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Chapter 1

Introduction

In this thesis I present results of my fully general relativistic magnetohydrody-
namic (GRMHD) simulations of binary neutron star (BNS) mergers, conducted by using
the numerical code “Whisky”. The results were published in two papers [29, 47]. In the
first one I worked on simulations of ”high-mass” BNSs, in which a black hole is promptly
formed after merger. The adopted equation of state (EOS) for neutron matter is APR4 and
both magnetized and unmagnetized cases are investigated. In the second paper [47] we use
two different EOSs (ideal fluid and H4), three different magnetic field orientations (both
fields of the two neutron stars aligned with the total angular momentum, one aligned and
one anti-aligned, and both anti-aligned) and mass ratios (equal and unequal mass). These
simulations are aimed at investigating the effects of these parameters (EOSs, magnetic
fields, mass ratios) on the dynamics of the merger and the possible formation of relativistic
jets, which is thought to be one of the necessary conditions for the central engine of short
gamma-ray bursts (SGRBs).

This thesis is organized as follows. In chapter 2 I describe why BNS systems
are important and why we need to perform GRMHD simulations. In chapter 3 I describe
the formalism for the GRMHD equations used in the “Whisky” code, and in chapter 4 I
describe the numerical methods used to solve those equations. In chapter 5 I present the
main results published in reference [29]. In chapter 6 I instead present the results of the
simulations published in reference [47] and of which I was the first author. In chapter 7 I
conclude and summarize the main results of this thesis.
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Chapter 2

Astrophysical motivation

Neutron stars (NSs) are compact objects which are mainly supported by degen-
erate neutron pressure. Typical NSs observed as pulsars have masses of ∼ 1.4M�, radii
of ∼10-14 km, spin periods of ∼ 0.5 second and magnetic field strength of ∼ 1012 G. NSs
are believed to be related to many exotic astrophysical phenomena in the universe, such
as, pulsars, supernovae, short gamma-ray bursts (SGRBs), and they are also sources of
gravitational waves.

NSs are thought to be formed during supernovae. Ordinary stars more massive
than ∼9-10M� would finally produce iron cores at their centers at the end of their main
sequence. When the central iron cores reach the Chandrasekhar mass, electron degeneracy
pressure in the cores can no longer support structure of the cores, so the cores start to
collapse gravitationally. The inner part of the iron cores collapse to form neutron stars,
which would remain after the supernova explosion.

While measuring masses of isolated NSs is not a simple task, masses of NSs ob-
served as pulsars in binary (or multiple) systems can be relatively easily estimated from
trajectories of stars by Kepler’s law considered with general relativistic effects. For exam-
ple masses of NSs in binary neutron star systems have a Gaussian distribution centered on
1.35±0.04M� ([53]). On the other hand, determining radii of NSs is a relatively tough work
due to current insufficient resolution of telescopes. We cannot directly measure radii of NSs
but one of the methods is spectroscopic analysis on thermonuclear phenomena occurring on
surfaces of NSs, which can put some constraints on radii (and masses) of NSs. For example
observation of Type 1 X-ray bursts from accreting NSs in three different X-ray binaries
([64]) indicates the radii of 8km . RNS . 12km, along with the masses of 1.3M� . MNS

. 2M�.

Since we cannot study in a laboratory matter at densities as high as the ones
reached in the NS cores, EOS and internal structure of NSs are not well known. One way
to determine EOS is observing masses and radii of NSs because an EOS relates masses to
radii. In particular measuring maximum mass of NSs would help excluding some EOSs
from consideration because possible maximum mass differs depending on EOSs.

Though there are several formation channels for binary neutron star (BNS) sys-
tems, a standard scenario of forming a BNS is as follows (see Figure 2.1): there are two ordi-
nary stars, whose masses are above ∼8M� and below ∼25M�, between this range the stars

2



Chapter 2: Astrophysical motivation 3

undergo supernovae and produce neutron stars; The heavier star (primary) evolves faster
and reaches a supernova, then produces a NS; if the lighter star (secondary) is not kicked
off from the binary, then a NS-ordinary star binary survives; as the secondary evolves, the
hydrogen envelope of the secondary covers the NS and the Helium core of the secondary and
it extracts the orbital momentum from the NS-He core binary (common envelope phase);
the envelope is finally ejected from the binary for its high angular momentum, and a close
binary consisting of a NS and a He core is left behind; the He core goes through a supernova
and it produces a NS; if the NS produced from the primary is not kicked off, then a binary
of two NSs is formed. In this scenario whether a NS moving through common envelope will
collapse to form a BH by accretion of matter or not is critical. If a BH was formed, this
scenario would finally produce a BH-NS binary.

Another scenario, which can avoid the BH formation during the common envelope
phase, is that if the masses of initial two ordinary stars are nearly the same, the secondary
leaves the main sequence soon after the primary does so and before the primary reaches
a supernova. Then two He cores are left inside the common envelope and the problem of
forming a BH during common envelope phase is avoided. After the envelope is ejected, two
naked He cores are left, and if this binary He cores survives two supernovae explosions, a
BNS is formed.

Such BNSs are rare because binaries have to survive two supernovae, but still there
are some observations of BNSs. One of them is PSR 1913+16, which is a binary consisting
of a pulsar and a neutron star. Regarding this binary, a decay in the orbital period is
observed, which agrees to high precision with a theoretical decay predicted from general
relativity [42]. Another BNS is J0737-3039 A+B, which is composed of two pulsars and
whose orbital frequency is 2.45 hours.

Observing BNSs provides us many valuable information: merely an observation
of a BNS indicates that in some cases formation of BHs in the evolution path of binary
stars can be avoided, by restricted amount of accretion matter onto a NS (in the standard
scenario) or preventing NSs from being covered by hydrogen envelope (in the another sce-
nario); observation of orbital parameters of BNSs provides us with accurate measures of
the masses of composing NSs. The maximum mass observed up to now is ∼2M�, which
puts constraint on possible EOSs for nuclear matter. The decay of orbital period of PSR
1913+16, which agrees very well with the general relativistic prediction assuming GWs ex-
tract orbital angular momentum from the system, proved the existence of GWs indirectly.

Coalescence of two neutron stars in a binary is believed to be one of the possible
central engines of Short Gamma-Ray Bursts (SGRBs). Gamma-Ray Bursts (GRBs) are
nonrepeating flashes of bright gamma-ray, sometimes followed by x-ray/optical/radio after-
glows. In particular, SGRBs indicate such flashes whose duration are below 2s, while the
others (whose duration above 2s) are called Long Gamma-Ray Bursts. This classification of
GRBs is based on the observed distribution of duration of GRBs, in which two peaks exist
below and above 2s ([52]). These two peaks are naturally expected to indicate different
central engines between Short and Long Gamma-Ray Bursts.

The idea that coalescences of two neutron stars are the sources of SGRBs is sup-
ported by the following evidences: SGRBs have cosmological origin, occur in various types
of galaxies, and are not associated with supernovae, in addition to their energy scale (∼ 1051
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erg) and time scale (from 100ms to 2s). Although the mechanism of SGRBs is unclear, there
are some models explaining SGRBs. A standard model is based on the idea that when two
neutron stars merge, the merger remnant collapses to form a black hole and a massive disk
around it. Then the accretion of the disk onto the black hole would finally produce a rela-
tivistic jet, which may be observed as a gamma-ray emission. Another possibility is, when
two NSs merge, the merger remnant undergoes a hypermassive neutron star (HMNS) phase
for some time followed by collapse to a black hole, or remains as a stable supramassive neu-
tron star (SMNS). During these HMNS or SMNS phases, a disk may be produced around
them and fall onto the central remnant, which may produce a relativistic jet. Meanwhile,
electromagnetic spindown of the central remnant or neutrino heating may power an after-
glow ([23],[59]). Yet another possible scenario is the ”time-reversal” scenario ([21], [20]), in
which a NS remnant produced from the merger survives for some time, and its rotational
energy powers the X-ray afterglow, while the gamma-ray burst is powered by accretion of
the surrounding disk onto the black hole produced after the long-lived NS remnant finally
collapses.

All these scenarios include relativistic jets, which are believed to be necessary
because gamma-ray emission is thought to be generated from a relativistic jet. Mainly two
mechanisms explaining how such a jet is formed have been considered, one is neutrino-anti
neutrino annihilation, and the other is magnetic field. In the former mechanism, neutrino-
anti neutrino annihilation, the annihilation process transports thermal energy from the
accretion disk to low density region along the rotation axis of the black hole, which may
drive a relativistic jet. But in [45], it is shown that annihilation of neutrinos alone may
be insufficient to power a jet in case of BNS mergers. In the latter mechanism, magnetic
field [16], when poloidal magnetic field lines penetrate a spinning black hole, the rotational
energy of the black hole can be extracted electromagnetically and power a jet, which is
believed to be more promising mechanism.

Binary neutron stars (BNSs) are also important as sources of gravitational waves
(GWs). GWs are space-time distortion propagating in space with the speed of light, whose
existence has been theoretically predicted from general relativity. It was very recently that
GW signals from binary black holes were actually detected ([3],[2]) by advanced LIGO, a
ground-based interferometer for GWs located in the U.S.A. Other interferometers, such as
advanced VIRGO in Italy and KAGRA in Japan are also proceeding to start their operations
to detect more GW signals and extract more information from GWs.

While GWs from BNSs have not been detected yet, the expected detection rate by
advanced LIGO and VIRGO is ∼0.4-400 per year [1], so GWs from BNSs may be detected
in the near future. If detected, we can extract many valuable information about the source.
For example, masses of two composing NSs and GW waveform just before merger, can put
constraint on possible EOSs of neutron matter. As described before, the observed maximum
mass of NSs can exclude EOSs that do not support such large masses. While, GW just
before merger depends on how NSs are tidally disrupted, which is affected by EOSs, so the
part of GW signal just before merger is also a key to determine the EOS. The difference of
EOSs also affects general dynamics of BNS mergers, that is, whether the merger remnant
is a BH or a HMNS/SMNS under certain masses, and how long the remnant lives before
collapsing to a BH (or remains as a stable NS) and the frequency of oscillating remnant
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(f, g, p, w and r-modes) if it is a HMNS/SMNS. The dynamics of these systems strongly
affect the GW signals, so comparing observed GW signals after merger with numerically
calculated ones can help in determining the EOS.

As described before, the standard scenario for the central engine of SGRBs requires
the coalescence of BNSs. A simultaneous observation of a SGRB and a GW signal from a
BNS merger would validate such a scenario.

Numerical simulations of coalescence of BNSs may help addressing some questions,
such as: what is the final phase of merger of two NSs?; what GWs are emitted from BNSs,
and what information about the initial NSs can we get from the wave signals?; what fraction
of the total mass of BNS is left in the disks, which may be formed around the central BHs
or HMNSs after merger of two NSs?; what is the emission of neutrino and electromagnetic
(EM) waves from BNSs?; what role do magnetic fields play in the evolution of BNS mergers,
and GW, EM, neutrino emissions?; do mergers produce significant amount of elements via
r-process nucleosynthesis?

To address these questions, some fully general relativistic magnetohydrodynamic
(GRMHD) simulations of BNS mergers have been conducted. The first successful full
GRMHD simulations are [7, 55, 35], in which effect of magnetic fields on dynamics of
evolution and GW signals are investigated. Related to SGRBs, some simulations try to
see if relativistic jets are launched from BNS mergers [76, 72, 49]. In [72], after a long
simulation of BNS mergers, authors see a poloidal magnetic field configuration with a half-
opening angle of 30◦ along the BH spin axis, though a jet itself is not launched. However, this
poloidal field structure is one of the necessary conditions to launch a jet, so this simulation
gives an indication that BNS mergers can launch relativistic jets. While in [49], authors
do not see such structure under a different EOS. In [76], however, authors show launch of
a mildly relativistic jet from BNS merger with initial magnetic field strength of ∼ 1015 G.
Indeed this value is unrealistically high, but during HMNS phase after merger, magnetic
field strength is amplified and can reach such large values, so this simulation also gives an
indication that merger of BNS can launch a jet.

In addition to these full GRMHD simulations, some efforts have been made to
do more realistic simulations. For example, a resistive magnetohydrodynamic simulation
[26], or incorporation of thermodynamics and neutrino leakage [66]. Still further progress
is needed to address these problems.
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Figure 2.1 Cartoon visualizing the standard formation channel for BNSs. Image based on
Figure 7 in [57].



Chapter 3

Formulations

In this chapter we describe the equations used in our fully general relativistic
magnetohydrodynamic (GRMHD) simulations, such as the equations for evolution of grav-
itational field, matter dynamics and magnetic field evolution. In addition to these, we
describe the formalism to extract GW signals. In this thesis I use a spacelike signature
(−,+,+,+) and geometric units (c = G = M� = 1) unless specified otherwise.

The Einstein equations, which describes the relationship between matter and ge-
ometry of spacetime, are

Gµν = 8πTµν , (3.1)

Gµν ≡ Rµν −
1

2
gµνR, (3.2)

where Tµν is the stress-energy tensor, Gµν is the Einstein tensor, Rµν is the Ricci tensor, R
is the Ricci scalar, and gµν is the metric. All these variables are considered and defined in
4-dimensional spacetime.

To solve the Einstein equations, coupled with equations for matter and electro-
magnetic field dynamics, the BSSNOK formalism, based on the ADM formalism, is adopted
for spacetime.

