Remark 8.3.6. For any zero-dimensional ideal J with the above notation, let Z = Z;.
Once p;(V(J)) = p;(V(J)) for any 1 < j, 5’ < L, we obviously have p;(7;'({3})) C Z.
Assuming this, 1) and 3) could be replaced by saying that there is a bijection between
the sets of p; (7' ({Q})) and all (non-empty) subsets of Z with up to j elements (and
a similar condition at level L).

We note the following obvious fact.
Fact 8.3.7. Let m > 1. If J is a strongly multi-stratified ideal then J is a multi-
stratified ideal.

Let m = 1. If J s a multi-stratified ideal then J is a weakly stratified ideal. If J
is radical, then J is a multi-stratified ideal if and only if J is a stratified ideal.
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Chapter 8. Decoding of affine-variety codes

The next two examples clarify (in the case m = 1) the notions of multi-stratified
ideals and of weakly stratified ideals.

Example 8.3.8. Let S = {s1}, A; = {a11}, A2 = {as1}, so that m =1, and 7 =
{tl}- Let J = I(Z) C C[sl,am,am,tl] with Z = {(0,0,0,0), (O,l, 1,0), (0,2,2,0)}
The order < is s; < ag; < a1 < t; and the varieties are

0,0), (

( ) I 72)}7
0,1,1),

V(Js) ={0}, V(Jsan,) ={ (0
( ,2)}-

0,1
V(JS732.1,31,1) = {(07070 ; (

1)
0,2
Let us consider the projection ms : V(Jsa,,) = V(Js). Then |r;'({0})] = 3. We
have 32" = {0} and 37" = 0, 32" = 0. So n(2,1) = 3 and J is not a weakly
stratified ideal (neither a stratified ideal).

Example 8.3.9. Let § = {51}, .Al = {31,1}, AQ = {32,1}, Ag = {33,1}, T = {tl}
so that m = 1. Let J = I(Z) C C[sl,a371,32,1,a1,1,t1] with Z = {(0,1,0,0,0),
(0,2,1,1,2), (2,2,2,0,0)}. The order < is s; < asy < az; < ayz < t; and the
varieties are

V(JS) = {0’2}’ V(J5733,1) = {(0’ 1)7 (O’Q)a (272)}7

V(Jsa51,.) = {(0,1,0),(0,2,1),(2,2,2)},

V(JS,as,l,az,l,al,l) ={(0,1,0,0),(0,2,1,1),(2,2,2,0)}.

Let us consider the projection 73 : V(Jsa,,) — V(Js). Then |75'({0})| = 2 and
I3 ({2])] = 1, 50 0" = {0}, 2% = {2} and 7(3,1) = 2, but 35" = §. Similarly,
n(2,1) =n(1,1) = 1. So J is a weakly stratified ideal that is not multi-stratified (and
not stratified).

However, if m > 2, a weakly stratified ideal is not necessarily a multi-stratified
ideal and, viceversa, a multi-stratified ideal is not necessarily a weakly stratified ideal,
as shown in the following example.

Example 8.3.10. Let S = {s1,s2,53}, A1 = {a1,1,a12}, A2 = {az2,1, 322}, A3 = {a31, 332},
T = {t1} so that m = 2. Let J = Z(Z) C CJs1,s2,53,a3,1,332,32,1,32,2,a1,1,21,2, t1, t2],
with Z = {(0,0,1,1, 1,1,1,3,1,1,1), (0,0,1,1,2,1,3,1,2,1,1), (0,0,1,1,3,0,0,2,1,1,2),
(1,1,2,2,1,2,1,0,0,0,1),(1,1,2,0,1,1,1,0,1,2,1), (1,1,2,0,1,1,0,1,0,0,1), (2, 3,0, 3,3, 1,
0,1,1,1,2)}. The order < is s; < ss < s3 < az1 < az2 < az1 < az2 < a1,1 < a12 < t; and the

varieties are

V(JS) = {(0’0:1)7(17172)7(273>0)}7
V(Js,a3) = {(0,0,1,1,1),(0,0,1,1,2),(0,0,1,1,3),(1,1,2,2,1),(1,1,2,0,1),(2,3,0,3,3)},
V(Js,45,.4,) = {(0,0,1,1,1,1,1),(0,0,1,1,2,1,2),(0,0,1,1,3,0,0),(1,1,2,2,1,2,1),(1,1,2,0,1,1,1),

(1,1,2,0,1,1,0), (2,3,0,3,3,1,0)},
V(Js. A5 A0.4,) = {(0,0,1,1,1,1,1,3,1),(0,0,1,1,2,1,2,1,2),(0,0,1,1,3,0,0,2,1),(1,1,2,2,1,2,1,0,0),
(1,1,2,0,1,1,1,0,1),(1,1,2,0,1,1,0,1,0),(2,3,0,3,3,1,0,1,1)}.
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Let us consider the projection 73 : V(Js.4s) — V(Js). Then |73({(0,0,1)})| = 3,
T {1 L 21 = 2 and |73 ({(2,3,0)})] = 1.

Similarly, if we consider T2 : V(Ts.45.4,) — V(Ts.a3), then |7y ' ({(1,1,2,0,1)})] is
equal to 2 and for other P € V(Js 4,) we have that |=;'({P})| =1.

Finally, if we consider my : V(Js, 45,45,4,) = V(TIs,45.4,), then for any P € V(Ts, 45.4,)
we have that |7, '({P})| = 1 and so J is multi-stratified. It is easy to see that .J is not
weakly stratified. In fact, if we consider the projection 731 : V(Js,a51,03.) — V(TsS.25.1)
then

m35({(0,0,1,1)}) = {(0,0,1,1,1),(0,0,1,1,2),(0,0,1,1,3)},

={
Wi%({(la 1a2a2)}) = {(13 1,2,2, 1)}7 77:;,%({(17 1’270)}> = {(L 1,2,0, 1)}
m35({(2,3,0,3)}) = {(2,3,0,3,3)}.

So 3257 = {(0,0,1,1)}, but 5% =0.

Proposition 8.3.11. Let J be a strongly multi-stratified ideal then J is a weakly
stratified ideal.

Proof. For any 1 < i < m and for any j = 1,...,L — 1, let us consider the natural
projection

i V(Is,Ap, o Aji1a500350) = V(IS AL Ajira0,e8g1)
We will also use p; and 7; as in Definition 8.3.5.
To avoid complications, we consider only the case 2 < ¢ < m — 1, being the modifi-
cations in the ¢ = 1 and 7 = m obvious.
The first fact that we note is that 7(j,7) < j, because if the pre-images at block level
contain at most j elements, then at variable level they cannot contain more. Let
2 <1< mn(j,1) such that Z{z # (. 1t is enough to show that Z{fl # (.
Let R, P and @ such that Q € ", Q = (S, AL, ..., Aj11,3j1,...,35i-1),
P=(S AL, ....,Ai11), R=(3j1,...,3;i-1), 50 Q = (P, R).
Then 7 ' ({Q}) = {(Q, A1), ..., (@, A)} and all A/’s are distinct.
Let T'y,...,Ty € V(Ja,141..0;,,) SUuch that (Q, A\, T'y) € V(Js 4y, 4;). The I'y’s do not
have to be distinct. For any 1 < ¢ <[ at least one such I'y must exist. We choose one
Iy for any £. So {(Q,A1,T1),...,(Q A, T1)} C m; '(P) and {(R,A;,T¢)}1<i<i is a subset of
pi(V(Js,Ap,...a;51.4;)). Let

T={(R,,T1),...,(R,\_1,T1-1)}.

Then T' C pj(V(Js,ap,itjir i) and [T =1—1<n(ji) =1 <j—1

T = p;(r; ' ({P})), so 7; *({P}) = {(P, R, A1, T1), ..., (P, R, N-1, Ty .

J

This implies that {(P,R,\1),...,(P,R,\-1)} = 7, ({(P,R)}), and so %}*, # 0, as all
A/’s are distinct. O
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Let < be the lexicographic term order such that A; <ex ... <lex A1 and
for any 1 < j < L we have aj; <iex ... <lex @jm- Let <g be a term order on
S and <7 a term order on 7. Let < be the block order <= (<g, <jex, <7) (for
definitions see Section 2.1). We are now assuming that .J is any zero-dimensional ideal
is K[S, AL, ..., A1, T]. Let G = GB(J). We consider a Grobner basis of elimination
ideal K[S, AL, ..., A1] \ K[S] (see Section 2.3). It is well-known that the elements
of GN(K[S, Ay, ..., A;] \ K[S]) can be collected into non-empty blocks {G7}1<;<y,
where

Gr =GN (KIS, ALl \K[S])
and, for 1 <j < L —1,

Gj - G N (K[S,AL, ‘e ,Aj+1,Aj] \K[S,AL, ce e 7Aj+1])'

Then we denote by G&!, G GF' and G7%, 1 < j < L, 1 < i < m, respectively, the
sets:

Ghl = GN(K[S, ar.] \ K[S])

GLi = N(K[S,ar1,.--,ai] \K[S,ar1,...,a5i 1))

Gj’l = (K[S AL, .,Aj+1,aj71] \K[S,AL, e ,.Aj+1])

G = N(K[S, AL, ..., Ajr,a51, .., \K[S, AL, ..., Ajr, 50, ..., 85-1])-

In other words, let g be any polynomial in G/, Then:

e g contains the variable a;;,

e g does not contain any greater variable (i.e. no variables in blocks A; ;... A;
and none of the remaining variables in the j-th block aj;y1,...,a;m),

e g may contain lesser variables (the S variables, the a variables contained in
blocks L,...,j — 1 and the lesser a variables in the same block: a;;,...,a;,-1).

As the ideal under consideration is assumed zero-dimensional, the sets G7* are non-
empty. The polynomials in any G7* can be grouped according to their degree § with
respect to aj;.
For us it is essential to know the mazimum value of § in G/, that we call

¢(4, 1) (8.11)

So we can write:

'9‘_ C(7) -7' > y — 3 47‘
G“—I_I(;:]f Gy, j=1,...,L, i=1,...,m, with Gg(;i);é@,

but some Gg’i could be empty. In this way, if g € Gg’i we have:
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o gcK[S, AL, ..., Ajr1,a51,..,35-1][a;] \K[S, AL, ..., Ajr1,3851, .-, 35,i-1]

b degajyi (g) = (5

Note that we can view ¢ as a function ¢ : {1...L} x {1...m} — N, that is, as a
function with exactly the same range of 7.
Ifge Gg’i, then we can write uniquely g as

0—

-1
g—a(;a]l—l—a(; 135, + -+ ao,

with a; € K[S, AL, ..., Aj1,2;1,...,3;,-1]. and as is the leading polynomial of g.
We name the elements of G} g according to the term order of their leading terms, i.e.

Gg'ﬂ' — {9]('2,1a . ,g 6|G” }, with T(gj(;h) < T(gNhH) for any h.
We note the followmg femma

Lemma 8.3.12. For any j = 1,. Landizl,...,m, Gg’l {gJC(ﬂl}’ t.e
there exists only one polynomial in Gg( 0 such that deg, = C(7,19).

Proof. From elementary properties of Grobner bases of zero-dimensional ideals, for
any variable a;;, G must contain a polynomial g with leading term a¥,, for some
k > 1. Note that g € G7*, because variable a¥,

variable cannot be present. If there is a g € G/ with deg, .G >k, then a,;|T(g) and

31>
is present in g and any greater

so g can be removed (recall that G is reduced). As a consequence, g has the highest
possible degree in a;;, i.e. k= ((j,7), and so g = gj(zg(] i1 O

We are ready for the main result of this section. Compare with Theorem 32
in [GS09].

Proposition 8.3.13. Let G be a reduced Grébner basis of a radical weakly stratified
ideal J with respect to < as previously described. Let V(J) C A. Then for any
j=1....,Landi=1,... m,

G”—LJCNGgL,wzth
1. ¢(4,7) =n(j,1), i.e. C is the level function of J;
2. GI*# 0 for any 1 <6 < C(4,0);

3. GCJ(;@) = {g.](.’i%(jﬂ)’l}, i.e. there exists only one polynomial in GCJ(;@) such that
degajyi = C(j?l);

4. we have that
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Note that it is the radicality that ensures 1., but in later situations we will have 1.
also without radicality.

In Section 8.4 we are going to prove the previous proposition using the Buchberger-
Méller theorem. Note that it may be proved also using other two approaches that
are [CM90, CM95, CM02b| and [FRR06, Lun10, GRS03|.

8.4 Proof of Proposition 8.3.13

8.4.1 Preliminaries of proof

To prove Proposition 8.3.13 we use the Buchberger-Moller theorem:

Theorem 8.4.1 (Buchberger-Méller). Let H' C H be ideals in K[Vi,..., V] such
that:

(i) there is a K-linear map 0 : H — K s.t. ker(0) = H’,

(ii) there are N field elements {0 }1<k<nv C K s.t. (Vi—pFr)H C H' for1 <k <N,
that is, (Vi — Br)f) =0 for all f € H.

Let W be a strictly ordered Gribner basis of H relative to a term order <, then a

Grébner basis W' of H w.r.t < can be constructed as follows:
1. compute oy = 6(g) for all g € W.

2. if ag = 0 for all g, then W = W', which happens if and only if H = H' and
0 =0 in Homg(H,K).

3. otherwise, let g* be the least g such that ay # 0.
We have W' = W1 U Wy U W, with

e Wi={glg<g}

o Wo={(Vi = Bu)g" [1 <k <N},

e Ws={9-3%9"l9g>g}

Remark 8.4.2. In the proof of Theorem 8.4.1, the hypothesis (i) is used only to prove
that Wy C H'. Therefore, Theorem 8.4.1 still holds if we replace (i7) with a much
weaker hypothesis, that is,

(i17) there are N field elements {0k 1<k<ny C Ks.it. (Vi — Br)g* € H', 1 < k <N,
where g* is as in (3).

118



8.4. Proof of Proposition 8.3.13

We recall that, by Lemma 2.2.10, if G is a Grobner basis of an ideal I with respect
to a term ordering > and let ¢1,g2 € G be such that T(g1)|T(g2), then G\{g2} is
again a Grobner basis of I. Therefore, any time there is a redundant basis element,
we can remove it.

From the remainder of this section, we fix 1 <7 < mand 1 < 57 < L, and we
extend the projection

e V<J$7AL,...,Aj+1,ajyl,...,aj,i,l,aj,i) — V(JS,AL,...,Aj+1,ajyl,...,aj’i,l) (812)

to

- KN+(L7j)m+i . KN+(L7j)m+ifl

Coherently, we consider only the variable a;; in the block A;.

Remark 8.4.3. To simplify the notation in the proof, we use 7 as a symbol with a
special meaning, as follows. We introduce 7 to single out the contribution of variable
a;;. Any non-zero element of K[S, Az,..., Aji1,2;1,...,2;,-1] may be written as 7

~

and we use = to express this unconventional identification. For example, az; = 7

~ ~ ~ 2 a2 2
and 1 = 7 but also 7ap; = 7 and apa;, = 7a;; 2 7 and s1aj,; B Taj; X ap2a;;.

