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Abstract

Finite plane strain bending is solved for a multilayered elastic-incompressible
thick plate. This multilayered solution, previously considered only in the
case of homogeneity, is in itself interesting and reveals complex stress states
such as the existence of more than one neutral axis for certain geometries.
The bending solution is employed to investigate possible in-plane and out-
of-plane incremental bifurcations. The analysis reveals that a multilayered
structure can behave in a completely different way from the corresponding
homogeneous plate. For a thick plate of neo-Hookean material for instance,
the presence of a stiff coating strongly affects the bifurcation critical angle.
Experiments designed and performed to substantiate our theoretical find-
ings demonstrate that the theory can be effectively used as a design tool for

predicting the capability of an elastic multilayered structure.
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Introduction

Natural (geological formations, biological materials) and man-made (sand-
wich panels, submarine coatings, microelectronic devices) structures are of-
ten made up of layers of different materials glued together, the so-called
‘multilayers’. The possibility of achieving large deformations in these struc-
tures is limited by the occurrence of various forms of bifurcations. For
instance, compressive strain is limited by buckling and subsequent folding
(see the example reported in Fig. 1.1 on the left), uniform tensile strain may
terminate with shear band formation and growth, while uniform flexure may
lead to the formation of bifurcation modes such as ondulations and creases
(see the example reported in Fig. 1.1 on the centre and right). Bifurcation
is therefore an important factor in the design of multilayered materials, so
that this has been the focus of a thorough research effort, which was ini-
tiated by Maurice A. Biot, Ref. [11], and continued by many others. In
particular, elastic layered structures deformed in plane strain and subject to
a uniform state of stress have been analyzed by Dorris and Nemat-Nasser,
Steif, Papamichos et al., Dowaikh and Ogden, Benallal et al., Triantafyllidis
and Lehner, Triantafyllidis and Leroy, Shield et al., Ogden and Sotiropou-
los and Steigmann and Ogden, Refs. [5, 20, 21, 40, 41, 45-50, 53, 54], on

the basis of the bifurcation problem of an isolated layer subject to uniform
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1. INTRODUCTION

Figure 1.1: Left: a stiff (30 mm thick, neoprene) layer bonded by two com-
pliant (100 mm thick foam) layers in a rigid wall and confined compression ap-
paratus (note that a separation between sample and wall has occurred on the
right upper edge of the sample). Centre: creases occurring at the compressive
side of a rubber strip, coated at the tensile side with a 0.4 mm thick polyester
transparent film, subject to flexure. Right: bifurcation of a two-layer rubber
block under finite bending evidencing long-wavelength bifurcation modes (the
stiff layer, made up of natural rubber, is at the compressive side of a neoprene
block).

tension or compression, Refs. [30, 35, 57].

In this thesis we have generalized the solution for plane strain bending
of an elastic block given by Rivlin, Ref. [42], and the subsequent analyses of
incremental bifurcations, Refs. [1, 2, 12, 13, 17, 22, 52], determinating the
stress/strain fields during finite bending for elastic multilayers and related
bifurcation analysis.

Finite bending of plates is a phenomenon common in nature and in
engineered processes. Leaves are often subject to large bending for var-
ious reasons: the pinguicola leptoceras, curls its leaf to trap insects, the
geranium—pratensis’ pod suffers a strong bending when seeds are dispersed,
and gramineae leaves deform into a tube to resist dehydratation. Moreover,
arteries unfold when cut longitudinally, on the left, thus showing that the
internal stress state developed during morphogenesis is compatible with a

finite bending. Bending is important in metalworking techniques and tissue-
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engineered blood vessels, in which the internal fibroblast sheets are wrapped
around a tubular support, Ref. [31]. In microelectronic devices, we may
mention that flexible solar cells (made up of layers, one of which contain-
ing three-dimensional nanopillar-array photovoltaics) have a 4 mm thickness
and are subject to bending up to a curvature radius of 3 cm, Ref. [23].

Although plates suffering finite bending are often made up of layers®, the
theory of finite elastic bending has been previously developed only under the
assumption of homogeneity, Ref. [27, 34, 42, 55]. Moreover, while certain
elastic multilayers can be bent until the tubular shape is reached without any
appearance of inhomogeneities, crazes develop for other systems (Fig. 1.1, in
the centre, and also Fig. 6.5), severely decreasing the elastic deformational
capability.

Since these crazes can be interpreted as bifurcation modes localized near
the surface, the bifurcation analysis becomes an important tool for design
purposes. However, theoretical, Ref. [12, 13, 17, 22, 28, 52|, and experimen-
tal, Ref. [26], approaches to bifurcation of plates subject to finite bending
have only been considered until now under the assumption of material ho-

mogeneity. Therefore, the aims of the present thesis are:

(i.) to provide an analytical solution to finite bending of an elastic multi-

layered thick plate deformed under the plane strain constraint;

(ii.) to analyse and solve the problem of two-dimensional bifurcations pos-

sibly occurring during bending;
(iii.) to validate our theoretical approach with experiments.

Analyzing the incremental problem we found that for several geometries
and stiffness contrasts the first (‘critical’) bifurcation load corresponds to

a long-wavelength mode, which results to be very close to the bifurcation

Leaves, arteries, and the flexible solar cells, Ref. [23], are complex structures com-

posed of at least three layers.



1. INTRODUCTION

load associated with the surface instability limit of vanishing wavelength?, a
feature also common to the behaviour of a homogeneous elastic block subject
to finite bending. This feature explains the experimental observation (on
uniform blocks, Ref. [25, 26]) that short-wavelength modes become visible,
instead of the long-wavelength modes that are predicted to occur before.
Therefore, the question was left open whether or not wavelength modes
longer than the short-wavelength modes available at surface instability and
visible in the experiments can be experimentally displayed with a layered
system in which an appropriate selection is made of stiffness and thickness
contrast between layers. We provide a positive answer to this problem in
this thesis, so that our calculations, based now on the compound matrix
method, Ref. [4, 36-38], allow us to conclude that there are situations
in which the long-wavelength modes are well-separated from the surface
instability, so that systems exhibiting bifurcation modes of long wavelength
can be designed. These systems have been realized by us and qualitatively
tested, showing that the theory predictions are generally followed, Fig. 1.1
on the right.

The solution for finite bending of an elastic multilayer discloses the com-
plex stress distributions that can be generated inside such structures as a
result of large strains. For instance, more than one neutral aris may be
present® (Fig. 3.3) and weakly stressed layers may ‘bond’ a highly stressed
one (Fig. 3.4). The determination of these stress states is of great impor-

tance in the design of multilayered structures, but then the question arises

2 Surface instability occurs in a uniformly strained half space as a bifurcated mode
of arbitrary wavelength, corresponding to a Rayleigh wave of vanishing speed. In the
limit of vanishing wavelength, surface instability can be viewed as a bifurcation mode
‘adaptable’ to every boundary and state of stress of a strained body, so that it becomes a

local instability mode (also called ‘failure of complementing condition’, Ref. [5]).
3 In our examples we have found situations with two (Fig. 3.2) and three (Fig. 3.3)

neutral axes. More than one neutral axis can occur as induced in a multilayer by thermal
loadings or residual stresses, Ref. [15, 16], in our context they occur under pure bending

loading as a consequence of large strains.
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Figure 1.2: Bifurcation in compression of a finely layered metamorphic rock
has induced severe folding, an example of a ‘accomodation structure’ (Treard-
dur Bay, Holyhead, N. Wales, UK; the coin in the photos is a Pound).

if such configurations can be achieved without encountering a previous bi-
furcation. In fact, one conclusion of the bifurcation analysis is that there
is a strong difference between bifurcation loads and geometries when homo-
geneous structures are compared with the corresponding layered structures.
For instance, a stiff and thin coating reinforcing an elastic layer strongly
decreases the bifurcation bending angle of the uncoated structure, a find-
ing fully consistent with the solutions obtained employing a surface coating
model by Dryburgh and Ogden and Gei and Ogden, Ref. [22, 24]. In a
bilayer, two neutral axes typically occur when a stiff layer is placed at the
compressive side of the system, a case in which the differential equations be-
come ‘numerically stiff’, so that we have employed an ‘ad hoc version’ of the
compound matrix method, which is shown to allow systematic investigation
of the situations in which more than one neutral axis occurs. In these cases
we find a sort of ‘inversion’ of the sequence of bifurcation modes with the
aspect ratio of the system, so that high-wavenumber modes are relevant for
lower slender ratios than small-wavenumber modes.

Experimentally, bifurcations of homogeneous elastic strips subject to

11
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1. INTRODUCTION

Figure 1.3: Bifurcation in compression with detachment of layers: a stiff (1
mm thick) plastic coating is detached from a foam substrate to which it was
initially glued (left), three layers of foam fold with detachment, clearly visible
near the edges of the sample (right).

bending have been investigated only by Gent and Cho, Ref. [26], although
the experimental setting is not particularly complex. To extend their analy-
ses to the case of layered plates, we have designed a simple device to impose
a bending angle to elastic strips on which bifurcations in the form of crazes
can be detected by direct visual inspection.

The bifurcation loads and modes are strongly sensible to the bonding
conditions between the layers, which may be perfect (as in the case of the
rock shown in Fig. 1.2), but often they are may involve the possibility of
slip and detachments, the so-called ‘delaminations’ (as in the cases shown
in Figs. 1.3).

A simple way to account for this crucial behaviour is to introduce in-
terfacial laws at the contact between layers. The simplest model of these
laws is linear and can be formulated assuming the interface having null,
Refs. [7, 9, 51], or finite (Refs. [6, 8, 14]) thickness. We will limit our at-
tention to zero-thickness linear interfaces, across which the nominal traction

increments remain continuous, but linearly related to the jump in displace-
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ments, that are unrestricted. For simplicity, the materials forming the mul-
tilayer are assumed hyperelastic and incompressible, according to the gen-
eral framework laid by Biot, Ref. [11], in which Mooney-Rivlin and Ogden
materials, Ref. [39], as well as the Jo—deformation theory of plasticity, are
particular cases. All the material in this thesis has been published in two

articles, see Refs. [10, 43, 44].
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Notation and governing

equations

The notation employed throughout the present thesis and the main equa-
tions governing equilibrium in finite and incremental elasticity are now
briefly recalled. Let x° denote the position of a material point in some
stress-free reference configuration By of an elastic body. A deformation &
is applied, mapping points of By to those of the current configuration B
indicated by = = £(x°). We identify its deformation gradient by F, i.e.,
F = Gradg, and we define the right, C, and the left, B, Cauchy-Green
tensors as C = FTF and B = FFT,

For isotropic incompressible elasticity the constitutive equations can be

written as a relationship between the Cauchy stress T and B as
T=-nl+uB+a B, detB=1, (2.1)

where 7 is an arbitrary Lagrangian multiplier representing a hydrostatic
pressure and aq, «_1 are coefficients which may depend on the deformation.

Alternatively, the principal stresses T; (i = 1,2, 3), that are aligned with
the Eulerian principal axes, can be obtained in terms of a strain-energy

function W, which can be viewed as a function of the principal stretches \;
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2. NOTATION AND GOVERNING EQUATIONS

(1 = 1,2,3). In the case of an incompressible material these relationships

take the form (index ¢ not summed)

OW (A1, A2, A3)
O\ ’

Egs. (2.1) and (2.2) are linked through the following equations (Ref. [7])

Ti=—m4+ N Ao =1, (2.2)

o 1 (T —TH)N (T —T3)N3
EEEPYEPY IPYEPY A=A

1 T —Ts To—T;

M- A2-A M- A2)

(2.3)

a_1 =

that allow to express coefficients a1, a—; in terms of the strain energy of
the body.

In the absence of body forces, equilibrium is expressed in terms of the
first Piola-Kirchhoff stress tensor § = JTF~T as DivS = 0, where Div is
the divergence operator defined in By.

