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Introduction

The present work is conducted in the field of few-body methods and it con-
cerns the extension of the Non-Symmetrized Hyperspherical Harmonics
method in order to treat quantum systems with different species of par-
ticles and additional degrees of freedom, like particle mixing. The aim is to
introduce it as a new tool in the ab-initio study of light hypernuclei, namely
nuclei with at least one hyperon, and, more in general, of few-body quan-
tum systems composed by a variety of different objects.

In the last decades the physics of hypernuclei has seen increasing interest,
testified by the intense experimental activity on strange systems. However,
due to the instability of hyperons in the vacuum and to the consequent
difficulty to produce stable beams, a very limited hyperon-nucleon (YN)
database is available. The standard one comprises only 35 selected Λp low-
energy scattering data [1] and some ΛN and ΣN data at higher energies for
a total of 52 YN scattering data. Almost no information is available in the
YY sector. In comparison, the Nijmegen NN scattering database includes
over 4300 NN data in the range 0÷ 350 MeV [2].
Quite a variety of potential models involving hyperons exist. They include
purely phenomenological models (e.g. [3, 4]), meson-theoretical models [5],
and descriptions in chiral effective field theory (χEFT) [6, 7]. However, the
evidently limited information available for strange nuclear systems high-
lights the necessity of instruments to test the quality of the interaction mod-
els, and ab-initio methods are the natural ones. In fact, the accuracy of
the results can be systematically controlled and this makes the comparison
theory-experiment conclusive with respect to the input dynamics. More-
over, ab-initio methods allow to partially compensate the lack of scattering
data by exploiting the experimental information on hypernuclear bound
states in order to provide new constraints on the YN potential. Therefore,
in the strange sector, ab-initio calculations for bound states play an even
more important role compared to the nuclear case.
However, at present, a limited number of ab-initio calculations is available
for hypernuclei, mainly focused on 3- and 4-body systems (see, for example,
refs. [8–14]). An improvement in the maximal number of particles treatable
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would allow to better exploit the experimental information available on hy-
pernuclei with A > 4 in order to test and upgrade the available interaction
models. In chapter 1 a brief review on hypernuclear bound states calcula-
tions is provided.

The main purpose of the present work is to generalize the Non-Symmetrized
Hyperspherical Harmonics Method (NSHH) [15, 16] to make it a new ab-
initio method for bound state calculations in the hypernuclear sector.
The NSHH approach is a recent development of the more classical Hyper-
spherical Harmonics (HH) expansion method. One of the main difficulties
of the latter approach is the organization of the HH basis into irreducible
representations of the symmetry group. The NSHH has been designed to
simplify this task from a numerical point of view. The general method was
developed by Gattobigio et al. [15] and later extended by Barnea et al. [16]
to handle the modern realistic NN interactions like the Argonne V n′ po-
tentials. It has been employed in order to perform bound state benchmark
calculations of light nuclei up to A = 6. The method is based on the use
of the HH basis without previous symmetrization. The identification of
the eigenstates with good symmetries of the Hamiltonian of a system of A
identical particles is done by means of the Casimir operator of the group of
permutations ofA objects. Such an approach is easily adaptable to a variety
of physical systems with arbitrary permutational symmetry.

The original part of the present work is the extension of the NSHH method
in order to treat systems of non-identical particles and on the incorporation
of specific kinds of interaction models that require additional degrees of
freedom, like the mixing of different species of particles (for example most
of the modern hyperon-nucleon potentials take explicitly into account the
conversion of a Λ hyperon into a Σ hyperon and vice versa). To do this
we show a way to treat systems where the mass of one or more particles
is ”state-dependent” and we include the mixing degrees of freedom in the
NSHH framework. We have also implemented the three body ΛNN forces
by exploiting the pre-existing implementation of the NNN potential.
Although such extensions are general, we apply them on hypernuclei by
providing benchmark results for binding energies and Λ-separation ener-
gies (the difference between the binding energy of the system without and
with the Λ particle) for systems with A = 3 ÷ 5. We have also set up ΛΛ-
hypernuclei calculations.
In order to treat systems with A ≥ 5 the implementation of an efficient par-
allelization procedure is needed and part of the work has also been devoted
to this, even if with partial results which demand for additional study.
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The thesis is organized as follows:

In Chapter 1 we provide a brief review on the experimental investigation
on hypernuclei and on the available interaction models. We also show the
general features of the few-body hypernuclear problem and motivate the
extensions applied to the NSHH method and described in the following
chapters.

In Chapter 2 we show the adopted system of coordinates and their proper-
ties and we introduce the A-body Hyperspherical Harmonics basis that we
adopt to approach the few-body bound state problem.

In Chapter 3 the NSHH method is presented in its generalized form in or-
der to treat systems with different species of particles and interactions.

In Chapter 4 we show the further extensions done to the NSHH method in
order to treat the interaction models with particle mixing or 3-body terms.
In addition we show the adopted parallelization scheme avoiding technical
details.

In Chapter 5 we provide a number of selected benchmark results for bind-
ing and separation energies of light hypernuclei up to A = 5.

Conclusions and future perspectives are drawn at the end.
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Chapter 1

Hypernuclear Systems

Although the present work is mainly devoted to the few-body method more
than to the physics of hypernuclei, in this chapter we provide some histor-
ical hints on the hypernuclear investigation and we briefly introduce the
general features of an hypernuclear few-body problem. The aim is to ac-
count for the NSHH extensions described in the next chapters and to show
where the method is mainly intended to be employed in future investiga-
tions.
As mentioned in the introduction, hypernuclei are nuclei with at least one
hyperon, namely a baryon with non-zero strangeness. In table 1.1 the hy-
perons and their main properties are listed. They are weakly decaying par-
ticles with a lifetime of the order of 10−10 s and their mass is heavier than
the nucleon one by about 80÷ 680 MeV. The standard notation adopted for

TABLE 1.1: Table of hyperons and their properties. In order:
quark components, total isospin, total spin and parity, rest

mass, mean lifetime and main decay modes [17, 18].

Hyperon qqq T Sπ m (MeV) τ (10−10s) Decay

Λ uds 0 1/2+ 1115.683(6) 2.63(2) pπ−,nπ0

Σ+ uus 1 1/2+ 1189.37(7) 0.802(3) pπ0,nπ+

Σ0 uds 1 1/2+ 1192.64(2) 7.4(7)·10−10 Λγ
Σ− dds 1 1/2+ 1197.45(3) 1.48(1) nπ−

Ξ0 uss 1/2 1/2+ 1314.9(2) 2.90(9) Λπ0

Ξ− dss 1/2 1/2+ 1321.71(7) 1.64(2) Λπ−

Ω− sss 0 3/2+ 1672.5(3) 0.82(1) ΛK−,Ξ0π−,Ξ−π0

hypernuclei is:

A
YX → A− 1 nucleons (N) , 1 hyperon (Y);

A
Y YX → A− 2 nucleons , 2 hyperons,
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where X is the nuclear element and A−1X is the core nucleus. The separa-
tion energy of the hyperon in an hypernucleus is defined as:

BY (AYX) = E(A−1X)− E(AYX) . (1.1)

For an hypernucleus with two hyperons the double separation energy is
defined:

BY Y (AY YX) = E(A−2X)− E(AY YX) , (1.2)

and the incremental YY energy is given by:

∆BY Y (AY YX) = BY Y (AY YX)− 2BY (A−1
Y X) . (1.3)

The evaluation of the hyperon separation energies is thus based on the cal-
culation of the binding energies of the hypernuclei and of the correspond-
ing core nuclei.