Let H be a zero-dimensional ideal in K[S, Ay, ..., Aj11,3851,...,3;:]. Let W be its
Grobner basis. Denote with

W =Wn (K[S, AL, . 7Aj+17 Qi1 aw]\K[S, AL; . 7"4j+17 aj1,--- ,ajvi,l])

and /M? =Wn (K[S, AL, ce ,Aj+1, i1, .- ,aj’i_1]>, so that W = WI_I /M? With the 7

notation, we have
W {r,...,7}and W C {ra;; +7,...,Ta;; —|—T,Ta?’i +71a;;+7,...}
In the same way we can denote
H=HnN (K[S, ALy o Ajrnsaja, -5 \KIS A - A a5, -+, 85,1
and j‘.\, =HnN (K[S, AL, ce >Aj+17 i1, .- ,ajﬂ-_l]).
Remark 8.4.4. Suppose we want to compute the ideal H' from H by adding a point
Q = (P3j;), with P = (51,...,5n,3L1,-.-,3j-1). We apply Theorem 8.4.1 to

compute W’ from W using the point evaluation #(g) = ¢g(@Q). In this case it is easy
to see that we can take as [3; the i-th component of (). There are two distinct cases:

1. either for all g € W, 9(Q) =g(P) =0,
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2. or there exists g € W such that 9(Q) = g(P) #0.

The first case implies ¢g* € W, the second case implies g* € W. Since these are
logically distinct, we can conclude that there are only two (distinct) cases:

1. either for all g € W, g(Q) = g(P) = 0, and this happens if and only if g* € W,

2. or there exists g € W such that 9(Q) = g(P) # 0 and this happens if and only
if g* € w.

8.4.2  Sketch of proof

Let us consider g = 9]('2(]‘71'),1 and A = n(j,1).
Let I = JN(K[S, AL,..., Aj1,2;1,...,3;,]). Since V(I) C A, and [ is radical
and zero-dimensional, by Hilbert Nullstellensatz Theorem (that is Theorem 2.2.19)
I=T(V())=Z(Z'U...uXy). Since J is weakly-stratified, we will have X7* # ()
forall 1 <k <A.
Our proof needs several steps:

e Step I.
We consider P, € 7", P, € ¥J" and 7 as in (8.12). We are interested in the
leading terms of the Grobner basis of Z(7~(P;)) and of Z(7~1(P) Un 1 (P)).
However, the exact knowledge of these leading terms is unnecessary and it is
sufficient for us to determine their expression in the 7 notation. We perform
this step in Subsection 8.4.3.

e Step II.
Generalising the previous argument, in Subsection 8.4.4 (Lemma 8.4.5) we take
any 2 <t < A and consider any point P, in Z{ll for all 1 < h <t. We describe
the leading terms of the Grobner basis of Z(7~'(P) U... U }(F)). Since we
need an induction on the number of points to prove Lemma 8.4.5, we give an

intermediate lemma: Lemma 8.4.6.

e Step III.
As the leading terms of the Grébner basis of Z(7~1(P) U ... U (Pa)) are
already in the desired shape, in Lemma 8.4.8 we show that adding more points
does not change the shape of the leading terms of the Grébner basis, as long as
the points come from some Eflz with A < A.
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8.4.83 Furst part of the proof
We use the approach of Remark 8.4.4.

o Let P, = (51,...,5n,301,.--,35i-1) € E]ll and H = Z(7—(P,)) be the vani-
shing ideal of 7~*(P;). Then 7~ (P;) = {(51,...,5n5,351,--.,3;,-1,3;:)}. The
basis W = GB(H) is W = {s1—51,...,Sn —Sn,ar1—ar1...,a;;, —aji}. Using
our notation we have

T(W) = {T,...,T, aj’i}. (813)

e We consider a point P, € ¥3" that, with abuse of notation®, we write
P2 = (§1, R ,EN,ELJ, Ce ;5j,i—1)- We can write
oz == B
7T71(P2) _ { Ql - (817 .- -3,SN, aL,l; e 7aj,i—17 aj,i )

a T _ e
Q2 = (81, .. .,SN,aL,la s >aj,i*1’a§}i))

x  We add the point ).
Using Theorem 8.4.1 we can build W’ from W in (8.13). If Vg € W,
9(Q1) = 0, then 7(Q1) € V(H). But 7(Q1) = P and V(H) = {P.},
so P, = P, and |7 '(P)| = 3, which is impossible because P, € 3"
Therefore, for Remark 8.4.4, g* € w.
So the Grobner basis W/ = Wy U Wy U Wi, where

- Wy ={geW]|g<g*} because g ¢ W, so we have w; = {r,...,r} and T(W,) =
{r,...,7}.
- W5 is composed by the following polynomials
g*(s1—%1),-..,9"(sv —3N)
g*(aL,1 —ar,1), -5 9% (25-1 — 3j,-1)
g% (aj,i — 52-,11-))
- Wi ={g— Z&hg 19>}
We have T(W2) = {r,...,r,7a;:,} and T(Ws) C {r,...,7a;,} and a;; € T(W;). With
T(W3) C {r,...,7a;,} we actually mean that T(W3) is a subset of a set S
such that s~ {r,...,7,a;,}. We will write similarly from now on without any
further comment. Observe that T(w’) = {r,...,7,7a,,,3,,}. By Lemma 2.2.10,

we have TW') = {r,...,7,a;:}.

x We add the point Q)s.
Let? W := W’ and let us use again Theorem 8.4.1. We have to find a

"Where we do not imply that the components of P, are the same as those of Py, although we use
the same symbols.

2With "let W := W' we mean that in this proof step we remove all elements in set W and
instead we insert into W all elements from W’. After that, we remove all elements from W’. We
also forget the values of g* and Wy, Wy, Ws.
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polynomial g* € W such that ¢*(Q2) # 0. Of course g* ¢ /I/I7, because
Q1) = m(Q2) = P». Thus g* € W and ¢* = a;; + 7. W' is formed by
W' =W, U W,y U W3, where
- Wi m{r,...,7}
- Wi =Wa, UWa, Where
Waa = {g*(s1 —51), ..., 9% (N —5n), 9" (L1 —30.1), .-, 9" (aj.i-1 —3ji_1), SO
T(Wa,1) = {aji,..., 725}
Wao = {g"(aji —359)} = T(Wa;) = {a?,}.

- Wz =0.

So
T(W/) = {7',...,7', Tajyi,...,Taj,i,az- (814)

J»t

8.4.4 Second part of proof

If A < 2, we have finished our proof. Otherwise, i.e. A > 3, we want to prove,
using induction on t with 1 <¢ < A, the following lemma.

Lemma 8.4.5. The Gribner basis W of H = Z(n *(P,) U ... Un (), where
1 <t <A and P, is any point in Eiz for 1 < h <t, s such that

TW) =A{r,..., 7,724, ..., Taji, ..., 7a5; ... ,Taz.;l, aj,;}. (8.15)
Proof. The Grobner basis with ¢t = 1 and ¢ = 2 were just shown in (8.13) and (8.14)
respectively.
By induction we suppose to have ¢t — 1 points {P,..., P,_1} and to have a Grébner
basis W such that:

TW) = {r,...,7,Taji, ..., Taji,...,Ta;>, ..., ma;? a7t (8.16)

L LR A

Now we can prove the ¢-th step. In order to do it, we prove the following lemma,
with its long proof between horizontal lines.

Lemma 8.4.6. Let 3 <t < A and P, € Egz with 7Y B) = {Q1,...,Q;}. For any
1<u<t—1, let H* be the vanishing tdeal

HY :I(W71<P1) U ...Uﬂ'il(Ptfl) U{Ql))QU}) and

H=T(z Y(P)U...ur (P_1)).
Let W be its reduced Gribner basis. Then
T(W") has the same structure as T(W') in (8.16).
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P’/’OOf. Let .Pt = (51, . 7§N75L,17 . ,53'71'_1). Since Pt c Z{’i, then

=(1)

Ql = (51,...,§N,§L’1,...,§j7i,1’aj7i)

K A 3 = —(2

-1 Q2 = (51,...,SN,aL,l,...,aM,l,aji)
T (Pt) = i El
S < Y = —(t

Qt - (81, o "SN7aL717 tt 7aj7z_l7a.§ﬂ))

We prove the lemma by induction on wu.

(a)

We know that T is as in (8.16). We add point Q; to H®.

Using Theorem 8.4.1 we can build W* from W?° as usual. We adopt the "W, W’
notation. If Vg € W, g(Q;) = 0, then 7(Q,) € V(H). But 7(Q;) = P, and
V(PAI) ={P,...,P1},s0 P, =P, forsome1 <k <t—1,and |77} (B,)| = k+1
which is impossible because P, € Efcz Therefore, for Remark 8.4.4, g* € W,
So the Grobner basis W’ is formed by the union of these sets:

- Wi={g€ w lg<g*}. Since g* € w then T(Wh) =A{r,...,7},
- Wi =Wa, UWao Where

Wa1 ={g9*(s1 —51),...,9"(sv —=3n~),9%"(aL,1 —ar,1),---,9%(a5-1 —354i-1),

- Wy = {g- Z&g | g >¢°} and so the leading terms of Wj are those in T(w),

except possibly for 7.

Therefore W' = W’ has the same structure of W° = W in (8.16) (because Ta,;
is already present in (8.16)).

We add the point Qs to H! and we compute W2,

Let W := W' and we use again Theorem 8.4.1.

We find ¢g* € W such that ¢*(Q2) # 0. We are sure that g* ¢ G, because
m(Q1) = 7(Qs) = P, and so g* € G. We can claim:

Claim: T(¢*) = 7a,,.

Proof. The Gianni-Kalkbrener theorem (2.3.3) says that there exists a polyno-
mial g € W such that

9(P,a;:) =9(51,...,58,3a01,.--,35i-1,3j;) # 0 in K[a;,]

and the solutions of g(F;, a;;) are exactly the extensions of P,. In V(H) we have
only one extension of P, (which is ()1), so the degree of g w.r.t. a;; must be 1
and so g ® Ta;,; + 7.

Let g be the smallest polynomial of this kind. We have that ¢* = ¢, because
9(Q1) =0, g(Q2) # 0 and all smaller polynomials vanish at ). O
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So W' is the union of

- Wi={geW|g<g*}
Since g =Taj; + 71 then TWy)={r,...,7} O T(W1) ={7,...,7,7a;4,...,Taj i},
- Wy = W271 UWQ,Q Where

Wa1 ={g*(s1 —31),...,9"(sn —=3n),9"(ar,1 —arL,1),---,9"(a5i-1 — 35i-1)},

8O0 T(Wz,1) = {ra;,...,7a5,:}. Wa2={g"(a;i — 55—,21-))} = T(W2p) = {7a3 }.

- W = {g— £&hg" | g > g*} so the leading terms of W3 are those in T(W), except

possibly for 7 and 7a;;.

If t = 3, we have that a?’i € T(W), and so any leading term Taii can be removed
(by Lemma 2.2.10) and we obtain again that the structure of W/ = W? is as in
(8.16). Otherwise (t > 4), the leading term 7a?; remains and we still have the
structure of (8.16).

(¢) We proceed inductively on u until we are left to add the point Q;_.

(d) We add @Q;_;.
In this case H = Z(z~Y(P)U...Un Y (P_1) U{Q1,...,Qi—2}) and W' 2 has (by
induction on u) the structure of (8.16). Let W = W'=2 and W’ = Wi, We
apply Theorem 8.4.1.
We have to find ¢g* € W such that ¢*(Q:—1) # 0. Exactly as before, ¢* ¢ w.
We know that T(¢g*) = Ta§;2. To prove it we might use the Gianni-Kalkbrener
theorem repeating the reasoning of our Claim on page 123.

So W is the union of the following sets:

] ~ t—2
- Wi={geW|g<g*}. Since T(¢)=ra’;?,
T(W1) ={r,...,77aji,...,Taji,...,mas;>,...,7ai-?} or possibly also ra!7? € T(W1),
- Wy = W271 UW272 Where

Wa 1 ={g*(s1 —51),...,9"(sn —3n),9*(aL,1 —3ar,1),.--,9"(@5i-1 —354-1)}

Wa,2 ={9"(aj,: — 5§,Ti+1>)}

Q,
- Wsi@-%g* lg>g"}.
Since ¢g* = Ta;f + ..., we have T(Wa,)={ra!7? ... ra!;?} and T(Ws,) = {ra’7'}.

But in the Grobner basis W in (8.16) there exists a polynomial g such that
T(g) = a%;'. So T(g)|ra’;" and we can remove the new term. Hence T(W’) does
not change and it remains as in (8.16).

Lemma 8.4.6 is proved. O
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Now we know T(W?1), which are the leading terms for the basis of

H=I(r ' (P)U...Uurn Y P_)U{Q1,...,Qi1}).

We can add the point Q; and we use our "W, W' notation. Using Gianni-Kalkbrener’s
theorem we may prove as usual that T(g*) = a?;l. So the leading terms of

9*(s1=%51),...,9"(sy —5n), 9" (aLa —aLya), -+, 9" (aji-1 — 3ji1)
are all of the type ’7’3;;1, while ¢*(aj; — 552) = al; + ..., so its leading term is al ;.
The new leading terms are {Taz.gl,...,raﬁ.;l,a?’i}. Therefore, by Lemma 2.2.10, the

structure of W’ becomes the same as in (8.15), because there are no other new terms,
since {g > ¢g*} = 0.
This concludes the proof of Lemma 8.4.5. O

Corollary 8.4.7. With the above notation, if H =Z(r *(P)U...Un Y(Pa)), then
TW) = {7, ... T, Ty, Tajay o, TS ,7'347-’1 at (8.17)

Proof. Apply Lemma 8.4.5 with t = A. ]

8.4.5 Third part of the proof

Lemma 8.4.8. Let Z(z~1(P)U...Un Y(Pa)) D H D J be a radical zero-dimensional
ideal. Suppose that the leading terms of its reduced Grébner basis satisfy (8.17). Let
P,exi 1<h<Aandlet H =TZ(V(H)Ur Y(P)).

Then Z(z=Y(P)U...Un Y (Pa)) D H D H' D J and the leading terms of its reduced
Grébner basis satisfy (8.17).

Proof. We use our "W, W' notation, so that W = GB(H) and W’ = GB(H’). Let us

take a point® Py = (31,...,5x,351,..-,3;,.1) € 22 with 1 <k < A.
_ _ _ _(1
Ql = (81, -y SN,AL 1y - ,aj,z;l,a;’i))
—1 2
™ (P) = :
— — = — —(k
Qk: (317-"73N7aL,17”'7aj,’i—1aa§‘,i))

x We add the point Q;.
We build W’ using Theorem 8.4.1. We know that g* € W (as in (a) of Lemma
846) So W/ = W1 L W2 L W3 where

- Wy ={r,...,7}, because g* e W. SO0 T(W1) = {r,...,7},

3With our usual abuse of notation.
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- Wi =Ws, UWa, Where
Wa 1 ={g*(s1 —31),...,9%(s8y —=5n),9"(aL,1 —3L,1)s- -+, 9" (3j,i—1 — 35,i—1),
SO T(Way) = {r,...,7}.
Wa 2 = {g*(aji —3.)} SO T(Wa;) = {ra;.}.
- Ws={g-— %g* | g > ¢*} and so the leading terms of W5 are those in T(W),
except possibly for new 7’s.

Therefore the structure of W’ is the same as that of W.

x We add @Q,1 with 2 < r + 1 < k. We assume, using induction on r, that W
verifies (8.17).
Let W := W' and we use again Theorem 8.4.1.
To construct W’ we have to find g* € W such that ¢*(Q,+1) # 0. Exactly as in
case (d) of Lemma 8.4.6, T(g*) = 7aj;. So W' = W; U W, U Wj, where
- Wi={geW|g<g'} where T(5*) = ra .
SO T(Wi) ={r,....,7,7aj,...,7aj:,...,ma}; ..., 7a}; '} or possibly also ra7, € T(W).
- Wa=Wa, UWao Where
Wan = {g"(s1 —51),-- -, 9" (sN —5n), 0" (L1 —3L1)s--» 9" ()1 —35i-1)}5

Wao = {g"(aj: — 3}, )}

- W= {g- Z&gr g > g}

Now

- Ifr+1<k<A-—1, then the structure of T(W’) does not change. In fact
T(W') = T(W;) UT(W,) UT(Ws), Where

- T(Wi) ={r,...,7,7aji,...,7aji,..., 72} ",...,ma}; '} or possibly also

ral € T(Wh),

- T(Wy) = T(Wa1)UT(Wa2) Where T(Wy ) = {ra?