Loss of uniqueness of the plane-strain incremental boundary-value prob-

lem is investigated, so that incremental displacements are given by

u(z) = &(z), (2.4)

where, henceforth, a superposed dot is used to denote a first-order increment.
The incremental counterpart of equilibrium is expressed by divd = 0, where
div is the divergence in the current configuration. The updated incremental

first Piola-Kirchhoff stress is given by
»=S8F", S=TFT_-TL'F T (2.5)

The linearized constitutive equation is
¥»=CL-n1I, (2.6)

where L = gradu and C is the fourth-order tensor of instantaneous elastic

moduli (possessing the major symmetries). Incompressibility requires that

16



trL = 0. Since ¥ = T — TL”, the balance of rotational momentum yields
Y19 — Y91 = Ty L1o — T1 Loy, and a comparison with eq. (2.6) shows that (no

sum on indices i and j)
Cijji + Ti = Cyiji (i # J)- (2.7)

For a hyperelastic material, the components of C can be defined in terms of
the strain-energy function W.

For the plane strain problem addressed here the fourth-order tensor C
can be written in terms of 2 incremental moduli p and p*, their explicit

form will be given

_ A (At 1dw _A @JFA‘FW (2.8)
F=5\—1ax |0 "~ 2\ ax e ) '

where W = W(A, 1/, 1), due to incompressibility. In the following, exam-
ples are given for a neo-Hookean material, which is the initially isotropic

elastic solid with strain energy given by
_ Ho 22
W—7(A1+>\2—2), (2.9)

where A\ and Ay are the principal in-plane stretches. Due to incompressibil-

ity A = Ay and Ay = 1/), so that
Ti=po(\ =A%), and p=p*= %(AQ +A7%), (2.10)

where the former is the uniaxial tension law (along axis xz3). Notice that the

ratio between 77 and p is

Ty 202 —=X7?)

DS i (2.11)

and its value is always ranging between —2 (infinite compression, A — 0)

and 2 (infinite tension, A — +00).
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2. NOTATION AND GOVERNING EQUATIONS

In the case of an out-of-plane analysis the fourth-order tensor C is de-
pendent on six moduli y; and pf (¢ = 1,2,3) (no sum on index), see Refs.
[11, 39], which for a hyperelastic material can be written as
0*wW

ow 0*wW

_ e 2 . B . .
=Mon TN o ZA A’aA o PN, U RS,
A2+ , ,
QMZ(Tj—Tk))\Q X2 (J #k #1).

(2.12)

In the ensuing analysis of multilayers two types of interface conditions

will be employed: perfect bonding, where both incremental tractions and

displacements are continuous and imperfect interface (compliant interface),

where the incremental shear stress is linearly dependent on the jump of
incremental transverse displacement.

In the former case, where the layers are perfectly bonded, the imposed

interfacial conditions are:

e continuity of tractions across the interface

Stn=3X"n; (2.13)

e continuity of incremental displacements

ut =u". (2.14)

In the latter case, we employ a particular case of the compliant interface
model of Suo et al. and Bigoni et al. (Ref. [51] and [9]) for which, in addition
to eqn. (2.13), the radial incremental displacement w, is continuous across
the interface while a compliant law relating the incremental shear stress to

the transverse displacement jump is imposed, namely

S S + Ss)—
() =8 (uf™" =), (2.15)

r:rés)

Here, 8y is the instantaneous interface stiffness of dimension [stress/length].
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3

Finite pure bending of an

elastic layered block

The solution for pure bending of an elastic layered thick plate made up of NV
layers follows from ‘assembling’ solutions relative to the bending of all layers
taken separately, a solution first given by Rivlin (Ref. [42]). Therefore, we
begin recalling this solution with reference now to a generic layer. To this
purpose, we consider plane-strain flexure of an incompressible rectangular

elastic layered plate, of initial dimensions ly X hg (see Fig. 3.1b).

3.1 Kinematics

In the reference stress-free configuration, a Cartesian coordinate system

O 7964 5005) 006

at its centroid (see Fig. 3.1a). Denoting by e? (i = 1,2,3) the common

is introduced for each layer denoted by index s, centered

cartesian basis, the position of the generic point z00) is given by
206) = 200 0 4 3 00) g0 4 500) g0 (3.1)
with
22 e [=n$ 2,080 2], a5 e [—1o/2,10/2), 23 € (—o0, +00). (3.2)

19



3. FINITE BENDING OF A LAYERED BLOCK

XU(S)
/ ¢
= oY > = —>
0
hy he’ h§ hY
e
ho
L
s-th layer in the Reference Deformed
reference config. configuration configuration

(a) (b) (c)
Figure 3.1: Sketch of a generic layered thick plate subject to finite bending.

The deformed configuration is a portion of a cylindrical tube of semi-
angle #. It is useful to introduce here a cylindrical coordinate system
OB r()g() () with basis e,, ey and e, where points of the s—th layer
are transformed to points identified by

r) e [7“2(8),7‘2(8) +h9] 08 e [-6,46], 2% e (—o0,+0).
The deformation is prescribed in a way that a plane at constant :E?(S)
transforms to a circular arc at constant (¥, while a plane at constant :Eg(s)
transforms to a plane at constant #(9). The out-of-plane deformation is null,
so that xg(s) = 2(8). The incompressibility constraint (conservation of areas)

imposes that

(s) (s)
(s) _ lohg” h
Ty = 29_}1(5) 2 9 (33)
where h(®) is the current thickness of the circular sector, to be determined.

The deformation, in this condition, is described by functions
P = @0, 9O = g0y, 6 =0 (3.4

20
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3.1 Kinematics

so that the deformation gradient takes the form

dr(®) do‘®)
e, @ el +r®)
dx(l)(s) " E

FG) = eg @ eh+ e, ® e (3.5)

dxg(s)

The right and left Cauchy-Green tensors are

2 2
dr(s) dot)
ct — < " > e?®e9+<r(s>—) e3 @ es+e] @ e,

0(s 0(s

da ) 2 dar 2 (3.6)
dr(®) do®)

B(s): —5G) e, e, + T(S)T eg X ep+ e, ey,
dml s dx2 s
so that we identify the principal stretches to be
(s) (s)
/\gs) _dr )\gs) — 7 db and Ags) =1. (3.7)

dx(l)(s) ’ dxg(s) ’
Imposition of the incompressibility constraint reduces the deformation to

the simple form

2 s s
o5) \/—:1:(1]( 486, 9 = o520 (3.8)
a(s)
so that, using eqn. (3.4), the principal stretches can be evaluated as
M= a6 and AD =1, (39)
T a(s)r(s) N

where a® and () are constants which are fixed by boundary conditions.

For the s—th layer of a multilaminated, these are

e at a:g(s) = +l/2, 0% = £0, from eqn. (3.8)2, #) = +al¥iy/2,

yielding )
ol =2, (3.10)
lo
note that a(®) is independent of the index s;
° at x(l)(s) = —h(()s)/2, r(s) = TZ(S), from eqns. (3.3) and (3.8)4, TZ(S) =
7(®) (—h(()s)/Q), yielding
(s)
B = ¢ 10k (3.11)

26
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3. FINITE BENDING OF A LAYERED BLOCK

Since the N layers are assumed to be perfectly bonded to each other and
the s—th layer has current thickness h(*), we have

#(8) _ p=D) y ps-1) (s=2,...,N), (3.12)

3 3

with 7‘2(1) given by 7‘2(1) = loh((]l)/(Zéh(l)) —hM /2, see eqn. (3.3). A repeated
use of eqns. (3.3) and (3.12) provides all thicknesses h(®) (s = 2,...,N)
expressed in terms of the thickness of the first layer A1), which remains the
sole kinematical unknown of the problem, determined from the solution of

the boundary-value problem described in Section 3.2.

Since eqn. (3.12) is imposed at each of the N — 1 interfaces between
layers, all radial coordinates r(*) share the same origin O of a new cylin-
drical coordinate system Orfz, common to all deformed layers (Fig. 3.1c);
therefore, index s on the local current coordinates will be omitted in the
following so that the deformed configuration will be described in terms of
the global system Orfz.

As a conclusion, the kinematics provides all the stretches in the multi-
layered which can be represented as

lo /\_2;%

L= =2 and A =1, 3.13
201 T (3.13)

and the current thickness of the s—th layer, h(®), as a function of h(5~1),

namely
(s=1)  }(s—1) (s=1) =1\ 2 (s)
O L W (. W By o)
20h(s—1) 2 20h(s—1) 2 6

(3.14)
Therefore all current thicknesses are known once the thickness of the first

layer, h(!)| is known.
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3.2 Stress

3.2 Stress

We are now in a position to determine the stress state within the multilayer.

In particular, the Cauchy stress tensor in generic layer s can be written as
7)) — T,{s)er ® e, + Te(s)eg ® ey + Tz(s)ez ® e, (3.15)

where, from the constitutive equations (2.2),

oW ) oW ()
TG) = —20) L\, 7 = 7 1
A T 4+ A an 0 % 4+ g By (3.16)
oW (s)
(5) — _(s)
T, T 4+ o
=1
Since stretches depend only on 7, the chain rule of differentiation
d- - d\. 0 dA
0 (3.17)

dr — 0N dr " OXg dr
together with eqns. (3.16) and the derivatives of stretches with respect to r

calculated from eqn. (3.9), can be used in the equilibrium equations

ot T — T aTy
— - 1
or © r 0 00 0 (3-18)

to obtain the identities

aw® T art

= . 3.19
dr r dr ( )
Therefore, identifying Ag with A\, we arrive at the expression
T (r) = WO Ar) +1, (3.20)
where
WE(A(r)) = WEL/A(r), A7), 1), (3.21)
and ) is an unknown integration constant. From eqn. (3.18); we finally
obtain -
s 20 /. s
T, (r) = 7 (W) 4+ W) 440, (3.22)
0
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3. FINITE BENDING OF A LAYERED BLOCK

where the prime denotes, now, differentiation with respect to A

Constants v(*) (s = 1,...,N) and thickness h(") can be calculated by
imposing: (i.) continuity of tractions at interfaces between layers (N — 1
equations) and (ii.) traction boundary conditions at the external boundaries
of the multilayer (2 equations). Considering N layers, the traction continuity

at the interfaces write as
TE DD 4 ey =70y (s=2,... | N), (3.23)
while null loading at the external surfaces of the multilayer yields

Oy =0, T™EN + 1) =0, (3.24)

Therefore, vV) can be calculated from eqn. (3.24),
AN = ™ (A(ri(N) + h<N>)) , (3.25)
while employing eqn. (3.23), we obtain the recursive formulae
AT = WO (AG) =W (AG)) 14 (s =2, V). (3.26)

Considering now eqn. (3.24); and evaluating v(!) from eqn. (3.26) writ-

ten for s = 2, we obtain an implicit expression to be solved for AV
W@ (Ar®)) = (A« + WO (M) +4@ =0, (327)

where h(?) and v are functions of A(), through eqns. (3.14) and (3.26),
respectively.

Note that if the strain-energy function is the same for all layers, the
multilayer corresponds to a homogeneous elastic block with thickness equal
to the sum of all A(®); in this case eqn. (3.26) shows that A8 = ~(N)for

every s, and the uniform layer solution is recovered.
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3.3 Examples of multilayered plates under finite bending

3.3 Examples of multilayered plates under finite

bending

The solution obtained in the previous section is interesting in itself and
can be easily used for design purposes, since it allows determination of the
complex stress and strain fields within a thick, multilayered plate, when
subject to finite bending. To highlight the usefulness of the solution, we
present a few results for finite bending of an elastic thick plate, coated with
a thin and stiff layer, and of a three- and five- layer structures, assuming a
neo-Hookean behaviour for both materials.