3.1 ADM “3+1” formalism

The 3+1 formalism is an approach to solving the Einstein equations based on
the slicing of the 4-dimensional spacetime by 3-dimensional spacelike hypersurfaces. This
formalism was originally introduced by Georges Darmois [25], André Lichnerowicz [54] and
Yvonne Choquet-Bruhat [19]. Following these works, the Arnowitt Deser Misner (ADM)
formalism [9], the Hamiltonian formulations of general relativity, was founded. In the
ADM formalism, 4-dimensional spacetime is foliated by multiple 3-dimensional spacelike
hypersurfaces, which are parameterized by time parameter t. Then the future-pointing
normal vector to each hypersurface can be defined as n ≡ −α∇t, where α is a value chosen
to normalize the vector n. Here coordinate is introduced as {e(µ)} = {e(0), e(i)}, where e(0),
the time coordinate basis, is defined so that e(0) · ∇t = 1. The other three bases e(i) are

7



8 Chapter 3: Formulations

spacelike and tangent to hypersurfaces (n · e(i) = 0). Then n can be expressed using this
coordinate as follows,

n =
e(0)

α
− β

α
, (3.3)

here β = βie(i) is so called shift vector, since it describes how spatial part of the coordinate
changes when moving from a hyperspace to neighborhood one, while α is called lapse, since
it corresponds to time advance from a hypersurface to another one. Under this coordinate,
the line element of spacetime is written as

ds2 = −(α2 − βiβi)dt2 + 2βidx
idt+ γijdx

idxj . (3.4)

Here γij is the 3-metric in the hypersurfaces, which is the projection of 4-metric gµν onto
the hypersurfaces (defined as γµν ≡ gµν + nµnν). Another important variable for ADM
formalism is the extrinsic curvature, defined as

Kij ≡ −γki γlj∇(knl), (3.5)

where ∇i denotes covariant derivative regarding the 3-metric γij . The extrinsic curvature
describes how the spacial hypersurface is embedded in 4-dimensional spacetime. Now the
trace of the extrinsic curvature, K ≡ γijKij , is called mean curvature, which describes
how much the volume on spacial hypersurface changes when moving along the direction of
nl from one hypersurface to another one. Based on this “3+1” foliation of spacetime and
defined variables, the Einstein equations can be split into evolution equations and constraint
equations (the Hamiltonian constraint equation and the momentum constraint equations).

The evolution equations are:

Dtγij = −2αKij , (3.6)

DtKij = −∇i∇jα+ α[Rij +KKij − 2KimK
m
j − 8π(Sij −

1

2
γijS)− 4πργij ], (3.7)

where Dt ≡ ∂t − Lβ and Lβ denotes the Lie derivative along the vector β, Rij is the Ricci
tensor of the spacial metric γij , Sij ≡ γiµγjνTµν is the projection of stress-energy tensor in
4-dimensional spacetime onto the spacial hypersurface, S ≡ γijSij , and ρ ≡ nµnνTµν is the
total energy density measured by a normal observer.

The Hamiltonian constraint equation is given by

R+K2 −KijK
ij − 16πρ = 0, (3.8)

where R denotes the Ricci Scalar of the spacial metric.

And finally the momentum constraint equations are

∇jKij − γij∇jK − 8πSi = 0, (3.9)
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where Si ≡ −γiµnνTµν is the momentum density measured by a normal observer. The
Hamiltonian and momentum constraint equations represent the constraint which should be
satisfied on each spacial hypersurface, and the evolution equations determine the spacial
metric on a hypersurface from that on previous hypersurface if gauge conditions (imposed
on the values of α and β) are given. The set of equations (3.6)-(3.9) is the original ADM
formalism.

3.2 BSSNOK formalism

The original ADM formalism is now known not to be stable for long-term simula-
tions, and a more robust formalism, based on the conformal traceless reformulation of the
ADM equations, is the BSSNOK formalism ([14, 77, 62]).

In the BSSNOK formalism, the 3-metric γij and the trace-free part of the extrinsic
curvature (Aij ≡ Kij − 1

3γijK) are decomposed using a conformal factor as follows.

γ̃ij ≡ e−4φγij , (3.10)

Ãij ≡ e−4φAij , (3.11)

where the conformal factor is defined as

e4φ = γ1/3 ≡ det(γij)
1/3. (3.12)

Now the evolution equations for the conformally decomposed 3-metric γ̃ij and the conformal
factor φ are written as

Dtγ̃ij = −2αÃij , (3.13)

Dtφ = −1

6
αK. (3.14)

The evolution equation for mean Curvature K is also derived as

DtK = −γij∇i∇jα+ α(ÃijÃ
ij +

1

3
K2 +

1

2
(ρ+ S)). (3.15)

Regarding the form of the evolution equation for the conformally decomposed
trace-free extrinsic curvature Ãij , there are different possible choices. A commonly used
form is

DtÃij = e−4φ(−∇i∇jα+ α(Rij − Sij))TF + α(KÃij − 2ÃilÃ
l
j), (3.16)

where (Nij)
TF refers to the trace-free part of a 3-dimensional 2-rank tensorNij , so (Nij)

TF ≡
Nij − γijNk

k /3. The Ricci tensor in the equation (3.16) is decomposed as
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Rij = R̃ij +Rφij , (3.17)

where the part including the conformal factor φ is

Rφij = −2∇̃i∇̃jφ− 2γ̃ij∇̃l∇̃lφ+ 4∇̃iφ∇̃jφ− 4γ̃ij∇̃lφ∇̃lφ, (3.18)

while the other part is

R̃ij = −1

2
γ̃lm∂l∂mγ̃ij + γ̃k(i∂j)Γ̃

k + Γ̃kΓ̃(ij)k + γ̃lm(2Γ̃kl(iΓ̃j)km + Γ̃kimΓ̃klj), (3.19)

where Γσµρ is the Christoffel symbols, and here Γ̃i ≡ γ̃jkΓ̃ijk = −∂j γ̃ij is treated as new

variables for the set of BSSNOK equations. The evolution equation for Γ̃i [5] is

∂tΓ̃
i = −2Ãij∂jα+ 2α(Γ̃ijkÃ

kj − 2

3
γ̃ij∂jK − γ̃ijSj + 6Ãij∂jφ)

− ∂j(βl∂lγ̃ij − 2γ̃m(j∂mβ
i) +

2

3
γ̃ij∂lβ

l). (3.20)

Here the set of equations of (3.13),(3.14),(3.15),(3.16),(3.20) is the BSSNOK for-
malism for the variables of {φ,K, γ̃ij , Ãij , Γ̃i}.

3.3 Gauge conditions

The gauge condition we adopt for our simulations is “1+log” slicing condition [17]
for the lapse, imposed by the following hyperbolic K-driver slicing condition

(∂t − βi∂i)α = −f(α)α2(K −K0), (3.21)

with f(α) = 2/α and K0 ≡ K(t = 0). This choice of gauge condition allows for robust
numerical simulations also in the presence of black holes. While, for the shift we use the
hyperbolic Gamma-driver condition [6]

∂2
t β

i = F∂tΓ̃
i − η∂tβi, (3.22)

where F and η are chosen empirically in order to avoid strong oscillations in the shift [12].
Typical values are F = 0.75 and η = 3. This gauge condition acts so as to reduce the
oscillation of Γ̃i and β.
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3.4 “Valencia” formulation

In our numerical code we use the so called “Valencia” formulation [8] to deal with
the matter and magnetic field dynamics. Here we briefly review the formulation.

At first we assume an Eulerian observer, who is moving with a four-velocity n
perpendicular to a spacial hypersurface. Then 3-velocity of the fluid seen from this observer
is

vi =
hiµu

µ

−uµnµ
=
ui

W
+
βi

α
, (3.23)

where hµν ≡ gµν + nµnν is the projector onto the hypersurface orthogonal to n (identical
to the spacial metric γµν), u is the 4-velocity of the fluid, and −uµnµ = αu0 = W is the
Lorentz factor.

3.4.1 Induction equations for electromagnetic field

Maxwell equations can be expressed in 4-dimensional spacetime by the Faraday
tensor Fµν as follows

∇ν∗Fµν = 0, (3.24)

∇νFµν = 4πJµ, (3.25)

where ∇ν is the covariant derivative with respect to 4-metric gµν , Jµ is the charge current
4-vector, and ∗Fµν is the dual of the Faraday tensor defined as

∗Fµν =
1

2
ηµνλδFλδ, (3.26)

here ηµνλδ is the Levi-Civita pseudo tensor. At this point we can introduce the magnetic
induction field Bα and the electric field Eα seen from an observer moving with the 4-velocity
U,

Eα ≡ FαβUβ, (3.27)

Bα ≡ ∗FαβUβ. (3.28)

Now we assume ideal MHD condition, in which the fluid is a perfect conductor so the
electric conductivity of the fluid is infinite. Under this condition, Fµνuν = 0 needs to be
fulfilled, because the charge current (generally expressed as Jµ = quµ + σFµνuν , where q is
the proper charge density and σ is the electric conductivity of the fluid) would be infinite
under the ideal MHD condition (σ →∞) if the condition Fµνuν = 0 was violated.

Now we can rewrite the Faraday tensor in terms of the magnetic field bµ measured
by the comoving observer with the fluid as follows



12 Chapter 3: Formulations

F νσ = ηαµνσbαuµ. (3.29)

And by taking the dual of this expression,

∗Fµν = bµuν − bνuµ (3.30)

can be derived. Now Maxwell equations (3.24),(3.25) are written as

∇ν∗Fµν =
1√−g∂ν(

√−g(bµuν − bνuµ)) = 0, (3.31)

where g ≡ det(gµν). To further rewrite Maxwell equations in terms of quantities measured
by an Eulerian observer, it is necessary to convert bµ, measured in the comoving frame, to
Bµ, measured in the Eulerian frame. We introduce the projection operator Pµν ≡ gµν+uµuν
regarding the 4-velocity of the fluid u. Using this operator we can relate bµ to Bµ as follows

b0 =
WBivi
α

, (3.32)

bi =
Bi + αb0ui

W
, (3.33)

b2 = bµbµ =
B2 + α2(b0)2

W 2
, (3.34)

where B2 ≡ BiBi. Now it is possible to rewrite Maxwell equations. The divergence-free
condition of magnetic field is

∂iB̃
i = 0, (3.35)

where B̃i ≡ √γBi, and the induction equations of magnetic field are

∂t(B̃
i) = ∂j(ṽ

iB̃j − ṽjB̃i), (3.36)

where ṽi ≡ αvi − βi.

3.4.2 Conservative form of GRMHD equations

For evolving set of quantities related to matter and magnetic field dynamics, in-
cluding rest-mass density ρ, specific internal energy ε, pressure p, 3-velocity of the fluid
vi, and magnetic field, we need to rewrite related equations in conservative form, which is
suited for High-Resolution Shock-Capturing methods used in many simulations including
ours.

The equations of motion of the fluid consist of the following two parts.
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The conservation of baryon number of the fluid

∇ν(ρuν) = 0. (3.37)

The conservation of energy-momentum of the fluid

∇νTµν = 0. (3.38)

Now we assume that the fluid is a perfect fluid. Then the energy-momentum tensor
for the fluid is

Tµν = Tµνfluid + Tµνem , (3.39)

Tµνfluid = ρhuµuν + pgµν , (3.40)

Tµνem =
1

4π
(FµλF νλ −

1

4
gµνF λδFλδ) = (uµuν +

1

2
gµν)b2 − bµbν , (3.41)

here h ≡ 1 + ε + p/ρ is the specific relativistic enthalpy. Tµνfluid denotes the stress-energy
tensor for non-magnetized perfect fluid, and Tµνem denotes the stress-energy tensor related to
electromagnetic field. Then the stress-energy tensor for magnetized perfect fluid is sum of
the two, as shown.

The energy-momentum for the fluid is then written as

Tµν = (ρh+ b2)uµuν + (p+
b2

2
)gµν − bµbν . (3.42)

Now we can rewrite equations for matter dynamics (3.37), (3.38) and magnetic
field (3.36) in a conservative form

1√−g [∂t(
√
γF0) + ∂i(

√−gFi)] = S, (3.43)

where F0 is the vector of conserved variables seen from an Eulerian observer

F0 =




D
Sj
τ
Bk


 , (3.44)

Fi are the fluxes

Fi =




Dṽi/α
Sj ṽ

i/α+ (p+ b2/2)δij − bjBi/W

τṽi/α+ (p+ b2/2)vi − αb0Bi/W
Bkṽi/α−Biṽk/α


 , (3.45)
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and S is the source terms

S =




0
Tµν(∂µgνj − Γδνµgδj)

α(Tµ0∂µ lnα− TµνΓ0
νµ)

0k


 , (3.46)

where

D ≡ ρW, (3.47)

Sj ≡ (ρh+ b2)W 2vj − αb0bj , (3.48)

τ ≡ (ρh+ b2)W 2 − (p+
b2

2
)− α2(b0)2 −D, (3.49)

0k = (0, 0, 0)T . (3.50)

This is the “Valencia” formulation we use to evolve matter and magnetic field. To actually
solve this set of equations, we need additionally an equation of state of the fluid matter,
which relates the pressure to the rest-mass density and the specific internal energy p =
p(ρ, ε).

3.5 Extracting GW signals

While there are several ways of extracting the waveforms of gravitational waves, we
choose the gauge-invariant Moncrief formalism [60, 61]. In this method metric is decomposed
into the Schwarzschild metric and a perturbation metric. By calculating the gauge-invariant

Moncrief functions (for even-parity Ψ
(e)
lm and for odd-parity Q

(o)
lm) at a spherical surface far

from the objects emitting GWs, one can extract the content of GWs (the perturbation of
the metric from the Schwarzschild metric),

Q+
lm = λΨ

(e)
lm, (3.51)

Q×lm = λQ
(o)
lm , (3.52)

where λ ≡
√

2(l + 2)!/(l − 2)!. From these quantities we can calculate gravitational wave
amplitudes for + and × polarizations as follows:

h+ − ih× =
1

2r

∑

l,m

(
Q+
lm − i

∫ t

−∞
Q×lm(t′)dt′

)
−2Y

lm, (3.53)

where −2Y
lm is the s = −2 spin-weighted spherical harmonic.



Chapter 4

Numerical methods

In this chapter we present the numerical methods for solving the equations de-
scribed in the previous chapter. We make use of the full GRMHD code Whisky [37,
36, 33], which is based on the public code Einstein Toolkit [56], to conduct our numeri-
cal simulations. The initial data are computed using the spectral-method code LORENE
(http://www.lorene.obspm.fr).

4.1 Evolution method for spacetime curvature

The spacetime is evolved using the BSSNOK formalism via the McLachlan code
[18, 70] in the Einstein Toolkit. This code solves the set of equations shown in the
section of BSSNOK formalism (3.13), (3.14), (3.15), (3.16), (3.20) for the variables of
{φ,K, γ̃ij , Ãij , Γ̃i}. The code uses finite difference schemes and adds a Kreiss-Oliger dissi-
pation term to remove high-frequency noise.