Tio.oral} and

T(Wa,2) = {raji'}.

- The leading terms of W; are those in T(W) with degree (in a;;) at
least r + 1, plus possibly some terms in T(W) of degree r, that is,
those greater than T(g*).

- If r+1= A then T(¢*) = Taﬁi_l, so the leading terms of
9" (s1=51),...,97(sv —5n),97(aL1 —aLy), .-+, 97 (a1 — 3ji-1)

remain Tain_l, but
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Since in W there is a g such that T(g) = af; and T(g)|ra;, then, by

Lemma 2.2.10, the structure of W’ does not change and verifies (8.17).
[

We reiterate Lemma 8.4.8 starting from H = Z(x '(P;) U... U7 (Pa)) and
adding all the sets 7—!(P,) until all points in V(J) have been added. When we
obtain J, we will have that its leading terms satisfy (8.17), so point (1) and (2) of
Proposition 8.3.13 are proved. In particular, (8.17) proves also (3) and (4).

The proof of Proposition 8.3.13 is complete.

8.5 Multi-dimensional general error locator polynomials

The following theorem ensures that our weak multi-dimensional general error lo-

cator polynomials (see Definition 8.2.5) exist for any code.
Theorem 8.5.1. Let C' = C+(I, L) be an affine-variety code with d > 3. Then
i) JE is a radical strongly multi-stratified ideal w.r.t. the X wvariables.

i) A Grébner basis of J contains a set of weak multi-dimensional general error

locator polynomials for C.

Proof. i) We recall that J is the ideal in Folst,...,sr, Xtyoo, X1 €1,...,€] as
defined in (8.6). We set H = J%. We want to show that H is a radical
strongly multi-stratified ideal with respect to the X variables. The radicality
of H is obvious since it contains the field equations for all variables.

Let us consider 7; and p;, 1 < j <t as in Definition 8.3.5

pit VHsx,..x,0x,) — V(Hy,), j=1,....L.
By Definition 8.3.5, H is a strongly multi-stratified ideal with respect to the X

variables if:

a0) Let Z; = pj(V(Hs x,,...x,41,x,)), then Z; = Z; for any 1 < j # j < t. In
this case we use Z = Z;. Since the locations are only V(I) U {Fp}, then
Z =V({I)U{PR}.

al) Let 1 < j < t—1. For any T C Z with 1 < |T| < j, there is v €

X;4:) such that ,0]-(7rj_1{17}) =T.

a2) Moreover, for any T' C Z, 1 < |T| < t there is s € V(Hg) such that
pe(m {5} = T.
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X;41,X;) We have that

el <

b2) Moreover, for any 5 € V(Hs) we have that |7, '({5})] < t.

Let s = (§1,...,8,) be a correctable syndrome corresponding to an error e of
weight p < t. Let @ be a point in V(H) corresponding to s. We have

Q= (51,...,5, A, ..., AL, E1,...,&).

We note that for any permutation o € S;, there is CNQ € V(H),

Q= (51, ey Sy Ag(t), cee ,Ag(l), €o(1)s - - - ,ég(t)). (818)

So (8.18) gives immediately a0).

We want to prove al) and a2). Let 1 <j<t—1landletT C Z,1 < |T| <.
Let k = |T|. There are two cases to consider: either Py € T or Py & T.

- PyeT. Let Q € V(H) corresponding to an error with weight u =1¢ — j +
k — 1. Because of (8.18) we can assume that

Q: (gla"'7§T7At7"'7Aj+17Aj7'"7Aluéla"'7ét)

where {A;,...,Aj;1} are t — j elements in Z that are different from P,
{A;,..., A} are (j —k+1) Py’s and (k—1) is the number of the elements

of T different from Py. Let u = (81,...,58,, Ay, ..., Aj41). At this point,
we will obviously have p; (Wj_l(u)) =T.

- Ph¢T. Let Q € V(H) corresponding to an error with weight u =1t — j +
k — 1. Similar to the previous case, because of (8.18), we can assume that

Q = (517-"757’714157---7Aj+17Aj7--'7A17él7-"7ét); where {At,...,Aj+1}
are (t—j) elements of V(1) = Z\{Py}, {4,,..., A1} contains (j —k) points

equal to Py and k points forming 7. Let u = (5, ...,35,, A, ..., A; 1), then
we have p;(m; ' (u)) = T.

The proof of a2) is similar and is omitted.

To prove bl) and b2) it is enough to observe that if t — j locations (including
possibly the ghost point) are fixed, then at most j distinct locations can exist
for that error.

i1) Since H is strongly multi-stratified, H is weakly stratified (by Proposition 8.3.11),
and so we can apply Proposition 8.3.13. As weak locators, we take P; = gt(lg(t PRE
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8.5. Multi-dimensional general error locator polynomials

where ((t,i) = n(t,i) <t and T(P;) = 2/ In fact, the number of possible ex-
tensions is bounded by both t; and [{7;(P) | P € V(I)UP,}|. The first condition
of Definition 8.2.5 is satisfied.

In order to prove the second condition we note that P;(s,z1,...,T;_1, ;) has
among its solutions the z;’s such that (Zy,...,Z;) are the first i components of
an error location corresponding to s (or Py ; value).

]

We can summarize our findings so far.

Using weak locators does not work because P;(S, z1, ..., x;) depends also on ¢ — 1
x-variables. Thus, the point (S, z1,...,2;_1) € V(I) has the right multiplicity if and
only if ¢; = 1. If this fails, it is very likely to have parasite solutions.

On the other hand, if we use the general error evaluator polynomial £, we can
proceed in two ways (see Example 8.2.8), but both require an additional choice to
discover parasite solutions. With non-trivial codes, this choice is very computationally
expensive.

The strategy we propose here is to force point (S, x1,...,2;,1) € V(I) to have the
right multiplicity. See Definition 8.2.5 for the ¢;’s.

Definition 8.5.2. Let C = C+(I, L) be an affine-variety code.

Let Py = (ZToa,.--,Zom) € (F)™\ V(I) be a ghost point. For any 1 <i <m, let L;
be a polynomial in Fy[S, z1,...,x;], where S ={s1,...,s.}. Then {L;}1<i<m is a set
of multi-dimensional general error locator polynomials for C if for any i

o Li(S,my,. . m) =ab ta, 12T ag, a; € R[S, my, .. w ] for0< 5 <
t; — 1. In other words, L; is a monic polynomial with degree t; with respect to

the variable x; and its coefficients are in F,[S,x1,. .., x;i_1].

e Given a syndrome § = (51,...5,) € (F,)", corresponding to an error vector of
weight < t and p error locations (T11,...,T1m) 5 (Tpas-- - Tum), if we
evaluate the S variables at 8 and the variables (x1,...,x;_1) al the truncated
locations X9 = (Zj1,...,Zji-1) for any 0 < j < u, then the roots of L;(8,%’, x;)
are {Zn; | X' =%, 1 < h < u} when p=t, and {zp; | X" =%, 0 < h < u}
when u < t — 1. That is, the polynomial L;(8,%X’,x;) does not have parasite
solutions.

Note that the number of distinct first components of error locations could be lower
than p and ;.

To show how multi-dimensional general error locator polynomials can be applied,
we redo the example on p. 155 of [F1.98]. We postpone for the moment the problem
of the existence of these polynomials and of the method to compute them.
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Example 8.5.3. As in the Example 8.2.3, let us consider the Hermitian code C' from

3 over Fy and with defining monomials {1, x,y, 2% zy}. Let us

the curve y?> +y =z
consider the lex term-ordering with s; < ... < s5 <2 <Yy < a1 <y < ey < ey in

Fy[s1, S, 83, S4, S5, T2, Y2, T1, Y1, €1, €2).

We consider the ideal JS!. In this ideal we are lucky enough to find the two
multi-dimensional general error locator polynomials that are Lo1(s1,...,ss,22) and
L29(s1,...,85,¢2,y2), which are respectively the polynomials £, and L,, of degree
two in x9 and yo. In this case t; =ty =t = 2 (ay, by, ay, by, ¢, are in the Appendix).

L,=x>+xa, +b, and Loy = y2+yay+xby+cy
Also in this example, we consider the three cases of Example 8.2.3.

- We suppose that two errors occurred in the points P = (o, + 1) and P =
(v 4+ 1, @), so the syndrome vector corresponding to (0,0,0,0,0,1,1,0) is s =
(0,1,1,1,0). In order to find the error positions we evaluate £, in s and we
obtain the correct values of z, in fact £,(8,z) = 2 +z+1 = (z—a)(z— (a+1)).
Now we have to evaluate £, in (5,«) and in (S,a + 1). Also in this case we
obtain the correct solutions (with the highest possible multiplicity)

Loy oy =y +a=(y—(a+1))?
LoyS,a+ly)=y"+a+1=(y—a)

- We consider the syndrome (a + 1,0, «, 0,0), corresponding to the error vector
(1,,0,0,0,0,0,0), we obtain
L,(5,2) = 2% and L,,(5,0,9) = > +y = y(y — 1)

The solutions of the above system are (0,0), (0,1). Also in this case the solutions
of the equation £,(S) = 0 are correct.

- Again, when there is only one error of value a + 1 in the third point, we have

the correct answers, in fact

Lla+l,a+1,L,a+1,1,2)=2>+1=(z+1)2
Exy(a+17a+1,1,a+1,1,17y) :y2+(a+1)y—|—a: (y_ 1)(y—C¥),
so the solutions are (1, 1), which is the ghost point, and (1, «) i.e. the coordi-

nates of the right location.

The main difference between L,,L,, of Example 8.2.3 and L,, £, of this example is
that now we do not have spurious solutions, that is, now the roots of our locators are
exactly the error locations and no more ambiguity exists.
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As evident from the previous example, multidimensional general error locator
polynomials are very convenient for decoding. However, to prove their existence we
cannot use the theoretical methods developed so far, because these methods do not
deal with multiplicities. In the next section we will develop more advanced theoretical
methods, that will permit us to construct ideals where these polynomials lie and can
be easily spotted.

8.6 Stuffed ideals

Let G be a reduced Grobner basis of a radical weakly stratified ideal J as in
Proposition 8.3.13. From now on we consider the ordering as in Proposition 8.3.13.
In this section we fix 1 <i < m and 1 < 7 < L and we consider the projection

™ V(JS,AL,...,AjJrl,aj,l,...,aj_j,l,aj’i) — V(JS,AL,...,.Aj+1,aj’l,...,ajyifl)'

We consider the variable a;; in block A;.

Let R = K[S, AL, ..., Aji1,2;1,...,2j,-1]. Let g be a polynomial in G’ such
that the degree in a;; of g is A = ((j,7) = n(j,7). By Proposition 8.3.13, we know
that this polynomial exists and it can be assumed to be monic in R[a;;]. Let P, € %7°
where 1 < h < A — 1, then

A-1

g(Ph, ajﬂ-) = aﬁi + &A,laj’i +...+q € K[ajﬂ-] where o; € K.

We are interested in solutions of the equation
g(Ph, aj,i) = 0. (819)

Since Py, € Z{L’i, there exist distinct Q1,...,Qp such that 7=1(P,) = {Q1,...,Qx}, with
Q1 = (Py, \) forany 1 <1< h. So Ay, ..., A\, are some solutions of (8.19). But there
exist other A — h solutions (counting multiplicities) of (8.19), say Api1, ..., Aa. There

are two cases:

(a) It may be that Ay & {A1,..., \p} for some [. In this case, point (P, Apyy) is

not an extension of P, because (P, A\pti) € V(Js AL ..., , and so

»Aj+17aj,17-~7aj,i—1,aj,i)

Aniy is a parasite solution.

(b) But it may also be that {A,11,...,Aa} C {\1,..., A}, depending on the mul-
tiplicities of the {\1,...,A,}. In this case, if we solve (8.19), we have exactly
the extensions and we are not confused by parasite solutions.

We want to change slightly our variety in order to force case (b). To do that, we need
that the sum of multiplicities of {\;}1<;<; is equal to A. To increase the multiplicity
of any \;, we can use the Hasse derivative (see Subsection 4.4.2 and in particular
Theorem 4.4.6).
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Definition 8.6.1. Let K C R[a;;| be a zero-dimensional ideal such that V(K) C A;;.
Let A =n(j,1). Let G = GB(K) and g = gg). We say that K is stuffed if for any
1 <h<A-1and for any P, € Z{l’i, the equation (8.19) has h distinct solutions
in K.

Definition 8.6.2. Let H c K[Vi,...,Vy] be a zero-dimensional ideal. Let n > 1. Let
f€H and Q € V(H) where Q = (P, V). Let ¥, : H — K such that
0 =PI
N=VN
and let HQV =ker9,. We define inductively 9, : H@" 1 — K such that
Pu(f) = @RV
N=V N

and we write HI@" = kerd,,.

We note that HI@! is an ideal. In fact, if f € HI%U g € K[Vy] and Vxr € V(f) then
we claim that

PV (f9Var) = V(N Vr)g(Viar) + D (9 (Vi) f(Vir) = 0.

In fact, oM (f)(Vy) = 0, since f € kerd; and f(V) = 0, since Vi € V(f).
Inductively, we can similarly prove that H!9" is an ideal.

Let us consider a zero-dimensional ideal K C RJa;;|. It is convenient to call our
variables also as {Vi,...,Vy} = SUAL,U...,A;11 U{a;1,...,2,,}, in such a way
that Vi < ... <V and Vy = aj;.

We suppose that G = GB(K) satisfies (8.17), that is

T(G) = {T,...,T,TVN,...,TVN,...,TV/\%_l,...,TVﬁ_l,V/@}

and 7 is any elements in V] < ... < Viy_;. In particular there is a polynomial g € G/
s.t. T(g) = aj,iA = V/\/’A.
For each 1 < h < A — 1 we perform the following operations:

(a) If for any P, € X" equation (8.19) has h distinct solutions in K, we do nothing,
Otherwise, we take any P}, € Z%Z such that (8.19) has more than h solutions.

(b) We consider Q = (P, V) which is any extension of P,. We want to compute
HI@A=M Tn order to do that, we iteratively compute ker J,, (see Definition 8.6.2)
fromn=1ton=A—h.

(c) For any such n, we apply Theorem 8.4.1 to H = H@" 1 and H' = HI@"
so that H' = kerd,,. The hypotheses of Theorem 8.4.1 are trivially satisfied,
because ¥,, is K—linear and ker ¢J,, is an ideal. In the subsequent step (d), we
get ready to apply Theorem 8.4.1.
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(d) We consider the point Q@ = (V1,...,Vy) = (P,3;;) with P = (V1,..., V1) =
(51,-.-,8N,3L1,---,3;i-1), @ is a solution of ideal H. To apply Theorem 8.4.1,
we consider the smallest polynomial g* € W, with W = GB(H), such that

Ou(g") # 0, that Is, o (g"(PVN)) . #0.

VN

We compute W’ from W. To apply Theorem 8.4.1, we need to identify [,’s
such that
In((Vi — Br)g") = 0 where 1 < k <N,

where we consider the weaker form (i77) in Remark 8.4.2.
We solve the previous equation as follows

Dn((Vi = Br)g") = (Vi = Bu)dalg’) =0 (L<k <N -1)
= [} is the k-th component of Q).