Deformed geometries for the coated layer (with lo/hy = 2, h(()lay) / h((]coat) =
10 and p(c9t) /1(lay) = 20) are shown in Fig. 3.2, together with graphs of the
dimensionless Cauchy principal stresses T}.(r)/u®) and Tp(r)/u®¥). The
deformed configurations plotted in the upper part of Fig. 3.2 correspond to
critical configurations at bifurcation (see Section 4.2), while those reported
in the lower part lie beyond the critical bifurcation threshold, so that they
are reported only with the purpose to show the evolution of the solution
of finite bending at very large angles. Note that the transverse stress is
always compressive, while the distribution of Ty(r) strongly depends on the
stiffness of the layer under consideration and gives a null resultant, so that
it is equivalent to the bending moment loading the plate. For all cases, the
neutral axis (the line corresponding to vanishing circumferential stress) is
drawn, showing the effect of the coating on the global stress state. Note
that in the lower figure on the left, two neutral axes are visible. This is
an important feature, which is also investigated in Fig. 3.3, referred to a
three-layer plate. In this structure, where the initial aspect ratio is 1, the
shear stiffness contrast is 20 and ratio between layer thicknesses is 5, three
neutral axes become visible starting from a bending semi-angle of 56°, so
that to give evidence to this effect a bending semi-angle of 90° is imposed in

Fig. 3.3. Finally, a complex situation with 5 layers with initial aspect ratio
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3. FINITE BENDING OF A LAYERED BLOCK

N TG T

/h,=2
ho(/ay)/ho(coat) = 1 0
l/l'(cua{)/'J’(Iay)=20

neutral axes
®

/'\

T /“(/ay)
0

©

_ 0=2.44 rad
0=2.44 rad

— T, T

Figure 3.2: Undeformed (center) and deformed (upper and lower parts)
shapes and internal stress states for finite bending of neo-Hookean coated
plates with lo/ho = 2, K™ /hi°™ = 10 and p(eo® /p(ev) = 20. Dashed
lines represent the neutral axes. Note that in the picture in the lower part on
the right the neutral axis is almost coincident with the interface between the
two layers, while on the left two neutral axes are visible. Note the scales of
diagrams for dimensionless stresses.
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3.3 Examples of multilayered plates under finite bending

I/h,=1
h,"h,"=5
h,/h,"=5
H(a)/u(b)=20
]J,(b)/].l(c)=20

material (a) neutral axes

material (b)
material (c)

Figure 3.3: Finite bending of a neo-Hookean three-layer plate showing three

neutral axes.

T,/ I/h,=4, h,"/h,"=3.5, n®/u®=10
T, /"

10 T,/u®, T, /u®

|/

material (a)
material (b)

6=0.52 rad 6=n/2 rad 0=2.44 rad

Figure 3.4: From left to right: undeformed and progressively more deformed
shapes and internal stress states for finite bending of a neo-Hookean five-layer
plate with lo/hg = 4, héb)/héa) = 3.5, u(®/u® = 10. Note the scales of

diagrams for dimensionless stresses.
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3. FINITE BENDING OF A LAYERED BLOCK

lo/hg = 4 is reported in Fig. 3.4, where three configurations are shown at
different bending angles 0. The layers are made up of two materials, (a) and
(b), such that h(()b)/h(()a) = 3.5 and p@/u® = 10. As in Fig. 3.2, the two
principal components of the Cauchy stress are drawn. A peculiar feature of
the stress state is the positive sign of the circumferential stress Typ(r) in the
inner, stiff layer, to be compared to the negative sign in the two adjacent
layers. This situation once more confirms the presence of two neutral axes,
one of which in this case is ‘virtual’, in the sense that it is obtained joining

the ‘peaks’ of the diagram of the positive stresses.
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4

In-plane incremental
bifurcations superimposed on
finite bending of an elastic

layered block

The goal of this section is to address the plane-strain bifurcation problem of
the multilayered thick plate subject to finite bending, considered in Chapter
3.

4.1 General formulation

We begin by analyzing the incremental field equations for an isolated layer
and we continue formulating the multilayered problem by adding the relevant
interfacial and external boundary conditions. We refer to Chapter 2 for the
notation.

The gradient of incremental displacement u(x) is

Upg — Up Up + Ug g

L=u,e ®e + €r®€9+u€77«69®er+T69®69, (4.1)
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4. IN-PLANE INCREMENTAL BIFURCATIONS

and the incompressibility condition (trL = 0) can be written in polar coor-

dinates as

Uy + Up + ugg = 0. (4.2)

For an incompressible isotropic elastic material, the components of the
constitutive fourth-order tensor C [see eqn. (2.6)] can be written as function
of two incremental moduli, denoted p and pus, that depend on the deforma-
tion. The non-vanishing components of C may be expressed as

CT’T’T’T’ = 09099 = 2”* + p, COT@?“ =M — P,

(4.3)
CTGTG =pu+ Pa Cr@@r = COTT@ = [ +Dp,

where

Ty — T, Ty + T,
L et S Il (4.4)

I
2 2

describe the state of prestress. For hyperelastic materials, u and p, can be

given in terms of the strain-energy function W (\) as

A (Nrab) (@b e ws)
Peo\v=1ax )0 72 lax T A ) '
The incremental constitutive equations in terms of the incremental first

Piola-Kirchhoff stress tensor can be written as

. . Up + Ug 9
Spr = =7+ Qe+ D)ty Vg = 7+ (2 + ),
Upg — Ug Uy — Ug
27“9 - (M + P)ri + (M +p)u€,r7 297‘ = (M +p)T7 + (N - P)ue,r-

(4.6)
A substitution of eqns. (4.6) and the use of eqn. (3.18); in the incre-

mental equations of equilibrium written in polar coordinates

1 Y — 2
er,r + ;27‘9,9 + TTT% = O,

by by
or + 7’(9207
T

1
Xory + ;299,9 +
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4.1 General formulation

yields the incremental equilibrium equations written in terms of incremental

displacements and in-plane mean stress

Tr = {(p + 2#*),? + %} Upr + (p + 2”*)uTvTT
Urgg — Ug,0

g0
Hu+ D)=+ +n—"—

)

. Urp — U
™o = [T(N - F)ﬂ“ + = P] <u€,r + %) + T(N - F)UG,TT + (N - 2#*)'“7‘,97"'

(4.8)
We seek bifurcations in the following separable-variables form
up(r,0) = f(r)cosnb,
ug(r,0) = g(r)sinnb, (4.9)

7w(r,0) = k(r)cosnd,

where f(r), g(r) and k(r) are real functions and n is a real number to be
determined by imposing boundary conditions.

Consideration of the incompressibility constraint

g= —w, (4.10)

and substitution of representations (4.9) into equs. (4.8) yields
C+2D E(l—n?
I

r2C F+3C f,,+<F >f,_1—n25

K =Df" + <C,r +D, +
(4.11)

_ "
k= nzf T E_D 2

[

n r

where a prime denotes differentiation with respect to r and in terms of in-
cremental moduli ¢ and p, and strain-energy function W()\), the coefficients

C, D, F and F can be expressed as

A dW [ d2W 2 dW
-y =" D=2 —p=2 | orn - 2 27
C=n M1 dn’ Ha = K 2</\d/\2 >\4—1d/\>
D7
E—/L—‘-F—mﬁ, F—TC,,«—l—C.

(4.12)
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4. IN-PLANE INCREMENTAL BIFURCATIONS

By differentiating eqn. (4.11), with respect to r and substituting it into

eqn. (4.11)1, a single differential equation in terms of f(r) is obtained

Crif" + 2(F +2C)r3 f" + (rF),+4F — 2n2D)r? f

(4.13)
+[(rF —2rn?D) . — 2Frf' + (1 = n?)(F —rF, —n?E)f = 0.

Eqn. (4.13) defines the function f(r) within a generic layer. Once f(r) is
known, the other functions, g(r) and k(r), can be calculated by employing
eqns. (4.10) and (4.11), respectively. The set of all functions f)(r) (s =
1,..., N) can be obtained imposing the continuity conditions at the interfaces
and the boundary conditions at the external surfaces.

In the case of perfect bonding the continuity of incremental tractions

and displacements at interfaces is imposed, which correspond to

(s) _ (st (s) _ L (s+D)
uT T’:T((gS) - " ‘T:T’ES+1) ’ ue T:T’és) - ue T’:TES+1) ’
(s) _ (st () _ g5+ (4.14)
By = T ‘T:rgsw’ Zor |,y = For | e
where rés) = TZ(S) + k() or, in terms of functions defined in eqn. (4.9),
(s) — f(s+1) (s) — o(stD
f r:r.(is) =/ ‘r:r(SJrl) ’ g T=T’£S) -9 e

{(p+2u) f =k}

o = {0+ 2p) f — kY

7
r=r r:rgerl)

{Cd—%Mf+m@+uﬁ@

()

r=r¢

;1 (s+1)
Z{Cg—;mf+m@+u%
r:rEerl)

(4.15)
The case of imperfect interface is ensured employing the following bound-

ary conditions:

e continuity of incremental tractions at interfaces:

s+1 s
= o Sy

’
r:rés) r:rEerl) " r:rgs

(s) _ y(st+1)
ET’T’ y — 207’

1)
r:r£5+1)

(4.16)
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4.1 General formulation

e continuity of the radial component of the incremental displacement at

interfaces;

(s)

ul NEEY

r:r((gs) T

T:T’(S+1) Y (417)

e imperfect ‘shear-type’ interface, see eqn. (2.15),

g

s+1)t s)”
0= (wg™" —u? ) (4.18)

where 8y is a shear stiffness, so that perfect bonding is recovered in

the limit 89 — oc;

For dead-load tractions on the external surfaces, the boundary conditions
(1) (N)

at r=r,  and r =re ' are
(1),(N) _ (1),(N) _
s r=r(D N 0. o r=r® N 0, (4.19)
or, equivalently,
{0 +20) f' = YO )y =0,
.1 (1),(N) (4.20)
{Cg —;(nf+g)(p+u)} = 0.

r:ril) ,réN)

On the boundaries § = 46 we require that shear stresses and incremental

normal displacements vanish, namely

=0, u((,s)

= 4.21
0=+0 0, ( )

a condition which is achieved if sinnf = 0 [see eqn. (4.9)] or, equivalently,
using eqn. (3.10), if

2mm
n —=

—  (meN). (4.22)
Oélo

Since our objective is to employ a numerical method to evaluate the
critical angle for bifurcation .., it becomes instrumental to rewrite eqn.
(4.13) as a linear system of first-order ODEs. This and the procedure to

derive numerically the bifurcation condition is described in Chapter 5.
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4. IN-PLANE INCREMENTAL BIFURCATIONS

Eqn. (5.14) provides the critical angle for bifurcation, 6., for a multi-
layered elastic plate subject to bending in terms of initial aspect ratios and
stiffness contrast between layers. Once this angle is known, eqn. (3.13)2

yields the critical stretch A.. = 2écrr§1) /lo.