4.2 HRSC method

High-Resolution Shock-Capturing (HRSC) methods [32] can solve the conservative
form of GRMHD equations (3.43) properly in the presence of shocks. At first, we set
coordinates that are parameterized by a time coordinate t, and spacial coordinates x, y, z in
the spacetime. Now we focus on a single computational cell at (t, x, y, z), which is bounded
spatially by surfaces at xi − ∆xi/2 and xi + ∆xi/2. Then the integral form of equation
(3.43) is

∫
∂t(
√
γF0)dΩ = −

∫
∂i(
√−gFi)dΩ +

∫ √−gSdΩ, (4.1)

where dΩ ≡ dtdxdydz. This integral form can be rewritten as

15



16 Chapter 4: Numerical methods

(∆V F̄0)|t+∆t − (∆V F̄0)|t =−
∫

x+∆x/2
(
√−gFx)dtdydz +

∫

x−∆x/2
(
√−gFx)dtdydz

−
∫

y+∆y/2
(
√−gFy)dtdxdz +

∫

y−∆y/2
(
√−gFy)dtdxdz

−
∫

z+∆z/2
(
√−gFz)dtdxdy +

∫

z−∆z/2
(
√−gFz)dtdxdy

+

∫ √−gSdΩ, (4.2)

where F̄0 is defined as

F̄0 ≡ 1

∆V

∫

∆V

√
γF0dxdydz, (4.3)

where

∆V ≡
∫ x+∆x/2

x−∆x/2

∫ y+∆y/2

y−∆y/2

∫ z+∆z/2

z−∆z/2

√
γdxdydz. (4.4)

Here we introduce the numerical fluxes F̂i, which are defined at the boundaries of compu-
tational cells, and defined as the time average of the fluxes,

F̂i ≡ 1

∆t

∫ t+∆t

t

√−gFidt. (4.5)

Now we obtain the following equation by dividing the equation (4.2) by ∆V if we ignore
the source term for the time being,

(F̄0)|t+∆t − (F̄0)|t
∆t

=
∑

i=1,3

(F̂i)|xi−∆xi/2 − (F̂i)|xi+∆xi/2

∆xi
. (4.6)

In practice we treat the values of F0 at each numerical cell as the average values F̄0, and
we take into account the source term S in the numerical evolution, then we calculate the
conserved equation numerically as follows,

dF0

dt
=
dF̄0

dt
=
∑

i=1,3

(F̂i)|xi−∆xi/2 − (F̂i)|xi+∆xi/2

∆xi
+ S. (4.7)

4.3 Reconstruction of primitive values

To compute the numerical fluxes in the equation (4.7), one needs to reconstruct
primitive variables (ρ, vi, ε) at the interfaces between the numerical cells in each step of
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evolution. For the interpolation of numerical values we adopt the Piecewise Parabolic
Method [22] for its balance of accuracy and computational efficiency. Since our scheme
evolves the conserved variables while the fluxes need the primitive variables to be computed,
at the end of each time step we need to compute the primitive variables from the conservative
ones by solving the set of equations (3.47)-(3.49). This requires to solve for a system of
five equations in five unknowns. By using the ”2D” method described in [37] we reduce the
problem to the solution of two equations in two unknown via a Newton-Raphson scheme.

4.4 Riemann solver

Since the numerical fluxes are defined on the boundaries between the numerical
cells, the fluxes are determined by solving a Riemann problem with the parameters ob-
tained by reconstruction of primitive variables in the numerical cells. Since solving the
Riemann problem analytically is difficult due to the complexity of the equations, we use
the approximate Riemann solver HLLE [40] to solve the problem numerically.

4.5 Modified Lorenz gauge

In order to keep the magnetic field to be divergence-free during the evolution, we
evolve the vector potential of the field instead of the magnetic field itself. Under the ideal
MHD condition the evolution equations for the vector potential A can be written as [36]

∂tA = −E, (4.8)

where E denotes the electric field at the center of each numerical cell, which is calculated
by interpolating fluxes at the interfaces of the cells. Then the magnetic field is calculated
at the center of each cell by taking the curl of the vector potential.

We choose “Modified Lorenz gauge” [30, 31] for evolving the vector potential in
order to suppress the spurious amplification of magnetic fields at the boundaries between
different refinement levels of numerical grids.

4.6 Atmosphere

The conservative equation (3.43) has a singularity if the rest-mass density is zero
(i.e., if we are in a vacuum region). To avoid this problem, we replace vacuum regions
with an artificial “atmosphere” for all the grid points outside the stars, where very low, but
non-zero constant rest-mass density is initially set. The value of rest-mass density is chosen
as small as possible in order to suppress the effect of this artificial density onto the physical
dynamics.

4.7 Excision

We excise the region inside the apparent horizon after the formation of a black
hole by setting the hydrodynamic variables to the values in the atmosphere, so that the
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calculation of the primitive variables from the conservative ones does not fail due to very
high magnetic field amplification that may occur inside a black hole. The region of apparent
horizon is determined by the apparent horizon finder of Thornburg [84].



Chapter 5

General relativistic
magnetohydrodynamic simulations
of binary neutron star mergers
with the APR4 equation of state

In this chapter I present the results of simulations published in one of our papers
[29], in particular the part associated with the “high-mass” models whose simulations were
done by me. The other simulations, “low-mass” and “unequal-mass” simulations were done
by another PhD student of our group (Andrea Endrizzi). The figures presented in this
chapter, as well as part of the text, were published in [29].

5.1 Models

We employ a piecewise polytropic approximation of the APR4 EOS [4] as the EOS
for neutron matter. The parameters for the polytropic segments are taken from [69]. In
addition, we take into account thermal effects by adding thermal component to the EOS,

P (ρ, ε) = Pcold (ρ) + (Γth − 1) (ε− εcold (ρ)) ρ (5.1)

where Γth = 1.8. Further, we noticed that the piecewise polytropic approximation [69] of
the APR4 EOS is only causal up to a density of 1.45× 1015g/cm3, above which the sound
speed becomes superluminal. The critical density is larger than the central density of all
the NSs used for our initial data. During the evolution however, the density can exceed this
value, either during a short period when the stars are merging or while undergoing collapse
to a BH. We therefore add two more high-density pieces, one with Γ = 3 and starting at
density 1.4 × 1015g/cm3, and one with Γ = 2 for densities above 1.61 × 1015g/cm3. The
resulting hybrid EOS is fully causal (regardless of temperature), although it is probably not
particularly realistic in the high density part.

19
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Figure 5.1 Pressure versus rest mass density relation for the piecewise polytropic approx-
imation of the APR4 EOS used in this work. For comparison, we also show some other
EOSs.

Figure 5.1 shows pressure versus rest mass density for the cold part in comparison
to other well known EOSs. They differ only at high densities, since the EOS for the density
range of the NS crust is better constrained by current understanding of nuclear physics.
We should note that the same low density EOS is used together with the added thermal
part for the evolution of ejected matter. Since such matter is shock-heated, we expect the
thermal part to dominate in this regime. We computed sequences of TOV stars as well as
uniformly rotating stars with maximal rotation using the piecewise polytropic APR4 EOS.
Figure 5.2 shows the baryonic mass versus the central density for these sequences. We find
that the supramassive mass range lies between 2.61–3.07M�.

We evolve three different initial models, which are summarized in Table 5.1. The
first (“high mass”, HM) is an equal mass model with total mass in the hypermassive range
(cf. Figure 5.2), which can either form a metastable HMNS or directly collapse to a BH.
The second equal mass model is in the supramassive mass range and expected to form a
long-lived remnant (“low mass”, LM). Our third model is an unequal mass binary with mass
ratio 0.905 (“unequal mass”, UM). Although its total mass is in the upper supramassive
regime, the resulting remnant can be somewhat lighter since unequal mass models typically
form more massive disks during merger.

Each of the three models is evolved with and without an initial magnetic field.
Since the LORENE code cannot yet compute magnetized BNS models, we manually add a
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Figure 5.2 Total baryonic mass as function of the central rest mass density, for nonrotating
NSs and for uniformly rotating NSs at the mass-shedding limit, employing the EOS used
for all our initial data. The horizontal lines correspond to the total baryonic masses of the
three models we evolved. The individual stars of the low-, unequal-, and high-mass binaries
are marked by square, plus, and circle markers, respectively. The diamond symbols denote
maximum mass models. The vertical line marks the density where the original APR4
approximation given in [69] becomes non-causal and had to be modified.

poloidal magnetic field using a simple analytic prescription for the vector potential:

Aφ ≡ $2Ab max (p− pcut, 0)ns , (5.2)

where $ is the coordinate distance to the NS axis (orthogonal to the orbital plane). The field
is confined to the NSs, using a cutoff pressure pcut = 0.04 of the maximum (central) pressure.
The exponent ns = 2 determines the degree of differentiability of the potential [36]. The
strength of the field, determined by Ab, is chosen such that the maximum field strength
is 1.0 × 1013G. For the unequal mass model, this is done separately for each star. The
corresponding magnetic energy (see Table 5.1) is below 10−11 of the NS binding energy.
Hence we can neglect the impact on the hydrostatic equilibrium, and also the violation of
the general relativistic constraints. We stress however that finding a stable magnetic field
configuration for NSs is still an unsolved problem. The prescribed magnetic field topology
will decay into an unordered field during the inspiral.

Though we confine the magnetic field to the NS interior, as the ideal MHD approx-
imation is valid only inside the NSs, we do not think this assumption affects the numerical
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Table 5.1 Initial data parameters. Mb is the total baryonic mass of the systems and d denotes
initial proper separation, both parameters are given to Lorene to produce initial data. f0

is the initial orbital frequency calculated by Lorene. For all the models we calculated TOV
sequence of single star, whose mass corresponds to Mg, the gravitational mass of each
star at infinite separation, and whose circumference radius Rc is used for calculating the
compactness of each star Mg/Rc (dimensionless). q = M1

g /M
2
g denotes the mass ratio. The

total magnetic energy in the system is calculated as Emag ≡
∫
V nµnνT

µν
emW

√
γd3x/W (See

[27]). According to this calculation, EB is the initial magnetic energy of the magnetized
models, which are otherwise identical to the non-magnetic ones.
Model HM LM UM

q 1 1 0.905
Mb [M�] 3.18 2.66 3.01
Mg [M�] 1.43 1.22 1.29, 1.42
Mg/Rc 0.186 0.159 0.168, 0.186
f0 [Hz] 288 270 282
d [km] 60.0 57.5 59.0
EB [1042erg] 1.58 1.52 1.55

results qualitatively compared with the results obtained if we instead assume dipolar mag-
netic fields. Ruiz et al [76] presents results in which both the models with dipolar-like
magnetic fields and confined fields launch jets via NS-NS mergers. The launch of jets seems
to be due to the very high initial magnetic field strength (∼ 1015 G), and seems not to be
related to the initial configuration of magnetic fields.

5.2 Numerical setups

Though basic setups for numerical evolutions are already presented in the previous
chapter, in particular for the APR4 simulations, the density of atmosphere is ρa ≈ 6.2 ×
106g/cm3. Regarding the adaptation of meshes for the space, adaptive mesh refinement
is implemented via the Carpet driver which is part of the Einstein toolkit. In all the
simulations we employed 6 refinement levels, with a resolution of 0.15M� ≈ 222m for the
finest level. During inspiral, the two finest levels follow the NSs, which are completely
contained in the larger fixed grids (see Figures 5.3 and 5.4). Shortly before merger, when
two NSs approach within a given distance ∼ 1332m, the moving grids are replaced by larger
fixed grids. The smallest covers a radius of ∼ 30km, sufficient to contain the post-merger
remnant. The outer boundary is located at ∼ 794km. In order to save computational
resources, we apply reflection symmetry with respect to the equatorial plane.
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Figure 5.3 Plot of the rest-mass density
and grid setup on the equatorial plane
at the beginning of the simulation. The
right-hand side of the mesh is clipped for
clear visualization.

Figure 5.4 Like Figure 5.3, but during the
inspiral phase. One can see that the two
finest grids are following the stars while
the other outer grids are kept fixed.

5.3 Results

5.3.1 General dynamics

In the “high-mass” models binary neutron stars complete 5 orbits before merger
in either of magnetized or non-magnetized cases, while “unequal-mass” and “low-mass”
models complete 6 and 8 orbits, respectively, regardless of the existence of magnetic fields.
The influence of magnetic fields on general dynamics seems very small. In Figure 5.5 we
show the dynamics of matter for the “high-mass” case. After merger, the remnant promptly
collapses to form a black hole, and mass of the surrounding disk and the amount of ejected
matter are negligibly small. While, the “unequal-mass” and “low-mass” models undergoes
SMNS phases which are stable at least for the time lapse of our simulation, and surrounding
disks and some ejected matter exist. In Figure 5.6 we show the plot of dimensionless BH
spin for the “high-mass” model. The discontinuity between first ∼ 1 ms after finding the
apparent horizon and the other part is due to the failure of finding the apparent horizon
during the first ∼ 1 ms except for its first detection (black vertical line). See the detailed
information for the outcome of simulations in Table 5.2.

5.3.2 Magnetic field evolution

The evolution of total magnetic energy for magnetized high-, low- and unequal-
mass models are shown in Figure 5.7. As one can see, there is a moderate amplification
already during the inspiral. There are several possible effects that might contribute to the
evolution of the field. First, the chosen field configuration is known to be unstable and might
re-arrange itself (we indeed observed that the magnetic field configuration changes slightly
during inspiral), which is however unfavourable to amplify the field. A second possible
cause could be fluid flows induced by tidal forces or GR effects, which is however purely
speculative. A more likely cause is the imperfection of the initial data. The error due to
the quasi-circular approximation might lead to some vortex-like, churning movements on
top of more visible effects such as residual eccentricity and stellar oscillations. Numerical
errors during the evolution can be ruled out as cause of the amplification, since we observe
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Figure 5.5 Snapshots of the evolution at 0, 1, and 8.9 ms after the merger, for model HM B0.
The top row show cuts in the xz-plane, the bottom row cuts in the orbital xy-plane. The
color corresponds to the logarithmic rest mass density. The contour lines mark the bound-
aries of regions where matter is unbound (according to the geodesic criterion, u0 < −1).
The apparent horizon and its interior are drawn in white and red, respectively.

slightly more amplification during inspiral with better resolution, not less. In summary, we
cannot tell if the amplification during inspiral is a generic feature or an artifact of our setup.
In any case, we are not overly concerned about the changes during the inspiral since the
actual field structure of BNS is completely unknown anyway and our setup is intended only
as generic example of a magnetized merger. Moreover, we are confident that those changes
do not influence the qualitative results in the post-merger phase which will be discussed in
the following.