On((Vi = Br)g*) = 9°(Q) + Vadu(g®) — Badnlg) =0
= By =1 (Q);n‘z(/}\{f;n(g ) ﬂgngg)) +Vu.

Lemma 8.6.3. We claim that

g € Gy, ie T(g")=7a), wheren—1<r<A-1
Proof. Recall that we use & to express a unconventional identification (see
Remark 8.4.3). If T(g*) = 7aj, with r < n—1, then ¥,,(g*) = 0. So T(g"*) = 7a},
with » > n — 1. However, r # A, otherwise we have already finished. So
n—1<r<A-1. O

(e) We build W’ using Theorem 8.4.1. By Lemma 8.6.3 we have that
T(g")=raj, n—1<r<A-1
S0 W’ = Wi UWs uW; Where
- Wi={g|g<g*}.

SO T(Wh) = {r,...,ra;,,...,7a]; '}, or possibly also ra7, e T(W1).

- Wo =Wa1 UWas Where Wa, = {g*(s1 —=51),...,0"(aji-1 — 3;:-1),
SO T(Wa,1) = {7'3;,1' ----- Ta;,i}‘

WQ’Q = {g* (aj,i — ﬁ;*) — Ej’i)}. Then T(WQ,Q) = {Ta;jl}.

- Wy = {g— 759" | ¢ > g*} and hence the leading terms of Wj are those in

T (W), except for r,...,7a77" and possibly a7 .
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Therefore, the structure of W’ is the same as that of W, except possibly if
r+1=A. In that case

- T(Wi) = {r,...,maji,...,maji,7a%; 2,...,mas; 2}, or possibly also ra? ! e T(W1),

- T(Wa) = T(Wa1) UT(Wa2) Where T(Wy ) = {ra®-1,. . ra®-1}

and T(Ws) = {ra;}.

- T(Ws) = 0.

In the Grobner basis T in (8.17) there exists a polynomial g s.t. T(g) = a5}
So T(g)|ra; and we can remove the new term. Thus T(1¥’) does not change
and it remains as in (8.17).

(f) Once all the above operations have been concluded, for any 1 < h < A —1 and
for any P, € ¥7°, (8.19) will have exactly h distinct solutions and the resulting
ideal will be stuffed.

We have thus proved the following theorem:

Theorem 8.6.4. Let K C Rlaj;] be a zero-dimensional ideal such that G = GB(K)
verifies (8.17). Let g be the polynomial in G such that T(g) = a%;, with A = 1(j,1).
We can obtain an ideal K C Rla,;] such that

1. K is stuffed.
2. GB(K) verifies (8.17).
3. V(K) = V(K).

Although, in Theorem 8.6.4 we obtain K as in the procedure above, there are
other ways to obtain K , for example by simultaneously increasing the multiplicity of
more \’s.

Note that, generally speaking, K will lose the radicality, but its Grébner basis will
retain (8.17), which is what we need.

Theorem 8.6.5. If K and K are as in Theorem 8. 6.4, then if K is, respectively,
strongly multi-stratified, multi-stratified and weakly stratified, then K is as well.

Proof. The stuffing procedure does not change the number of pre-images at any level.
O

Now, we are finally able to prove the existence of our multi-dimensional general
error locator polynomials for any code. Note that this is another constructive proof,
since it tells us how to compute our polynomials, that is, simply by computing a
suitable Grobner bases of the corresponding stuffed ideal.
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Theorem 8.6.6. Let C' = C(I, L) be an affine-variety code with d > 3. Let j*at be
a stuffed ideal of J&'. Then

1. j*c’t 18 a strongly multi-stratified ideal with respect to the X wvariables.

2. A Grobner basis of JN*C’t contains a set of multi-dimensional general error locator

polynomials for C.
Proof. 1. We can use Theorem 8.6.5 and so J&! is a strongly multi-stratified ideal.

2. As locators we can take for any 4

N )
L;= gt,c(t,z‘),p

where ((t,4) = n(t,i) and T(L;) =z}, t; = ((t,i) = n(t,i), thanks to Theo-
rem 8.6.4. So the first condition of Definition 8.5.2 is satisfied.
Let H = J%! and H = j*c’t. In order to prove the second condition we note
that, since L; is a polynomial of ﬁS,wt,l,n.,mt,i it will vanish at (s, Z1, ..., T;), where
s=(51,...,5) and (s,Zy,...,7;) can be extended to a point in V(H) = V(H).
Since H is stuffed, £;(s, Z1,...,T;_1,x;) has as solutions only the Z;’s such that
(Z1,...,%;) are the first i components of an error location corresponding to s
(or By;).

[

8.7 Families of affine—variety codes

In this section we consider some families of affine-variety codes.

8.7.1 SDG curves

We discuss codes from some curves introduced in [SDGO06].

Definition 8.7.1 ([SDGO06|). Let Fy be a subfield of F,. A polynomial f in F [x] is
called an (F,, Fy)-polynomial if for each v € F, we have f(v) € Fs.

Proposition 8.7.2 ([SDG06]). 1. The polynomial f(x) = b3z +box® +bix+by €
Fylz] is an (Fy, Fy)—polynomial if and only if by, bz € Fy and by = b3,

2. The polynomial g(x) = byax” + -+ bz + by € Fg[x] is an (Fg, Fy)-polynomial if
and only if by, by € Fy, by = b2, by = b3, bg = b3 and by = bZ.
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Let F = {f(x)+g(y) | f,g are (Fs,F2)-polynomials , deg(f) = 4,deg(g) = 6}.
In |[SDGO6]| it is shown that the family F has 784 members and that each member
of this family has 32 roots in (Fg)%. Let us consider the polynomial G = f(z) + g(y),
with f(x) = 2* + 2%+ 2 and g(y) = y® +v° +9°+ 1, so that G € F. Let [ = (G) and
JE be the ideal associated to the C' = C*(I, L) code over Fg that can correct up to
= 1 errors and with defining monomials L = {1,y, z,y*}. Ideal J! is generated by:

8 8 7 4, 2 6, 5,.3 2
{2} — 21,97 —y1, e — Lxy +ai+o1+y) +y) +yi +1,e1 — 81, €1y1 — 82, €171 — 83, €147 — 54}

and the reduced Grobner basis G with respect to the lexicographic ordering with
51 < Sg <83 < Sy <xp <Yy <epis

4 2.2 4 2
{SI +1, sg + s9, 83 + 83587 + 838% + sgs? + Sg.s? + s%sl + 51,84 + 525?,

6 6
X1 + $357,¥1 + 287, €1 + s1}

and then

6 6
Ly =y1 + 5359, L1 = X1 + 5257.

8.7.2 SDG surfaces I

We discuss codes from some surfaces introduced in [SDGO06].

Let F = {f(x) +g(y) + h(z) | f,g,h are (F4,Fy)-polynomials, deg(f) = deg(h) = 3,
deg(g) = 2}. In [SDGO6| it is shown that the family F has 96 members and that
each member of this family has 32 roots in (F;)3. Let us consider the polynomial
G = f(x)+g(y) + h(z), with f(z) =23, g(y) =y*+y+ 1 and h(z) = 23 + 1, so that
G e F. Let I =(G) and J be the ideal associated to the code C' = C+(I, L) over
[F, that can correct up to t = 1 error and with defining monomials L = {1, z, z, y}.
The ideal J& C Fy[sy, 89, 83, 84, T1, Y1, 21, €1] is generated by

4 4 4 3
{xl - xlvyl — Y1, Zl - 21761 - lﬂg + f + hael — 81,6121 — 83,6171 — S2,€1Y1 — S4}
and the reduced Grébner basis G with respect to the lex ordering with s < s9 <

83<S4<Q?1<y1<21<61i8
{5341, 554 50, 55+ 53, 57+ 5451 + 5555 + 5552, y1 + 5457, X1 + 5057, 71 + 5355, €1 + 51},
and then
2 2 2
L1 =Xy + 5357, Lo=y1+545], L3=121+535].
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8.7.8 SDG surfaces II

We discuss codes from another family of surfaces introduced in [SDGO06].

Let F = {Ba?2+4 %22+ f(x)+g(y)+h(z) | B #0, f, g, h are (F4, Fy)-polynomials,
deg(f) < 2,deg(h) < 3,deg(g) = 2}. In [SDGO6] it is shown that the family F has
576 members and that each member of this family has 32 roots in (F4)3. Let us
consider the polynomial G = 2%z + x2% + f(z) + g(y) + h(2), with 8 =1, f(x) = 1,
gy) =y*+y+1and h(z) = 2> + 1, so that G € F. Let I = (G) and J be the
ideal associated to the code C' = C*(I, L) over F, that can correct one error and with
defining monomials L = {1, z, 22, 23, z, y }.

The ideal J& C Fy[sy, so, 83, 84, S5, S¢, T1, Y1, 21, €1] is generated by

{ol — a0t —y, 2t — 2,68 — L atz a2 + f+9+h,

2 3
€1 — S81,€121 — 82,6127 — 83,€12] — 54,611 — S5,€1Y1 — 567}

and the reduced Grébner basis G with respect to the lex ordering with s < s9 <
83 < 8y <85 < S < <Y <2z <eqis

4 2.2 4 2 2.2 2.2 2, 2
{s‘;’ + 1,85 + 82,83 + 8587,584 + Sgsl, S5 + S5, 85 + S6S1 + 555281 + S55357 + S%Sl + 57,

2 2 2
X1 + S551, Y1 + 8651, 21 + 5257, €1 + 51}

and then

2 2 2
L1 =x1+ 8557, Lo=y1+ 5657, L3=121+ 525].

8.7.4 Norm—trace curves

Let C = C*(I, L) be the code from the norm—trace curve 27 = y* + 32 + y over
Fg and with defining monomials {1,z, 2% y}. This code can correct ¢t = 1 error. Let
JE be the ideal generated by:

8 8 7 2 7 4 2
{xl —T1,Y] —Y1,e; — leg — s1,e1x1 — Sg, €17 — S3,€1Y1 — S4, T — Y, — Y] — yl}

and the reduced Grébner basis G with respect to the lex ordering with s < s9 <
S3< sy <IT1 <Y1 <e is

4
{SI +1, sg + 82, 83 + s%s?, sﬁi + sis% + 8485 + s;sl, X1 + 828(15, y1+ 843(15, e1+ s1}.

Then
£1 =X1 + 825?, £2 =yi1+ 848(1; .

Observe that in all our examples so far no stuffing was required, because we were
considering the case t = 1, which clearly cannot contain multiplicities.
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8.7.5 Hermitian curves

Let ¢ be a power of a prime, then the Hermitian curve H over Fg . is defined by
the affine equation 297! = y? + y. Each member of this family has n = ¢® points in
F,2 and it is well-known that the function space is generated by monomials.

In Example 8.2.3 we considered the case ¢ = 2 and t = 2, we now consider the
code C' corresponding to the case ¢ = 3 and ¢t = 2. The defining monomials are
L ={1,z,y,2% zy,y* x3}. As before, we choose as ghost point (1,1).

Our ideal J? is generated by

{21 — 21,97 —y1,e} —e1,ed — e, 25 — 22,05 — y2, yiw1 — i +yim1 —y1 — 2] +af,
ysw2 — 3 +y2we —y2 —@d +adyl — oyl +uf — 1 —yet +at s — 3+l - vz —yead +a,

e1+e2 —s1,e121 + eaw2 — S2,€1Y1 + e2y2 — $3, €127 + e2a3 — 84, €171Y1 + e2x2y2 — S5,

e1yf + e2ys — s, e1a] + e2al — sy, er((z1 — 1)° = 1)((y1 — 1)® = 1), e2((z2 = 1)° = 1)((y2 — )® = 1),

(ef = D)(1 — 1), (ef = D(y1 — 1), (e3 — 1)(w2 — 1), (] — 1)(y2 — 1), erea((z1 —a2)® = 1)((y1 —y2)® — 1)} .

We compute the Grobner basis G with respect to the usual lex ordering with

S§1 << 8§ <Xy <yYp <x1 <Y < ey <ep. The general error evaluator polynomial
of C contains 134 monomials and it is reported in the Appendix.

The first weak locator Py contains 172 monomials, while the second weak locators
Py contains 494 monomials (see Appendix for all polynomials). However, these poly-
nomials are by far not random. Indeed, we can prove the following general structure

result for any ¢ > 2 and t = 2.

Theorem 8.7.3. Let p be any prime number and m € N such that ¢ = p™ > 2. Let
C = CY(I,L) be any Hermitian code with t = 2 over F,. Then all sets of multi-

dimensional general error locator polynomials for C are of the form

{(Lo=L,=2+ar+b,L1 =Ly =1y*+cy+d}

{Ly=L,=y*+Ay+ B, Ly =L, =2+ Cx + D} (8.20)
with a,b, A, B € F,[S], ¢,d € F,[S,z] and C,D € F,[S,y].
Moreover,
qg>2 = asy+bs;=—s4, (8.21)
q>3 = Ass+ Bs; = —sg. (8.22)
Let ¢ > 2 and s1 = sy = 0. We have e; = —eq, 11 = Ty, b= 2%, a = 2.

Let g > 3 and s1 = s3 = 0. We have e; = —es, Y1 = Yo, B:y%, A=2y.

All the results above hold also for any set of weak multi-dimensional general error
locator polynomials

{Py=P, =2 +ax+b,P1 =P,y =vy*+cy+d} (8.23)

{Py =P, =vy*+ Ay+ B,P, =P, = 2>+ Cz + D} '
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8.7. Families of affine—variety codes

Proof. Let H = J? be the non-stuffed ideal for C' and H its stuffed ideal as in
Theorem 8.6.6. There are two Grobner bases of H and H that are relevant for us.
If the order has S < x5 < ys then we get G, for H and ém for H. Tf the order has
S < yp < x9 then we get G, for H and C~}’y for H. As in Theorem 8.6.6, éx contains
polynomials p, € F,[S, z5] and p,, € F,[S, z2, y2] such that, once we replace x5 with
x and y, with y, we get a set of locators {Ly = L,, L1 = L, }.
The degree of p, in x5 is, a priori, 1 or 2. However, since there are at least two points
{P1, P,} on the curve with two different x, then deg,, p, = 2, since p, must have two
distinct roots once evaluated on a syndrome corresponding to a weight-2 error with
{Py, P,} as locations.
The degree of p,, in y, is, a priori, 1 or 2. However, for any ¥ € [F, there are
at least two points {P, = (Z,41), P, = (Z,%2)} on the curve with y; # 2. Then
deg,, p, = 2, since it must have the two distinct roots {7, 7} once evaluated on a
syndrome corresponding to a weight-2 error with { P}, P»} as locations.
The previous argument can be trivially adapted to show that deg,(p,) = 2 and
deg,,(Py,z) = 2, where p, € Fy[S,vo] and py, € F¢[S, 92, 22 come from Gy, and so
(8.20) is proved, except for our claim that all the coefficients of these polynomials
actually lie in the base field IF,,, which follows from Remark 8.2.4.

To prove (8.21), we first claim that

feH = f?eH. (8.24)

To see (8.24) we note that in the creation of H from H we only impose the vanishing
of the first-order derivative at points of V(H ), but if we take any point Q) € V(H) we
have (see Definition 8.6.2 for ;)

01(f*) = 2f(Q)0:1(f) = 00:(f) = 0.