4.2 Bifurcation of a bilayer

Although our analysis covers the case of a N-layer system, we will limit ex-
amples to the simple geometry of a two-layered system, also experimentally
investigated, where one of the layers is taken thin and rigid with respect to
the other, so that it acts as a sort of stiff coating. Both layers are made up
of neo-Hookean material (for which the response always remains elliptic).
The critical angle .. and the critical stretch A.. (at the compressive
side of the specimen) at bifurcation are reported in Figs. 4.1 and 4.2 as
functions of the aspect ratio ly/hg (unloaded height of the specimen is [
and global thickness is hg, see Fig. 3.1), for the thickness and stiffness

((]lay) / h(()coat) =10 and (e /;(9y) = 20, respectively. In the figures,

ratios h
bifurcation curves are reported for different values of the integer parameter
m which, through eqn. (4.22), defines the circumferential wavenumber n.
Obviously, for a given value of ly/hg the bifurcation threshold is set by the
value of m providing the minimum (or maximum) value of the critical angle
(or stretch). The difference between Fig. 4.1 and Fig. 4.2 is that the coating
layer is at the tensile side of the specimen in the former case, while it is at
the compressive side in the latter. In the same figures, also the threshold
is reported for surface instability of the ‘soft’ layer material (Agyt ~ 0.545,
Ref. [11]). It can be deduced from the figures that a diffuse mode setting

the bifurcation threshold always exists before surface instability, for each

aspect ratio lp/ho'. It is important to observe that the occurrence of the

! For a single elastic block, Triantafyllidis, Ref. [52], claims that surface instability
occurs before diffuse modes, while Coman and Destrade, Ref. [17], on the contrary demon-

strate that the first instability mode is diffused. However, the two points of view can be
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4.2 Bifurcation of a bilayer

or
0.565

351
ecr annular configuration
1 7 K 7
3k : ’ S S
! K 7 \.'So".* ;
/ , , ‘\Q% o 10
- " B 7 %
7 K , 008 5
L / K R
25 K NS |
7 K X . |
/ 4/ ‘ |
. ’ |
! VA \ ‘
oL / A | coated layer:
, .
/ , 7 } } H(coat) /M(lay)= 20
’ |
. I
’ 6 L1 h™Ih*=10
15F 7/ | I
/ I
: I
K \ |
Ky I |
1 /'/ 7 4 | ‘ 0
r I
iy \ | 0
2 I
3 | I }
I ! |
05- | \ |
2 | I |
I ! [
m=1 | | ‘
| I
0 i L | t Il Il
0 1 ! I
I I
I I
| |
| |
I I
| |
I I
I I
I I
I I
I I
I I
I I
I I
I I

——— e @

0.56 -

0.555 -

0.55

0.545 -

0.54
0

Figure 4.1: Critical angle 0., and critical stretch A, (evaluated at the internal
boundary, r = rgl)) versus aspect ratio lp/hg of a neo-Hookean coated bilayer
subject to bending with hélay)/h((foat) = 10 and pfe0e) /yllev) = 20. The
coating is located at the tensile side. In both plots, a small circle denotes a
transition between two different integer values of m (the parameter which sets
the circumferential wavenumber). The small ‘square’ on the bifurcation curve

indicates the configuration studied in Fig. 3.2, top-left position.
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Figure 4.2: Critical angle 0., and critical stretch A, (evaluated at the in-
ternal boundary, r = 7“51)) versus aspect ratio lo/hg of a neo-Hookean coated
bilayer subject to bending with hélay)/hécoat) = 10 and plcot) /ev) = 20,
The coating is located at the compressed side. In both plots, a small circle
denotes a transition between two integer values of m (the parameter which sets
the circumferential wavenumber). The small ‘square’ on the bifurcation curve
indicates the configuration studied in Fig. 3.2, top-right position.

36


4_incremental2D/figure/lmbd_vs_theta_coated_compresso.eps

4.2 Bifurcation of a bilayer

351
or annular configuration
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Figure 4.3: Comparison between the critical angle 0., at bifurcation versus
aspect ratio lp/hg of two neo-Hookean coated bilayers subject to bending with
coating at the tensile side with p(°e) /(le¥) = 20 and hglay)/hécoat) =10 and
20, respectively. In every curve, a small symbol denotes a transition between
two different integer values of m (the parameter which sets the circumferential

wavenumber). Bifurcation angles for a single, uncoated layer are also reported.

critical diffuse mode is very close to the surface instability when the coating is
located at the tensile side of the specimen (Fig. 4.1), while the two thresholds
become well separated in the other case, namely, when the coating is located
at the compressive side (Fig. 4.2). This is because, in the latter, bifurcation
takes place with a buckling-like mode in the coating, then occurring at a
low axial stretch in the stiff layer. We can also observe from Fig. 4.1 (Fig.
4.2) that for lo/ho > 10 (for ly/hy > 6) the coated structures can be bent to

the annular configuration without ‘encountering’ any instability.

reconciled, since for a single layer the surface instability and the instability in diffused

modes are very close and may be taken to coincide in a first approximation.
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25

0.5

Figure 4.4: Comparison between the critical angle 6., at bifurcation versus
aspect ratio lp/ho of two neo-Hookean coated bilayers subject to bending with
coating at the compressed side with p(¢°%t) /(lev) = 20 and hglay)/hécoat) =10
and 20, respectively. In every curve, a small symbol denotes a transition be-
tween two different integer values of m (the parameter which sets the circum-

ferential wavenumber). Bifurcation angles for a single, uncoated layer are also

reported.

Some typical finite configurations and stress distributions at bifurcation

The critical angle at bifurcation is reported in Figs.

hgay) / h(()coat) = {10, 20} when the coating layer is on the tensile and on the

annular configuration

uncoated

layer

coated layer:
M(coal)/l.l(/aw=20

¢ h,"/h, =20
H ho™1h, =10

of the stiff layer.

1 |
4 6 8 10 12 14 |0/h016

corresponding to ly/hyp = 2 in Figs. 4.1 and 4.2 (indicated by small ‘square

symbols’ on the bifurcation curve) are sketched in Fig. 3.2 for both positions

a function of the aspect ratio ly/hg for two values of coating thickness,

compressive side, respectively. In the same figures the case of the uncoated

layer is also reported for comparison. Note that results reported in Fig. 4.3

are similar to those reported in Fig. 6.1, since the coating is in the same
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4.2 Bifurcation of a bilayer

position, though the stiffness ratio between coating and layer is different and
equal to 20 in the former case and 500 in the latter. It is evident from the
figures that the bifurcation solution for a single layer is approximated by a

straight line, so that we can write down the approximated solution

Ber = 0.7121y / ho, (4.23)

which has passed unnoticed until the present work.

We may also notice that a linear relation between ., and I /hg is also
evident in the cases of Figs. 6.1, 4.1, and 4.3, while such a linear relation
holds only at high values of ly/hg in the cases of Figs. 4.2 and 4.4. Moreover,
the inclination of such lines depends on the elastic and thickness contrasts
between layers, so that a simple formula like eqn. (4.23) is hard to be
obtained.

Results for bifurcation of bent configurations for bilayers are presented
in Figs. 4.5 and 4.6, in terms of critical semi-angle 0. (upper part) and
(1)

critical stretch at the compressed side of the specimen [A.,(r;

), lower part]

as a function of the ‘global’ aspect ratio (the initial length divided by the
initial total thickness). The ratios between the thicknesses and the shear
coefficients yg of the layers are (1 mm)/(5 mm) and (7 N/mm?)/(1 N/mm?)
for Fig. 4.1, respectively, and (3 mm)/(40 mm) and (2.687 N/mm?)/(0.095
N/mm?) for Fig. 4.2. The various curves reported in Figs. 4.5 and 4.6
represent solutions corresponding to different bifurcation modes, singled out
by the circumferential wavenumber m. The mode visible in an experiment
is that corresponding to the lower value of the critical semi-angle, 6., or to
the higher value of critical stretch at the compressed side, A... Note that
the gray zone represents the range of aspect ratios and bending semi-angle
for which two neutral axes occur.

Within the set of aspect ratios and stiffness contrast analyzed in Fig. 4.5,
a bifurcation only appears when two neutral axes have been formed, while it

may occur when two or one neutral axes are present in Fig. 4.6. In all cases
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4. IN-PLANE INCREMENTAL BIFURCATIONS

analyzed, including Figs. 4.5 and 4.6, we have found that the gray zone in the
0.—lo/ho graphs is bounded by a straight line, becoming a horizontal line in
the \e;—lp/ho representation. The special feature emerging from Fig. 4.5 is
that the mode m =1 of bifurcation becomes the critical mode for sufficiently
high slenderness, so that here long-wavelength bifurcations (corresponding
to small m) become well-separated from surface modes (corresponding to
high m) and thus fully visible. This feature is also present in Fig. 4.6, which
has been produced with values of parameters corresponding to commercially
available rubbers (and tested by me, see Chapter 6). In this way it has been
possible to produce the two samples shown in Figs. 6.6 and 6.8, differing only
in the aspect ratio (taken equal to 2 for the sample shown in Fig. 6.6 and
1.5 for that shown in Fig. 6.8) and evidencing long-wavelength bifurcation
modes.

We provide a justification of the finding that, when two neutral axes
occur in a bilayer, the stretch (at the compressed side) is independent of
the global aspect ratio ly/hg, so that the gray zone (corresponding to the
presence of two neutral axes) is bounded by a horizontal (inclined) line in
the Aer—lo/ho (in the 6.,.—1ly/hg) representation, Figs. 4.5 and 4.6.

The explanation of this effect is based on two observations. (i.) During
progressive bending of a bilayer with the stiff layer under compression, one
neutral axis is present from the beginning of the bending within the soft
layer, while the second neutral axis always nucleates at the interface between
the two layers (and then moves in the stiff layer). (ii.) When the second
neutral axis nucleates, the radial Cauchy stress 7). at the interface between
layers takes a value independent of the initial aspect ratio ly/hg. We can
therefore operate on a single layer by imposing, in addition to the usual
bending, a pressure P! at one of its external sides (of initial length o) to
correspond to the radial stress at the interface between layers. In particular,
we can apply P¢! at the side where the longitudinal stretch is greater than

1.
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Figure 4.5: Critical angle 0., and critical stretch A, (evaluated at the internal
boundary, r = 7“51)) versus aspect ratio lo/hg for a Mooney-Rivlin bilayer
coated with a stiff layer and subject to bending with hél)/h((f) =(1 mm)/(5
mm) and 8" /P =(7 N/mm?)/(1 N/mm?). The stiff layer is located at
the side in compression. In both plots, a small circle denotes a transition
between two integer values of m (the parameter which sets the circumferential
wavenumber). In the lower plot, the insert contains a magnification of the
region where bifurcations occur at low lp/hg. Two neutral axes occur in the

region marked gray. 41
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Figure 4.6: Critical angle 0., and critical stretch A, (evaluated at the internal
boundary, r = 7*1(1)) versus aspect ratio ly/hg for a Mooney-Rivlin bilayer
coated with a stiff layer and subject to bending with h(()l)/hgf) =(3 mm)/(40
mm) and ugl)/,u,(f) =(2.687 N/mm?)/(0.095 N/mm?). The stiff layer is located
at the side in compression. In both plots, a small circle denotes a transition
between two integer values of m (the parameter which sets the circumferential
wavenumber). In the lower plot, thejgnsert contains a magnification of the
region where bifurcations occur at low lo/hg. Two neutral axes occur in the

region marked gray.
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4.2 Bifurcation of a bilayer

To operate in dimensionless form, we introduce, from eqns. (3.9) and

(3.13), the kinematic unknowns

20 r - h
a=— F=— h=— 4.24
a ’ " ho’ h()’ ( )

where a = ly/hg is the aspect ratio of the undeformed configuration. The

internal and external non-dimensional radii, from eqn. (3.3), are

r; = -

a h -
L e 4.2
555 % 7 i+ h (4.25)

As we want to write the bending problem in terms of the variable \; = A(7;),

we calculate  as a function of a, h and \;, so that eqn. (3.13)y gives

g2 <i - A,-) : (4.26)

Ae == — N\ (4.27)
The boundary conditions for the layer under consideration are now
T,(7) =0, T,(7e) = P, (4.28)

where

_ Mo (2 1
T, = 7 </\ + ﬁ) + 7,
can be written from eqn. (3.16);. Eqn. (4.28)y provides the coefficient v in

the form

1

exr Ho
y=P t—7<A§+A—2>, (4.29)

while, on the other hand, eqn. (4.28); is equivalent to

, 1 pert 2 22 -
o — (- ) | =0 4,
AZ+AZ2+ " Foh) (A 0 (4.30)
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3.5
60! " .
.annular configuration. e
sl 1
2rozso(l'lo+'l'lo-)
250 Seho/u,

0

0.5F

Figure 4.7: Critical angle 0., at bifurcation versus the ‘global’ aspect ratio
lo/ho of two Mooney-Rivlin identical layers jointed through a ‘shear type’ im-
perfect interface. The dimensionless stiffness Sgho/uo takes the values 1, 5,
and 10. The insert specifies the different values of m (the parameter which

sets the circumferential wavenumber) at bifurcation for 8gho/po = 1.

from which it is clear that the unknown h is independent of a (but remains
dependent on \;, g, and P*t). Therefore, since a neutral axis corresponds

to

Ty(F,) = 0, (4.31)

eqns. (3.16)2, (4.29), and (4.27) show that the neutral axis condition is
independent of a, so that the solution in terms of A; becomes only a function
of jip and P!, The effects of an imperfect interface on bifurcations of a
layered block under bending has never been analyzed, so that we limit the
discussion to a simple situation, while a more detailed presentation will be

the subject of future research. The simple example analyzed in Figs. 4.7
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4.2 Bifurcation of a bilayer

0 annular configuration 0 annular configuration
N 100 | —
m=1 m=2

2.5

2:re=se(ue+'us-)

0

0.5

1 2 3 4 5 6 0 1 2 3 4 5 6
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Figure 4.8: Bifurcation angles 6 at fixed circumferential number m versus
the ‘global’ aspect ratio lo/ho for two Mooney-Rivlin identical layers jointed
through a ‘shear type’ imperfect interface as in Fig. 4.7. Left: m=1; right:
m=2. A small number near a curve denotes the value of the dimensionless
stiffness Sgho/po-

and 4.8 pertains to a uniform elastic block divided into two parts through
an imperfect interface of dimensionless stiffness Sypho/po. Note that the
interface is placed along the initial neutral axis. Results presented in Fig.
4.7 are in terms of the critical bending angle for bifurcation 0., versus the
initial ‘global’ aspect ratio ly/hg, while similar results are reported in Fig.
4.8, but for a fixed circumferential wave number m. Therefore, § reported
in Fig. 4.8 is not ‘critical’, in the sense that it is the bifurcation angle at
fixed m, while 6., is the smaller 8 for every m.