1.1 Brief Review on Experimental Discoveries of Hy-
pernuclei

Among the known hypernuclei, the Λ-hypernuclei constitute by far the
largest set. At present fourty-one of them have been discovered, four ΛΛ-
hypernuclei and only one bound Σ-hypernucleus. Almost no information
is available on hypernuclei with other hyperons [17].
The discovery of hypernuclei goes back to 1953 when Danysz and Pniewski
observed the first decay of the hypertritium [19]:

3
ΛH→ 3He + π− ,

in an emulsion stack, as product of a fragmentation induced by cosmic rays.
Emulsion experiments became then the main line of experimental investi-
gation on light and medium-light Λ-hypernuclei (fromA = 5 toA = 15) un-
til the 70’s, when kaon beams were first produced at CERN, providing hy-
pernuclear spectroscopic data ranging from the light to the medium region
(A = 18÷40) through the reaction (K−, π−). By means of the same reaction
the heaviest hypernucleus was also found, the 209

Λ Bi. It followed an intense
experimental investigation through the 80’s in particular by means of the
reaction (π+,K+) at the Alternating Gradient Syncrotron of Brookhaven
National Laboratory and then at the proton syncrotron of the High Energy
Accelerator Organization in Japan [17], with a number of new discoveries
in the heavy region, from 51

Λ V to 208
Λ Pb (see fig. 1.1). A jump of quality in

the resolution of the hypernuclear γ-ray spectroscopy took place thanks to
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a new germanium detector (the Hyperball) and the high quality and inten-
sity electron beams produced at the Thomas Jefferson National Accelerator
Facility (JLab), allowing the reaction (e, e′K+) [17, 20].
Thanks to new facilities like J-PARC new reaction channels became avail-
able for the production of neutron rich Λ-hypernuclei, like (K−, π0), (π−,K0)

and double charge exchange reactions (π−,K+) and (K−, π+) [21]. In fig. 1.1
the association between the different reaction channels and the hypernuclei
produced is shown.
At present, several research facilities are actively involved in hypernuclear
production and spectroscopy investigations. Some of the main ones are J-
PARC, ALICE (at LHC), JLab, MAMI (Mainz) and DAΦNE (Frascati, Italy).
Part of the reports and future prospects can be found in refs. [22–25].
Very recent examples of high precision γ-ray spectroscopy measurements,
especially in the light sector, can be found in refs. [26–28].

The lightest hypernucleus known at present is the hypertritium 3
ΛH. No

Λp nor 3
ΛHe were found. In 2014 some hints on a possible Λnn bound state

were found [29], although, at present, theoretical investigations do not con-
ciliate such observation with the available informations on the nuclear and
hypernuclear interactions [14, 30, 31].
In general, by looking at the separation energies of Λ hypernuclei, there is
an increase of BΛ with A by about 1 MeV/nucleon, and stable hypernu-
clei with unstable core nuclei appear, like 6

ΛHe, 8
ΛHe, 7

ΛBe, 9
ΛBe. This is the

confirmation that the Λ hyperon has a ”glue” like effect, by increasing the
binding energy and stability of the whole system [17]. In tab. 1.2 the sep-
aration energies BΛ of a selected number of hypernuclei in the light sector
(A = 3÷ 15) are shown.

Only four ΛΛ-hypernuclei were found up to now: 6
ΛΛHe, 10

ΛΛBe, 12
ΛΛBe

and 13
ΛΛB [35, 36]. Although almost no ΛΛ scattering data are available,

some hints on a weakly attractive character of the ΛΛ interaction have been
found.

1.2 Review on Hypernuclear Interactions

As anticipated in the introduction, the YN scattering database is limited
and bound state energies are employed to fill only partially the lack of in-
formation on the hypernuclear interaction. By consequence, the quality of
hypernuclear potentials is not comparable to the nuclear counterpart.
The Nijmegen YN meson-theoretical interaction model has probably been
the most used in theoretical calculations over the last twenty years. Soft-
core Nijmegen potentials for the YY sector have also been developed [38],
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TABLE 1.2: Quantum numbers and experimental separa-
tion energiesBΛ of a partial set of Λ-hypernuclei in the light

sector A = 3÷ 15 [32–34].

A
ΛX T Tz Jπ BΛ (MeV) A

ΛX T Tz Jπ BΛ (MeV)

3
ΛH 0 0 1/2+ 0.13(5) 9

ΛLi 1 1 - 8.53(15)
4
ΛH 1/2 1/2 0+ 2.04(4) 9

ΛBe 0 0 1/2 6.71(4)
4
ΛHe 1/2 -1/2 0+ 2.39(3) 9

ΛB - - - 8.29(18)
5
ΛHe 0 0 1/2+ 3.12(2) 10

Λ Be 1/2 1/2 - 9.11(22)
6
ΛHe 0 0 (1) 4.18(10) 10

Λ B 1/2 -1/2 - 8.89(12)
7
ΛHe 1 1 - 5.68(3) 11

Λ B 0 0 5/2+ 10.24(5)
7
ΛLi 0 0 (1/2) 5.58(3) 12

Λ B 1/2 1/2 1− 11.37(6)
7
ΛBe 1 -1 1/2 5.16(8) 12

Λ C - - 1 10.76(19)
8
ΛHe - - - 7.16(70) 13

Λ C 0 0 1/2 11.69(12)
8
ΛLi 1/2 1/2 1− 6.80(3) 14

Λ C 1/2 1/2 - 12.17(33)
8
ΛBe 1/2 -1/2 - 6.84(5) 15

Λ N - - - 13.59(15)

leading to the extended soft-core 08 (ESC08) interaction model which repre-
sented the only interaction model unifying the NN, NY and YY sector [39],
until the very recent development of the χEFT YY model [40, 41]. Hypernu-
clear calculations have been performed with this kind of potentials, in par-
ticular G-matrix based density functional calculations for medium-heavy
hypernuclei (from 13

Λ C to 208
Λ Pb) and hypermatter [39, 42, 43]. However dis-

crepancies with experiments are still evident. For example, six different
parametrizations of the Nijmegen YN potential fit equally well the scatter-
ing data but produce different scattering lenghts [17, 44]. Moreover the
Nijmegen models do not predict precisely all the hypernuclear binding en-
ergies in the light region, for example the correct separation energies of the
mirror hypernuclei 4

ΛH and 4
ΛHe.