Since s; — €1 — €y, 8o — €171 — €9T, S4 — €175 — eows € H, we have that
(51— e1 — €)%, (89 — e1r) — ea2)?, (54 — e12? — eqw3)? € H for (8.24). Passing from
variables to values we observe that

- - R
S) = €1+ €3, 89 = €171 + €2y, S4=E1T]+ €T3 (8.25)

and that

So

—(Z1 + T2) (6171 + E2T2) + T172(6) + &) = — (6175 + €,73), which proves (8.21).

In the same way, we can compute the set of locators {Ly = L, L1 = L, }. If ¢ > 3,

we have also s; — €1 — €3,83 — €11 — €2y, S6 — €1ys — eays € H, so we have that
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Chapter 8. Decoding of affine-variety codes

(51— €1 — e2)2, (535 — €1y — eayn)?, (g — €1y — eay2)? € H for (8.24). Again, we pass

from variables to values, and we obtain

Si=@e +@&, S3=ei+el S6=eal;t el (8.26)
and that
So

—(Zy + T2) (€171 + E28) + 172(E1 + &) = — (€17 + E27J3) => Ass+ Bs; = —s.

The last part of theorem comes from direct computations, as follows.

From (8.25), in the case 5, = 53 = 0, we note €; = —és, 1 = T3. And so
1. If p=2then a = — (T + 7)) = 27, = 0 and b = 7,7, = Z°.
2. Ifp#2thena=—(T,+ ;) =27 = 7 =5

From (8.26), if s = s3 = 0 then e; = —es and y; = y». And thus

1. Ifp=2then A=0e B = y2.

2. If p# 2 then A =2y, — ylzéandB:y%
Since in the proof so far we have used the relations on the syndromes coming from
the non-stuffed ideal H, everything that we proved up to now holds also for the weak
locators. O]

The locator Py computed for the Hermitian code with ¢ = 3 and t = 2 is indeed
of the form Py = P, = 2% + ax + b, with |a] = 82 and |b| = 91, so, for example when

s1 # 0, it is enough to evaluate a(S) and then we obtain b(S) as

sq+ a(S)s:
S1 .

b(S) = —
Also Py is as above, that is, of the form P; = P, = y* + cy + d.

Regrettably, we have not been able to compute explicitly £5 and £, for ¢ = 3,
due to the high computation cost of the stuffing procedure.
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Programs and Computations
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Hermitian curve and Hermitian code

In this chapter we want to verify our formulas for the number of small weight
codewords and for the intersection of Hermitian curve and parabolas. For these rea-

son, we report some programs and results.

As software packages we used Singular and MAGMA [GPS07, MAG].

9.1 MAGMA programs to compute intersection between H

and parabolas.

Here we report the MAGMA program that count the number of intersection be-
tween H and three types of parabolas.

q:=8;
K<u>:=GF(q~2);
Kpos:={c : ¢ in K | ¢ ne 0};

/////////Trace Function
Tr:=function(c)
return(c~q+c);

end function;

/////////Norm Function
N:=function(a)
return(a~(q+1));
end function;
//Al11l ¢ that have Tr(c)=0
Trnulla:={Q@};
time for c in K do
if Tr(c) eq O then
Trnulla:=Include(Trnulla,c);
end if;

end for;
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Chapter 9. Hermitian curve and Hermitian code

#Trnulla;

TrNONzero:={c : ¢ in K | ¢ notin Trnulla};

////////Intersection between y=ax~2+bx+c and Hermitian curve
fabc:=function(a,b,c)
local count;
count:=0;
for x in K do
for y in K do
if ( N(x) eq Tr(y)) and (y eq a*x~2+b*x+c) then
count:=count+1;
end if;
end for;
end for;
return(count) ;

end function;

///////Intersection between y=ax~2+c and Hermitian curve
f:=function(a,c)
local count;
count:=0;
for x in K do
for y in K do
if (x~(gq+l1) eq y~q+y) and (y eq a*x~2+c) then
count:=count+1;
end if;
end for;
end for;
return(count) ;

end function;

////////Intersection between y=ax~2 and Hermitian curve
fa:=function(a)
local count;
count:=0;
for x in K do
for y in K do
if ( N(x) eq Tr(y)) and (y eq a*x~2) then
count:=count+1;
end if;
end for;
end for;
return(count) ;

end function;
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9.1. MAGMA programs to compute intersection between H and parabolas.

//Number of intersection y=ax~2
INTa:=[];
time for a in K do

if a ne O then
sa:=fa(a);

INTa:=Append (INTa,sa) ;

end if;
end for;
#INTa;

intOa:=0;
intla:=0;
intQmla:=0;
intQa:=0;
int(Qpla:=0;
int2Qmla:=0;
int2Qa:=0;

for i in [1..#INTal] do
if INTa[i] eq O then
intOa:=int0Oa+1;
else if INTa[i] eq 1 then
intla:=intla+1;
else if INTa[i] eq g-1 then
intQmla:=intQmia+1;
else if INTa[i] eq q then
intQa:=intQa+1;
else if INTa[i] eq q+1 then
intQpla:=intQpla+l;
else if INTa[i] eq 2xq-1 then
int2Qmla:=int2Qmia+1;
else if INTa[i] eq 2*q then
int2Qa:=int2Qa+1;
end if;
end if;
end if;
end if;
end if;
end if;
end if;

end for;
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//Number of intersection y=ax~2+bx+c
int0:=0;

int1:=0;

intQmi1:=0;

intQ:=0;

int(Qp1:=0;

int2Qm1:=0;

int2Q:=0;

INTabc:=[];

time for a in K do
if a ne O then
for b in K do
for ¢ in K do
sabc:=fabc(a,b,c);
INTabc:=Append (INTabc,sabc) ;

end for;
end for;
end if;
end for;
#INTabc;

for i in [1..#INTabc] do

if INTabc[i] eq O then
int0:=int0+1;

else if INTabc[i] eq 1 then
intl:=int1+1;

else if INTabc[i] eq gq-1 then
intQml:=intQmi+1;

else if INTabc[i] eq q then
intQ:=intQ+1;

else if INTabc[i] eq gq+1 then
intQpl:=intQpl+1;

else if INTabc[i] eq 2%g-1 then
int2Qml:=int2Qmi+1;

else if INTabc[i] eq 2*q then
int2Q:=int2Q+1;

end if;

end if;

end if;

end if;

end if;

end if;

end if;

end for;
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9.1.

MAGMA programs to compute intersection between H and parabolas.

We report the results and the timing for some ¢, that are ¢ = 3,5, 8.

AN g=3

> //Number of intersection y=ax~2
Time: 0.000

#INTa;

intOa;

intla;

intQmla;

intQa;

intQpla;

int2Qmia;

int2Qa;

O V. iV OV iV OV OV O V 0 V

MWW g=5
> //Number of intersection y=ax~2
Time: 0.010

> #INTa;

24
> intOa;

0

> intla;

6

> intQmla;
0

> intQa;

6

> intQpla;
0
>

int2Qmia;
12

> int2Qa;

0

AN

AN

147

ALTLLLRRNNANNY  g=3 ALV
> //Number of intersection y=ax~2+bx+c
Time: 0.060

> #INTabc;

648

> intO0;

36

> intl;

0

> intQmil;

216

> intQ;

252

> intQpl;

0

> int2Qmi;

108

> int2Q;

36

ALVLLLAANAANNY  g=5  ANLALLLNL
> //Number of intersection y=ax~2+bx+c
Time: 10.600

> #INTabc;

15000

> intO0;

300

> intl;

750

> intQmil;

6000

> intQ;

3150

> intQpl;

3000

> int2Qmi;

1500

> int2Q;

300
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ATTRRRRIRRIINL g=8 ANELLLATTTTIRL AEERIITRLRLANAY g=8 ANV

//Number of intersection y=ax~2 //Number of intersection y=ax~2+bx+c
Time: 0.240 Time: 1393.720
> #INTa; > #INTabc;

63 258048

> intOa; > intO0;

0 0

> intla; > intil;

27 13824

> intQmla; > intQmil;

0 129024

> intQa; > intQ;

0 0

> intQpla; > intQpl;

0 96768

> int2Qmla; > int2Qmi;

36 18432

> int2Qa; > int2Q;

0 0

9.2 MAGMA programs to compute the number of minimum-

weight words of Hermitian code.

The command HermitianCode(q,m) is use in magma to find n, k, d and generator

matrix of an Hermitian code in [Fp. For example

> q:=3;

> K<u>:=GF(q~2);

> HermitianCode(q,5);

[27, 3, 23] Linear Code over GF(3°2)

Generator matrix:
[1020uub6u721u3ul0lu2u2u22u2u70u7ub2uu?721lul
[01202uu2u22u2u7u3ubSu2l1u70uu2u7110u6u7 ul
[0001u62u2u312u7uuu7ub6u2ubu7u3d3ub21ubuéuu3u?2l]

Now we report the number of minimum weight codewords of some Corner and Edge
codes. To do these we use the following commands:

C:=HermitianCode(3,5);
D:=Dual(C);

d:=MinimumDistance(D);
WeightDistribution(D) ;
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9.2. MAGMA programs to compute the number of minimum-weight words of
Hermitian code.

The command WeightDistribution(D) gives us a sequence of couples <a,b>, where
b is the number of words having weight a. In the following example, we want to verify
Theorem 7.3.2 and Theorem 7.3.4, in two special cases, which are ¢ =3 and ¢ = 7.

1111771117177 q=3 /111111177117
// m=2 ---> Corner Code

> MinimumDistance(D) ;

2

> WeightDistribution(D);

[ <0, 1>, <2, 2808>, <3, 163800>, ... ]
> q~2*(q~2-1)*Binomial (q,d-1)*(q~3-d+1)/d;
2808

// m=3 ---> Edge Code

> MinimumDistance(D) ;

2

> WeightDistribution(D);

[ <0, 1>, <2, 216>, <3, 18648>, ... ]

> q~2*(q~2-1) *Binomial(q,d);

216

// m=4,5 ---> Corner Code

> MinimumDistance(D) ;

3

> WeightDistribution(D) ;

[ <0, 1>, <3, 1800>, <4, 101088>, ... 1]
> q~2x(q~2-1)*Binomial(q,d-1)*(q~3-d+1)/d;
1800

// m=6 ---> Edge Code

> MinimumDistance(D) ;

3

> WeightDistribution(D);

[ <0, 1>, <3, 72>, <4, 11664>, ... ]

> q~2*(q~2-1)*Binomial(q,d);

72

// m=7 ---> Edge Code

> MinimumDistance(D) ;

3

> WeightDistribution(D);

[ <0, 1>, <3, 72>, <4, 432>, ... ]

> q~2*(q~2-1) *Binomial(q,d);

72
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1177177177777 q=7 1117717177777

// m=1,..,6 ---> Corner Code
> WeightDistribution(D) [2];

<2, 2815344>

> WeightDistribution(D) [3];

<3, 15040506096>

> q~2*(q~2-1)*Binomial(q,d-1)*(q~3-d+1)/d;

2815344

// m=7 ---> Edge Code
> WeightDistribution(D) [2];

<2, 49392>

> WeightDistribution(D) [3];

<3, 307201776>

> q~2*(q~2-1)*Binomial(q,d);

49392

// m= 8,..13 --->  Corner Code
> WeightDistribution(D) [2];

<3, 246000>

> WeightDistribution(D) [3];

<4, 207156000>

> q~2*(q~2-1)*Binomial(q,d-1)*(q~3-d+1)/d;

246000

// m=14 ---> Edge Code
> WeightDistribution(D) [2];

<3, 82320>

> WeightDistribution(D) [3];
<4, 549140256>
> q~2%(q~2-1)*Binomial(q,d);

82320

// m=15 ---> Edge Code
> WeightDistribution(D) [2];

<3, 82320>

> WeightDistribution(D) [3];

<4, 10701600>

// m=16,..,20 ---> Corner Code
> WeightDistribution(D) [2];

<4, 6997200>

> WeightDistribution(D) [3];

<5, 251158320>

> q~2*(q~2-1)*Binomial (q,d-1)*(q~3-d+1)/d;
6997200
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9.3 Singular programs to compute the number of words of
weight d + 1.
In this section, using Singular, we want to verify some results of Section 7.4.

The verification has been done by computing a Grébner basis of ideal J,, as in Propo-
sition 4.2.1 for the corresponding case, when ¢ = 3.

1171177777711777 q=3 [117777111777171777777771777

// //
// m=3 ---> Edge Code
// //

//We count the number of minimum words.
ring R=3,(y1l,x1,y2,x2,z2,z1),dp;

ideal I=x1"9-x1,x279-x2,y179-y1,y279-y2,
z1°8-1, z2°8-1,

z1+z2,

z1*xx1+z2%x2,

( (x1-x2)-8-1) * ( (y1-y2)-8-1),
x174-y1~3-y1,

x274-y273-y2;

ideal G=std(I);

> G

G[1]=z2+z1

G[2]=x1-x2
G[3]=y1~2+y1xy2+y2~2+1
G[4]=x2"4-y2"3-y2
G[5]1=y2"6%x2-y2 4*x2+y2~2*x2-x2
G[6]=z1"8-1
G[7]1=y2~9-y2

> vdim(G) ;

432

//the number of minimum words is 432/2!=216

// //

//We count the number of words having weight d+1.
ring R=3,(y1,x1,y2,x2,y3,x3,23,22,z1) ,dp;

int g=3;

int d=2;

ideal I=x1"9-x1,x279-x2,y179-y1,y279-y2,
x379-x3,y379-y3,

z1°8-1, z2"8-1, z378-1,

z1+z2+z3,

z1*xx1+z2*x2+ z3*%x3,
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( (x1-x2)~8-1) * ( (y1-y2)-8-1),

( (x1-x3)~8-1) * ( (y1-y3)~8-1),

( (x3-x2)~ 8-1) * ( (y3-y2)~8-1),

x174-y1~3-y1,

x274-y2~3-y2,

x374-y373-y3;

ideal G=std(I);

> vdim(G) ;

111888

//The number of words having weight d+1=3 is 111888/3!=18648

// ==//

//We count the number of words having weight d+1=3 and all the x’s equal.
ideal I1=I,x1-x2,x1-x3;

ideal G1l=std(I1);

vdim(G1) ;

> vdim(G1);

3024

//The number of words having weight d+1=3 and all the x’s are equal is 3024/3!=504
//Verify using MAGMA:

q:=3;

d:=2;

> (q~2) *(q~4-(d+1)*q~2+d) *Binomial (q,d+1) ;

504

> 3024/6;

504

// //

//We count the number of words having weight d+1=3 and all the y’s are equal
ideal I2=I,yl-y2,yl-y3;

ideal G2=std(I2);

vdim(G2) ;

> vdim(G2) ;

1152

//The number of words having weight d+1=3 and all the y’s are equal is 1152/3!=192
//Verify using MAGMA:

> (q~2-q)*(q~2-1)*Binomial(q+1,d+1);

192

> 1152/6;

192
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//

// m=4,5 ---> Corner Code

//

ring R=3,(yl,x1,y2,x2,y3,x3,y4,x4,24,23,22,2z1) ,dp;
int g=3;

int d=3;

ideal I=x1"9-x1,x279-x2,y179-y1,y2°9-y2,
x379-x3,y379-y3,x479-x4,y479-y4,

z1°8-1, z2°8-1, z378-1, =z47"8-1,

z1+z2+ z3+z4,

z1*x1+22*xx2+ z3*x3+24%*x4,

z1xyl+z2%y2+ z3*xy3+z4*y4,

( (x1-x2)"8-1) * ( (y1-y2)~8-1),
( (x1-x3)"8-1) * ( (y1-y3)~8-1),

( (x3-x2)~ 8-1) * ( (y3-y2)~8-1),
( (x1-x4)~ 8-1) * ( (yi1-y4)~ 8-1),
( (x4-x2)" 8-1) * ( (y4-y2)~ 8-1),
( (x3-x4)~ 8-1) * ( (y3-y4)~ 8-1),
x174-y1~3-y1,

x274-y2~3-y2,

x374-y3°3-y3,

x4~4-y4~3-y4;

///We count the number of words having weight d+1=3 and all the x’s are equal.