The results in Figs. 4.7 and 4.8 strongly depend on the dimension-
less parameter Sphg /o representing the interfacial stiffness, which yields an
important decrease in the bifurcation angles with respect to the perfectly

bonded case, which is approached at Sphqg/py —> oo.
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4. IN-PLANE INCREMENTAL BIFURCATIONS
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Numerical procedures to
determine the critical angle

0., at bifurcation.

5.1 The determinantal method

The bifurcation condition can be numerically determined by introducing,

for each layer, the vector

so that the differential eqns. (4.13) can be rewritten as
z' =Nz, (5.2)

where the matrix IN takes the form

0 1 0 0
0 0 1 0
N=1 0 0 1 (5:3)
I —Ny1 —Ngg —Niyz —Ny ]
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5. NUMERICAL PROCEDURES

Adopting the notation x=x® (rés)) and XZ(S) = X0 (7’2-(5)) for vec-
tors or matrices referred to a generic layer s, and using eqns. (4.11)—(4.10),
the continuity of incremental tractions and displacements at an interface

between layers, eqns. (4.15), can be represented in matrix form as

(s)

Ze

(s) (s+1)
Qe - QZ ] z('5+1) = 0, (54)
where
T F(n?-1) r[F—n?(2D+C —T,)] r*(F+3C) r3C T
(n?-1)(C -T,) r(C+1T,) r2C 0
Q) = 1 0 0 0
1 T 0 0
(5.5)
while boundary conditions (4.20) can conveniently be rewritten as
PV =9, PM M9, (5.6)
where
F(n?—1) r[F-n?2D+C)] r*(F+3C) r3C
P(T) = ’I’L2 -1 r 7,,2 0 (57)

We are now in a position to set the numerical solution procedure. Since
in our examples we have always addressed systems with few layers, we use

the simple following numerical procedure.

1) Employing a numerical integration based on an explicit Runge-Kutta
(4,5)-formula, we solve, for each layer (index s has been dropped for
simplicity), four initial-value problems. These are based on system

(5.2), with the following four initial conditions:

za,=1[1 000", zg,=[0 100",

7 7
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5.1 The determinantal method

z@3), =100 010", zy,=[000 1"
In this way, we find four integrals,
Z(m)(T‘) (m = 1,...,4), (5.8)
for each layer.

The general solution for each layer can be constructed by linear com-

bination of the four functions (5.8), so that we obtain
z(r) = Crz)(r) + C2z(9)(1) + C32(3)(1) + Caz(4)(7), (5.9)

where the unknown constants C; (i = 1,...,4) set the amplitude of
the bifurcation mode. These can be collected for each layer in a vector

C = [Cl Cg Cg C4]T.

Boundary and interfacial conditions for the multilayer can be recast

in matrix form as

P, 0 e
~ (1 ~ (2
Q" -q” e
o (1)
Q =0, (5.10)
Q N-1) —Q(N) C(N_l)
‘ e ¢
L 0 : p, L _
or equivalently as
We=0, (5.11)
where
() () p&) () pe) () pls) (s)
R R I R VS P Y P VR Y
P = , (5.12)
’ () () pls) () ple) (5)  pls) (s)
L I S R T O VIR VA VR



5. NUMERICAL PROCEDURES

and
F O AG D) AG S A T
Quij 20y @%@ @43, @54,
G AL AE ) A )
o | Q0 QR Qe @ty
e = G5 A () A ) )6 » (513)
Q35 %(1); @352 @a/%@); 9s) %y,
G A AE ) A ()
| Qa2 Qaj2e); Qujzey; @a2a; 1,

so that bifurcation corresponds to the condition that system (5.10)

admits a non-trivial solution, namely,
det W =0, (5.14)

which provides the critical semi-angle 6.

5.2 The compound matrix method for a bilayer

The compound matrix method was initially proposed by Backus and Gilbert,
Ref.[4], and applied to problems of fluid mechanics, Refs.[3, 36-38, 56], and
solid mechanics, Refs. [32, 33]. Haughton and Orr, Ref. [29], used the
method in incremental elasticity, while Refs. [18, 19, 22, 28] employed it to
investigate instabilities of a homogeneous block subjected to finite flexure.
Our aim is to show the application to elastic multilayers subject to finite
bending in the simple case of a bilayer.

The differential equation (4.13) can be re-written as a linear system of
first-order ODEs, that in the case of two elastic layers can be cast in the

following standard form

"= A
Z, _ BZ: (5.15)
where vectors y and z are defined as
_ M\’ m\” m\"”
y) =0 (F) e (1) o (F0) ol 516)

) =[P () (1) 0 (1) o
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5.2 The compound matrix method for a bilayer

and matrices A and B, which depend on the radial coordinate r, as

r 0 1 0 0 7 r 0 1 0 0 7
0 0 1 0 0 0 1 0
AN =19 o 0 1 Br=119 0o o 1
An A Agz Au By Byy Biz B
) ) ) (5.17)

The components of A and B, as well as those of other matrices and vectors
introduced in this Chapter are listed in Appendix A.
The boundary conditions at the two external surfaces of the layer, eqns.

(4.20), are equivalent to

Cy(r;)=0, Dz(r.)=0, (5.18)
where r; = 7’2-(1), Te = TZ@) + h? and matrices C and D are
Cnn Cip Ciz Cu D11 D12 D1z Dy
C - N D =
Co1 O Co3 0 Doy D2y Doz 0
(5.19)
Continuity conditions between the two layers, eqns. (4.15), can be written
as
Gy(rm)+ Hz(ry) =0, (5.20)
where r,, = 7’2-(1) + W and matrices G and H are defined as
[ G11 G2 Giz Gia ] [ Hy1 Hyps Hiz Hig
Ga1 Gao Gaz 0 Hy Hiy Hiz 0
G=lGy 0o o0 o H=Vm, 0o o o0
(5.21)

It is instrumental now to re-arrange the four solutions of eqns. (5.15):
two for the first layer, y!, y!!, and two for the second layer, 2/, 21, [these

solutions already satisfy the boundary conditions (5.18), but still not the
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5. NUMERICAL PROCEDURES

interface conditions (5.21)] into two matrices sharing the following common

structure
*{ *{I ]
Ll
*é *él , (5.22)
-

(where the symbol ‘x’ stands for either y or z) and defining the so-called
‘compound matrices’. Moreover, we introduce the vectors (b?j (i=1,..,6)
and ¢ (i = 1,...,6) collecting the components of the minors of matrices

(5.22) as

« T I I II « T IT I II
P] =% xy —xg R, P = kg kgl — kg oky',
« T I I II « T IT I II
Py =%y xgt —oxg R, P = kg Ryl — kg Ky (5.23)

w T II I II T LII I II
5 = xp kgt —oxg R, P = kg okl — kg kgl

With the definitions (5.22) and (5.23), the differential problem (5.15)
can be shown (Ref. [36]) to be equivalent to the new problem

(¢¥) = M"¢¥, (¢°) = Mg, (5.24)

where, introducing the symbol ‘0", equal to A (to B) for ¢¥ (for ¢*), we
define

F 0 1 0 0 0 0 T
0 0 1 1 0 0
0 Ua Lz Oy 0 1 0
a0 — (5.25)
0 1 0 0 1 0
—0a1 0 0 Oy Oy 1
0 =04 0 -0 0 Oy

The system of differential eqns. (5.24) has to be solved using a Runge-
Kutta (4,5) numerical method (we have used Matlab® ver. 7.9) to determine

the vectors ¢Y and ¢*.
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5.2 The compound matrix method for a bilayer

The solution of the bifurcation problem can be written as a linear com-

1

bination of the solutions y!, y'/, 2!, and 2!/

y =&y + &yt

5.26
z =&z + 6,21 (520

where the arbitrary coefficients & (i = 1,...,4), which set the amplitude
of the bifurcation mode, remain undefined in a linearized analysis. The

conditions at the internal interface (5.20) can be recast as
WE=0, with £€=1[4 & & &), (5.27)

where

1

T
N
=
~— —

) (
) (
6v") .
) (

W = 13 : 2 HzH: , (5.28)
| (ev), (ew), (m21), (H2)

so that the bifurcation condition, depending on the bending semiangle @,
the undeformed aspect ratios ly/hg and h /h0 , and the stiffness ratio

0 /,uo , becomes
det( W) = 0. (5.29)

Condition (5.29) can be rewritten as the sum of 2x2-determinants as

1 , Wivii Wigio Wo_iz Waia
_1 ?
Z(:)( ) Wi Wi W33 W34

_ (5.30)

Waioi1 Wagoio | | Waroiz Wi oig
W31 W32 Wis Wiy
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5. NUMERICAL PROCEDURES

x 10"
—y4
=
3
a2
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/
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6 ! - — - compound matrix
! method
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1 —— determinantal
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1
0.2 0.22 0.24 0.26 § o8

Figure 5.1: The compound matrix method (dashed line) against the de-
terminantal method (solid line): det(M) is evaluated at different angles 6,
for lo/ho =0.1, hél)/h((f) =(1 mm)/(5 mm) and ugl)/u,(f) =(7 N/mm?)/(1
N/mm?). Bifurcation corresponds to the vanishing of det(M); note the ‘spu-
rious’ oscillations of the latter method.

The determinants can be expressed in terms of the wctors ¢Y and ¢* as

W1 Wi
Wiy Wi (Gr1Gi2 — GraGun)d] + (GriGis — GrsGin ) b5
+(Gi G — GraGn) oY + (GraGiz — GrsGio) b
+(Gr2Gia — GraGr2) 9% + (Gragia — GraGiz) b,
(5.31)
and
Wis Wi
Wi Wi (Hy1 Hig — HyoHyy )% + (Hyp Hiz — HysHp )3

+(Hp1Hyy — HeaHp )93 + (HpoHiz — HizHi) 93

+(HpoHyy — HypaHy2) 9% + (HypsHyg — Hya Hi3) 65,
(5.32)

in which indices k and [ take the values corresponding to the representation
(5.30). Once the undeformed aspect ratios ly/hy and h(()l) / h(()2) and the stiff-
ness ratio ,u((]l) / ,u((]2) have been fixed, the bifurcation condition (5.29), through
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5.2 The compound matrix method for a bilayer

representation (5.30), becomes a function of the bending semiangle @ only,
to be solved numerically (we have used the function ‘fzero’ of Matlab® ver.
7.9). An example of the advantage related to the use of the compound ma-
trix method over the ‘usual’ determinantal method is reported in Fig. 5.1,
where det( W) is plotted as a function of  for a ‘stiff’ case, in which the
superiority of the former approach is evident (note the ‘spurious’ oscillations
of the determinantal method). In this particular case, the 2-norm condition
number of the matrix W is equal to 9.37 x 107, a value confirming that the

matrix is bad conditioned.
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6

Experiments on coated and
uncoated rubber blocks

under bending

To substantiate the theoretical results on bifurcation of layered structures
subject to finite bending, Roccabianca et al. (Refs. [43] and [44]) have de-
signed and performed experiments, in the way initiated by Gent and Cho
(Refs. [26] and [25]). In particular, we have imposed a finite bending to
uncoated and coated elastic strips (made of natural rubber), employing the
device shown in Fig. 6.2, in which a rubber strip is glued to two metal-
lic platelets along the longer sides (using Loctite®) and these platelets are
forced to impose a bending to the strip, using a simple screw-loading de-
vice. Two different coatings have been tested, both realized using 0.2 mm
thick polyester transparent films (commercial copier films), glued singular
or double (using Loctite®) to the rubber strip. During finite bending, the
appearance of crazes has been detected by direct visual inspection.