Regarding the high-mass case, it seems that the Kelvin-Helmholtz instability acts
in the very late inspiral so as to amplify the magnetic field energy, since the remnant
promptly collapses to a black hole, the matter and associated magnetic energy are swallowed
at merger. The increase in magnetic energy occurring a few ms after merger seems to be
due to the amplification of the magnetic field in low density matter falling back onto the
black hole. While, in low- and unequal-mass cases, the magnetic field energy is amplified
via the Kelvin-Helmholtz instability during merger, and also later time during the evolution
of SMNS, and reaches a saturation.

5.3.3 GW signal

We extract the GW signal for all runs at a fixed radius of 738 km, and we perform
no extrapolation to infinity, since the precision is likely limited by the accuracy of the
hydrodynamic evolution. The l = m = 2 component of GWs, which is the largest one,
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Figure 5.6 The time evolution of dimensionless BH spin JBH/M
2
BH for the model HM B0.

The vertical black line denotes the time of black hole formation.

are shown in Figure 5.8, for non-magnetized high-, low- and unequal-mass cases. For the
high-mass case, since the remnant promptly collapses to a black hole after merger, the
GW signal mainly consists of inspiral signal and black hole ringdown. While, for low- and
unequal-mass cases, the GW signals consists of inspiral part and SMNS oscillation. The
sudden drop in amplitude happening at ∼ 3 ms in the unequal-mass model may be related to
vortex rearrangements in the fluid after merger [46]. The following decay in the amplitude
is instead probably due to the remnant becoming more axisymmetric and a similar effect is
also observed in other simulations (e.g., [41]).

We now discuss the power spectra of the GW signal, given by heff(f) =
√
h̃2

+(f) + h̃2
×(f),

where h̃+, h̃× are the Fourier transforms of coefficients h+
22(t), h×22(t). The spectra for all

models are shown in Figure 5.9, in comparison to the sensitivity curves of GW detectors.
At a distance of 100 Mpc, the inspiral phase of all our models will be visible with both
advanced LIGO and Virgo, while the post-merger part of the spectrum for the low- and
unequal-mass models will be barely visible. Note that our signal does not include the long
term evolution of the remnant. Although the amplitude at the end of our simulation is
quite low, a longer integration time might enhance its detectability (e.g. [24, 39]). This de-
pends on the damping at late times and the stability of the frequency. The high-frequency
side-peak of the unequal mass models will be barely visible with the Einstein telescope,
while the one produced by the low-mass models is too faint. The frequency of the largest
post-merger peak of the spectra is given in Table 5.2 for each model, together with the
instantaneous frequency at merger time.
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Table 5.2 Outcome of the mergers. Me is our best estimate for the total ejected mass,
computed by integrating the flux of rest-mass density across spherical surfaces at certain
distances from the origin of the grids (The distance is chosen so that the amount of ejected
matter becomes maximum within our initial guessed radii. See more detail in [29]). The av-

erage escape velocity is defined as vesc ≡
√

1−W−2
∞ , where W∞ ≡ −(

∫
u0ρudV )/(

∫
ρudV )

is an average escape Lorentz factor (ρu is the density of ejected matter and dV is the proper
volume element). See more detail about the average escape velocity in [29]. fpk is the GW
instantaneous frequency at merger time. If a BH is formed, MBH and JBH are its mass and
angular momentum calculated by QuasiLocalMeasures (See [56]), extracted at the end of
the simulations. For the models without BH, Fc and Fm denote the remnant’s central and
maximum rotation rates, computed 15 ms after the merger (See [29] about HMNS rotation
profiles). Though there is neither a clear distinction between disk and fall-back component,
nor between remnant and disk, we estimated disk mass Md between 20 < r < 60 km and
fall-back mass Mf at r > 60 km, computed 15 ms after the merger. Finally, fpm is the
frequency of the largest peak in the post merger spectrum. Note that the missing of vesc,
Md and Mf in the UMB0 is simply because its simulation was done before the introduction
of these measures.
Model HMB0 HMB13 LMB0 LMB13 UMB0 UMB13

MBH [M�] 2.79 2.79 — — — —
JBH/M

2
BH 0.78 0.78 — — — —

Fc [kHz] — — 0.52 0.49 0.67 0.66
Fm [kHz] — — 1.50 1.54 1.63 1.60
fpk [kHz] 2.18 2.18 2.02 2.02 2.08 2.07
fpm [kHz] — — 3.17 3.14 3.30 3.26
Me [M�] < 10−3 < 10−3 0.002 0.003 0.010 0.010
vesc [c] — — 0.13 0.12 — 0.12
Md [M�] — — 0.130 0.091 — 0.119
Mf [M�] 0.001 0.001 0.085 0.085 — 0.112

5.3.4 Constraints violation

To check the numerical accuracy of the simulations, we show the time evolutions
of the Hamiltonian and momentum constraints for the magnetized high-, low- and unequal-
mass models in Figures 5.10, 5.11 and 5.12, respectively. Though we do not show the cases of
unmagnetized models, the constraint violations are almost the same as in the magnetized
cases, so the effect of magnetic fields on the Hamiltonian and momentum constraints is
almost negligible.

In all the three models, the values of the Hamiltonian and momentum constraints
are almost the same during inspiral (∼ 10−2 and ∼ 10−4, respectively). After merger, in the
high-mass model a black hole is promptly formed and both the constraints settle down to
∼ 10−3, while in the low- and unequal-mass models the Hamiltonian constraint continues to
increase to ∼ 10−1 until the end of our simulations, and the momentum constraints settle
down to ∼ 10−3 slowly with oscillation since the HMNSs survive for these cases. Note that
the flat lines of constraints continuing for ∼ 1 ms after the black hole formation in the



Chapter 5: General relativistic magnetohydrodynamic simulations of binary neutron star
mergers with the APR4 equation of state 27

−20 −10 0 10 20

t [ms]

1041

1042

1043

1044

1045

1046

1047

1048

E
m

a
g

[e
rg

]

HM B13
LM B13
UM B13

Figure 5.7 Evolution of the total magnetic energy for the three magnetized models: high-
mass (blue dotted), low-mass (green dashed), and unequal-mass (solid red). The vertical
line marks the time of merger t = 0.

high-mass model are due to the failure of finding the apparent horizon during this period
except for its first detection (the vertical black line).
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Mpc.
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Figure 5.11 Evolution of the maximum values for the Hamiltonian constraint and the mo-
mentum constraints for the magnetized low-mass model. The relationship between line
colors and physical quantities is the same as Figure 5.10.
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Chapter 6

Binary neutron star mergers and
short gamma-ray bursts: Effects of
magnetic field orientation,
equation of state, and mass ratio

In this chapter I present the results published in Kawamura et al 2016 [47]. The
figures and part of the text presented in this chapter are taken from the published paper.

6.1 Models

We evolve magnetized, quasicircular and irrotational BNS models. The main prop-
erties of the initial data used for our simulations are listed in Table 6.1. These data are
produced using the spectral-method code LORENE (http://www.lorene.obspm.fr), except
for the setup of the magnetic field (see below). We employ the ideal-fluid EOS (denoted IF

in the table) and the H4 EOS (denoted H4 [38]), along with poloidal initial magnetic fields
that are confined inside the stars. The ideal-fluid EOS uses a polytropic index Γ = 2 and
a polytropic constant K = 100 as in previous simulations [36, 72]. The H4 EOS is instead
implemented as a piecewise polytropic EOS as described in Ref. [69]. In order to also take
thermal effects into account in this case, we add a thermal part via an ideal-fluid EOS with
a polytropic index Γ = 1.8 as done in Refs. [49, 48]. The total masses have been chosen so
that the ideal-fluid and H4 equal-mass models are the same as the ones evolved in Ref. [72]
and Refs. [49, 48], respectively. All our models inspiral for ∼ 3 − 6 orbits before merger.
Time of merger is defined as the time of maximum amplitude in the GW signal.

For the ideal-fluid equal-mass simulations, we use three different magnetic field
orientations: both NS magnetic fields aligned to the orbital rotation axis (UU), aligned and
antialigned (UD), and both antialigned (DD). For the ideal-fluid unequal-mass simulation, and
also for the H4 equal- and unequal-mass simulations, we use the UU magnetic field configu-
ration. In summary, there are six models according to EOSs, mass ratio, and magnetic field
configurations: IF q10 UU, IF q10 UD, IF q10 DD, IF q08 UU, H4 q10 UU, and H4 q08 UU.

32
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Table 6.1 Initial data parameters: mass ratio (q = M1
g /M

2
g ), total baryonic mass of the

system (M tot
b ), baryonic and gravitational masses of each star at infinite separation (Mb and

Mg), compactness (Mg/Rc, dimensionless), initial orbital frequency and proper separation
(f0 and d), initial magnetic energy (EB), initial maximum value of magnetic field strength
(Bmax), and Ab, the value in geometric units used in equation 6.1 in order to fix Bmax. See
Table 5.1 for detailed description for each parameter.
Model IF equal IF unequal H4 equal H4 unequal

q 1 0.816 1 0.816
M tot

b [M�] 3.25 3.25 3.04 3.04
Mb [M�] 1.63 1.44, 1.81 1.52 1.35, 1.69
Mg [M�] 1.51 1.36, 1.67 1.40 1.26, 1.54
Mg/Rc 0.140 0.120, 0.164 0.148 0.132, 0.164
f0 [Hz] 295 234 263 263
d [km] 59.3 68.0 61.0 61.0
EB [1040erg] 8.19 8.03 9.51 9.32
Bmax [1012G] 1.99 1.99 1.99 1.99
Ab 2.20 0.76, 5.36 1.97 1.21, 3.13

All the initial data computed with LORENE are publicly available online as supplemental
material to my paper1, except for model IF q10 (ideal-fluid equal-mass) which is already
available on the LORENE web page as model G2 I14vs14 D4R33 45km.

The magnetic fields are added a posteriori on top of the initial data produced with
LORENE using the following vector potential:

Aφ ≡ $2Ab max (p− pcut, 0)ns , (6.1)

where $ is the coordinate distance from the NS spin axis, pcut = 0.04 max(p) is
a cutoff that determines where the magnetic field goes to zero inside the NS, max(p) is
the initial maximum pressure in each star, and ns = 2 is the degree of differentiability of
the magnetic field strength [36]. The values for Ab for each model are listed in table 6.1.
For the unequal-mass models different values for Ab were used for each star in order to
guarantee that they had the same initial magnetic field strength. Antialigned fields are
instead obtained by multiplying Ab by −1.

Also in this case we assume the magnetic field to be confined inside the NSs as we
did in the previous chapter.

6.2 Numerical setups

In all the simulations we set the atmosphere density to ρa ≈ 6.2× 104g/cm3. This
atmosphere value is two orders of magnitude lower than that of the simulations in chapter
5. In the simulations in this chapter we want to investigate the relationship between BNS

1http://journals.aps.org/prd/abstract/10.1103/PhysRevD.94.064012
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Table 6.2 System properties for the different EOS and mass ratios considered in this work
(Also see Table 5.2 for the description of each property): BH mass (MBH), spin (aBH ≡
JBH/M

2
BH), and disk mass (Mdisk) at the end of our simulations (27−30 ms after collapse),

accretion rate computed by integrating the flux of rest-mass density across the apparent
horizon (Ṁ), accretion timescale (τacc ≡ Mdisk/Ṁ), time of BH formation since merger
(tBH), instantaneous GW frequency at merger (fmerger) and characteristic GW frequency
in the HMNS phase (fHMNS). The accretion rate is taken as time average from 5 ms after
collapse to the end of the simulation. The time of merger t = 0 corresponds to the maximum
GW strain. fHMNS is estimated from the characteristic peak in the post-merger spectrum
(see Section 6.5).
Model IF equal IF unequal H4 equal H4 unequal

MBH [M�] 2.92 2.78 2.67 2.50
aBH 0.81 0.77 0.71 0.63
Mdisk [M�] 0.04 0.21 0.04 0.23

Ṁ [M�/s] 0.8 2.6 1.1 1.8
τacc [s] 0.05 0.08 0.03 0.13
tBH [ms] 8.7 1.3 11.6 24.7
fmerger [kHz] 1.36 0.96 1.43 1.62
fHMNS [kHz] − − 2.47 2.69

mergers and short gamma-ray bursts by studying the possible production of relativistic jets.
Since the funnel that is typically formed along the BH spin-axis has a very low density, we
set the atmosphere as low as possible in order to reduce possible contamination due to the
interaction between the low-density funnel and the artificial atmosphere. We also used the
adaptive mesh refinement driver Carpet with a total of six refinement levels. The finest
grids cover each of the NSs during the inspiral and, after merger, they are merged into a
larger one that covers the resulting hypermassive NS (HMNS). We adopted a resolution on
the finest grids of ≈ 222 m in the runs using an ideal-fluid EOS and of ≈ 186 m in the runs
using the H4 EOS. This choice has been made so that the NSs are covered by approximately
the same number of points in both cases. The external boundary is located at a distance
of ≈ 1400 km in the ideal-fluid case and ≈ 1200 km in the H4 case. All the simulations
employed reflection symmetry across the equatorial plane to reduce computational costs.