///We know that is 3024/3!=504 = (q~2)*(q~4-(d+1)*q~2+d)*Binomial(q,d+1)
ideal I1=I,x1-x2,x1-x3,x1-x4;

ideal G1=std(I1);

vdim(G1) ;

> vdim(G1);
3024

> 3024/6;
504

//

///We count the number of words having weight d+1=3 and all the y’s are equal.

///We know that is 182/3!=192 = (q~2-q)*(q~2-1)*Binomial(q+1,d+1)
ideal I2=I,y1-y2,yl-y3;

ideal G2=std(I2);

vdim(G2) ;

> vdim(G2) ;
182

> 182/6;
192

153

//

//

//






Decoding affine—variety code

In this chapter we report Singular [GPS07| programs needed to find the multi-
dimensional general error locators of the Hermitian code C' = C*+(I, L) over Fy. In
particular we following step by step our main example providing results and programs.
In Section 10.2, we report a program used to stuffed our ideal JE.

10.1 Singular programs to find weak locators.

We analyse the decoding of Hermitian codes following the main example, that
is, the Hermitian code C' = C*(I, L) from the curve y? + y = 23 over F; and with

defining monomials {1, z, y, 2, zy}.

We start with Example 8.2.3 writing ideal J&* and computing the Grobner basis
G using the command G=std(I).

> ring R=(4,a),(el,e2,yl,x1,y2,x2,s5,s4,s3,s2,s1),1p;
> ideal I=x1"4-x1,x2"4-x2,y174-yl1,y274-y2,el"4-el,e274-e2,
y172*x1+y1~2+yl*x1+y1+x1~3+x1,
Y27 2xx2+y272+y2*x2+y2+x2~3+x2,
y1~3+yl*x1~3+yl1+x1~3,
y2~3+y2*x2"3+y2+x273,
el+e2-s1,
el*xxl+te2*xx2-s2,
elxyl+e2xy2-s3,
el*xx1~2+e2*xx2"2-s84,
el*xl*xyl+e2*x2*y2-sb,
el*e2x( (x1-x2)"3-1) * ( (y1-y2)~3-1),
el*x( (x1-1)~3-1) *( (y1-1)-3-1 ),
e2*( (x2-1)"3-1) *( (y2-1)"3-1),
(e173-1)*(x1-1),
(e1~3-1)*(y1-1),
(e273-1)*(x2-1),
(e273-1)*(y2-1);
> option(redTail);
> option(redSB);
> ideal G=std(I);
//used time: 30.88 sec
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Chapter 10. Decoding affine—variety code

The two commands option(redTail) and option(redSB) is needed to reduce a
Grobner basis. To find the two multi-dimensional general error locator polynomials

L, =Lo1(51,...,85,22) and L,y = Lo2(s1,..., S5, T2, Y2), we have to see the leading

term of g € G:
> lead(Q); _[11]=s5"2%s2 _[22]=y2*s3~2*s2
_[1]1=s1-4 _[12]=s5"2%s3"3 _[23]=y2%s3~3*s1~3
_[2]=s2"4 _[13]1=s5"2%s4 _[24]=y2*s4
_[3]=s3"4 _[14]=s5"4 _[25]=y2*s5*s2
_[4]=s4%s2"3*s1"3 _[15]=x2*s2~3%s1"3 _[26]=y2*sb*s3~3
_[5]=s4"3%s1"3 _[16]=x2%s4~3%s2"3 _[27]=y2*x2
_[6]=s4"4 _[17]=x2%s4"3%s3"2 -[28]=y272
_[7]=sb*s1 _[18]=x2*s5%s2"3 _[29]=x1
_[8]=s5%s3~3%s2"3 _[19]=x2*s5"2 _[30]=y1
_[9]=sb*s4xs2~3 _[20]=x2"2 _[31]=e2
_[10]=s5%s4"3 _[21]=y2*s2%s1~3 _[32]=e1

Hence £, is G[20] and L, is G[28]:

> poly Lx=G[20];

> Lx;

X272+5172%52%54" 3%x2+54" 3%x2+51%527 3%s4 " 2%x2+51" 24527 2%54"2%x2+51% 54" 2%x2+52" 2% s4*x2+51* s 2% s4*x2+

827 3%x2+5172%s2%x2+51 " 3%x2+53*%s5"2+52%s3%s5+s51%5272%s4"3+51"2%52%54"3+52%s3"3%s4"2+51%52%53"2%s4" 2+
8172%52%s3%s4"2+51%52"3%54"2+51 " 3%s2%54"2+52%54" 24517 2%s3"3%s4+51"3%53"2%s4+s1*s3*%s4+s1"2%s2"3*s4+
s1°3%52"2%s4+s1"2%s4+51"3%52"3*%s373+52"3%53"3+s1%52"2%s3"3+s51"3%53"3+83"3+s51"2%s2"2%53"2+s1"3*s2"2%s3+
§272%83+s1"3%s2~3+s2"3+51%s2"2+s1°3+1

> poly Lxy=G[28];

> Ly;
y272+8373%y2+51x5372%y2+51 724527 3% s3*y2+51 7 2*s3%y2+s1 " 3%y2+s27 245 3%s4 " 3*%x2+s1 %527 2% 54" 3% x2+
$172%52%s3%s4"2%x2+51"2%53"3%s4*x2+537 2% s4*x2+51%53*s4*x2+51"2%52"3%s4*x2+s5"3+52%s3"2%s4"2%sb+
s3%s4%sb5+s272%s5+53"3%54"3+s1*%s2"3%s372%s4"3+52"3*%s4"3+51"2%s2"2%53"3%s4"2+51"2%s2%53"2*s4+
s1°3%s2%s3*s4+s1*52%54+52"3%53"3+53"3+51%52"3%83"2+s51*s5372+51"2%52"3%83+s51"2%s3+51"3%s2"3+s1"3+1

These two polynomials are exactly the two weak multi-dimensional general error
locators that we find at page 104. To evaluate the polynomials in the syndrome (and
the variable x if it is necessary) we just use the command subst( )

// Occur 2 errors in P6=(a,a+l) e P7=(at+l,a) --> The syndrome is s = (0,1,1,1,0).
> subst(Lx,s1,0,s2,1,83,1,s4,1,s85,0);

x272+x2+1

> subst(Lxy,s1,0,s2,1,s3,1,s4,1,s5,0,x2,a+1);

y2-2+y2+1

> subst(Lxy,s1,0,s2,1,s3,1,s4,1,s5,0,x2,a);

y2°2+y2+1

// Occur 2 errors in P1=(0,0) e P2=(0,1) --> The syndrome is s=(at+1,0,a,0,0)
> subst(Lx,sl1,a+1,s2,0,s3,a,s4,0,85,0);
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x272+x2

> subst(Lxy,sl,at+l,s2,0,s3,a,s4,0,s5,0,x2,1);

y2~2+y2

> subst(Lxy,sl,a+1,s2,0,s3,a,84,0,85,0,x2,0);

y2~2+y2

// Occur only one error. --> The syndrome is s=(a+l,a+1,1,a+1,1)
> subst(Lx,sl,a+1,s2,a+1,s3,1,s4,a+1,s5,1);

x272+1

> subst(Lxy,sl,a+l,s2,a+1,s3,1,s4,a+1,s5,1,e2,a+1,x2,1);
y2~2+a~2*y2+a

To find the general error evaluator polynomial £(S,e) (see Definition 8.2.6) we
just change the ordering as in Example 8.2.8 in this way (we do not report the ideal
since it is as above).

> ring R=(4,a), (el,y1,x1,y2,x2,e2,s5,s4,s3,s82,s1),1p;

> ideal G=std(I);
//used time: 72.28 sec
> size(G);

33

> lead(G);

-[1]1=s1"4 _[12]=s5"2%s3"3 _[23]=x2"2
-[2]=s2"4 _[13]=s5"2*s4 _[24]=y2xs1
-[3]=s374 _[14]=s54 _[25]=y2#s2
_[4]=s4%s2"~3%s1"3 _[15]=e2%s1"~3 _[26]=y2%s3~3
_[5]=s4"3%s1"3 _[16]=e2%sb _[27]1=y2%s4
-[6]=s474 _[17]=e2"2 _[28]=y2xe2
_[7]=sb%s1 _[18]=x2*s1 _[29]=y2*x2
_[8]=s5%s3"3%s2"3 _[19]=x2%s2"3 _[30]1=y2~2
_[9]=sb*s4%s2"~3 _[20]=x2*s4"3 _[31]=x1
_[10]=s5%s4"3 _[21]=x2%s5~2 _[32]=y1
_[11]=s5"2%s2 _[22]=x2%e2 _[33]=el

So the general error evaluator polynomial £(S,e) is G[17]

> poly E=G[17];

> E;
e272+e2%s1+s4"3%s372+s4"3%s3*s1+54"3*%s2"3%s1"2+54"3%s172+s4"2%s372%s2"2%s 172+
s472%s3%5272%5173+54*s372%s2%s1+s4*53*s2%s172+s4%s2%s5173+54%*s2+s372%s273*s173+
§372+83%s273*s1+s3%s1+s2"3%s172;
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and two weak multi-dimensional general error locator polynomials with error Py =
fo =G[23] and g, =G[31]. Changing again the ordering, we find the other two
polynomials, that are Py = f, =G[23] and g, =G[33].

> ring Q=(4,a),(el,yl,x1,x2,y2,e2,s5,s4,s3,s2,s1),1p;
> ideal I=imap(R,G);

> ideal G=std(I);

> size(G);

34

The explicit polynomials can be found at Appendix at page 167. Finally, we evaluate
these polynomial in the usual way.

// Occur 2 errors in P6=(a,a+l) e P7=(a+l,a)
> subst(E,s1,0,s2,1,s83,1,s84,1,s5,0);

e272+1

> subst (Pey,s1,0,s2,1,s3,1,s4,1,s5,0,e2,1);
y2~2+y2+1 -

> subst(Pex,s1,0,s2,1,s83,1,s4,1,s85,0,e2,1);
x272+x2+1

// Occur 2 errors. The syndrome is s=(a+1,0,a,0,0)
> subst(E,sl1,a+1,s2,0,s83,a,s4,0,s5,0);
e272+a~2*e2+a

> subst (Pey2,sl,a+1,s2,0,s3,a,s4,0,85,0,e2,1);
y2~2+y2

> subst (Pey2,sl,at+1,s2,0,s3,a,s4,0,85,0,e2,a);
y2~2+y2

> subst(Pex,sl,a+1,s2,0,s83,a,s4,0,s85,0,e2,1);
x2°2

> subst (Pex,sl1,a+1,s2,0,s3,a,s4,0,s85,0,e2,a);
x272

// Occur only one error. The syndrome is s=(atl,a+1l,1,a+1,1)
> subst(E,sl1,a+1,s2,a+1,s3,1,s4,a+1,s5,1);

e272+a"2%e2

> subst(gy,sl,a+1,s2,a+1,s3,1,s4,a+1,s5,1,e2,a+1,y2,1);
yl+a

> subst(gx,sl,a+l,s2,a+1,s3,1,s4,a+1,s5,1,e2,a+1,x2,1);

x1+1

10.2 Singular programs to find the locators.

In this section, we analyse Example 8.5.3 and a method to stuff the ideal.

That is, we find the multi-dimensional general error locator polynomials L, and L,,
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stuffing the ideal J&!.

LIB "general.lib";

LIB "matrix.lib";

ring rl = (2,a),(s1,s2,s3,s4,s5,x2) ,rp;
minpoly= a~2+a+1;

string s=read("Base_G2X")+";";

execute(s);

ring r = (2,a),x(1..7),rp;

minpoly= a~2+a+1;

map f = r1,x(1),x(2),x(3),x(4),x(5),x(6),x(7);
ideal GGX=f(G2X);

//Compute the hasse derivative
proc hasse (poly f,int n)
{ intvec v=0,0,0,0,0,1,0;

poly g = 0;
poly gi= 0;
poly g2 = 0;
poly fi=f;

while(deg(f1,v)>n-1)
{ gl=lead(f1);
if (deg(gl,v) == 0)
{ f1=f1-g1;}
else
{ g2=coef (g1,x(6))[2,1]1*x(6)~(deg(gl,v)-n);
g2=coeffs((x(1)+1)~(deg(gl,v)),x(1)) [n+1,1]*g2;

fi=f1-gi;
g=8+82;
}
}
return(g) ;
};

proc n_functional (ideal I1,i1,i2,i3,i4,i5,j,int ndiff)
{

ideal J=I;

int n;

int r;

int m =ncols(J);

poly val =0;

poly pp;

poly gstar=0;

n=0;

while ((val==0) and (n <m))

{ n=n+1;

pp=J[nl;
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val= subst(hasse(subst(pp,x(1),i1,x(2),i2,x(3),i3,x(4),1i4,x(5),1i5),ndiff) ,x(6),j);

}

if (val!=0)

{ n;
gstar= subst(pp,x(1),i1,x(2),12,x(3),1i3,x(4),14,x(5),i5,x(6),j);
return(n,val,gstar) ;

}

return(0) ;

};

proc HnFunc(poly f,i1,i2,i3,i4,i5,j, int ndiff)
{ int k;
poly val =subst(f,x(1),i1,x(2),i2,x(3),13,x(4),i4,x(5),1ib);
val= hasse(val,ndiff);
val =subst(val,x(6),j);
val;
if (val!=0){ return(val);}
return(0) ;

};

//Use Buchberger-Moeller algorithm
proc HBM_func (ideal I, i1,i2,i3,i4,ib,j, int ndiff)
{ int k;
ideal J;
ideal T=I;
def n,Hgs,gs = n_functional (I,i1,i2,i3,i4,i5,j,ndiff);
if (n==0){ return(T);}
else
{ int m =ncols(T);
poly a;
for(k=1;k<n;k=k+1)
{J=J,Tk];}
J=J,(T[n])*(x(1)-11), (T[nl)*(x(2)-i2), (T[n])*(x(3)-13),
(T[n])*(x(4)-i4), (T[nl)*(x(5)-i5);
poly p= gs-j*Hgs+x(7)*Hgs;
if (et (p,0)==0)
{J=J, (I[n])*(x(6)) ;%
else
{3=J, (T[n]) *(x(6)+((coef (p,x(7)) [2,2]) /(coef (p,x(7)) [2,11)));}
for(k=n+1;k<=m;k=k+1)
{ def Divg = HnFunc((T[k]),i1,i2,i3,i4,i5,j,ndiff)/HnFunc((T[n]),i1,i2,i3,i4,i5,j,ndiff);
a=I[k]-(DivgxI[n]);
J=J,a;
}

return(J);

160



10.2. Singular programs to find the locators.

};

matrix E[8] [36]=0;

matrix B [2][9]=1,1,1,a,a,a,a+1,a+1,a+1,1,a,a+1,1,a,a+1,1,a,a+1;

int j;

for(j=0;j<4;j=j+1)

{ E[1+j*2,1+9%j..9%(j+1)]1=B[1,1..9];
E[2+j*2,1+9%j..9%(j+1)]1=B[2,1..9];