A χEFT approach has been developed starting in 2006 when a Leading Or-
der (LO) expansion for the YN interaction was provided [6] and then in
2013, when the Next to Leading Order (NLO) has been developed [7]. In ad-
dition a NLO potential has been developed also for the S=-2 sector [40, 41].
Calculations empolying such interactions are mainly limited to A = 3 ÷ 4

systems, and are based on the Faddeev Yakubovski (FY) [7] equations and
on the No-Core Shell Model (NCSM) [9, 10], showing results of quality com-
parable to ESC08 ones.
Phenomenological models fitted on the Nijmegen set of data have been
widely used by the Riken groups in order to investigate the structure of
light hypernuclei up to A = 5 and heavier systems by means of cluster
models and the Gaussian Expansion Method (GEM) [45]. For example the
6
ΛΛHe has been studied in terms of α+ Λ + Λ and the 10

ΛΛBe as α+α+ Λ + Λ

by employing phenomenological αΛ interaction models.
All the mentioned YN interaction models are based on the explicit Λ − Σ
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FIGURE 1.1: Hypernuclear chart of Λ hypernuclei. Figure
taken from ref. [37]

coupling. In fact the ΛπΛ coupling is prohibited due to the isospin conser-
vation. This means that the long range part of the ΛN interaction is caused
by the Λ− Σ conversion potential, where one pion exchange is possible.
A class of purely phenomenological Argonne-like interactions have been
developed by Bodmer, Usmani and Carlson [3, 46] in the same way as the
Argonne nuclear potential. They have been built by taking into account dif-
ferent diagrammatic contributions mainly related to pion exchange. Instead
of the explicit Λ − Σ coupling, they contain two body ΛN and three-body
ΛNN terms, which are at the same two-pion exchange level. This last in-
teraction model has been used only for Monte Carlo calculations, both for
finite systems and nuclear matter, with consistent results [3, 12, 47].

1.3 The Hypernuclear Hamiltonian

Hypernuclei are systems composed by at least two different species of par-
ticles, namely nucleons and hyperons, which are both fermions. The per-
mutational symmetry of such systems is obviously limited to the nucleons
and hyperons subsets composing the A-body system. In the most common
case of hypernuclei with a single hyperon, the permutational symmetry is
limited to the core nuclei. The total hypernuclear Hamiltonian:

H = HN +HY + VY N . (1.4)
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FIGURE 1.2: Examples of meson exchange processes be-
tween nucleons and hyperons at the 2- and 3-body level. In
(a) and (c) two pion exchange processes are shown, while
in (c) a K,K∗ exchange process is represented. Figure ex-

tracted from ref. [12].

where HN is the Hamiltonian of the core nucleus, HY of the hyperonic part
and VY N is the potential between the particles belonging to the two differ-
ent species.
We denote the internal set of coordinates of the system as η. The wave
function of the hypernucleus satisfies the fermionic permutational symme-
try both for nucleons and hyperons:

P̂NiNj Ψ(η) = − Ψ(η) ;

P̂YiYj Ψ(η) = − Ψ(η) ,
(1.5)

where the P̂ operators represent two-particle permutations. Therefore a
proper symmetrization procedure must be applied separately on the core
nucleus and on the hyperonic set.

Since the Λ hyperon has isospin t = 0, the strong ΛπΛ vertex is forbid-
den due to isospin conservation. Thus the Λ particle can exchange one pion
only via the ΛπΣ vertex. This means that a YN force at the one pion ex-
change (OPE) level must explicitly take into account the Λ− Σ coupling.
One-meson exchange processes involving a nucleon N and a Λ without Σ

conversion can only occour through the exchange of a K,K∗ pair, which
contributes in exchanging strangeness between the Λ and the N baryons.
However the K,K∗ exchange potential is short range and it is expected to
be quite weak due to the opposite sign of the K and K∗ tensor contribu-
tions [12].
In fig. 1.2 the main meson exchange processes involving a Λ hyperon among
nucleons are shown. In particular we see that a Λ-hypernuclear interaction
model defined at the two-pion exchange (TPE) level must involve 2- and
3-body forces, namely ΛN and ΛNN terms.



1.3. The Hypernuclear Hamiltonian 15

Such coupling scheme is adopted by the phenomenological Bodmer-Usmani
interaction model [3], which avoids the explicit inclusion of the Σ hyperon
degree of freedom by introducing 3-body terms related to the two pion ex-
change diagrams of fig. 1.2 (and other TPE diagrams):

HBU
Λ-hyp = T + VNN + VΛN + VΛNN . (1.6)

However, except for the Bodmer-Usmani model, all the available hypernu-
clear interactions are based on the explicit Λ−Σ coupling. This means that
additional degrees of freedom due to the mixing between the Λ and the Σ

particle have to be included.
For a Λ-hypernucleus the Hamiltonian has the following block structure:

H =

(
TmΛ

TmΣ

)
+

(
0

∆M

)

+

(
VNN−NN

VNN−NN

)
+

(
VNΛ−NΛ VNΣ−NΛ

VNΛ−NΣ VNΣ−NΣ

)
,

(1.7)

where the upper diagonal blocks are related to the system with the Λ hy-
peron and the lower diagonal ones to the same system with the Σ hyperon.
We see that the YN potential operator couples the Λ part of the basis with
the Σ one through the mixing terms VNΛ−NΣ and VNΣ−NΛ. The ∆M ma-
trix is related to the mass difference in energy units between the Λ and the
Σ particles and the TmΛ and TmΣ matrices are the kinetic energy operators
related to the system with the Λ and the Σ hyperon respectively.
If more hyperons are present, the block structure of the Hamiltonian be-
comes more complex. Moreover in the double strangeness S = −2 sector
new coupling channels open up, involving Ξ hyperons too.

The aim of the present work is to extend the Hypersperical Harmonics
method in order to approach such systems. In particular we generalize the
method in order to treat systems with different species of particles and we
implement some extensions that allow the incorporation of particle-mixing
interaction models as the YN ones. We also implement the ΛNN 3-body
force.
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Chapter 2

The A-Body Hyperspherical
Harmonics Basis

In this chapter we present the basis we adopt for the bound state calcula-
tions this work is based on.
In configuration space, our system is described by the spatial coordinates
besides the spin and the isospin quantum numbers. By consequence our
basis is composed by a spatial part and a spin/isospin part. The coordinate
system is the hyperspherical one and it is built over the mass-weighted Ja-
cobi coordinates: it includes a single radial coordinate, i.e. the hyperradius
ρ, a set of N − 1 hyperangles {φi ; i = 2, . . . , N} and a set of 2N angles
{(θi, ϕi) ; i = 1, . . . , N}.
The spatial part of each of our basis functions is a product of an hyperra-
dial polynomial (we use a set of Laguerre polynomials) and a hyperangu-
lar and angular function belonging to the Hyperspherical Harmonics (HH)
set. However, when we generically refer to ”HH basis”, we often intend the
complete basis, including the hyperradial part.
The aim is to extend the NSHH formalism to the general case of systems
composed by different species of particles, so we do not assume any spe-
cific feature on our A-body system.
In section 2.1 we introduce the hyperspherical system of coordinates by
starting from the Jacobi basis for R3A. We define first the properties of
the mass-weighted Jacobi set and we generalize some of them by introduc-
ing the transformations which change the mass parameters. They will turn
useful in the extensions of the HH method presented in chapter 3 that are
necessary to treat most of the modern hypernuclear interactions. Then we
illustrate the transformation to the hyperspherical coordinates and the con-
sequent derivation of the so called grand angular momentum operator, the
angular part of the kinetic energy operator in hyperspherical coordinates:
the hyperspherical harmonics are its eigenfunctions.
In section 2.3 we show the complete NSHH basis in details including the
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construction of the spin and isospin part. The main properties of the adopted
basis and their applications will be shown in the next chapters. Finally,
some remarks on the symmetrized HH basis are provided.