6.3 Evolution

In this section we provide an extensive discussion of the results of our simulations,
including the general dynamics, the magnetic field evolution, the dependence on the EOS
and the mass ratio, a comparison with previous work, and a resolution study. The connec-
tion to SGRBs and GW emission are discussed in Secs. 6.4 and 6.5. Important quantities
characterizing the system are summarized in Table 6.2 for the different cases considered in
this work.
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Figure 6.1 Rest-mass density evolution on the equatorial plane for models IF q10 (top) and
IF q08 (bottom). The horizon is marked with a red circle, with the exception of the top
right panel which shows the excised region (black) instead.
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Figure 6.2 Rest-mass density evolution on the meridional plane for models IF q10 (top)
and IF q08 (bottom). Note the lower right panel constitutes an off-center cut because of
the BH drift.
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Figure 6.3 The time evolution of dimensionless BH spin aBH for the IF q10 UU model. The
vertical black line denotes the time of black hole formation.

6.3.1 Ideal-Fluid Equal-Mass Model

We first consider the equal-mass case with ideal-fluid EOS and initial magnetic
fields aligned with the orbital axis, IF q10 UU. The following discussion refers to the stan-
dard resolution simulation, while different resolutions for this case are considered in Sec. 6.3.8.

The rest-mass density evolutions on the equatorial and meridional planes are shown
in the top rows of Figures 6.1 and 6.2, respectively. As its total rest mass is well within the
hypermassive regime for a single object, the merger is followed by a HMNS phase lasting
∼ 8.5 ms and the eventual collapse to a BH. Most of the rest mass in the system is rapidly
swallowed by the BH during its formation, leaving behind only a light disk. At the end
of the simulation (∼26 ms after BH formation) the disk mass is only ∼ 0.04 M� and the
accretion time scale is less than 100 ms (see Table 6.2). In Figure 6.3 we show the time
evolution of BH spin. The discontinuity is due to the failure of finding apparent horizon
during the first low value part. The final BH spin is relatively high aBH ∼ 0.8 (the highest
value obtained in this study).

The evolutions of the magnetic field energy and strength are shown in Figures
6.4, 6.5, 6.6, and 6.7. A sudden increase of magnetic energy is observed in the first 2
ms after merger. This is to be attributed to the shear that is generated when the two
stars first touch and that is associated with strong magnetic field amplification via the
Kelvin-Helmholtz instability (although our resolution does not allow us to fully resolve
it; see Section 6.3.8). In the following evolution, the magnetic field is further amplified
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Figure 6.4 Comparison of total magnetic energy between the models IF q10 UU, IF q10 DD,
IF q10 UD. The yellow vertical line marks the merger time and the circles show the time of
BH formation for each model.
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Figure 6.5 Comparison of the maximum values of magnetic field strength between the models
IF q10 UU, IF q10 DD, IF q10 UD. The yellow vertical line marks the merger time and the
circles show the time of BH formation for each model.
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Figure 6.6 Comparison of the mean values of magnetic field strength Bmean between the
models IF q10 UU, IF q10 DD, IF q10 UD. This value is defined as Bmean ≡

∫
ρBdV/

∫
ρdV ,

where B is the magnetic field amplitude and dV is the proper volume. The yellow vertical
line marks the merger time and the circles show the time of BH formation for each model.
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Figure 6.7 Comparison of the mean values of magnetic field strength between the models
IF q10 UU, IF q10 DD, IF q10 UD, including mean values of toroidal and poloidal field com-
ponents. The yellow vertical lines mark the merger time and the black vertical lines mark
the time of BH formation.
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(at a lower rate) in the HMNS phase and in the remnant disk after BH formation. The
magnetic energy and the maximum field strength do not show a sudden decrease at BH
formation, indicating that most of the field is outside the high-density bulk of the HMNS
that is immediately swallowed by the nascent BH. Conversely, such a drop is observed when
considering a density-weighted average of the magnetic field strength (Figures 6.6 and 6.7).
Around 15 ms after BH formation the gain in magnetic energy becomes lower than the loss
associated with the accretion of magnetized material in the disk. Overall, the maximum
magnetic field strength achieved is a factor of ∼ 50 higher than the initial value. More
details on the magnetic field amplification mechanisms and the dependence on resolution
are discussed in Section 6.3.8.

As shown in Figure 6.7, magnetic field amplification is mostly in favor of the
toroidal component. In terms of average magnetic field strength, the toroidal component
becomes comparable to the poloidal one in the first ms after merger and in the HMNS phase
the two keep growing together. Then, after BH formation the poloidal field remains much
smaller than the toroidal one, which is more efficiently amplified in the disk.

We now discuss in more detail the geometrical structure of the magnetic field. To
qualitatively assess the global structure of the field, we use three-dimensional (3D) plots of
selected field lines. Visualizing field lines is a complex task and can be very misleading. We
developed a prescription for the automated selection of field lines that gives good results
without any manual (i.e. potentially biased) intervention. The procedure is described in
detail in the Appendix A. For a quantitative description of the field, we rely instead on
histograms of magnetic energy in suitable bins based on spatial position.

An overview of the evolution of the field structure is given in Fig. 6.8. During
early inspiral, the field is given by the initial data prescription, Eq. (5.2). We recall that
the magnetic field strength drops to zero towards the surface and there is no field outside the
stars. During the last orbits of inspiral (not shown in the figure), the field already becomes
more irregular. The complex fluid flows during merger finally destroy all regularity, as can
be seen in the second snapshot (∼ 2 ms after merger). In the remaining evolution, the field
structure becomes more regular again. As expected, magnetic winding produces a toroidal
field of increasing strength near the equatorial plane. More interestingly, we also observe a
cone-like region of increasing strength along the edge of the accretion torus. The alignment
is highlighted in the figure by displaying two isodensity surfaces in addition to the field.
Initially, the field along the cone is more or less tangential, but still relatively irregular. At
a later stage, around 30 ms after merger, the lines along the cone acquire a clear “twister”
structure. This could be attributed to the stretching of field lines by the fluid flow along
the edge of the torus.

By using an interactive version of Fig. 6.8 to look at magnified parts from different
angles, we found that the strong field lines typically turn around sharply at some point and
very closely follow their previous path in reverse. This is indeed the expected outcome
of stretching an initially irregular field continuously along a quasistationary shearing fluid
flow. We stress that Fig. 6.8 visualizes the orientation of the field, but not the sign, which
alternates on small length scales. The cone contains field lines going both upwards and
downwards (along the cone), and the toroidal field near the equatorial plane contains field
lines wound both clockwise and counterclockwise. The field near the BH axis is only mildly
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Figure 6.8 Evolution of the magnetic field structure for model IF q10 UU. Top left: inspiral
phase, showing the magnetic field, as well as the lower half of the NS surfaces. Top center:
magnetic field 2 ms after merger together with the isodensity surface for 5 × 1012g/cm3,
drawn as a semitransparent red surface. Top right: magnetic field structure 12 ms after
merger. Bottom left: magnetic field 22 ms after merger, together with two isosurfaces of
density 108 (yellow) and 1010g/cm3 (cyan), cut off for y < 0. Bottom right: same at 35 ms
after merger. The color of the field lines gives a rough indication of the field strength (see
colorbar), but for quantitative results compare figures 6.9, 6.11, and 6.17.

collimated. From animations showing a cut through the meridional plane, we found that it
is also strongly fluctuating. This seems to be related to lumps of low-density matter falling
towards the BH along the axis.

To quantify the magnitude and topology of the magnetic field, we sum the magnetic
field energy contained in bins regularly spaced in cos(θ), where θ is the angle to the BH
axis. Thus, a homogeneous field would result in a flat distribution. This measure allows us
to distinguish the amount of energy in the disk, along the conical structure separating the
disk and funnel, and near the axis. As a measure for the strength of the field, we computed
for each bin the field strength B90, defined by the requirement that 90% of the magnetic
field energy is contributed by regions with field strength below B90. We use this measure
because using the maximum field strength is too sensitive to potential outliers, while using
the average field strength would depend on the volume under consideration. Using B90 is a
good compromise.

The energy distribution and the field strength B90 for model IF q10 UU at three
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different times are shown in Fig. 6.9. The total magnetic energy near the equatorial plane
increases by around an order of magnitude between 12–22 ms after merger, most likely
because of magnetic winding in the torus. The energy 35 ms after merger is slightly lower,
however. The reason is uncertain, but it might be a change of the torus structure and/or
loss by accretion. Since there is no ejecta for this model, ejecta carrying the magnetic
energy is unlikely to be the reason. The energy along the conical structure separating the
disk and funnel is steadily growing (side peaks). The final distribution has a pronounced
local maximum, corresponding to an opening half-angle around 50◦. Notably, the regions
near the BH axis (θ < 20◦) do not contribute significantly to the total field energy.

The field strength B90 near the equator increases from ≈6× 1012G at 12 ms after
merger up to ≈2× 1013G at 22 ms after merger, and afterwards it stagnates. B90 is of the
same order of magnitude at all angles from the equator up to the conical structure, and
then it drops rapidly in the funnel. In particular, near the axis the field is very weak (less
than 3 × 1011G at 12 ms after merger) and further drops by a factor of ≈2 at the end of
the simulation.

6.3.2 Comparison with Rezzolla et al. 2011

As mentioned before, the specific choice of EOSs used in this work has been made
in order to favor comparisons with previous work. In particular, our equal-mass model
employing the simplistic ideal-fluid EOS is the same as the one studied in [72], the first work
to claim the formation of a funnel-like structure in the magnetic field after BH formation,
a region of low-density matter where a jet eventually producing a GRB may be launched.

In order to make a meaningful comparison between the present work and Ref. [72],
we first describe the differences in the numerical methodology of the simulations. However,
we did not investigate the influence of different parameters one by one because it would
have been too expensive. Below we report what we believe are the relevant changes.

First of all, in both works the vector potential is the evolved variable for the
magnetic field, in order to guarantee the divergence-free character of the magnetic field.
However, differently from Ref. [72], we use the modified Lorenz gauge [30, 31]. This avoids
spurious amplifications of the magnetic field at the boundary between refinement levels, as
was observed in the simulations of Ref. [72].

The resolution of the simulation in Ref. [72] is the same as our standard resolution,
as is the number of refinement levels. In the current work, we evolved the same model also
with higher and lower resolutions, as discussed in Sec. 6.3.8. The location of the outer
boundary and the size of the refinement levels are different from Ref. [72]. The finest
refinement level after merger in this work only extends to 30km, compared to 44km used
in Ref. [72]. The outer boundary on the other hand was expanded to 1403km, almost 4
times the extent used in Ref. [72]. We believe that this was an important improvement on
the previous work. The simulation described in Ref. [72] had to be terminated when large
spurious waves in the magnetic field coming from the outer boundary had contaminated
the solution even near the central object, while we encountered no such problems.

Another difference concerns the symmetries. In both works, a reflection symmetry
with respect to the orbital plane was used, but in contrast to Ref. [72], we do not enforce π
symmetry around the z axis, thus allowing for non-π-symmetric modes to develop. However,
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Figure 6.9 Distribution of the magnetic field with respect to the θ-coordinate, for model
IF q10 UU at various times after merger. Top: histogram of magnetic energy employing
bins regularly spaced in cos(θ), where θ = 0 is the z-axis and θ = 90◦ the equator. The
plot is normalized to the total magnetic energy 35 ms after merger. Bottom: field strength
B90 defined as the value for which 90% of the magnetic energy (inside a given cos(θ) bin)
is contained in regions with field strength below B90.
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in the case of equal-mass binaries the system becomes roughly axisymmetric soon after the
merger and therefore we do not think that the different symmetries imposed led to significant
differences in the results.

Another improvement is the lower density of the artificial atmosphere in our work,
∼ 6.2 × 104g/cm3, which is 3 orders of magnitude smaller than the one used in Ref. [72].
This could be relevant for the computation of the accretion rate, estimated in Ref. [72] from
the time derivative of the total amount of matter outside the apparent horizon, and which
might contain a significant error due to the effect of the artificial atmosphere. We measure
the accretion rate from the integrated matter flux through the apparent horizon instead.

We now compare the outcome of Ref. [72] to our standard resolution run of the
same model. The most important improvement is our detailed analysis of the magnetic
field near the BH spin axis. In Ref. [72], a magnetic field of 8 × 1014G near the axis2 was
reported. In this work, we found a much weaker field near the axis. In fact, we computed
the full magnetic field energy spectrum as a function of the angle to the spin axis, and found
that 90% of the field energy near the axis (cf. Fig. 6.9) is contributed by field strengths
below 2× 1011G, and that the spectrum does not extend beyond 1012G.

Further, we find only a weakly collimated and fluctuating field in this region. We
could not reproduce the strong collimation suggested by the field line visualization of Fig. 3
in Ref. [72], which shows field lines originating on the apparent horizon and tracing the
shape of the funnel, proceeding outwards nearly as straight lines. One could argue that
this is merely a difference in visualization methods, given that the seeds of this plot were
selected ad hoc, while we adopted a more systematic approach for the selection of field lines.
However, we do not fully rely on such visualizations and also used two-dimensional (2D)
cuts in the meridional plane, both as snapshots and animations, to cross-check our results.
What we find instead is a twister-like configuration of the magnetic field, with an opening
half-angle around 50◦ and a field strength around 1013G.

Comparing the evolution of the maximum field strength, i.e., Fig. 6.5 with the right
panel of Fig. 2 in Ref. [72], we find a slightly stronger amplification between merger and
collapse. The main difference however is the post-collapse amplification. The maximum
field strength in Ref. [72] keeps growing up to 1015G, while for our simulation it settles
around 1014G. Also, our simulation is a bit longer and exhibits a decrease of the maximum
field strength starting 24ms after merger. These differences may be due to the different
numerical setups of the two simulations, in particular the location of the outer boundary,
but we cannot provide certain conclusions.

We stress that the maximum is not a very reliable measure for the growth of
the magnetic field, since it is sensitive to outliers, either physical or caused by numerical
errors. Inspecting measures not relying on a single point is more meaningful. In particular,
the measure B90 is a more robust replacement for the maximum. Furthermore, using the
density-weighted mean allowed us to quantify the field of the HMNS (see Fig. 6.6). More
specifically, the use of histograms of magnetic energy with respect to the θ coordinate
allowed us to quantify the spatial distribution of the post-collapse field in more detail (see

2However, L.B. and B.G. (who are also co-authors of Ref. [72]) found this to be an erroneous statement.
The number quoted in [72] referred to the global maximum of the poloidal field component (see also figure
2 of [72]).