};

matrix H[5][8] = 1,1,1,1,1,1,1,1,0,0,1,1,a,a,a+1,a+1,0,1,a,
atl,a,at+l,a,a+1,0,0,1,1,at1,at1,a,a,0,0,a,at+tl,a+tl1,1,1,a;
matrix S=Hx*E;

matrix VS[6][36];

VS[1..5,1..36]=S;

int i;
for(i=1;i<=9;i=i+1)
{ vs[6,i]=0;}
for(i=10;i<=18;i=i+1)
{ vs[6,il=1;}
for(i=19;i<=27;i=i+1)
{ vs[6,i]l=a;}
for(i=28;i<=36;i=i+1)
{ vs[6,il=a+1;}

proc add_points(matrix A, ideal I)
{ int n = ncols(A);
ideal J=I;
int i;
for(i=1;i<=n;i=i+1)
{J= HBM_func(J,A[1,i],A[2,i],A[3,i],A[4,1],A[5,1],A[6,i],1);
J=interred(J) ;i;
}
return(J);

};

timer=1;

ideal J= add_points(VS,GGX);

ring r2 = (2,a),(sl,s2,s3,s4,s5,x2),rp;
minpoly= a~2+a+1;

map ff=r,s1,s2,s3,s4,s5,x2;

ideal JJ=ff(J);

ideal JJrid=std(JJ);

write(":w G2X_FINITA", "ideal G2X=", JJrid);
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// We stuff the ideal adding ghost point

LIB "general.lib";

LIB "matrix.lib";

ring rl1 = (2,a),(sl,s2,s3,s4,s5,x2) ,rp;
minpoly= a~2+a+1;

string s=read ("G2X_FINITA")+";";

execute(s);

ring r = (2,a),x(1..7),rp;

minpoly= a~2+a+1;

map f = r1,x(1),x(2),x(3),x(4),x(5),x(6),x(7);

ideal GGX=f(G2X);

//construct matrix E

matrix E[2][6]=1,a,a+1,0,0,0,0,0,0,1,a,a+1;
matrix H[5][2] = 1,1,1,1,a,a+1,1,1,a,a+1;
matrix S=Hx*E;

matrix VS[6][6]1=0;

VS[1..5,1..6]=S;

int i;
for(i=1;i<7;i=i+1)
{ vs[6,il=1;}

proc add_points(matrix A, ideal I)
{int n = ncols(A);
ideal J=I;
int i;
for(i=1;i<=n;i=i+1)
{ J= HBM_func(J,A[1,i],A[2,i],A[3,i],A[4,i],A[5,i],A[6,i],1);
J=interred(J);i;
}
return(J);

};

timer=1;

ideal J=add_points(VS,GGX);

ring r2 = (2,a),(sl,s2,s3,s4,s5,x2) ,rp;
minpoly= a~2+a+1;

map ff=r,s1,s2,s3,s4,s5,x2;

ideal JJ=ff(J);

ideal JJrid=std(JJ);

write(":w G2X_ghostTOT", "ideal G2XT=", JJrid);
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The two locators that we found in Example 8.5.3 are £, =G[20] and £L,, =G [23]:

ring R=(4,a), (el,e2,y1,x1,y2,x2,s5,s4,s3,s2,s1),1p;
string s=read("G2XY_ghostTOT")+";";

execute(s);

ideal G=G2XY;

vV V V V

> lead(G); _[12]=s5"2%s3"3
_[1]1=s1"4 _[13]=s5"2%s4
_[2]=s2"4 _[14]=s5"4
_[3]=s3"4 _[15]=x2%s2"3%s1"3
_[4]=s4*52~3%s1"3 _[16]=x2*s4~3%s2"3
_[5]=s4"3%s1"3 _[17]=x2%s4"3%s3"~2
_[6]=s4"4 _[18]=x2%s5%s2"3
_[7]=sbxs1 _[19]=x2%s5~2
_[8]=s5*s3"3%s2"3 _[20]=x2"2
_[9]=sb*s4%s2"3 _[21]=y2%s3~3%s2"3*s1"3
_[10]=s5%s4"3 _[22]=y2%x2
_[111=s5"2%s52 _[23]=y2-2

> poly Lx=G[20];
> poly Lxy=G[23];

//Compute error values and locations

//0ccur 2 errors in P6=(a,a+1) e P7=(a+1,a)

> subst(Lx,s1,0,s2,1,83,1,s4,1,s5,0);
x272+x2+1

> subst(Lxy,s1,0,s2,1,s3,1,s4,1,s5,0,x2,a+1);
y2~2+a~2

> subst(Lxy,s1,0,s2,1,s3,1,s4,1,s5,0,x2,a);
y2~2+a

//Occur 2 errors. The syndrome is s=(a+1,0,a,0,0)
> subst(Lx,sl,a+1,s2,0,s3,a,s4,0,85,0);

x2°2

> subst(Lxy,sl,a+1,s2,0,s3,a,s4,0,s5,0,x2,0);
y2~2+y2

//Occur only one error. The syndrome is s=(a+l,a+l,1,a+1,1)
> subst(Lx,sl,a+1,s2,a+1,s3,1,s4,a+1,s85,1);

x272+1

> subst(Lxy,sl,at+l,s2,a+1,s3,1,s4,a+1,s5,1,e2,a+1,x2,1);
y2~2+a~2*y2+a
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In Example 8.2.1 we have the following polynomial

Loy =y? + y(252 + 23253 + 232523? - 25232 + 2y3353 23452 + 2345251 + 25453 25452 + 2545231+
252 53 — 22 52 + 253525‘;’ + 25452 — 345353 — 34335251 + 254535‘11 — 5452 + 343251 — 233 + 253325*?7
25382 + 25382 - 2535281 + 38382 3838281 + 3838 51 + 2535251 35352533 — 8352 + 2535251—
s%s%s% - 25331 - 533231 + 533231 + 533351 - 2335 51 + 33s§sf — 332 — sgsl - s%s% — sgs‘f - s%s%f
828? — s?) - 5453 + 25§ 52 + 3548281 - 28481 - 5253 - sisgsl + sisz — 8483 + s4s§ - 335251—
s3 53 + 3432 — 52323% - 5433 + sis% - siszs:{’ — 3432 + 234333‘21 — 3433341l — 345‘3 + 34325‘11 - 3sgsg+
233525‘;’ — 5351 - s. — 2538281 + 25332 + 3533‘;’ — 35%323% - sgsgs% - sgsgs‘;’ + sgs%s? + 35%5%317
s%s%sl 3535251 + 5351 - 3535251 + 3535251 - 38382 + 2535251 + 2535251 + 535351 - 2535251+

5231 + 252 + 23251 + 255 51 + 23251 + 23251 + 23251.

In Example 8.2.2 we the have following polynomial

Loy :y2 + y(334$3s§1 + 23433525‘I’ — 33452 + 33452341l + sg - sgszs? + 5282 + s§s§ — s§3251 + sgsg—
s%szs% — 33%3%5? - sgsés? - 23352 - 2333251 — s%s%s% — 35%525? — s;gsSs? + 2535;8? — 535331—

2835%8% - 835281 + 3538281 - 38281 — 38281 38281 38281 — 38281 — 381 —3)+

x(255 + 255 + 35257 + 5§ — 3) + 3545355 — 354535255 — 2545357 — 35455 + 3s45025F + 25585 —

3838281 35351 + 3535251 - 38382 - 38382 + 3535251 - 35352 + 3838281 + 25352541l sgsgs?—i-

3332 + 533251 + 533231 + 3333231 + 23331 - 2335251 + 3535251 + 33352 - 3535231 - 3533%3%

2533251 — 3835281 — 25281 + 352 - sgsl — S%S% — sgs? — 3231 + 38281.

In Example 8.2.8 we have the following polynomials

fz =x2+ x54s§ + e(sis%szs% + sis% + 323352 + 525351 + sis%s% + sis% + sis% + sﬁs%s%sl + sﬁs%s%s%«#
5421535%5% + 54218385 + 54838% + 5453525% + 848381 + 8481 + s%sg + sg + 535351 + 8381 + sgs% + s% + s%)-{—
3233 + S58382 + sisgsz + sisgsl + 82838281 + 52333% + sisg + sisgsl + si + sis%sz + sisgsgs%Jr
sisgsg + 84838281 + 545552 + 34555251 + 84538281 + 548281 + 3452 + 848381 + 84838281 + 34s§sgsl+
545331 + 34533231 + 848382 + $48381 + 335251 + 333251 =+ 333251 =+ 3331 + 533231 + 533231 =+ 5332—0-
333% + sg + s%sl +1,

gz =X1 + X2 + sis%sz + sisgsl + 52335251 + 32535% + sis% + SZ + sisgsgs% + s4s§s%s§ + 343352 + 34335231+
szsgs‘i’ + 8383 + sisl + 54s§s§sl + 5453525% + 84838%8% + 84838281 + 848281 + 8482 + 535251 + 535251+

2 2 2 2 2
s382 + 8381 + 533331 + s3s7 + sgs? + s287 + s‘i’

fy =y? + y(saszsa + 53 + 1) + e(sis3sdsT + sisssiss + sis3s] + sissds1 + sisds1 + sasfsas1 + saszsasi+
2
5332 + 535281 + 5251) + 55 + 55545352 + 555352 + 3532 + 543332 + 54838281 + 845381 + 84538251+
3 3
545351 + 8482 + 54838251 + 84835281 + 848281 + s4838281 + 84835281 + 848382 + 835281 + 5251 + 82,
— 3.3 3 2.3.2.2
gy =y1 +y2+s3s3+ 54535 51 + 8482 + 845838581 + 84838281 + 54838281 + 5453582 + s458251 + 838251 + s3+

2 2
s381 + 8387 + sgs? + 32 + 51~
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In Example 8.5.3 we have the following polynomials

2 2.3 2.3 3 2.3 3.3 3 2.3.2.2 3.2.2.2 33,2 4.2 .2
Lo =x" + x(s2855] + s15557 + 152835} + 578381 + S587 + 1 + S1558557 + s7858551 + S785838% + s7558385+

s%sﬁ + szsi + s‘llsi —+ slsgsg&l =+ 8%828%84 + 55533334 + 5?323334 + 315334 + 5:135334 + 522334 + 518284+
S%sg + slsgsg + 8%828% + s%s% + 51542153 + 5%5353 + 818283 + 5%53 + si"sg + s%s% + slsg + sfsz + s‘;’)—i—
5332 + 828385 + s%s%s%si + 3?325332 + 858382 + 31523332 + s%s%si + s?sgsi + sgsi + 3%3232 + szsgsi—o—
slsgsgsi + s%s%s%si + slsgsgsi + s%s%sgsi + s:fs%s;gsi + 5%32335421 + szsi + 5%3%34 + 5?835584+
5%335354 + 8?5384 + 81538384 + 5%858354 + 818384 + 818384 + 8%8284 + 3%54 + si"sgsg + s‘;’sg + slsgsg—‘r

s?sg + sg + s%s%sg + 34113253 + s18283 + S‘llsg + 5‘13 + 1.

2 2 2 2 2 2 2
Loy =y~ + y(s%sgsi + 51823§52 + slszsgsi + 513332 + 31333352 + 323352 + 31325332 + 315332 + s%si—l—

3.3.2 2.2.3 .2 3. 632 3.2.2 .2 3.2 2 2 3.2 2 2.2.2
81858384 + 8785838 + 87828384 + 87185838, + S5838) + S1S28384 + S7S838y + S38; + 878585+

s?s%s%&l + s‘i’s%s%&; + 51325354 + s%szs§34 + 515‘33354 + 3%555334 + 818284 + s?sg + sg + slsgs§+
s1s§ + 3%5333 + 5?5533 + 5353 + 3%53 + S?s% + s%) + x(s%s:;si + 55533431 + sls%si + 555232 + siJr
51533353 + 8%82838421 + 31535421 + s%s%sz + S§S4 + 818%8384 + s§523354 + 5158384 + s‘i’s%&; + s18254+
3554 + s%s%sg + 5%3‘333 + 8383 + 8%83 + sg + slsg + s? + sg) + 32353355 + 838485 + s§s§55 + S%S5+
s%s%s%si + 525552 + slsgsi + 333352 + sgsi + 513332 + 8%8282 + sfsgsgsﬁ + s‘i’s%s%si + 513233524-
51335333 + 3%523353 + slsgsi + s?szsi + slsgs§54 + 335334 + sls§s§54 + 5%325354 + 3?5354 + s§54+
51335354 =+ 3?525334 + s95384 + 535354 + s?s%&; —+ 518284 + s?s%sg + Sg =+ slsgsg =+ 5?523% =+ szngr

sls§ + 5%5553 + 5353 + 5%53 + s% + 1.

In Subsection 8.7.5 we have the following polynomials

£

2 4 4
=e; — e251 — 573233 — 8785 — 375433553? — 37543335 — 3734335‘;’ + 37535‘;’3? — 375353 — 3752525?7

7 5.4 4. .36 4 4 6.6 4...2.3 4.3.8.3 4.3.3 4. 8.5
87838281 + 87585587 — S6S1 — 5554538581 — 85845835951 + S5545587 + 85535557 + S5S38] + S5S38587+

s§53s? + s}fs%s% + s§53335231 + 535233525? - sgsisg + 325454313;5‘? + s‘é’s;;s%s%s? - 5334535‘;’3%—&-
32345551 — s%s?szséf + SgSgSQ + sgsésw% — sgsgsgsz + s%s%szs% + 52533351 + 32523? — sgsisgsfff
sgsisg,s% + sésis%sz - sgsisgsgsz — s%sﬁsgs%sl - sgsﬁsgs? + s%sisgsz - sgsisgsl + s%sis%s‘;’—‘r
sgsisgs? — s%&;s%s% - 3354333? — sgsgsgs‘l1 + sgsésgs? - sgsgsgszf + sgsgs% — %sis%szszf

5.2 5. 4546 5. .3 4.4.3 6 4.3.7.3 4.2 .38 3.7 o6
5554535251 + 855453555] + 55545257 — 5554535587 + S55453595] — 5554535557 + 5554535257 —

2 4 2 2
55sis§szsgf + 3532335251 =+ 3552533231 =+ 55323‘331 + 35s4s;s§ — 858485 + 5534333231 + 353433,533?—

2. .5 5.2 773 6.3.8 6.3 5.7.5 4.3 .2 2.3 .4
8554838287 — 8558554835581 — 38987 — 85835587 + S5S385 + S583898] — S55835858] — S5S38581 —
8.6 4 8.4 .6 8.3.4.3 8.2.8 8 . oddb 8.8.2 8.2 746,23 7425 73,62
548381 + 848387 — 8483858 — S48387 — 84838987 — S4S987 + 8481 — 84838587 + 848358581 — S4838587 —
2.2 4 3 6.4 2 4.4 .4 : 2.4
315382$I — 81835381 — 32525251 + 52335251 - 828%8%81 + sgsgsl - 8283828? - 3233323? + 82838?7

6.4 .8 6 4 5.5.2 .6 5.3.2.8 5.3.2 5.2.6.5 50622 4.6 4.5.4.5 4.4 .8 2
845987 + 8485 — 848358581 — 54838587 — 838385 + 535358587 + $453858] — 8383 — 548358581 — S4538587+
4.4 .2 4.2 8 4 4.2 .4 4.4 4 4 2 2.2

548381 + 34533331 — 845357 + 54835551 + 84838? + 348(13 + 3232523? - 3253323‘;’ + sis;z,sgszf + 3253384-
3.2.5 2.4.4 8 2.2.4 .2 2. .87 2.4 .4 7,28 7.2 6,65 5.2.2
818581 + 84835287 + 81838587 — $483838] — S5S9S] + S4S35587 + S48355 — S458355S] + S4538587 —

3,24 2.6 6.3 8.8.2 6.8 .4 5.4 4.8 .6 3.4.3 2.8.8 2 4.5
54838587 + 84838581 + S48587] — S38587 — 838581 + S358581 — S38587 — 838587 — $38587 + 83 — $38587.