2.1 The Jacobi System of Coordinates

Two different systems of coordinates are combined in the definition of our
HH basis: the mass-weighted Jacobi set and the hyperspherical set. The for-
mer allows to separate the center of mass (CM) term from the internal ones
in the kinetic operator and it is particularly convenient when only the inter-
nal degrees of freedom of the physical system are of interest. The latter is
composed by a single radial coordinate and 3A−4 angles (if we exclude the
CM) and it provides the natural set where the A-body HH basis is defined.
In fact the angular dependence of the kinetic operator in hyperspherical co-
ordinates is contained only in the grand angular momentum operator and
the HH functions are its eigenfunctions. The adopted coordinate system is
then the Jacobi internal set parametrized in hyperspherical coordinates.
The Jacobi set is order-dependent so different choices in the particles order-
ing and coupling correspond to different sets. We show the transformations
which allow to pass from one set to another and we extend them in order
to introduce the possiblity to change the mass parameters from one set to
another. On this basis in chapter 3 we will define spatial permutations oper-
ators and we will introduce a way to treat systems with particle resonance
degrees of freedom.

2.1.1 The Standard Set of Mass-Weighted Coordinates

In a system of A particles, where ri and mi are the cartesian position and
the mass of the i-th particle respectively, we introduce the mass-weighted
Jacobi coordinates by adopting the reversed order convention [48]:

ηA−i =

√
mi+1Mi

mMi+1

(
ri+1 −

1

Mi

i∑
j=1

mjrj

)
; i = 1, ..., N , (2.1)

where N = A − 1, the constant m is a reference mass (for convenience the
nucleon mass in our case) and:

Mi =

i∑
j=1

mj . (2.2)

Each ηA−i vector represents the (i + 1)-th particle position with respect to
the center of mass of the first i particles. In case of identical masses, with
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mi = m for i = 1, . . . , A, eq. (2.1) becomes:

ηid
A−i =

√
i

i+ 1

(
ri+1 −

1

i

i∑
j=1

rj

)
; i = 1, ..., N . (2.3)

Of course the complete set of mass-weighted Jacobi coordinates includes
the rescaled CM coordinate:

η0 =

√
MA

m
Rcm =

1√
mMA

∑
i

miri . (2.4)

The basis {ηi} is orthonormal in case of equal masses. The matrix S defines
the passage from cartesian to Jacobi basis:

S =



−
√

m2
m1M2

√
m1

m2M2
0 · · · 0

−
√

m3
M2M3

−
√

m3
M2M3

√
M2

m3M3
· · · 0

−
√

m4
M3M4

−
√

m4
M3M4

−
√

m4
M3M4

· · · 0

...
...

...
. . .

...
1√
MA

1√
MA

1√
MA

· · · 1√
MA


· M , (2.5)

where:
Mij =

√
mi δij . (2.6)

It can be verified that the orthogonality conditions are always satisfied for
any set of masses {m1, . . . ,mA}:

ST · S = I ; det(S) = 1 . (2.7)

If vr and vη are the same vector defined, respectively, on the cartesian and
on the Jacobi basis, the change of coordinates is defined by:

vr =
1√
m
M · ST · vη , (2.8)

and the volume elements are related by:

dVη =

N∏
i=0

dηi =

A∏
i=1

√
mi

m
dri =

(
A∏
i=1

√
mi

m

)
dVr . (2.9)
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Eq. (2.8) allows to convert the kinetic energy operator from cartesian to Ja-
cobi coordinates. The following relations hold:

T = −
A∑
i=1

~2

2mi
∆ri = −~2

2
∇Tr · (M−1)2 · ∇r

= − ~2

2m
∇Tη · S · M · (M−1)2 · M · ST · ∇η

= − ~2

2m

N∑
i=0

∆ηi ,

(2.10)

where∇Tr = (∇Tr1 ,∇
T
r2 , . . .) and an analogue definition for∇Tη . We note that

the above operator is proportional to the 3A-dimensional laplacian only in
case of identical masses. In case of different masses, the Gram matrix g

associated to the Jacobi set is not the identity matrix anymore, due to the
non-orthogonality of the basis:

N∑
i=0

∆ηi 6=
g 6=I
∇Tη · g · ∇η = ∆ . (2.11)

2.1.2 The Kinematic Rotations

Several different schemes of mass-weighted Jacobi coordinates are possible
besides the standard one shown in eq. (2.1). In general, they differ by the
sequence of coupling among each of the A particles composing the system
and by the orientation of each ηi vector.
All the applications which allow to pass from one scheme to another belong
to the groupO(N), since they do not involve the CM coordinate nor the rel-
ative orientation of the x, y and z components of each ηi vector. They are
compositions of three basic types of transformations, called kinematic rota-
tions [49]: exchange between adjacent particles, change in sign of a vector
and recoupling of two particles. In fig. 2.1 two examples of, respectively,
exchange and recoupling of two particles are shown.
The standard set of eq. (2.1) is based on a sequence of couplings which goes

neatly from particle 1 to particle A. However, all the A! possible disposi-
tions are allowed and the transformations from one sequence to another are
compositions of exchanges between adjacent particles which, in the generic
case of particles i and i+ 1, involve the ηA−i and ηA−i+1 coordinates only:

...
η′A−i
η′A−i+1

...

 = p(i,i+1) ·


...

ηA−i

ηA−i+1
...

 (2.12)
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FIGURE 2.1: Two alternatives to the standard scheme a) of
a 5-body Jacobi set of coordinates. In b) a recoupling of par-
ticles 4 and 5 is shown: the vector describing their relative
positions is connected to the CM of the remaining three par-
ticles. In c) the order of coupling of particle 4 and 5 is ex-

changed with respect to a).

where:

p(i,i+1) =


IN−i

− cosβi sinβi

sinβi cosβi

Ii−2

 , (2.13)

with βi called the kinematic angle and defined as:

cos2 βi =
mimi+1

Mi(Mi−1 +mi+1)
. (2.14)

In case of identical particles: cos2 βi = i−1. In fig. 2.1 c) the p(4,5) transfor-
mation in a 5-body set is graphically shown.
Although the standard set of Jacobi coordinates is based on a sequential
coupling, other coupling schemes are possible. The simplest is the one
where the i-th and (i + 1)-th particles are coupled to each other and their
CM is coupled to the CM of the previous (i− 1) particles:

η′′A−i =

√
mimi+1

m(mi +mi+1)
(ri+1 − ri)

η′′A−i+1 =

√
(mi−1 +mi)Mi−2

mMi

 1

Mi−1

i−2∑
j=1

mjrj −
miri +mi+1ri+1

mi +mi+1

 .