Chapter 6: Binary neutron star mergers and short gamma-ray bursts: Effects of magnetic
field orientation, equation of state, and mass ratio 45

Figure 6.10 Magnetic field structure 35ms after the merger, comparing models IF q10 UU,
IF q10 UD, and IF q10 DD. The black bars provide a length scale of 20km. The coloring
of the fieldlines indicates the magnetic field strength (log10(B [G]), same colorscale for all
models) along the lines. However, for quantitative results see Fig. 6.11.
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Figure 6.11 Like Fig. 6.9, but comparing models IF q10 UU, IF q10 UD, and IF q10 DD 35ms
after the merger. The energy distribution (top panel) is normalized to the total energy for
model IF q10 UU.
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Fig. 6.9). As in Ref. [72], we find a clearly toroidal field structure in the disk, although
the maximum strength is more than 1 order of magnitude lower than the value 2 × 1015G
reported in Ref. [72]. Further, the measure B90 is around 2 orders of magnitude lower.

Note that a comparison between our Fig. 6.4 and the left panel of Fig. 2 of [72]
is not possible because they show different quantities: the former shows the total magnetic
energy as integrated over the whole domain, while the latter shows the emitted magnetic
energy computed by integrating the Poynting vector. We did not compute the latter in our
simulation.

The mass and spin we found for the BH formed during merger agree better than 1%
with Ref. [72]. Also the initial disk mass is comparable. We did however find an accretion
rate around 4 times larger than the one reported in Ref. [72]. We believe our result is more
robust since we use the flux instead of the total rest mass outside the horizon, which in fact
starts increasing at some point for the data on which Ref. [72] is based.

Both Ref. [72] and the present work do not find any outflows in the funnel along the
rotation axis of the BH. This might be due to missing physical input (neutrino treatment;
limits of the MHD approximation) in the simulations and/or too low resolution. We have
checked that the matter in the funnel is not magnetically dominated in our simulation,
which makes outflows unlikely. We note that the simulations presented in Refs. [76, 67]
featured mildly relativistic outflows. This is due to the use of stronger initial magnetic
fields that allow to better resolve the magnetorotational instability (MRI), and much longer
evolutions after BH formation. Finally, Ref. [72] reported some outflows along the edge of
the funnel. However, the given limit Γ . 4 for the Lorentz factor of the outflows was based
on the global maximum. Using a movie showing a cut of vz in the x-z plane (z > 0), we
find a much lower limit of vz < 0.3c for any upward movement of matter in the disk or its
edge.

6.3.3 Effects of the Initial Magnetic Field Orientation

When considering a different orientation for the initial magnetic field in the two
NSs, we observe almost no differences in the overall dynamics, as well as the final BH
mass and spin, the time of BH formation, the mass in the disk and the accretion rate.
Nevertheless, some differences can be observed in the magnetic field evolution. From the
magnetic energy and the maximum field strength (Fig. 6.4 and 6.5) we see that the totally
aligned (with respect to the orbital axis) or totally misaligned cases, UU and DD respectively,
reach the same level of magnetic field amplification at the end of the simulation (although
with a slightly different path). The case in which magnetic fields are aligned in one NS and
antialigned in the other (UD) is instead disfavoured because of a less efficient amplification
in the disk, after BH formation. This may be due to the fact that in this case the magnetic
field lines, in the region where the two NSs enter in contact with each other, have opposite
directions and this may lead to a reduction in the magnetic field amplification. From the
density-weighted average of the magnetic field strength (cf. Fig. 6.6), we notice a stronger
magnetic field amplification in the inner (highest-density) region of the accretion disk for
the UU case, compared to the DD and UD cases.

The influence of the initial alignment on the final structure of the field is shown
in Fig. 6.10. All models exhibit the same general features, namely a toroidal field near the
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Figure 6.12 The time evolution of dimensionless BH spin aBH for the IF q08 UU model. The
vertical black line denotes the time of black hole formation.

equatorial plane, a twister-shaped field forming a conical structure, and a very weak field
near the axis. The relative strength between the cone and equatorial parts seems strongly
affected by the initial alignment. This impression is validated by Fig. 6.11, which shows the
distribution of the magnetic energy and the field strength B90 introduced in Sec. 6.3.1. The
UU configuration contains more energy near the equatorial plane than both the UD and DD

configurations, which are comparable in that respect. The amount of energy in the cone,
on the other hand, is largest for the DD case and smallest for the UD case. The latter also
has the weakest field strength B90.

6.3.4 Ideal-Fluid Unequal-Mass Model

In order to investigate the effect of the mass ratio on the dynamics of matter and
magnetic fields, we also evolved a model with a mass ratio of ∼ 0.8 (model IF q08).

The bottom rows of Figures 6.1 and 6.2 show the evolution of the rest-mass den-
sity on the equatorial and meridional planes, respectively.3 In this case the evolution is
strongly asymmetric with the less compact star being strongly deformed and disrupted dur-
ing merger. Even if this model has the same total baryonic mass as the equal-mass case, it

3In the central lower panel of both Figures 6.1 and 6.2 one can notice some artificial effects on the boundary
between refinement levels, caused by failures in the conservative-to-primitive routine that sets those grid
points to atmosphere. These effects, however, are present only in this case and they have negligible effect
on the results discussed in this work, since they happen in low density regions.
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Figure 6.13 Comparison of total magnetic energy between models IF q10 UU, IF q08 UU,
H4 q10 UU, H4 q08 UU. The yellow vertical line marks the merger time and the circles show
the time of BH formation for each model.
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Figure 6.14 Comparison of the maximum values of magnetic field strength between models
IF q10 UU, IF q08 UU, H4 q10 UU, H4 q08 UU. The yellow vertical line marks the merger
time and the circles show the time of BH formation for each model.
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Figure 6.15 Comparison of the mean values of magnetic field strength between models
IF q10 UU, IF q08 UU, H4 q10 UU, H4 q08 UU. The yellow vertical line marks the merger
time and the circles show the time of BH formation for each model.
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Figure 6.16 Comparison of the mean values of the total, poloidal, and toroidal magnetic field
strengths between models IF q10 UU, IF q08 UU, H4 q10 UU, H4 q08 UU. The yellow vertical
lines mark the merger time and the black vertical lines mark the time of BH formation.
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promptly forms a BH after merger and therefore does not produce a HMNS. It is already
evident from Figure 6.1 that the disk formed after merger has higher densities and it is more
extended. As expected it is indeed more massive than the one formed in the equal-mass
case and it has a rest mass of ∼ 0.21M� at the end of the simulation. The accretion rate is
more than 3 times larger than in the equal-mass case, while the BH has a smaller mass and
spin (see Figure 6.12 for the time evolution of BH spin and Table 6.2), due to the larger
amount of mass still in the disk by the end of the simulation.

The evolution of the magnetic field strength is shown in Figures 6.13, 6.14, 6.15,
and 6.16. Because of the lack of a HMNS phase, the magnetic field is not amplified to
the same maximum strengths as the equal-mass model prior to collapse, but, also because
of the fact that more mass is left outside the BH, the density-weighted mean value after
BH formation is similar to the equal-mass model (compare the first and second panels of
Figure 6.16).

The influence of the mass ratio on the structure of the magnetic field is shown in
Figures 6.17 and 6.18. For the ideal-fluid models, we find that the magnetic energy near the
equatorial plane is reduced by an order of magnitude for the unequal-mass case. The energy
and field strength B90 in the conical structure are comparable, but the opening half-angle
is ≈10◦ larger for the unequal-mass case. Note that we find much larger differences for the
H4 EOS, as will be discussed in Sec. 6.3.7.

6.3.5 Equal-Mass H4 Model

We now investigate the effect of a different EOS using the piecewise approximation
of the H4 EOS. We begin by describing our equal-mass model, which we recall is also the
same one evolved in Refs. [49, 48].

The top panels of figures 6.19 and 6.20 show the evolution of the rest-mass density
on the equatorial and meridional planes, respectively. Like in the case of the ideal-fluid
equal-mass model IF q10 UU, the merger remnant goes through a HMNS phase lasting
about 12 ms before collapsing to a spinning BH. The disk mass is approximately the same
as in model IF q10 UU, but the BH mass is slightly smaller, consistent with the lower initial
mass for the H4 models. Figure 6.21 is the time evolution of BH spin (the discontinuity
at ∼ 51 ms is due to the failure of finding apparent horizon between ∼ 36 and ∼ 51 ms
and during that interval the value of the spin is kept constant in the plot), the value is also
smaller than that in the IF q10 UU model (see Table 6.2).

The comparison of the magnetic field evolution between the H4 and the ideal-fluid
equal-mass models is shown in Figures 6.13, 6.14, 6.15, and 6.16. Since the lifetime of the
HMNS is slightly longer than that of the ideal-fluid equal-mass model, the amplification
of the magnetic energy and the maximum field strength are larger than in the ideal-fluid
equal-mass model during the HMNS phase. After BH formation the magnetic field in the
disk has a strength comparable to the one for the ideal-fluid equal-mass model, even if it
exhibits a smaller decrease at BH formation. This may also be correlated with the slightly
higher densities in the disk (compare the rightmost top panels of Figures 6.19 and 6.1).

In Figure 6.13 one can also notice some spikes in the evolution of the magnetic
energy. These are due to very brief amplifications of the magnetic field near the surface of
the apparent horizon in matter infalling into the BH and are very rapidly accreted by the
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Figure 6.17 Like Fig. 6.9, but comparing models IF q10 UU, IF q08, H4 q10, and H4 q08

around 32ms after the merger. Also, each model is normalized separately in the lower panel,
and we employed coordinates where the BH is located at the origin to account for the BH
drift exhibited by the unequal mass models.
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Figure 6.18 Magnetic field structure around 32ms after the merger, comparing models
IF q10 UU, IF q08, H4 q10, and H4 q08. The black bars provide a length scale of 20km.
The coloring of the field lines indicates the magnetic field strength (log10(B [G]), same color
scale for all models) along the lines. However, for quantitative results see Fig. 6.17.
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Figure 6.19 Rest-mass density evolution on the equatorial plane for models H4 q10 (top)
and H4 q08 (bottom).

BH.

A comparison of the magnetic field structure for models H4 q10 and IF q10 is given
in Figures 6.17 and 6.18. Note however that the masses of the stars are also different, not
just the EOS. The main difference is the opening half-angle of the conical part of the field,
which is ≈10◦ larger for the H4 equal-mass case. The magnetic energy and field strength
B90 are instead very similar (see Figure 6.17).

6.3.6 Comparison with Kiuchi et al 2014

Our equal-mass H4 EOS model allows for a direct comparison with the results of
Refs. [49, 48], who studied magnetized binaries with the highest grid resolution to date.
For this, they employed a fixed mesh-refinement code described in Refs. [51, 50]. The
implementation of their fixed mesh refinement (except for the part dealing with the magnetic
field) is based on that of the SACRA code [85], which had been quantitatively compared
to the Whisky code [11, 12] several years ago in Refs. [10, 68]. The main difference between
Whisky and the latest code of Refs. [49, 48] is the scheme used to enforce the divergence-free
constraint for the magnetic field. Differently from Whisky, the code of Refs. [49, 48] employs
a fourth-order-accurate-in-time flux-CT scheme [13], which ensures also the magnetic-flux
conservation across refinement boundaries, in addition to the divergence-free condition.
Another difference is that the artificial atmosphere density is only constant up to some fixed
radius and then falls of like r−2 [50]. This is important for ejected matter and magnetically
driven winds, but probably irrelevant for the results discussed here.

The most important difference to the simulations presented in Ref. [49] is the grid
resolution. The finest grid spacing used in Ref. [49] is 70m, which is 2.66 times better than
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Figure 6.20 Rest-mass density evolution on the meridional plane for models H4 q10 (top)
and H4 q08 (bottom).
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Figure 6.21 The time evolution of dimensionless BH spin aBH for the H4 q10 UU model. The
vertical black line denotes the time of black hole formation.
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Figure 6.22 The time evolution of dimensionless BH spin aBH for the H4 q08 UU model. The
vertical black line denotes the time of black hole formation.

our standard resolution. The extent of the finest level is also larger than ours. The outer
boundary in our work is slightly farther out than that in Ref. [49], but this is probably
scarcely relevant for the results discussed here. In both cases the computational domain
should be large enough to allow the evolution of the remnant and disk without the influence
of boundary effects.

For the equal-mass H4 model, we also performed a simulation with the same grid
spacing of 150m used for the lowest-resolution runs in Ref. [49]. In the following, we compare
our main results to the 150m resolution run in Ref. [49] with the smallest initial magnetic
field, 1015G, which is still 500 times stronger than ours. The strong field in Ref. [49] was
chosen to facilitate the study of magnetic instabilities, while our aim is to use values more
likely to occur in nature.

We find a HMNS lifetime of 10.9ms, which agrees within 10% with the value shown
in Fig. 2 of Ref. [49]. The dimensionless BH spin 10ms after merger in our simulation is 0.70,
which agrees well with the value 0.69 reported in Ref. [49] (albeit for their 70m resolution
run). Also the disk mass of 0.06M� we found (at the same time) is identical to the value
given in Ref. [49]. Therefore, the physical conditions for magnetic field amplification are
very similar, apart from the different initial field strength.

In our run, the magnetic energy increases from≈1043erg at merger time to≈1047erg
at the time of BH formation. In Ref. [49], the energy is already at this level at merger time
and is amplified less than 1 order of magnitude in the 150m resolution run (in stark contrast
to their higher-resolution runs). After collapse, the remaining energy outside the BH in-



Chapter 6: Binary neutron star mergers and short gamma-ray bursts: Effects of magnetic
field orientation, equation of state, and mass ratio 57

creases from ≈1047erg up to almost ≈1049erg, at which point it saturates. In our simulation,
the energy first stagnates around 5× 1046erg, and then starts growing again around 30ms
after merger, up to a value of 4 × 1049erg reached 60ms after merger. We do not observe
saturation at this amplitude, but we cannot rule it out at later times. The reasons for the
different behavior are unclear. Reference [49] clearly demonstrated that a 150m resolution is
insufficient to resolve the field amplification in the disk, therefore the differences should not
be taken too seriously. That said, we notice that Ref. [49] already reached a slightly higher
magnetic energy directly after collapse, which makes it easier to resolve MRI effects in the
disk. This might explain the delayed onset of amplification in our case. For more details
about our high-resolution run we refer to Sec. 6.3.8, where the differences with respect to
our standard resolution run are discussed.