The natural rubber and the polyester films (4 dog-bone shaped stan-
dard ISO 5277-1/1BA 30 mm x 5 mm samples for each material) have been

tested under uniaxial stress, thus obtaining the results shown in Fig. 6.3,
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. EXPERIMENTS ON RUBBER BLOCKS

3.5
0, - annular configuration
| = |
3" uncoated/,=g m=11_7 m=12
layer
25F Qs
8 coated layer:
.l 7 H(coat)lu(lay)=500
° o hi/h'=20
D Q4 * hgay)/h(goat)=1 0
1.5F 5 o
Q
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10 ]
3 Oq, O experiment: uncoated
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05r o Q : . Ryl (eoal
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1
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0 2 4 14 16 |0/h0 18

Q,

Figure 6.1: Experimental results versus theoretical predictions for the bifur-
cation opening semi-angle 0., of uncoated and coated rubber strips subject to
finite bending, versus the aspect ratio ly/hgy of the undeformed configuration.
The shear moduli ratio (¢ / 19¥) of the coated layers has been taken equal
to 500, while two thickness ratios h((fay) / hécoat) equal to 20 and 10 have been
considered. The critical theoretical configurations (for h{™ /n{**) = 20) cor-

responding to bifurcation points Q; (i = 1,...,4) are sketched in the right part

of the figure.
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screw loading device \
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Figure 6.2: Device used to impose finite bending (of a semi-angle 6 equal to
25° on the left and to 45° on the right, with reference to Fig. 3.1) to coated
and uncoated rubber strips (an uncoated 10 mm x 100 mm X 4 mm rubber

strip is subject to bending in the photo).
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Figure 6.3: Uniaxial tests on and material characterizations of the natural
rubber and the polyester film employed in the specimens. Note that the neo-
Hookean interpolation has been selected to be valid only within the ‘range of
interest’ to experimentally-detected bifurcations.
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6. EXPERIMENTS ON RUBBER BLOCKS

where the true stress is plotted versus the stretch. It may be interesting
to note that, while the response of the rubber is typical of these materials,
the stress/stretch curve of the polyester film is highly nonlinear, exhibit-
ing a peak and a softening regime. In the plots, the interpolation with the
neo-Hookean material selected for the calculations is also included (giving
pley) ~ 1 kN/mm? and p(*) ~ 500 kN/mm?). This interpolation curve
may seem poor at a first glance, but we should point out that all the bi-
furcations found in the experiments have occurred with maximum stretches
ranging between 1.52 and 1.9 (1.38 and 1.64 for samples with thick coating)
in the rubber and between 1.02 and 1.04 (1.01 and 1.02 for samples with
thick coating) in the polyester. For this reason, the selected neo-Hookean
interpolation is much more accurate than it may appear and is taken valid
either in tension or in compression. The progression of bending is shown in
Fig. 6.4, referred to a 20 mm x 4 mm x 100 mm rubber strip coated with
two 0.2 mm thick films at the tensile side of the specimens ( in which the
larger dimension is that out-of-plane, taken sufficiently large to simulate the
plane strain condition). At a certain stage of finite bending, namely at a
certain bending semi-angle 0., crazes can be detected to appear on the sur-
face of the sample. This circumstance has been identified with appearance
of small wavelength bifurcations' and compared with theoretical predictions
for uncoated layers and for layer with a stiff coating at the tensile side of
the specimen. Details of the surface of the block suffering compression are
reported in Fig. 6.5 at different bending semi-angles (30°, 40°, 50°), from
which we may note that crazes appear at an opening semi-angle lying be-
tween 30° and 40°. The results of experiments and theoretical predictions

are summarized in Table 6.1, where bifurcation semi-angles are reported for

! Theoretical predictions indicate that the critical mode is always a diffuse mode,
which —for obvious reasons— cannot be detected by direct visual inspection. However,
for the geometries tested by us (an uncoated layer and layers coated at the side under
tension) this mode is very close to a high-wavenumber mode, which is that detected by

visual inspection.
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Figure 6.4: Finite bending of a 20 mm x 4 mm x 100 mm rubber block
coated with two polyester 0.2 mm thick films, imposed with the device shown
in Fig. 6.2. From the top to the bottom, left to right: specimen before loading;
specimen bent at a semi-angle of 30° (crazes are still not visible, see the detail
reported in Fig. 6.5); specimen bent at a semi-angle of 40° (crazes become
visible, see the detail reported in Fig. 6.5); specimen bent at a semi-angle of
50° (crazes invade the whole specimen, see the detail reported in Fig. 6.5).

the different geometries tested, and in Fig. 6.1. Despite the fact that our
loading device does not exactly impose the correct boundary conditions on
the planar sizes of the bent specimen (where the specimen should be free of
sliding), the experimental results are in a fairly well agreement with the the-
oretical predictions (with a tendency toward overestimation of bifurcation
angles) in all cases of uncoated and coated (two coating thicknesses, 0.2 and
0.4 mm, have been investigated) strips. In the second set of experiments
to detect bifurcation, we have imposed finite bending to bi-layered systems
made up of a natural rubber strip (3 mm thick) and a neoprene block (40
mm thick). In these case we have obtained only qualitative results. The
bilayer is obtained by gluing the neoprene block to the natural rubber srtrip
(we have used ethyl-cyanoacrylate, Pattex®), Fig. 6.6.  Four dog-bone
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6. EXPERIMENTS ON RUBBER BLOCKS

Figure 6.5: Details of Fig. 6.4. Crazes become visible in the photo taken
at an opening semi-angle of 40° (centre) and invade the whole sample at 50°
(lower part), while these remain undetected at 30° (upper part).

Table 6.1: Summary of experimental results (in terms of critical semi-angle
at bifurcation, 577) and theoretical predictions (f,,.) (the percentage error is
denoted by ‘err.’) for rubber samples of thickness h(()lay) = 4 mm, uncoated
and coated with a stiff 0.2 mm or 0.4 mm coating. ., = 180° means that the
annular configuration can be reached without bifurcation.

lo hgcoat) =0 h(()coat) = 0.2 mm h(()coat) = 0.4 mm
mm | 057 (Or) | 0P (Or)  err.[%) | 07 (Or)  err. (%)
10 | 58 (101.99°) N N
15 | 100° (142.09°) | 31° (39.01°) 2053 | 25° (33.8%°)  26.21
20 | 180°  (180°) | 50° (54.79°) 874 | 38°  (48.44°) 2155
30 | 180°  (180°) | 73° (75.54°)  3.36 | 64° (72.61°)  11.86
40 | 180°  (180°) | 102° (101.99°)  0.01 | 80° (93.31°)  14.26
50 | 180°  (180°) | 140° (133.64°) 475 | 110° (120.38°)  8.62
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Figure 6.6: Bifurcation of a two-layer rubber block under finite bending
evidencing long-wavelength bifurcation modes. Stiffness and thickness ratios
between the layers are (2.687 N/mm?)/(0.095 N/mm?) and (3 mm)/(40 mm),
respectively. The stiff layer (86 mm X 3 mm X 150 mm, made up of natural
rubber, marked with a white pencil on the sample) is at the compressive side

and coats a neoprene layer (86 mm x 40 mm x 150 mm).
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Figure 6.7: Uniaxial tests and material characterization of the natural rubber
and the neoprene plate employed for the specimens to be subject to bending.
Dotted curves represent Mooney-Rivlin interpolations employed in the analy-

sis.
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6. EXPERIMENTS ON RUBBER BLOCKS

— —

-

\

Figure 6.8: Progressive bending of a two-layer rubber block (undeformed
configuration is shown on the left, a bent configuration in the centre), evidenc-
ing bifurcation with long-wavelength bifurcation modes (shown on the right).
Stiffness and thickness ratios between layers is (2.687 N/mm?)/(0.095 N/mm?)
and (3 mm)/(40 mm), respectively. The stiff layer (64.5 mm x 3 mm x 150
mm, made up of natural rubber, marked with a white pencil on the sample) is
at the compressive side and coats a neoprene layer (64.5 mm x 40 mm x 150

mm).

shaped standard ISO 5277-1/1BA 30 mm X 5 mm specimens have been
sampled from the two materials to characterize them in terms of Mooney-
Rivlin model. Result of the tests (performed at room temperature with a
Messphysik Midi 10 testing machine equipped with Doli Edc 222 acquisition
and control electronics) are shown in Fig. 6.7, in terms of true stress versus
stretch. The selected ranges of stress and stretch for the tests correspond
to the values expected in the bending experiments. In the plots, the inter-
polation with the Mooney-Rivlin material (which provides a nearly-linear
response at the stretch under consideration) selected for the calculations
is also included. The least square method provides for the natural rub-
ber cgnatrub) = 0.007 N/mm?, cénatrub) = 2.68 N/mm? (corresponding to
u(()natmb) ~ 2.687 N/mm?) and for the neoprene cgnOOpr) = 0.09 N/mm?,
cgnmpr) = 0.005 N/mm?, giving ,u(()nmpr) ~ 0.095 N/mm?. The progression of
bending is shown in Fig. 6.8, referred to a 64.5 mm x 3 mm x 150 mm rub-
ber strip glued to a 64.5 mm x 40 mm x 150 mm neoprene plate (in which
the larger dimension is that out-of-plane, taken sufficiently large, 150 mm,
to simulate the plane strain condition). At a certain stage of finite bending,

namely at a certain bending semi-angle 6,,, a long-wavelength mode can be
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detected to appear on the surface of the sample (Fig. 6.8, right-hand side),
which qualitatively confirms our findings.

From a quantitative point of view, the critical semi-angle for bifurcation
results from modelling to be equal to 39.40° for the sample shown in Fig.
6.6 and 35.49° for that shown in Fig. 6.8, values that are definitely higher
than those found experimentally (30° for the former sample and 21° for the
latter). The fact that the theoretical predictions correspond to bifurcation
angles larger than those observed experimentally is also common to all pre-
vious experiments Refs. [26, 44] and can be explained as the usual effect of
imperfections (so that for instance the bending mode associated to the Eu-
ler buckling is always experimentally observed to become visible before the
achievement of the critical load). The fact that the discrepancy between the-
oretical and experimental values is larger in the cases reported in the present
article can be motivated in terms of the effect of the different sensitivity to
imperfections. In fact, short-wavelength undulations introduced in the ref-
erence configuration start to amplify and to ‘become visible’ much closer
to the bifurcation threshold than long-wavelength imperfections, a feature
demonstrated through finite element numerical simulations performed with
a commercial program Abaqus/CAE® ver.6.9. Plots of Fig. 6.9 have been
evaluated with a stiffness and thickness ratios between layers equal to (2.687
N/mm?)/(0.095 N/mm?) and (3 mm)/(40 mm), respectively, which repro-
duce the tested sample shown on the right in Fig. 6.8 (undeformed global
aspect ratio lg/hg = 1.5). In the FEM analysis, a long-wavelength undula-
tion with an amplitude of 0.2 mm has been introduced in the undeformed

configuration (see Fig. 6.9, on the right) to simulate an initial imperfection.
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S, Mises

(Avg: 75%)
+2.523e+08
+1.000e+00
+9.167e-01
+8.333e-01
+7.500e-01
+6.667e-01
+5.833e-01
+5.000e-01
+4.167e-01
+3.333e-01
+2.500e-01
+1.667e-01
+8.333e-02
+0.000e+00

Figure 6.9: Finite element analysis of a bilayered block with stiffness and
thickness ratios between the layers are (2.687 N/mm?)/(0.095 N/mm?) and (3
mm)/(40 mm), respectively. A red solid line represent the interface between

layers.
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Out-of-plane incremental
bifurcations superimposed on
finite bending of an elastic

layered block

The goal of this section is to address the three-dimensional bifurcation prob-
lem of the multilayered body considered in Chapter 3 subjected to finite
bending. The finite bending solution for a three-dimensional elastic layered

block is similar to that described in Chapter 2.