(2.15)
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The matrix of change of basis has a structure similar to the one in eq. (2.12):

c(i,i+1) =


IN−i

cos γi sin γi

sin γi − cos γi

Ii−2

 , (2.16)

and the kinematic angle γi is given by [49]:

cos2 γi =
Mi−1mi

Mi(mi +mi+1)
. (2.17)

In fig. 2.1 b) the c(4,5) transformation is shown.
For both p and c kinematic rotations the moduli of the transformed basis
vectors satisfy the relation:

η2
A−i + η2

A−i+1 = η′2A−i + η′2A−i+1 = η′′2A−i + η′′2A−i+1 (2.18)

2.1.3 Coupling Permutations and Spatial Permutations

We note that, in case of identical particles, the transformation p(i,i+1) is a
true spatial transposition between particles i and i + 1 and any compo-
sition of p transformations corresponds to a spatial permutation. How-
ever, this is not a general statement, in fact the kinematic rotations always
maintain the association between ri and mi and this prevents the identi-
fication with spatial permutations in case of different masses. If we call
η[(m1, r1), (m2, r2), . . .] the complete set of Jacobi vectors as function of the
mass-position pairs (mi, ri), a spatial transposition P(i,i+1) between parti-
cles i and i+ 1 exchanges, by definition, the ri and ri+1 vectors only:

P(i,i+1) · η[(m1, r1), . . . ,(mi, ri), (mi+1, ri+1), . . .] =

η[(m1, r1), . . . , (mi, ri+1), (mi+1, ri), . . .] .
(2.19)

The effect is a change in all the ηj definitions from j = 0 to j = A − i. In
the next subsection we extend the set of transformations by including the
possibility to change the mi parameters and we show how the Pi,j permu-
tations are defined.
On the contrary, it can be easily checked that the action of a p(i,i+1) kine-
matic rotation on the η set keeps the (mi, ri) and (mi+1, ri+1) pairs un-
changed:

p(i,i+1) · η[(m1, r1), . . . ,(mi, ri), (mi+1, ri+1), . . .] =

η[(m1, r1), . . . , (mi+1, ri+1), (mi, ri), . . .] ,
(2.20)

in fact only the ηA−i and ηA−i+1 basis vectors change, as shown in eq. (2.12).
In most of the cases this distinction is meaningless, since permutations are
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usually employed in symmetrization procedures which are limited to iden-
tical particles. However, as we will see in chapter 4, there are interaction
models that include potential terms proportional to space exchange opera-
tors, like, for example, the Bodmer-Usmani hyperon-nucleon (YN) poten-
tial [46]:

VΛN = [(Vc(rΛN )− V )(1− ε+ εP̂ΛN ) +
1

4
VσσΛ · σN ] T 2

π (rΛN ) , (2.21)

where the operator P̂ΛN is a spatial permutation between the Λ hyperon
and the nucleon N (which have different masses), and it should not be con-
fused with pΛN . For this reason, from now on, we refer to the pij transfor-
mations as coupling permutations and to the Pij as spatial permutations (or
transpositions).

2.1.4 Transformations between Different Sets of Mass Parameters

Regardless of the arrangement or of the chosen mass parameters, the Jacobi
set of coordinates constitutes a basis for R3A. In the previous section we
saw that the transformations from one scheme to another are compositions
of elementary transformations called kinematic rotations which belong to
the group O(N).
Here we introduce a new type of transformations that allow to pass from
one Jacobi basis defined on a given set of masses, ζ, to another basis defined
on a different set ζ ′, with:

ζ = {mi > 0 ; i = 1, . . . , A} . (2.22)

It is easy to prove that the subspace defined by the last ηN−i, . . . ,ηN coor-
dinates is invariant under any change in the set of mass parameters:

ηζ
′

N−i = cNη
ζ
N + cN−1η

ζ
N−1 + . . .+ cN−iη

ζ
N−i , (2.23)

where the c’s are real positive coefficients. A useful consequence is the in-
variance of the subspace given by the internal coordinates 〈η1, . . . ,ηN 〉,
which allows to describe the internal motion of a system by employing a
set of mass parameters different from the physical one and by keeping the
separation of the CM coordinate η0.
The matrix of the transformation from the ζ set to ζ ′ is given by:

Wζ′ζ = Sζ′M−1
ζ′ Mζ S

T
ζ . (2.24)

We look for a more useful form of the matrix elements of W .
Such transformations are compositions of kinematic rotations and scaling
transformations. This can be seen by noting that the first vector of a given
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Jacobi set, η1, is proportional to the first vector of another set, η′1, where all
the mass parameters are equal but the last one, denoted as m′A. Moreover
the first Jacobi vector is the only one that depends on the mass-position pair
(mA, rA), except the CM η0 which can be neglected as explained above. We
have:

ηζi =

aA ηζ
′

1 i = 1

ηζ
′

i i = 2, . . . , N
(2.25)

with:

aA =

√
mA

m′A

M ′A
MA

; M ′A = MA −mA +m′A . (2.26)

We see that in this case the transformation Wζ′ζ ≡ W(A) is a pure scaling
transformation:

W(A) =

(
aA

IN−1

)
. (2.27)

However, if the mass to change is located in the generic i-th position, one
can always apply a sequence of kinematic rotations in order to move the
(mi, ri) couple in the last coupling position, and then come back after the
application of the scaling transformation W(A):

W(i) =

[
i∏

α=N

pζ
′

α,α+1

]
W(A)

[
N∏
α=i

pζα,α+1

]
, (2.28)

where we made a distinction between pζ and pζ
′

since, after the scaling
transformation W(i), the mass parameter mi changes into m′i, so the kine-
matic angle changes too.
Of course any transformation Wζ′ζ which changes a part of the mass pa-
rameters or all of them is a composition of the above transformations:

Wζ′ζ =

A∏
i=1

W(i) . (2.29)

By means of the W matrices and the kinematic rotations we can now define
the permutation matrices Pij . We have:

Pij η = Wij · pi,j · η [(m1, r1), . . . , (mi, ri), . . . , (mj , rj), . . .]

= Wij · η [(m1, r1), . . . , (mj , rj), . . . , (mi, ri), . . .]

= η [(m1, r1), . . . , (mi, rj), . . . , (mj , ri), . . .] .

(2.30)
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2.2 The Hyperspherical System of Coordinates

The aim is now to show the structure of a generic hyperspherical set of coor-
dinates and express the kinetic energy operator in terms of the hyperradius
and of the hyperangles.
Different choices of hyperangular coordinate schemes are possible and the
transformations to pass from one scheme to another are compositions of
elementary transformations that involve only two adjacent hyperangles.
Accordingly, the kinetic energy operator can be parametrized in different
ways, however the angular and hyperangular dependence is always con-
tained in a single operator called the grand angular momentum operator.