An important statement in Ref. [49] is that no coherent structure of the poloidal
component was found. This contrasts with our results with a lower initial magnetic field.
Comparing the field lines shown in Fig. 6.18 to the ones in Fig. 1 of Ref. [49], we find indeed
that the “twister” structure exposed in the former cannot be seen in the latter. On the
other hand, the absence of a strongly collimated field along the BH axis reported in Ref. [49]
agrees with our findings. The apparent absence of the twister structure might also be an
artifact of the different selection of field lines and the larger scale of the plot in Ref. [49],
resulting in a lower field line density near the “twister” structure. Furthermore, we made
an effort to avoid seeds in the less regular regions between field lines of opposite direction.
For those reasons, and also because of the lower resolution of our run, the comparison of
the field structure remains rather inconclusive. We note however that our results do not
rely solely on the field line plots. Using histograms in Fig. 6.17, we demonstrate that the
dependence of the field energy on the θ coordinate is relatively flat and only falls off strongly
between 50–30◦ around the spin axis.

Finally, we note the study [48], in which additional refinement levels are added,
down to a grid spacing of 17.5m, in order to resolve the Kelvin-Helmholtz (KH) instability
during the first few ms after merger. Those results show that a much higher resolution than
the one implemented in our simulations is necessary in order to fully resolve the magnetic
field amplification due to the KH instability during merger. Therefore, the magnetic field
amplification inside the HMNS is most likely underestimated by our runs. The question
of how this influences the post-collapse phase is not trivial, since an important fraction of
the magnetic energy produced in the shear layer is likely to be swallowed by the BH upon
collapse.

6.3.7 Unequal-Mass H4 model

For the H4 EOS, we found an enormous influence of the mass ratio on the magnetic
field amplification (see also Section 6.3.8). The total magnetic energy and the maximum of
the magnetic field are shown in Figures 6.13 and 6.14 in comparison to the equal-mass H4
model as well as the ideal-fluid models. As one can see, the lifetime of the HMNS (≈24ms)
for the H4 unequal-mass case is more than twice as long as that for the H4 equal-mass
case. During this phase, the field is growing exponentially, with the exception of the last
5ms before collapse. The time scale of the exponential growth is also longer than for the
equal-mass case. Shortly before the collapse to a BH, the energy is around 4 orders of
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magnitude larger than for the equal-mass case, and the maximum field strength more than
2 orders of magnitude larger. The fact that these values do not change drastically during
collapse implies that most of the energy was contained in regions well outside the HMNS
and that the field was also strongest there. As discussed in Section 6.3.8, we attribute at
least part of this much stronger amplification to the magnetorotational instability.

The amplification after the collapse to a BH is comparable in growth rate to the
ideal-fluid unequal-mass case (which showed a prompt collapse after merger). We conclude
that the lifetime of the HMNS is a very important factor for the post-collapse field strength
in the torus. It is likely that the large differences we see between the ideal-fluid and H4
unequal-mass cases are mostly due to the chosen total mass, i.e. we expect more similar
results when comparing H4 and ideal-fluid EOS unequal-mass models with total masses
chosen such that the HMNS lifetime is the same. Parameters other than the HMNS lifetime,
namely disk mass, BH spin (the time evolution of the spin is in Figure 6.22), and accretion
rate, are comparable to the IF q08 case and cannot explain the much larger amplification.

The structure and distribution of the magnetic field 32ms after merger is shown
in Figures 6.17 and 6.18. Apart from the increased amplitude, we find that for the unequal-
mass case, a larger fraction of the energy is contained in the toroidal field near the equator.
The field strength B90 reaches ∼ 6 × 1015G near the equator, more than 2 orders of mag-
nitude above the strength for the equal-mass case (∼ 3× 1013G). The opening angle of the
conical structure is also smaller. As in the equal-mass case, the field near the axis does not
contribute significantly to the total magnetic energy, and the field strength B90 near the
axis is around 2 orders of magnitude below the equatorial value. Due to the overall increase
in amplitude however, this now corresponds to a field strength B90 ≈ 3 × 1013G near the
axis.

6.3.8 Influence of Resolution

We performed simulations at different resolutions for the ideal-fluid and H4 equal-
mass models (IF q10 UU and H4 q10). First, we discuss the ideal-fluid case, while the H4
case will be discussed at the end of this section. In the last paragraph, given its particular
relevance, we will also discuss the impact of the chosen resolution on the unequal-mass H4
model (H4 q08).

Figure 6.23 shows the evolution of the maximum rest-mass density and magnetic
energy at three different resolutions: dx ≈ 177, 222, and 277m (where dx is the finest grid
spacing). The resolution affects the rest-mass density evolution only in the post-merger
phase. The lifetime of the HMNS is extremely sensitive to small numerical errors and
numerical convergence is difficult to achieve. In our case, higher resolutions resulted in a
longer lifetime, and we see no convergence for the employed resolution range. Note however
that in general the lifetime of HMNSs also depends very strongly on their mass.

The HMNS lifetime directly influences the disk mass, because the strong oscilla-
tions of the HMNS in conjunction with the rapid rotation constantly eject matter into the
disk. Indeed, the disk mass increases from 0.015M� for the lowest resolution (and shortest
HMNS lifetime) to 0.077M� at the highest resolution. The mass and spin of the BH on the
other hand are only weakly affected by the HMNS lifetime. The differences between high
and medium resolution at 30ms after collapse are both below 1.5%.
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Figure 6.23 Evolution of maximum rest-mass density (upper panel) and magnetic energy
(lower panel) for the equal-mass ideal-fluid model IF q10 UU at different resolutions, with
finest grid spacing of dx ≈ 177, 222, 277 m for the high, medium and low resolutions,
respectively. The evolution of the magnetic energy is also shown for the equal-mass H4
model H4 q10 with two different resolutions: dx ≈ 150 m (HR) and 186 m (MR).
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Figure 6.24 Meridional view of λMRI/dx for the highest-resolution simulation (dx ≈ 177 m)
of model IF q10 UU, towards the end of the simulation (t = 51.2 ms).

During the first ∼2ms after merger, the magnetic energy shown in the lower panel
of Fig. 6.23 exhibits an exponential increase, with a growth rate that depends only weakly
on the resolution. The saturation of this exponential growth on the other hand sets in later
(and at higher energies) for higher resolution. This amplification is most likely associated
(at least in part) with the KH instability, which can be captured only on scales larger than
the grid spacing and therefore is not entirely accounted for in our simulations.

In the subsequent evolution with medium and high resolution, the energy grows
exponentially at comparable rate, but more slowly than directly after merger. We can
attribute this to amplification of the field in the disk, since the additional energy is obviously
not swallowed into the BH during the collapse of the HMNS, and because the amplification
continues after collapse until it saturates. For the low resolution, the BH forms shortly after
merger and the evolution of the field energy is due to the disk afterwards. For all resolutions,
the energy increase ceases at some point. With increasing resolution, we observe a longer
growth phase and a higher final amplitude. The difference between low and high resolution
is more than 5 orders of magnitude. One possible explanation would be that the magnetic
field amplification mechanism is acting also on small scales which are better resolved with
a finer grid spacing.

One such mechanism that could operate in the disk is the MRI. The wavelength of
the fastest growing mode of the MRI is approximately given by λMRI ≈ (2π/Ω)×Bk/

√
4πρ,

where Ω is the angular velocity and Bk the magnetic field strength along the corresponding
wave vector. In order to properly resolve this effect the finest grid spacing dx has to cover
λMRI with at least 10 points (see, e.g., Ref. [80]). Figure 6.24 shows the ratio λMRI/dx for



Chapter 6: Binary neutron star mergers and short gamma-ray bursts: Effects of magnetic
field orientation, equation of state, and mass ratio 61

the highest-resolution run (dx ≈ 177m) at the end of the simulation. In this plot, the total
magnetic field strength is used instead of Bk, and therefore the given ratio represents an
upper limit. The ratio reaches maximum values≈5–10 along the conical structure separating
the disk from the funnel, where the magnetic field is the strongest. This indicates that a
resolution dx . 100m would be necessary in order to start resolving the MRI in that
region. We note however that our formula for the wavelength does not take into account
general-relativistic corrections and uses an idealized disk model.

Saturation of the amplification is not the only possible contribution to the flat-
tening of the magnetic energy growth that happens ∼15–20ms after collapse. Since the
accretion time scale of the disk is ∼50ms, we can expect that the magnetic energy con-
tained in the accreted matter is relevant. Assuming that the magnetic strength in the inner
disk grows as fast as in the remaining disk, the net increase would be zero when the accre-
tion time scale and growth time scale agree. On the other hand, the fact that the maximum
field strength and B90 saturate as well disfavors this scenario. Then again, the change of
the disk structure due to accretion could affect the amplification mechanism, which would
make the outcome sensitive again to the time of the collapse. The picture is complicated
even more by the differences in disk mass due to the different HMNS lifetimes. For those
reasons we cannot conclusively associate the flattening of the magnetic energy evolution to
an actual saturation of the involved magnetic field amplification mechanisms.

The final magnetic energy between medium and high resolution differs by about
3 orders of magnitude, with the highest-resolution case reaching an increase of more than
6 orders of magnitude in Emag compared to the beginning of the simulation. This amplifi-
cation factor should be regarded as a lower limit that might be overcome with even higher
resolution.

We now turn our attention to the H4 equal-mass model. In this case, we performed
simulations at two different resolutions dx ≈ 186m (MR) and 150m (HR). The latter
corresponds to the grid spacing employed in the lowest-resolution run of Ref. [49] for a very
similar model. A direct comparison has already been presented in Section 6.3.6. The lower
panel of Fig. 6.23 shows the evolution of the magnetic energy for the two H4 simulations.
In contrast with the ideal-fluid case, there is no significant difference in the time of collapse
to a BH (circle markers). Prior to collapse, the magnetic field amplification is stronger in
the higher-resolution case, indicating that the dominant amplification mechanisms are not
fully resolved. As for the ideal-fluid case, we estimated λMRI/dx and found that only some
isolated lumps inside the “twister” structure are resolved with more than 10 grid points
for the high-resolution case. In the highest-resolution run, a further increase in magnetic
energy is observed some time after BH formation, corresponding to a strong amplification
in the accretion disk. The simulation stops about 50ms after collapse and we find an
overall change in magnetic energy of almost 8 orders of magnitude compared to initial data.
This corresponds to an average increase of the magnetic field strength of about 4 orders of
magnitude and it could be even larger with higher resolution.

For the unequal-mass H4 model we performed only one simulation with a finest
grid spacing of dx ≈ 186 m. Nevertheless, because the model shows by far the strongest
magnetic field amplification (c.f. Fig. 6.13), it is important to assess how well the MRI is
resolved in this case. As shown in Figure 6.25 and differently from all other models in this
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Figure 6.25 Same as Figure 6.24 for model H4 q08 at resolution dx ≈ 186 m and at t = 52.5
ms.

study, at the end of the simulation λMRI/dx > 10 almost everywhere in the accretion disk.
We attribute this to the fact that the magnetic field strength becomes higher because of the
much longer lifetime of the HMNS and this makes λMRI larger. In turn, the MRI is better
resolved, leading to a stronger amplification and thus to an even stronger magnetic field.
This positive-feedback process provides a likely explanation for the fact that this particular
model ends up with a magnetic energy that is several orders of magnitude higher. However,
future simulations at higher resolution will be necessary in order to confirm this picture.

6.3.9 Constraints violation

To see the numerical accuracy of the simulations, we present the time evolutions of
the Hamiltonian and momentum constraints for the IF q10 UU, IF q08 UU, H4 q10 UU and
H4 q08 UU models in Figures 6.27, 6.28, 6.29 and 6.30, respectively. Here we also do not
show the cases of IF q10 UD and IF q10 DD models since the difference of magnetic field
configurations does not affect so much on the Hamiltonian and momentum constraints.

In models IF q10 UU, H4 q10 UU and H4 q08 UU, the constraints show a similar
behaviour. During inspiral the values of the Hamiltonian and momentum constraints are
∼ 10−2 and ∼ 10−4, respectively, then ∼ 10−1 and ∼ 10−3 in the following HMNS phase,
finally ∼ 10−3 and ∼ 10−3 (in the IF q10 UU model) or ∼ 10−4 and ∼ 10−4 (in the H4 q10 UU

and H4 q08 UU models) after forming black holes. While in the IF q08 UU model the values
behave differently since the NSs promptly collapse to a black hole after merger.

One can see flat constraints lines starting from the formation of an apparent hori-
zon and lasting for ∼ 1 ms in the IF q10 UU model, and increases of the constraints after
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Figure 6.27 Evolution of the maximum values for the Hamiltonian and momentum con-
straints for the IF q10 UU model. The relationship between line colors and physical quan-
tities is the same as Figure 5.10.

forming black holes in the IF q10 UU and H4 q10 UU models. These are due to the failure
in finding apparent horizons. The increases of the constraints just reflect the values inside
the black holes (when an apparent horizon is not found, our code gives the maximum of the
constraints in all numerical grids including the black hole).