7.1 General formulation

In this Chapter we analyze the out of plane bifurcation modes. In this
framework in the reference stress-free configuration, denoting by e (i =
1,2, 3) the common cartesian basis, the position of the generic point 290 is
given by

2% = 2] el 4 25 ed 1 25, (7.1)
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7. OUT-OF-PLANE INCREMENTAL BIFURCATIONS

with
22 e [—nl 2,080 2), a5 e [—10/2,10/2], 20 € (0,L),  (7.2)

where the difference from eqn. (3.2) is only in the definition of the domain

0(s)

for z;"”’. Following the same approach, in the deformed configuration points

of the s—th layer are transformed to points identified by
r@ e & L) 00 e [—0,46), ) e (0,L),

as A, = 1, see eqn.(3.7).

We first analyse the incremental field equations for a single layer and
then we formulate the complete problem adding the pertinent interface con-
ditions between layers and external boundary conditions of the multilayered
system. We refer to Chapter 2 for the notation. The gradient of incremental

displacement w(x) is now given by

Uy

—u
L= Uprer & ep + #er @ epg+ur.er e, +ugreg ey

—I—WBQ ey t+ug.eg® e, +u;re; e, + @ez ®eptu.e;Q e,
(7.3)

and the incompressibility condition (trL = 0) is
TUpy + Uy + Ugg + TU, » = 0. (7.4)

If the coordinate system of the current state is aligned to a principal
directions of stress, the non-vanishing components of C may be expressed

as

Crrrr = 2/[f - Tr, 06000 = 2#; - Tg, szzz = 2/‘; - TZ7

Croro = p3 + I's, Croor = 13 + p3, Coror = 3 — I's, (7.5)
Crzrz = 2 + Iy, Crozr = 2 + p2, Corzr = H2 — Iy,
Cﬁzez = {1+ F17 Cezzﬂ = p1 + p1, 02929 = {1 = F17
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7.1 General formulation

where
T, — T, T, —T, Ty — T,
Flz 2 97 F2: 2 Tv F3:u7
2 2 2 76
T. + T, T, +T, Ty + T, (7.6)
e T e e I C E

For a hyperelastic material the six independent moduli p; and u} (

1,2,3) (no sum on index) may be written as

ow 26W O*wW . :
2mi =gy TN Z“lmm AN N VTR,

N4+ ,
2ui:(Tj—Tk))\2 ¥ (J #k #1).

(7.7)

The incremental constitutive equations in terms of the incremental first

Piola-Kirchhoff stress tensor can be written as
Y = =7+ (207 — Ty )trp,
. « Up + Ug o
299 = —7m+ (2,1142 — Tg)%,
Ezz = -7+ (2N§ - Tz)“z,m

Upg — Ug
Sro = (u3 + Tg) ——— + (13 + p3)ug,r,

Uy g — Ug
Sor = (u3 + p3)——— + (u3 — T'3)ug,,

H2 + FZ)UT’,Z + (N2 +p2)uz,ra

T’Z_

(
(NQ + p2)ur H2 — I‘2 Uz, ry

+ ( )
= (1 +T1)ug. + (1 +p1)
Y.0 = (1 +p1)ug. + (n1 — )

Consider the incremental equations of equilibrium, in polar coordinates,

1 g — 2
Err,r + ;Ereﬂ + Erz,z + MT% = 07

1 Yor + 2
Yorr + ;299,9 + Xgs,. + y =0, (7.9)

Ezr — 07

1
er,r + ;229,9 +X
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7. OUT-OF-PLANE INCREMENTAL BIFURCATIONS

so that a substitution of eqns. (7.8) in eqns.(7.9) provides

. * 2M* + p3 — P3
i = { ), 4 220
Ur,00 — UH,0

Up
+(us + Is)——5——+ (us +p3)TT + (p2 + o)ty 2

} U,y + (2M>{ +p3+ F3)ur,rr

Ur + Ug g
+(p2 + p2)tz,e — (213 + p3 — Fg)%,

. Urp — U
o = [ (ps — Fg),r] (ue,r + %) +r(ps — F3)u9,w

" Uy, g + Ug 00
+(p3 + p3)urgr + (215 + p3 — Fs)% (7.10)

+r(ﬂ1 + Fl)ue,zz + (,Ul + pl)uz,627

. u U
e = [ (12 = T2) o] 2+ (12 = p2) ]2 + (i — o)tz

* Uz, 00
+(,u2 + p2)ur,zr + (2ﬂ3 +p1 — Fl)uz,zz + (,Ul - FI)ZT

ug -0
+(p1 +p1) TZ :

We seek bifurcations in the following separable variable form

up(r,0,z) = f(r)cosnbcosnz
ug(r,0,z) = g(r)sinnb cosnz
o (7.11)
uy(r,0,z) = h(r)cosnfsinnz
w(r,0,z) = k(r)cosnfcosnz

where f(r), g(r), h(r) and k(r) are real functions and n is a real number
to be determined by boundary conditions. Substitution of representations
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7.1 General formulation

(7.11) in eqns. (7.10) yields

!/

¥ = L0 (ud) + 2 o £ 1 D5 4 7 22— o )

f ‘
=5 {3 +Ta)n® + (2 + Do)r®n® + 2415 — 2 — p1 — ps}

/
g'n . gn .
=7 (w2 = ps = 205 = Ta) + 5 (w2 — pi3 — 205 — I'1),

nk = f"(u3 — p1 +T2) + % (2u5 — pn +T1) — ¢ [r(ps +p3)]

+g {[T(M?) —T3)], + 0 (1 +T1) +n°(2u5 — i + Fl)}
f/// f//

nk = 7(#2 —T2) + - {r(p2 —T2)r +2(u2 — o)}
+f {% [r(p2 = T2); — (p2 — T2) = n(ua — T'y)]
+n[p2 — 23+ Dol } + f {% [—r(ug —T2) » —n*(u1 — 1)

. n
+pg — o] + g [1(p2 + p2) » + p2 — 2p3 + F2]} +9”E(M2 —I'y)

4/ (ol = Ta), — (2~ Ta)} +g{% (12— To)

—n?(u1 —T1) = r(p2 = Ta) ] + ? (11— 2p3 + Fl]} ;
(7.12)
where a prime denotes differentiation with respect to r, note that the in-
compressibility condition

(ng+ f+rf’)
rn

h=— , (7.13)

has been employed to arrive at eqns. (7.12).

By differentiating eqns. (7.12)23 with respect to r and substituting in
eqn. (7.12)1, a system of two differential equations is obtained which defines
the function f(r), g(r) within a generic layer. Once f(r) and g(r) are known,

the other functions, h(r) and k(r), can be calculated by employing eqns.
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7. OUT-OF-PLANE INCREMENTAL BIFURCATIONS

(7.12); and (7.13)2, respectively. The set of all functions f®)(r), ¢ (r)
and (s = 1,...,N) can be obtained imposing continuity conditions at the
interfaces and external boundary conditions.

Continuity of incremental tractions and displacements at interfaces can

be represented as

(s) — o (s+1)
U =u
L r T:T’ES+1) )
(s) (s+1)
U =u
0 :rés) 0 TZT’ES+1)
(s) — o (s+1)
Uz ) T Uy rep(HD)?
E(S) _ E(s_,’_l) (714)
rr r:rés) rr T:T§S+1) ’
(s) _ y(s+1)
Zer r:rés) - Zer T:TZ(SH)’
$(s) — n(s+1)
2T r:rés) zr r:r§S+1) ’
where rés) = TZ(S) + 1), For dead-load tractions on the external curved

)

i

(N)

surfaces, the boundary conditions at r =7, and r =r¢ ’ are

1),(N 1),(N 1),(N
Egr)( )|r(1),r£;N) =0, Eér)( )|r(1),r£;N) =0, E'(ZT)( )|r(1),r£;N) =0

(7.15)
On the boundaries § = +6 we require that shear stresses and incremental
normal displacements vanish, namely

(s) (s)
by =0 =0 7.16
0 lg—sg U0 Jgmig T (7.16)

a condition which is achieved if sinnf = 0 [see eqn. (??)] or, equivalently,
using eqn. (3.10), if
n— ZZL—ZO” (m e N). (7.17)
To obtain the axial compression we can imagine that the plate is com-
pressed between rigid, lubricated plates. The appropriate end conditions are
then

»(s) —0, U =0, ul ~ 0. (7.18)
z=0,L 2=0,L 2=0,L



7.1 General formulation

To ensure this we require
sinnL =0 (7.19)
so n = kr/L, for some integer k.
35
6, |annular
configuration 14 10 5 4 3 2 k=1
1 -
T1]]
L
circumferential
wavenumber m=1
| | | | | | |
% 2 4 6 8 10 12 l/hy14

Figure 7.1: Plot of critical angle at bifurcation 6., against aspect ratio ly/ho

(in-plane mode m = 1), for homogeneous plates of dimensionless height L/hg =

50. In each curve a small number denote the value of x (the parameter which

sets the out-of-plane wavenumber). The dash-dotted curve represent the in-

plane bifurcation.

Since our goal is to employ a numerical method to evaluate the critical

angle at bifurcation 6., it becomes instrumental to rewrite eqns. (7.12) as a

linear system of first-order ODEs. The procedure to derive numerically the

bifurcation condition can be derived from the once described Chapter 5.