2.2.1 The Hyperangular Scheme

We start from the N vectors of the Jacobi set defined in eq. (2.1) leaving
out the CM coordinate and express them in terms of N spherical sets of
coordinates:

ηi(η
x
i , η

y
i , η

z
i )⇒ ηi(ηi, θi, ϕi), i = 1, . . . , N . (2.31)

TheN radial parameters ηi are then expressed in terms of an hyperspherical
set composed by a radial coordinate ρ, the so called hyperradius, and N −1

hyperangles. The former is given by:

ρ2 =
N∑
i=1

η2
i =

1

2mMA

A∑
i,j=1

mimjr
2
ij , (2.32)

while the hyperangular set is defined as:

sinφi =
ηi√

η2
1 + ...+ η2

i

; i = 2, ..., N . (2.33)

The resulting parametrization of theN -dimensional radial set {η1, η2, . . . , ηN}
is:

ηN = ρ sinφN ,

ηN−1 = ρ cosφN sinφN−1 ,

...

ηi = ρ cosφN ... cosφi+1 sinφi ,

...

η2 = ρ cosφN ... cosφ3 sinφ2 ,

η1 = ρ cosφN ... cosφ3 cosφ2 .

(2.34)
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The angular plus hyperangular set is usually denoted in a compact form as:

ΩN = (θ1, ϕ1, . . . , θN , ϕN ;φ2, ..., φN ) . (2.35)

The chosen hyperspherical parametrization of theN Jacobi vectors has then
the following domain:

η(ρ,ΩN ) : R+ × SN−1
+ × (S2)N −→ R3N , (2.36)

where SN−1
+ corresponds to the hyperangular part of the domain and it

is the positive sector of the SN−1 hypersphere in RN (each ηi is positive-
definite). (S2)N = S2

η1
× S2

η2
× . . . × S2

ηN
is the angular part, given by the

cartesian product of the unit spheres defining the orientation of each ηi in
R3. Of course R+ is the hyperradial domain. The range of each φi angle is:

0 ≤ φi ≤
π

2
; i = 2, . . . , N , (2.37)

while the spherical angles span the ordinary S2 range:

0 ≤ θi ≤ π ;

0 ≤ ϕi ≤ 2π ; i = 2, . . . , N .
(2.38)

The total hyperspherical (and hyperradial) volume element is [15]:

dVhh = dVρ dVΩN

= ρ3N−1dρ sin θ1dθ1dϕ1

N∏
i=2

sin θidθidϕi(sinφi)
2(cosφi)

3i−4dφi .

(2.39)

As in the case of Jacobi coordinates, different sets of hyperspherical coordi-
nates exist and they are usually represented by the so called tree diagrams,
first introduced by N. Ya. Vilenkin et al. in ref. [50]. In fig. 2.2 the standard
set of eq. (2.34) is schematized.
Each hyperangle φi is related to the i-th node: if the segment joining this

node with the upper one extends to the right, a factor equal to sinφi is as-
sociated, otherwise cosφi. Each ηi is obtained by the product of ρ with each
sine or cosine factor associated to each node starting from the lowest vertex
and following the track to the ηi termination.
In fig. 2.3 an alternative scheme of hyperspherical coordinates is shown.
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FIGURE 2.2: Tree diagram representing the standard
scheme of hyperangular coordinates. The explicit relations

are shown in eq. (2.34).

The corresponding alternative parametrization:

ηN = ρ sin φ̃N sinφN,N−1 ,

ηN−1 = ρ sin φ̃N cosφN,N−1 ,

...

η2 = ρ cos φ̃N cosφN−2... cosφ3 sinφ2 ,

η1 = ρ cos φ̃N cosφN−2... cosφ3 cosφ2 .

(2.40)

2.2.2 The Kinetic Energy and the Grand Angular Momentum Op-
erator

By excluding the CM term, the kinetic energy operator of eq. (2.10) ex-
pressed in terms of the N -spherical set of coordinates of eq. (2.31) is:

Tint = − ~2

2m

N∑
i=1

(
∂2

∂η2
i

+
2

ηi

∂

∂ηi
− l̂2i
η2
i

)
(2.41)

where l̂i is the angular momentum operator associated to the ηi coordinate.
By parametrizing the ηi coordinates into the hyperspherical set of eq. (2.34)
we obtain:

Tint = − ~2

2m

(
∂2

∂ρ2
+

3N − 1

ρ

∂

∂ρ
+
K̂2
N (ΩN )

ρ2

)
. (2.42)
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The operator K̂N is the total grand angular momentum. For a generic n,
with 2 ≤ n ≤ N , the operator K̂2

n is iteratively defined as [16]:

K̂2
n = − ∂2

∂φ2
n

+
3n− 6− (3n− 2) cos(2φn)

sin(2φn)

∂

∂φn
+

1

cos2(φn)
K̂2
n−1

+
1

sin2(φn)
l̂2n ,

(2.43)

For n = 1 we have: K̂2
1 = l̂21.

In analogy to the two particles case, where the relative square angular mo-
mentum l̂2 is the projection of the laplacian on the angular domain S2, the
square grand angular momentum K̂2

N can be interpreted as the kinetic op-
erator (up to constants) defined on the N -body hyperangular and angular
domain SN−1

+ × (S2)N . By lowering the n index starting from N , the same
analogy holds for K̂2

n, defined on the restricted Sn−1
+ ×(S2)n domain. More-

over the dependence of K̂2
n on the (S2)n domain is restricted to the l̂2n oper-

ators, in fact in the n = 1 case we recover the two particle domain, and we
have the coincidence between K̂2

1 and l̂21.
We note that, with the chosen parametrization, there is no difference in the
form of the kinetic energy operator in the different particles case with re-
spect to the identical particles case.
The total angular momentum of the first n particle subsystem is defined as:

L̂n = L̂n−1 + l̂n . (2.44)

All the operators K̂2
i , l̂2j , L̂2

k and L̂2
tz , with i, j, k, t = 1, . . . , N , commute with

each other and, as we see in the next section, form a complete set of opera-
tors defining the angular and hyperangular part of the states of an A-body
system. The hyperspherical harmonics Y[Kn](ΩN ) are the eigenfuntions of
K̂2
N . We close this section by showing the grand angular momentum op-

erator in the alternative hyperspherical scheme of eq. (2.40), where ηN and
ηN−1 are coupled by the relative φN,N−1 hyperangle:

K̂ ′2N = − ∂2

∂φ̃2
N

+
3N − 9− (3N − 5) cos(2φ̃N )

sin(2φ̃N )

∂

∂φ̃N

+
1

cos2(φ̃N )
K̂2
N−2 +

1

sin2(φ̃N )
K̂2
N−1,N ,

(2.45)

with the partial K̂2
N−1,N defined as:

K̂2
N−1,N = − ∂2

∂φ2
N−1,N

− 4 cot(2φN−1,N )
∂

∂φN−1,N

+
1

cos2(φN−1,N )
l̂2N−1 +

1

sin2(φN−1,N )
l̂2N .