6.4 Short Gamma-Ray Bursts and Other Electromagnetic
Signals

The possibility that the merger of two NSs may be accompanied by an SGRB
has been discussed for several decades (see, i.e., Refs. [65, 28, 63, 75]). The generally
invoked scenario is one in which the merger product is a BH surrounded by a massive
accreting torus. The rapid accretion of the disk onto the newly formed BH provides the
central engine for the burst. Another possibility that has been suggested for powering the
engine is the electromagnetic spindown emission from a highly magnetized NS (see, i.e.,
Refs. [23, 59]), which survives for some time before collapsing to a BH or remains as a
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Figure 6.28 Evolution of the maximum values for the Hamiltonian and momentum con-
straints for the IF q08 UU model. The relationship between line colors and physical quan-
tities is the same as Figure 5.10.

stable NS (if allowed by its mass [33]). Finally, an alternative “time-reversal” scenario has
been proposed [21, 20] in which the NS survives for a long time (up to spindown time scales)
before eventually collapsing to a BH, and while its rotational energy powers a long-lasting
X-ray signal (potentially explaining the X-ray afterglows commonly observed by Swift; see,
e.g., Ref. [74]), the SGRB itself is powered by accretion onto the resulting BH, as in the
standard scenario. In this work we focus on the first, most studied case in which a BH is
formed in less than 100ms after merger.

The γ-ray emission is believed to be produced within a relativistic outflow (at the
distances at which this becomes optically thin), and hence a crucial ingredient of any SGRB
model is its ability to drive a jet. Two main mechanisms have been invoked: neutrinos (see,
e.g., Ref. [75]) and magnetic fields. At high accretion rates, neutrinos can, in principle, tap
the thermal energy of the disk produced by viscous dissipation and liberate large amounts
of its binding energy via the νν̄ → e+e− process in regions of low baryon density. However,
recent simulations of the hyperaccreting disk that include neutrino transfer have shown
that, if the remnant torus and environment is that of a BNS merger, then neutrino emission
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Figure 6.29 Evolution of the maximum values for the Hamiltonian and momentum con-
straints for the H4 q10 UU model. The relationship between line colors and physical quan-
tities is the same as Figure 5.10.

is too short and too weak to yield enough energy for the outflow to break out from the
surrounding ejecta as a highly relativistic jet [45]. Hence, it has been concluded that
neutrino annihilation alone may not be able to power SGRBs from BNS mergers.

On the other hand, a strong poloidal magnetic field around a spinning BH can
extract rotational energy and power an outflow [16]. This mechanism is commonly consid-
ered the most viable one for producing jets. Therefore, the topology of the post-merger
magnetic field in our simulations plays an especially important role. Evidence for a geomet-
rical structure compatible with jet formation in the merger of a BNS was found in Ref. [72],
although as already discussed earlier only recently it was possible to show that BNS mergers
can actually produce an “incipient jet” along the spin axis of the resulting BH, defined as a
collimated and mildly relativistic outflow that is at least partially magnetically dominated
[76]. A similar result was obtained earlier for NS-BH binary mergers [67].

Our simulations show the formation of a spinning BH with spin parameter in
the range ∼0.6–0.8 (see Table 6.2) and surrounded by a torus of at least a few percent
of a solar mass, with the unequal-mass models yielding the larger torus masses. These
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results are consistent with previous results (e.g., Refs. [71, 72]). The average accretion
rates are of the order of ∼1M�s

−1. For typical conversion efficiencies of accreted mass to
observed radiation, these accretion rates and torus masses satisfy the energy requirements
of the observed SGRBs, in particular in the unequal-mass cases [34]. However, the ability
to launch a magnetically driven jet requires, in addition to a massive disk, also a strong
poloidal field along the spin axis of the BH.

As discussed in the previous sections, in our simulations magnetic fields are strongly
amplified after merger during the HMNS lifetime (see Figs. 6.13, 6.14, and 6.15). Mag-
netic field amplification continues in the disk after BH formation although in some cases an
overall decrease of magnetic energy is observed, possibly due to accretion. As a result of
the amplification, and in particular of the winding of the magnetic field lines, the toroidal
component becomes dominant over the poloidal one in the disk. Along the edge of the ac-
cretion torus we observe the development of a mixed poloidal-toroidal “twister” structure.
For the unequal-mass H4 model, we observed a particularly strong amplification of both the
poloidal and toroidal components. For this case, the density-weighted mean value grows by
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over 2 orders of magnitude (see Fig. 6.16). One important reason for this difference lies in
the fact that, for this combination of EOS and NS masses, the HMNS formed upon merger
survives for a much longer timescale compared with the other cases that we studied (see
Sections 6.3.7 and 6.3.8). The higher torus mass and the stronger magnetic field amplifi-
cation make the H4 unequal-mass case the most favorable of our models to produce a jet.
Also the magnetic field morphology and the half-opening angle of the funnel (smaller than
30◦) are compatible with what is needed to drive a SGRB (see Fig. 6.18 and 6.20).

Figure 6.26 shows the fluid velocity along the orbital axis and the magnetic-to-
fluid pressure ratio4 for the equal- and unequal-mass H4 simulations, 26.5ms after BH
formation. In both cases matter inside the funnel and along the spin axis of the BH is still
infalling and in the unequal-mass case the pressure ratio indicates that the fluid is becoming
magnetically dominated at the edges of the disk, but inside the funnel magnetic field pressure
is subdominant. In conclusion, despite the fact that some favourable conditions are met,
we do not find evidence of jet formation. Our results confirm the expectation that unequal-
mass systems produce more massive disks (for the same total baryonic mass) and we find
that longer-lived HMNSs can lead to a much stronger magnetic field amplification, which
might also support the formation of a jet.

From our results, we are not in a position to exclude that the systems under
investigation can form a jet. Our present simulations are limited to less than 30ms (in one
case 50 ms) after BH formation and an outflow might still emerge on longer time scales.
Moreover, magnetic field amplification mechanisms that act on scales that are too small to
be properly resolved with our present resolution (such as the Kelvin-Helmholtz instability)
would provide much stronger amplification (see, e.g., Refs. [48, 49, 80]) and thus influence
the dynamics.

Our simulations lack a neutrino treatment. As such, we cannot compute the con-
tribution of neutrinos to cooling and heating of the remnant disk. Most importantly, our
simulations do not allow us to investigate the emergence of a jet driven by neutrino annihi-
lation. However, as discussed above, Ref. [45] concluded that for the BNS merger scenario
to yield a SGRB, jets must be magnetically driven. Lacking neutrinos in our treatment
should not prevent the simulations from showing the emergence of such a magnetic jet.
Nevertheless, neutrinos can still have an impact on the evolution of both the HMNS and
the accretion disk.

In addition to the prompt γ-ray emission produced within the relativistic outflow
and the associated X-ray and optical afterglows, the merger of two NSs is also expected to
create a significant amount of neutron-rich radioactive elements, whose decay should result
in a transient signal, the so-called “kilonova” or “macronova”, in the days following the
burst (see, e.g., Refs. [73, 58]). The emerging radiation is expected to peak in the near IR,
due to the large optical opacity of the heavy r-process elements, and to be nearly isotropic.
As such, it constitutes an interesting complement to the prompt gamma-ray emission, which
is expected to be generally beamed. Kilonova candidates were found to be associated with
GRB 130603B [83], a SGRB at redshift z = 0.356, with GRB 060614 [86, 44], and with
GRB 050709 [43]. Another promising electromagnetic signal from BNS mergers is the

4The ratio is defined as β ≡ b2/(2p), where b2 ≡ bµbµ and bµ is the 4-vector of the magnetic field as
measured by the comoving observer [37].
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isotropic X-ray emission powered by the spindown of a long-lived NS remnant [78, 79],
although such a signal is not expected if a BH is formed shortly (< 1 s) after merger.

The observation of SGRBs or other electromagnetic counterparts in combination
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with the BNS merger GW signal will dramatically improve the scientific output of a detec-
tion. In the following section we discuss the GW emission from the BNS mergers studied
in this work.

6.5 Gravitational Waves

For all runs we extract the GW signal at a fixed radius of ∼ 1100 km via the
Moncrief formalism (signal is extracted also via the Weyl scalar Ψ4, but only for cross-
checking purposes). Note that extrapolation at infinity is not performed for any of our
simulations.

In this section we present the strain of the GW signal as hlm = h+
lm+ih×lm, namely,

the coefficients of the spin-weighted spherical harmonics expansion. In order to obtain the
actual strain that would be measured by a GW detector, one should multiply our value by
the spin-weighted spherical harmonics in order to take into account the signal direction. For
each simulation we also extracted the instantaneous frequency of the GW from the phase
velocity of the complex strain, which is shown in the bottom panels of Figs. 6.31 and 6.32.

In Fig. 6.31 we show the l = m = 2 component of the GW strain for models
IF q10, IF q08, H4 q10 and H4 q08. While in the IF q08 case, where the system promptly
collapses to a BH, the GW includes only inspiral, merger, and ringdown, in all the other
cases a HMNS is formed and therefore we have also a longer post-merger GW signal. In
the IF q10 case the GW frequency during the HMNS lifetime varies continuously. This
behavior differs from the H4 cases, where the HMNS phases show signals with a very strong
peak at specific frequencies. Note that in the H4 cases the HMNS has a longer lifetime, and
in the H4 q10 case the post-merger GW signal also has a stronger amplitude with respect
to the other models. As previously discussed, however, the lifetime of the remnant also
depends on the resolution, with the HMNS surviving longer with higher resolution.

In terms of frequency, the H4 models show a drift towards higher frequencies
during the post-merger phase, which is more evident in the H4 q08 case, where the remnant
lasts longer and the value of the frequency oscillates less. In Table 6.2 we report for all
models the frequency at merger fmerger and, for the H4 cases, also fHMNS, which indicates
the frequency corresponding to the most prominent post-merger peak in the GW spectrum
(called fpeak in Ref. [15] and f2 in Ref. [82]). We do not provide fHMNS for the ideal-fluid
models since IF q08 has no HMNS remnant (it promptly collapses to a BH) and in IF q10

the frequency oscillates too much to get an accurate estimate, as it is shown from both the
amplitude and spectral behaviors.

We also studied whether the effect of magnetic field orientation had any impact
on the GW signal. As shown in Fig. 6.32, this impact is minimal. This may change if the
magnetic field is amplified to much larger values during merger.

Finally, in Figures 6.33 and 6.34 we plot the power spectra of the GW signals for all
our simulations against present and future ground-based detector sensitivities (namely Ad-
vanced Virgo, Advanced LIGO, and the Einstein Telescope, all in the standard broadband
configuration).

The power spectrum we show in the plots is given by heff (f) =
√
h̃2

+(f) + h̃2
×(f),
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where h̃+ and h̃× are the Fourier transforms of h+
lm and h×lm for l = m = 2. From both

Figures we can see that the inspiral phase would be detected by both Advanced Virgo and
Advanced LIGO for all models. Moreover, in Fig. 6.33 we see that for the H4 models the
post-merger peak of the signal due to HMNS oscillations would also be strong enough to be
detected by Advanced LIGO and Virgo. If detected, this peak could play a very important
role in constraining the NS EOS [15, 82, 81].
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Chapter 7

Conclusions

In this thesis I presented fully GRMHD simulations of BNS mergers employing
three different EOSs: ideal-fluid, APR4, and H4. In the APR4 simulations, two neutron
stars promptly collapse to a black hole after merger, and no significant amount of matter is
left in the remnant disk around the formed black hole. Also, the amplification of magnetic
field strength is not very large as the magnetized remnant is swallowed by the central black
hole at merger. While, for the “low-mass” and “unequal-mass” cases massive disks are
formed and a small amplification of the magnetic field was observed [29].

In the ideal fluid and H4 simulations, we have visualized magnetic field lines of
post-merger remnant in order to investigate the field structure, in particular whether an
ordered poloidal field is formed or not, because such a structure may lead to the formation
of a relativistic jet and possibly to SGRBs. In all cases we observed the formation of
an organized magnetic field structure aligned with the spin axis of the final black hole,
regardless of EOS, magnetic field orientation and mass ratio, though we could not see a
relativistic jet [47].

The fact that we could not see the formation of relativistic jet in any of our
simulations is not unexpected, because our resolution is not high enough to fully resolve
the KH instability and the MRI during the evolution. In addition, the time lapse of our
simulations are limited to a few ms (in the APR4 simulations) or a few tens of ms (in the
ideal fluid and H4 simulations) after the formation of a black hole though it may take more
time to form a relativistic jet.

In all the simulations we also computed the GW signals and compared them with
the sensitivity curves of current and future GW detectors. We investigated the effect of
magnetic fields on GWs and for the magnetic field strength used in our work the effect is
minimal. In particular we did not see any effect of the magnetic field initial orientation on
the GWs.

Our future simulations will use higher resolution or implement a subgrid model
in order to follow the magnetic field amplification more accurately. We will also run much
longer simulations in order to study the possible formation of relativistic jets. Also, imple-
mentation of more realistic EOSs, such as finite-temperature EOSs, and neutrino emission
would provide more realistic post-merger dynamics and GW emission.
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A Visualizing the Field Structure

Our visualization method for the magnetic field aims at solving the following prob-
lems. First, the magnetic field in our simulations is organized in tubes, and the direction of
the field between neighbouring tubes changes sign. The in-between field is typically weaker
and less regular. Using random or regularly spaced seed points for the integration is bound
to miss the strong field regions. Second, showing the field lines everywhere leads to visual
clutter and obscures the global structure. We therefore have to choose a smaller number
of field lines which are representative of the structure. It is important to use a well-defined
automated method for the field line filtering since a biased selection can result in misleading
plots. Finding a good selection rule is difficult because the field strength varies strongly
between the different parts of the field we are interested in.

To solve the first problem, we divide the volume of interest into a coarse grid (153

cells). In each cell, we determine the location of maximum field strength and use it as a
seed point. We then integrate the field lines for all seed points. The solution of the second
problem is more involved. First, we divide our domain into bins regularly spaced in cos(θ),
where θ is the angle between the BH axis and the position vector relative to the BH. We
then sort the field lines in each bin by their maximum field strength inside the given bin.
Next, we assign to each field line the maximum of its rank in all bins it traverses. We then
sort the field lines by this “maximum local importance” measure and keep only a given
number of them.

This prescription results in a balanced distribution of field lines in the different
parts of the field (axis, disk, torus) despite a strongly varying strength on both large and
small length scales. One could argue however that the binning in terms of cos(θ) might
highlight conical structures where there are none in reality. For example, the strong field
in the torus casts a “shadow” radially outwards where weaker field lines are not shown.
To validate that the visual impression given by the 3D plots is correct, we also compared
different visualizations, such as volume rendering of the field strength and simple 2D cuts.
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