2 3.3 5 4 .2 3.2.2 2.4 6 3.5 3.4.2.7
Pz =x5 + X2(857545535] + $754538] — S7S4558T] — S7S35587 — $753858] + S7S981 — S§Sy — S5S45551+

sgsisgs’{ + 52323331 + sgsis%s? + sgsisgs? — 3234533? + sg848§ - s%s;w%s%s? - s%&;s%s%—

s§3453sgsz + sgsgs%s? — sgsésgsz + sgsgsgsl — 353251 + %sis%s% - sssis% + 55513355% + 3533538%—
8553838‘{ - 5582(‘5%5%8{ - 8582835381 - S5SZS§SI + 55sis§sl - swis%s%s? - 8583538? - 855421835%8?—
3553335? - 553452353? + 5554s§s§ + 553453335? — 3534s§s%s% + 5534333831 — 3533335‘? + S5S§S%S’177

2.4 8.8 7.3.6 727 6.3 . 6 6.4 6 5.4.7 .8 5.4.7
85838581 + 8487 + 848581 + 848551 — 848358287 + S458551 + 54538587 — 8358359

4 4.4 4 4 4 4.8 4 4 2
sisgs? + 3433825? + s4s3szsz + s4sgsgsl + 8483825? + 848381 - sisgsgsl + 5233335515 + 3233sgs?+

5. 37 5,74
— 841838581 + 838581+
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10.2. Singular programs to find the locators.

33,2, 323 27, 6 25 8 2455, 23 2 2257 2 4_ 2.5 2.4.2

8418581 + 848587 + 85838281 — 84535287 + 83838587 + S1S38287 + 1838587 — 858358281 — S4S581 + 858587+
4.7 4 2.7 5.4 5 5

54555555 — 545555 4 sas8s8st + 54535588 — 54838 + 5483 + 545551 — 555557 + 53555F — 535555 + 55 — 1)

3.2 4 5 3.3 3.3 7 3.5, .7 3.4.3 .6 3,33 .6
8784838287 — 8784835281 + S7548581 + 878355581 + S75838587 — 8789 + 85545251 + S554555] — 85845352581 —

2.7.4 4 4 2
32323332 — sgs;}sgs? — 32345531 + sg54sgszsi’ — 523433SQSI + 3234523331 + 8284838281 + 838433533?7
3.6.3 .4 3.4.3.6 3.2.3 2.6.8 .8 2.6.8 2.6.8 2.6 6. 8 4.3 .7 4
85538587 + S58358558] — S5S385 — S5S38587 + 8583585 + S55387 — S5S3 + 855452587 — $554583525] — 5548358251+

4.5.6 3.3.3.6 3,638 3,43 2.6, .6 2.4, .8 2.3.5.5 2.2, .2
85548587 + 85845838581 — S55,538587 — 85848385 1+ S55453528] — 858558358287 + S5584538587 + 858585358281+

2 7 2, .4 4.3.7 4 2 7 7
5554533351 + Ss58482871 + 5554sgs%s§ - 5554333351 - 5534535551 + 3534533‘351 — 555433525? + 5533335%

7.8 7.8 7 6.5 .4 4.5 6 2,58 2.5 8. T 7 o8 7 7.4.5
858385 — 858387 + 8583 + S55835557 — S583858] — 8558358581 — S58385 — 48287 + 8483871 — S483 — S45587 —

: 2 4 4 4.6.2 .4 4.4 .2 4 4.2 .2
sngs? + sisgSQS? — sgsgs? + 5233325? - sisgs? - sisgsl - 34523231 — 5433325? — s4sgsgs? + 3453323§7

4.2 .2 4, 6.5 4. .3 3.6.4.3 3.5.8 3.5 3.2.4.7 3. o844 3.4 3.3.2
515355 — 54835557 — 54525 + 51535557 — 535357 + 5453 — 51535551 — 54535551 — 545951 — 555557 —

2.7.2.5 2.5.2.7 2.4.6.4 2.3.2 2.2.6.6 2,423 2.6 2.5 4.8 .3
54538587 + 848358581 — S1S38987 — S4838581 — 85838581 + 84535587 + 8585 — 858581 — S4835587 —

5
5453523‘1’ — s;;s%s? — 54sz + sgsgs‘rf — s%s%s? + sgsg - sgsgs? + sgsgsz.

2 2.3.3 2 5 2.4.2 7 6 4.4.7 4.3 3.4 2.5 8.6
sz =ys — y2(36$331 — S5S381 + SgS2S8] — S6S3 + S6S351 — S6S38987 — S6S3S] + S6S3S5 + S6S38] — S6S3S3S81+

sesgs%sf + 565351 + sss%s‘i’ - sssz - sg + sgs%s? - sgs% — sgs%sz — sgs% + s%sg + 535% + sgsgs? — sgs?—
s%sgs? + s%s%s% — sgs? - s;v,s%sz + 3354215‘1’ + sg + s? +1) + x2 (375453533? + 575483sgsz - 3734355411—
5753535411 — 5753333? + 57333% + sésgsl + 5%3351 - sgsis% - sgsisgs% + sgsisgsﬁ + sgsisgs? — sgsisgs%sg’—
sgsisész + sgsisgsgs% - s?sis%sés? + s%sis%sl - sgsisgsgs% + sgsisg,s%s? - 5352535% + sgsisgsﬁ—

2.4 2 2 2.4 2.5 4.2
sgs4szsz — 52543? — 535435323? — s%us?s% + 3234585251 + 525433323f — 525433523? + 3354535331{'7

3. 3.2.7 3. 2,64 3. 2.2 3 6.5 3.7.4.2 3.6.8.7 3.6.4.3 3.6.7 3.5.4.4

8554838581 + 85584555551 + 85545385 + 85845835855 — S5S35987 + 858355581 + S55835557 — S5S381 + 85835551 —
4 4.4 4 2 2.4 2 4 4

sgsgssf + sgsg + 52333331 - 3253823? + 828351 + sgsgsgsl + 82333231 - sgs3s‘i’ + s§33sgsl - 3233523§+

3.4 3.5 23335 2.3 3.7 2.3.7.4 2, 3.2 2.5 Tl 7.8

S55355 + S58] + S55153555] + S55153555] — S551598] + S5545557 — 555551 + 55545351 — 555487 —

6. 2.6 6,63 6,27 5.4 .6 5.3.7 5.2.8 5. 4.5 5 5.4.6
8554838587 + 855848987 + S554558] — 85848387 + S5518351] — 85848387 + 85515835551 + S5548381 — 855458951 —

2 4.4 .2 4.3 .2 4.2 2.7 4 4 4.2 4 4.2
555231 - 555433323? + 555453525? — 8584838581 — 5554335851 + 555433525’? + 3554583? — 85848581 —

3.7.5 3.6 6 3.5.7 3,444 3.4.8 3.3.4.5 3.3 3.2.4.6
85845387 + 855848387 + S551535] — 584838587 — S551538] — $584838587 + 855158351 — S554838587+

3532335% + 353233333? — 853283838’17 + 55525‘33:13 + 5532335% =+ %sisés? — 553233 + 5532311 — 55335253317
%sisés%s% — ssszsgsgs‘f — sssﬁsgsgséf — 55542133585(13 + 853253835% + 5552553‘;’ — 85848283 + 5584sgs§—
3534s§s§s§ + 3534s§s% — 3554s§s§s:1)’ + 3554335? — 5534s§s%s§ + 35543353 — 553453333‘;’ — 5534335331—5—
5554533? + 5554333? - 5534335% + 35sgsgs% - sssgsgs? + 35sgs%sz - sssgsgsil + 55sgs%s§ — 55sgs§+
%sés%s? - 85s§s§sl — sssgsgsi + sg;s%s%s‘;’ + 555358 + 555351 — 55535‘;’ + 548153512"5111 - sisgs? - sngsgs?-‘r

4 4 5 3434 2 2
3133333? + 5153323I - sngsl - 3471325213 - sZsz + 3233535? - sisgsgsl — 52533335{ - 32838581 + 3253s§s?+

sisgsz + 5355523{’ + sisgsgsf — sisgsg — 5352525‘11 + sis%sgs% — sisgsgs:f + 325352 - sisgs? - 82528%—
sisgsgs% + sﬁsgsgsz + sisgsgs? — sis%s%s? + sisgsg — sﬁsgsgs% + sﬁs%s;sl + sﬁsgls%s? + sisgs;s%—
sisgsgs? + sﬁs%sgsg’ + sisssg’ + 5252525% — sisészs? + sis%szsz + sisgsgs‘{ + sis%szséf + sis§527
sisgsgs? + s§s§5251 + sis%sgs? + sisgsgsf — sisw%s{ - sisgsf - szsgsgs? + sisgs;sif + szsgsgs%—
sﬁsgsgs? — sisgsgs? - sisés;s? + sﬁsésgsz + sisgsgs% — sisgsgs? — sisgsg.ﬁ + 3333353? + sis‘gsgs%f
sis%s:{’ — 8483838% + 3455335% — 54355251 - :345?353341l — 5452528‘;’ - s;;s%s%s? + 5453525% + 848%8%8?-"-
343333 + 343§szs‘11 — 5433325“;’ + 34335% - 34325613 + sgsgsl — sgs;sf — sgs;s? — sgsgsz + sgs;s%—i-

sés%s? + sgsg - sésgsl - sgsgs? + sgsgsz + 533%3% + 5335 - 335%8‘11 - sgsl + s%s?)—

S7S4S§S;S% - 878453858? + 5784s§s§ + 8753828? + 57s§sgs§f — 878353 + 8753528? - 87838% + sgsg—i—
sgsgs%sz — sgsgs‘{ + sgsgs? — sgs? - 565251 - sGSgsf - 3633335? + 553355 — sw%s%si - sGSgsé - 565334117
sssgsgs? - sssgsgsl — 5653535? + 86838? + sssgsz + sssz - sés%s%s? + sés%sg + sésés% - sésé - sgs%szf—

4 4 2 2 2
328432 + sgsisgsgsl - sgsisssgs‘;’ + sgsisgsg + sgsis3s%si’ + sgsis;;s;sl + sgsisgsz + s§s4sgszs‘?—
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s%sﬁs%szs‘f - s§5352325§ + sgsisésgs% + s%sisészs? - sg’sis%sgsi’ + sgsﬁsgsgs‘f - s%sis%sz - 5‘3’33335355’—
5253535231 + sgsisgs? + s%s;;sésgs% + s%&;sgs;sz - s%ms?s%s? - s?sw%s%s% + s%s;;sés%s? - s%s;;s%s%s%-i—
325453533‘;' - 5254s§sgs§ - s%s;;s%s%sz - s§5453s;s‘1* — s%s%s%s? + sgsgsg + sgsgsgsl — s%s&s%s% - sgsgsgs?f
sgsgsgs:{’ + sgsgsgs‘{ - s§s§52 - sgsgsgs? - sgsgsgsl - sgsgsgs? - s§53sgsZ - sgs:;szs% - sgsgs‘{ - sgsisgs%s‘f—

2 4 2 2, 4 2 2 2.4 .2 2.4 .2 2 2

553233323? + 3532335? — 85848981 — 355§sgs§ + 555238 — s5s3s2s§ + 858385 — 35533? — 3533 - 353153323?+
7o 6. o35 6.7 .2 6.3 .6 5.4, .5 5.3, .6 5.2, 7 5. 604

855845281 + 855483585587 — 85545957 — 5848587 + 8554535287 — $5548382587 + $55,53525] — $5548358551 —

4 2 4.4 .34 4 4 4
5555535285 4 55535557 + 55555251 — 5554555557 — 5551555551 — 5551535051 — 5551555557 — 55545355357 —

4.7 .4 4 4 4 5 4
85848987 — 55s4s%s§ — 553433 + 5552353251 + 55.923?5”2’31 — 355253325? - 555232325? + S58253SQSZ+

3.3 5.4 3.3 .8 3.3 3.2.5.5 3.2 3.6 3 2 3.3
85841838587 — 85845835287 + S5515352 — 858483558 — S5541535281 + 85548355581 — S5541535287 + S55845251+

2 2.4.7.2 2 2 2.2 2.2 2 2
5534323535{ + 3534335531 + 555432533? + 3534323351 + 35s4sgs§s§ — 55848383 + 555433355‘;’ - 35345353317

2.3 .2 5.8 5 5 8.7.8 8.7 7.7 6.7 .2 6,36
85845587 + 85545835557 + S5545551 — S5548287 + 855358981 — 855385 — 858359581 + S5583555] — S5538587+

55s§s;s§’ — %s%s%s‘f + 55s§s§s§ + 3553555? - 5553335% — 55335531 + 55535515 + 3555 + 35535‘11 - 3253535‘;’—&-
sis%s‘{ + sis? — si - sngsgséf + sZSgSS + 5153553‘;’ — 5133335% - 5133535? + SZSSS? — SZS%SZ — sgsgsgsé%f
sgsgsgsz + sisgs%s‘i’ + sgsgszf - sgsg — 5253535? - sgs%s? - sisgsgsf + sisgsgsz + sisgsgs? + sisgsgsl—‘r
sngsgsf + sisgsgs? + sisgsgs? - sis%s%si + sis:;s%ssf + sisgs? + sisgsl - sisgs%s? + sﬁsgsé — sﬁsgséslf

4.6 4.2 4.6 .6 4.4 .8 4.4.4 .4 4.4 .8 4.4 4.3.8 4.3.4.5 4.2 .8 2 4.2 .2
84838981 + 848387 — 84583585 — S45835581 + 848387 + 84583 — 548358551 + S4838587] + 845835581 + 545381+

4. .47 4.8 4 4.4 3.8.2.3 3.7.6.8 3.7.6 3.7.2.4 3.6.2.5 3.5.2.6 3.4.6.3
S$4838581 + 848587 — 8481 — S1S835587 + S41838587 — 848385 + S1835587 + 84838587 — S183585581] — S4838587 —
3.3.6.4 3.3.2.8 3.2.6.5 3...6.6 3.6.7 2.8.4.2 2.7.8.7 2.7.4.3 2.5.4.5
81838587 — 84838587 — S1S83858] — $183898] + 848287 + S1S3S8587 — 1838587 — S5S3S28] + S4S3S981+

2.4 .8 2 2.3.8.3 2.2 .84 2. 8.5 2, .4 2.4 .2 8.6 7,62 7.2.6 6,63
84838587 + 818358587 + 8558535587 + 54538387 — 855835951 + S4S9S1 + S4838581 — 8458355987 + S4538587 + 84838581+

4 4 4.2 2 2.2 2.4 2
34825331 + 3453583? — 84838381 + 8483888’17 — 5453325§ — 345353333 + 345338 + 84838587 — 543331 + 54325?+

8.8.8 8.8 8.8 7.8 7,45 7 6.8 2 6.4 .6 5.8.3 5.4.7 5.3 4.8 4 4.4 .8
838587 + 8385 + 8387 + 8355581 — 835557 + 8381 — 83585587 — S358551] — 35587 + 8358587 — S38| + S35557 — S38587—
4.4 4.4 4 2 2.4.2 2 4 4.4

S385 — 8381 — sgsgs? + s§8281 + sgs‘? - sgsgs? — 838987 — sgs? — 33323? — 33sz — s%s? - sg — 8587 — sif + 1.
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