(2.46)
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FIGURE 2.3: Tree diagram representing an alternative to the
standard scheme of hyperangular coordinates. The explicit

relations are shown in eq. (2.40).

In the section 2.3 we show how the HH functions change accordingly to the
chosen hyperspherical scheme.

2.3 The Hyperspherical Harmonics Basis

The hyperspherical system of coordinates is directly related to the HH set
of basis functions. Each tree diagram of the kind of fig. 2.2 and fig. 2.3
uniquely identifies the hyperspherical system and, consequently, the hyper-
angular coupling scheme of a given HH basis (the sequence of partial grand
angular momentum quantum numbers Ki with i = 1, . . . , N ). This, com-
bined with a given angular coupling scheme (the sequence of partial orbital
angular momenta Li), defines a complete basis of non-symmetrized hyper-
spherical harmonics defined on the angular and hyperangular domain.
We first derive the HH functions in the standard coupling scheme by fol-
lowing the iterative procedure shown in ref. [51] and first introduced in
ref. [50] (we avoid technical details) and then we show their connection
with the tree diagram of fig. 2.2. We also show an alternative HH set related
to the tree of fig. 2.3. On this basis in chapter 2 we will show the transforma-
tions that allow to pass from one NSHH set to another and which constitute
the core of the NSHH method.
We also define the hyperradial part of the A-body basis and the spin and
isospin part, without assuming any particular feature on the particles com-
posing the system.

2.3.1 The Hyperspherical Harmonics Functions

The (n+ 1)-body hyperspherical harmonics functions are generated by the
harmonic polynomials of the kind hKn(ρn,Ωn) = ρKnn Y[Kn]. The following
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relation holds [52]: [
∆ρn −

K̂n

ρ2
n

]
hKn(ρn,Ωn) = 0 . (2.47)

By considering that:

∆ρnhKn(ρn,Ωn) = Kn(Kn + 3n− 2)hKn(ρn,Ωn) , (2.48)

from eq. (2.47) we can easily cancel the ρn dependence to obtain the eigen-
value equation for the (n+ 1)-body HH functions:[

K̂2
n(Ωn)−Kn(Kn + 3n− 2)

]
Y[Kn](Ωn) = 0 . (2.49)

By exploiting the recursive structure of K̂2
n(Ωn) in the index n, we introduce

the explicit form of the standardA-body HH functions by adding one parti-
cle at a time, from the 3-body subset (n = 2) to the totalA-body set (n = N ).
It is well known that the spherical harmonics functions, Y m

l , constitute a
good basis for the angular part of the relative motion of a two particle sys-
tem, since they are the eigenfunctions of the angular momentum operator
l̂1. The internal motion of a system of three particles is defined by six spa-
tial coordinates, the 3-dimensional vectors η1 and η2 in the Jacobi set, or the
four angular coordinates, η̂1 = (θ1, ϕ1) and η̂2 = (θ2, ϕ2), the hyperangle
φ2 and the 3-body hyperradius ρ2. The kinetic operator in a partial 3-body
hyperspherical set of coordinates looks:

T̂ ∝

[
∆ρ2 +

K̂2

ρ2
2

]
+ ∆η3 + ∆η4 + . . . (2.50)

We now focus on the first term of the sum and look for the angular and
hyperangular part of the 3-body eigenfunctions. The angular part is an
eigenfunction of l̂1, the 2-body angular momentum, of l̂2, the relative an-
gular momentum between the third particle and the CM of the preceding
two and of L̂2 and L̂2z , the total angular momentum and its projection. We
have:

Φl1l2
L2M2

(η̂1, η̂2) = [Yl1(η̂1)⊗ Yl2(η̂2)]L2M2
, (2.51)

where the [. . .⊗ . . .]LM bracket is the usual two angular momenta coupling
by means of the Clebsch-Gordan coefficients and M2 is the L̂2z quantum
number. By solving eq. (2.49) in φ2 for n = 2 we obtain (2)P l2,l1K2

(φ2), the
hyperangular part of the wave function which, combined with the angular
part, gives the 3-body hyperspherical harmonic function:

Y[K2](Ω2) = (2)P l2,l1K2
(φ2) · Φl1l2

L2M2
(η̂1, η̂2) , (2.52)
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where we have introduced the 3-body hyperspherical polynomial [53]:

(2)P l2,l1K2
(φ2) = N l2+ 1

2
,l1+ 1

2
2 (sinφ2)l2(cosφ2)l1P

l2+ 1
2
,l1+ 1

2
n2 (cos 2φ2) . (2.53)

TheN factor is a normalization constant (we define it below for the general
case) and P a,bn denotes a Jacobi polynomial. The index n2 is a positive inte-
ger which satisfies: 0 ≤ n2 = K2−l1−l2

2 . The possible eigenvalues of K̂2
2 are

K2(K2 + 4) with:
0 ≤ L2 ≤ l1 + l2 ≤ K2 <∞ . (2.54)

In the tree formalism, the function (2)P l2,l1K2
(φ2) is associated to the φ2 node

of the diagram in fig. 2.4.
With the addition of the 4-th particle, we transform the 3-body hyperspher-
ical set combined with the spherical (η3, θ3, ϕ3) set into the 4-body hyper-
spherical set. The Hamiltonian now looks:

T̂ ∝

[
∆ρ3 +

K̂3

ρ2
3

]
+ ∆η4 + ∆η5 + . . .

=

[
∆ρ3 +

1

ρ2
3

(
∆φ3 +

K̂2

cos2 φ3
+

l̂23
sin2 φ3

)]
+ ∆η4 + . . . ,

(2.55)

where ∆φ3 is the sum of the first two terms of K̂2
3 [eq. (2.43)]. We first

look for the 4-body angular part which, besides the 3-body set of angular
operators l̂21, l̂22, L̂2

2, has to be eigenfunction of l̂23, L̂2
3 and L̂2

3z . To this end we
couple the angular eigenfuntion of l̂23 with the 3-body HH function:

Φ
[K2]l3
L3M3

(η̂1, η̂2, η̂3, φ2) =
[
Y[K2](η̂1, η̂2, φ2)⊗ Yl3(η̂3)

]
L3M3

= [Yl1(η̂1)⊗ Yl2(η̂2)|L2 ⊗ Yl3(η̂3)]L3M3

(2)P l2,l1K2
(φ2) .