Eqns. (7.12) provide the critical angle at bifurcation (f.,) for a multi-

layered elastic system subjected to bending in terms of initial aspect and

stiffness ratios between layers. Once this angle is known, eqn. (3.13)y yields

the critical stretch \., = 2§crr§1)/ lp.
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7. OUT-OF-PLANE INCREMENTAL BIFURCATIONS

7.2 Examples

7.2.1 The homogeneous block

The first example consists in the analysis of the three-dimensional bifurca-
tions of a homogeneous, neo-Hookean elastic thick plate. This problem has
been chosen as a benchmark but also to compare our results with those given
by Haughton, Ref. [28]. In Fig. 7.1 the critical angle 6., is reported as func-
tions of the aspect ratio lp/hg. Solid lines correspond to three-dimensional
modes and numbers close to them denote parameter x which, through eqn.
(7.19), defines the out-of-plane wavenumber 7. In Fig. 7.1 we are look-
ing to circumferential mode m = 1, the dash-dotted line represent in-plane
bifurcation corripondent to the same circumferential wavenumber. When
the parameter x is equal to 1 we have a bifurcation mode which can be
compared with that of the Euler beam instability. In Fig. 7.2 the criti-
cal angle 0., is reported as functions of the aspect ratio [y /ho. The plots
represent a plate of dimensionless height L/hy = 50 in the upper part of
the figure, and with L/hy = 10,5 in the lower part on the left and on the
right, respectively. In addictionin this plot however in-plane bifurcations
(the lower boundary of gray regions corresponds to the occurence of an in-
plane bifurcation modes) and surface instability threshold occurring at the
compressed side (represented by a solid line in the plot) are also reported
in order to determine the exact global behaviour of a solid block. It is im-
portant to observe that for values of the parameter m larger than one, the
critical angle 6, evaluated for in-plane and out-of-plane problems are very
closed each other, so that the gray region is also very well bounded by the
three-dimensional bifurcation curves for m > 1. It is clear that, for a plate
with L/hg = 50, all blocks having ly/hy < 4.17 loose uniqueness showing a
prevalent plane-strain mode (almost independent of the z-direction), while
for 4.17 < lp/hy < 14.27 three-dimensional modes play an important role.
If we consider L/hy = 10,5 as in the lower part of Fig. 7.2, we can see that
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out-of-plane
“ | wavenumber k=1 annular configuration

L
L/h,=50
| | | |
8 10 12 |/hy14
35 35
0, 0., S
annular configuration
3k 3k 7
25 25
2 2
e
15 - 1.5 - ;{9 5
2
1 L &f 4
b{Un
34 3
05 /o 05 /o
L/h,=10 =
1 . Lin=5
| | | | | | | |
% 2 4 6 l/h, 8 % 2 4 6 l/h, 8

Figure 7.2: Plot of critical angle at bifurcation 6., against aspect ratio ly/ho
(out-of-plane mode k = 1) for plates of dimensionless height L/hg = 50 top
position, and L/hy = 10,5 bottom-left and bottom-right position, respectively.
In each curve, a small circle denote a transition between two different integer
values of m (the parameter which sets circumferential wavenumber). In the
region marked gray the bifurcation is due to an in-plane mode. A solid line is
used to plot the threshold of the surface instability.

the interval of aspect ratio in which the out-of-plane modes are important
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decreases, being equal to 3.72 < lp/hy < 6.15 on the left, or disappears,
as it happens on the right. As a conclusion, we can state that for a bent
plate the three-dimensional bifurcation investigation is important for slender
specimens (high L/hg) while for stub blocks (low L/hg) the most restrictive

limit is that obtained from a plane strain analysis.

7.2.2 A bilayered block

Although our analysis covers the case of a N-layer system, we will limit
examples to the simple geometry of a two-layered system where, similarly
to cases investigated in the previous Chapter, one of the layers is taken thin
and rigid with respect to the other, so that it acts as a sort of stiff coating.
Both layers are made up of neo-Hookean material.

The critical angle 8., at bifurcation is reported in Fig. 7.3 as functions of
the global aspect ratio ly/hg (unloaded height of the specimen is I and global
thickness is hg, see Fig. 3.1), for a plate of dimensionless height L/hg = 50.
The thickness and stiffness ratios used for the examples are hgay) / h(()coat) =
10 and ,u(coat)/ pllay) = 20, respectively. The difference between the upper
and the lower part of the figure is that the coating layer is at the tensile
side of the specimen in the former case, while it is at the compressive side in
the latter. In the figures, bifurcation curves are reported for different values
of the integer parameter x which sets the wavenumber 7 in the z-direction.
In Fig. 7.3 the circumferential wavenumber is set imposing the value of the
parameter m = 1; in each plot a dash-dotted line represents the appropriate
in-plane bifurcation correspondent to the same circumferential mode. We
can see that, for an in-plane mode m = 1, the three-dimensional and the
bidimensional analysis produce values of the critical angle at bifurcation very
different (beyond ly/hgy = 3.04 in the upper plot and ly/hy = 1.64 in the
lower plot) and the out-of-plane bifurcation curves those setting the onset

of the insatbility.
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In Fig. 7.4 the critical angle 0., is reported as functions of the aspect
ratio lo/hg. The plots represent a plate of dimensionless height L/hg = 50
on the left, and of dimensionless height L/hg = 10 on the right, respectively.
The thickness and stiffness ratios used for these examples are h(()lay) / h((]coat) =
10 and plcoat) / play) = 20. Again, in the upper part the coating is located
at the tensile side while the coating is compressed in the lower part of the
figure. Moreover, in these plots in-plane bifurcations (the lower boundary
of gray regions corresponds to in-plane bifurcation modes) and the surface
instability threshold occurring at the compressed side (represented by a
solid line in the plot) are also reported. Bifurcation curves are reported
for different values of the integer parameter m which, through eqn. (7.17),
defines the circumferential wavenumber n. Obviously, for a given value
of lg/hg the bifurcation threshold is set by the value of m providing the
minimum value of the critical angle. As in the case of a uniform block,
for m > 1 the critical angle 0., evaluated for in-plane and for out-of-plane
problems are very closed each other, so that the gray region is also very
well bounded by the three-dimensional bifurcations curves, independently
of the position of the coating. As a partial conclusion, we can state that
out-of-plane (3D) bifurcations are critical for slender plates (high values of
L/hy), while the in-plane analysis predicts the correct critical bending angle
for relatively stub structures (low values of L/hy).

To highlight the effect of the coating on the instability behaviour, we
have produced Fig. 7.5 for the same geometries and mechanical properties.
Solid lines represent the onset of bifurcation for the coated layers (copied
from Fig. 7.4), while dashed curves set the critical configurations for the
uncoated uniform block (see Fig. 7.2). We can appreaciate that the presence
of the coating changes strongly the behaviour of the block: if the coating is
located at the tensile side 6, decreases considerably, while if it is compressed

the behaviour is more complex, inducing an increase of the bifurcation angle

7
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for low in-plane aspect ratios (lg/ho < 0.84), the opposite for high values of
lo/ho.
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Figure 7.3: Plot of critical angle at bifurcation 6., against global aspect ratio
lo/ho (in-plane mode m = 1), for plates of dimensionless height L/ho = 50 of
a neo-Hookean coated bilayer subject to bending with h((fay) / hécoat) =10 and
u(co‘”)/u(l“y) = 20. The coating is located at the tensile side in the upper part
and at the compressed side in the lower part of the figure. In each curve a
small number denote the value of x (the parameter which sets the out-of-plane

wavenumber). The dash-dotted curve represent the in-plane bifurcation.
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Figure 7.4: Plot of critical angle at bifurcation 6., against global aspect ratio
lo/ho (out-of-plane mode k = 1) for plates of dimensionless height L/hy =
50,10 on the left and on the right, respectively. The bifurcation curves are
evaluated for a coated bilayer with thickness and stiffness ratios h{* /A =
10 and u(co‘”)/u(my) = 20. The coating is located at the tensile side in the
upper part and at the compressed side in the lower part of the figure. In each
curve, a small circle denote a transition between two different integer values
of m (the parameter which sets circumferential wavenumber). In the region
marked gray the bifurcation is due to an in-plane mode. A solid line is used
to plot the threshold of the surface instability.
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Figure 7.5: Plot of critical angle at bifurcation ., against global aspect ratio
lo/ho (out-of-plane mode k = 1) for plates of dimensionless height L/hy =
50,10 on the left and on the right, respectively. The bifurcation curves are
evaluated for an homogenous block (dashes line) and for a coated bilayer (solid
line) with thickness and stiffness ratios h((fay)/hécoat) =10 and pleoat) /yllay) —
20. The coating is located at the tensile side in the upper part and at the
compressed side in the lower part of the figure. In each curve, a small circle
denote a transition between two different integer values of m (the parameter

which sets circumferential wavenumber).
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Conclusions

A new plane strain solution for finite bending of a thick, elastic multilay-
ered plate has been studied, revealing the complex stress state developing
in multilayered structures subject to large flexure, evidencing, for instance,
more than one neutral axis. This solution allows treatment of two and
three-dimensional bifurcations, highlighting the strong influence on criti-
cal configurations of geometry and stiffness contrast between layers. This
analysis has been performed semi-analytically, developing, for the computa-
tion of the instability bending angles, a special application of a numerical
method based on compound matrices, particularly well-performing for ‘stiff’
problems, as those where multiple neutral axes are present.

The case of coated plates has been considered in detail, investigating
in-plane and three-dimensional instability modes. The following conclusions
can be drawn:

- the presence of a stiff coating, both on the tensile or on the compressed
sides, generally decreases the bifurcation bending angle;

- the occurrence of a critical diffuse mode is very close to the surface
instability when the coating is located at the tensile side, while the two
thresholds become well separated when the coating is located at the com-

pressive side. This is because, in the latter, bifurcation takes place with a
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buckling-like mode in the coating, then occurring at a low axial stretch in
the stiff layer;

- the three-dimensional bifurcation analysis is significative only for rel-
atively slender plates, independently of the position of the coating. In the
other case, the plane strain investigation captures well the instability thresh-
olds of the coated block.

The predictions of bifurcation configurations have been confirmed by
performing simple experimental tests on rubber blocks coated by stiff layers,
which give full evidence to short or long- wavelength modes depending on the
considered specimen. It may be concluded that the theory can be effectively

used to predict limits to the deformation capability of multilayered materials.
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Appendix A

Matrices of numerical

methods
On(r) = (1= n®)(F —rF, —n’E)/(Cr"),
Oua(r) = [(rF + 2rn®D) . — 2F]/(Cr3), "
Ou3(r) = [(rF) » + 4F — 202 D] /(Cr?), '
Ou(r) = 2(F +20)/(Cr).

An(r) = (07 = )(FO —rF}) —n?BO >/<c<1 Y,

Aga(r) = 2FW — (rFO 4 2rn2DW) ] /(C W3, (A2)
Agz(r) = 202D — (rFO) . —4FM)/(CDy2),

Agy(r) = —2(FD 4 200))/(CWy).

Bu(r) = (n* = 1)(F® —rF®) — n2E®@ >/<c<2 Y),
r) = [2F@ — (rF® 4 2rp?
Bua(r) = [2F®) — (rF® 4 2rn2D®) ]/(C@)13), "
Byy(r) = [20°D®) — (rF®) . —4FP]/(CP)r?),
Bu(r) = —2(F® 4 20@) /(C®r).
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C1p = FM(n? - 1), Dy = F@(n? — 1),

Cro = ri[FV) —n2(2DM + CN], Diy = r [F?) —n2(2D® + C?))],

Ci3 = r2(FM 4+ 30M), Dig =r2(F® 4+ 30®@),

Cy =riC, Dyy =1r3C¥,

Cy1 =n?—1, Dy =n? —1,

Cag = i, Day = e,

Cs1 =12, Do3 =12

(A4)

G =FV(n? - 1), Hyy = FO(1 —n?),

Gro = rp[FO — 022D + 0O — T, Hyg = 1y [n2(2D? + 0@ — 7)) - F@)),

G = 12,(FW) +3C0), Hig = —12,(F® +3C®),
Gy = 13,00, Hyy = —r3,C?),
Go1 = (n? —1)(Cc® — 1Y), Hy = (1 —n2)(C® -1,
Gas = rn(CD +TY), Hyy = —rpn(C? + 1),
Goz = r2,C1), Hyz = —12,0?),
G31 =1, H3 = —1,
Gy =1, Hy = -1,
Gy = T, Hys = —1p,.
(A.5)
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Pgi = 2FW — (rFM) 4 2rp2DW) ]/ (CW ),
Piy = 202D — (rFW) . —4F W] /(CWr?),
Pi = —2FW 4+ 20W)/(CWr),

P = (1= n?)(FD — rFp) —n2B0)/(COr),
P4 = 202D — (rFW) . —4FW]/(CWr?),
pPa =—2FW 4+ 2cW)/(CWr),

Py = (1= n?)(FO — P —n2BW) /(CDr),
Pgy = [(rFW +2rn2DW) . — 2FW]/(C M),
P = —2(FW 4 2cM)y/(CDr).

PE = 2F® — (rF?) 4 2rn2D®)) . ]1/(CP3),
PE =2n2D® — (rF@) . —4F3)]/(CPr?),
PE = —2(F® 4+ 203)/(CP),

PE = (1 =n?)(F® — P —n2E@)/(CCIr1),
PE = 2n2D® — (rF®@), —4F®)]/(CP)r?),
PE = —2(F® 4+ 203)/(CPr),

PE = (1 =n®)(F® — P —n2E@)/(CC)r1),
PE = [(rF® 4+ 2rn2D@) . — 2F2)]/(CP)y3),
PE = 2(F® +20@)/(CPr).
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