(2.56)

By solving eq. (2.49) in φ3 we find the hyperspherical polynomial (3)P l3,K2

K3
,

associated to the φ3 node in fig. 2.4. The 4-body HH function is then:

Y[K3](Ω3) = (3)P l3,K2

K3
(φ3) · Φ[K2]l3

L3M3
(η̂1, η̂2, η̂3, φ2) , (2.57)

with n3 = K3−K2−l3
2 . The eigenvalues are:

0 ≤ K2 + l3 ≤ K3 <∞ . (2.58)

To define the general recursive procedure we now calculate theA-body HH
functions by assuming a well defined N -body HH set. The A-body hy-
perspherical parametrization leads to the kinetic operator in the form of
eq. (2.42). By following the above procedure, we introduce the coupling
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between the l̂N eigenfuntion and the HH function of the preceding N par-
ticles:

Φ
[KN−1]lN
LNMN

(ΩN−1, η̂N ) =
[
Y[KN−1](ΩN−1)⊗ YlN (η̂N )

]
LNMN

. (2.59)

Eq. (2.49) for n = N provides us the general form of the hyperspherical
polynomial [15]:

(n)P ln,Kn−1

Kn
= Nαln ,αKn

nn (sinφi)
ln(cosφi)

Kn−1 · P
αln ,αKn−1
nn (cos 2φn) , (2.60)

where we have introduced the α indices related to the structure of the hy-
perspherical tree diagram. In particular [50]:

αb = b+ Tb +
1

2
Wb , (2.61)

where Tb is the number of nodes andWb the number of terminations of the
partial tree diagram generated by the b-th node of the hyperspherical tree
diagram. In the standard HH set they become: αKj = Kj + 3j/2 − 1 and
αlj = lj + 1/2.
The A-body HH function in the standard hyperspherical set is then:

Y[KN ](ΩN ) = [Yl1(η̂1)⊗ Yl2(η̂2)|L2
⊗ . . .⊗ YlN−1

(η̂N−1)
∣∣
LN−1

⊗ YlN (η̂N )]LNMN

[
N∏
i=2

(i)P li,Ki−1

Ki
(φi)

]
.

(2.62)

The general definition of the normalization constant is:

N ab
n =

√
2(2n+ a+ b+ 1)n!Γ(n+ a+ b+ 1)

Γ(n+ a+ 1)Γ(n+ b+ 1)
. (2.63)

The standard procedure just shown implies a sequential coupling of the an-
gular momenta l̂n analogue to the hyperangular one. However we stress
that the angular coupling scheme does not necessarily have to reflect the
hyperspherical scheme and it can be modifed at convenience.
As anticipated in the previous section, other hyperspherical tree diagrams
exist besides the standard one. In fig. 2.3 one of the simplest alternative sets
is shown and eq. (2.45), together with eq. (2.46), shows the corresponding
form of the grand angular momentum. The HH construction procedure
differs from the standard one by the last two iterations. One first solves
eq. (2.49) with K̂N,N−1 instead of K̂N−1 and then proceeds by coupling the
(N)-th hyperspherical polynomial, solution of eq. (2.49) with K̂ ′2N [eq. (2.45)]
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FIGURE 2.4: Tree diagram representing the standard
scheme of non-symmetrized hyperspherical harmonic func-

tions.

instead of K̂2
N . By choosing an analogue scheme of angular momenta cou-

pling, the HH functions look:

Y[K′N ](ΩN ) = [Yl1(η̂1)⊗ Yl2(η̂2)|L2
⊗ . . . |LN−2

⊗
[
YlN−1

(η̂N−1)

⊗ YlN (η̂N )]LN,N−1
]LNMN

[
N−2∏
i=2

(i)Pli,Ki−1
(φi)

]
·

· (N−1)Pli,KN,N−1
(φN,N−1) (N)Pli,KN (φ′N ) .

(2.64)

In the next chapter we show the transformation that allow to pass from the
HH set of the above equation to the set of eq. (2.62) as a starting point to
define the transformations between any pair of HH sets of functions.

2.3.2 The complete A-body basis

The complete basis, besides the HH part, consists of the hyperradial part
and of the spin and isospin bases:

|Φi〉 =
∣∣RriY[KN ]i

〉
⊗
∣∣χ[SA]iχ[TA]i

〉
, (2.65)

where Rri are the hyperradial functions, χ[SA]i and χ[TA]i are the spin and
isospin states.
The hyperradial part is based on a set of generalized Laguerre polynomials
Lνn(ρ/β):

Ln(ρ) =

√
n!

(n+ ν)!
Lνn(ρ/β)e

− ρ
2β

(
ρ

β

) ν−3A+4
2

, (2.66)

where β is a variational parameter with dimension of an inverse of a length
and it has been studied in order to analyze the convergence of bound state
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calculations in the maximum number of Laguerre polynomials (nmax). For
most of our calculations we found that nmax ≈ 20 with β ≈ 0.3 is sufficient
to entirely shift the dependence of the various convergence patterns into
the HH part of the basis.
By using the properites of the Laguerre polynomials [54] we can calculate
the analytical form of the matrix elements of the hyperradial part of the
kinetic energy in eq. (2.42). The overlap of any power of ρ is obtained by:

Rν;a
n,n′ = 〈Ln(ρ)| ρa |Ln′(ρ)〉

=

√
n!n′!

(n+ ν)!(n′ + ν)!

∫ ∞
0

e−ρρνLνn(ρ)Lνn′(ρ)ρadρ

=

√
n!(n+ ν)!

n′!(n′ + ν)!

n∑
m=0

(−1)m
(ν + p+m)!(−p−m)n′

(n−m)!(ν +m)!m!
.

(2.67)

The radial part of the kinetic energy [51]:

〈Ln(ρ)|∆ρ |Ln′(ρ)〉 =
1

4
δn,n′ −

3N − 1 + 2n′

2
Rν;−1
n,n′ + (3N − ν − 2)·

·
[
n′Rν;−2

n,n′ −
√
n′(n′ + ν)Rν;−1

n,n′−1

]
.

(2.68)

The natural choice for the ν index is ν = 3N − 1, since we recover the vol-
ume element dVρ defined in eq. (2.39), however, by choosing ν = 3N − 2,
the above matrix elements reduce to a simpler form.
The spin and the isospin basis are both defined on a reversed sequential
coupling. By denoting as si and ti, respectively, the spin and the isospin
quantum numbers of the i-th particle, each spin and isospin state is identi-
fied by the following set:

[SA] = {sA, sA−1, . . . , s1;S2, ..., SA−1, SA; }

[TA] = {tA, tA−1, . . . , t1;T2, ..., TA−1, TA;TAz} ,
(2.69)

where the Si number is the total spin quantum number of the system com-
posed by particles from A to A − i + 1. The same notation holds for the
isospin part. TAz is the projection on the z axis of the total isospin TA. In
fig. 2.5 the isospin coupling scheme is represented in the tree diagram form.
Depending on the centrality of the interaction between particles, the orbital

angular momentum LN and the total spin SN can or cannot be good quan-
tum numbers for the eigenstates of Ĥ . In the central case, LN and SN are
conserved:

[KN ;SN ]c = [KN ]⊗ [SA] , (2.70)

while in the non-central case, LN and SN are no longer good quantum num-
bers and only the total angular momentum J , toghether with TA and TAz
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total spin SA in a A-body non-central basis.

define the angular plus spin/isopin part of the wave function:

[KN ;SN ]nc = [[KN ]; [SA−2]; [[LN−1, lN ]LN ; [SA−1, sA]SA ]J ] , (2.71)

and this obviously leads to a larger basis. In fig. 2.6 the angular and spin
coupling scheme in case of a non-central basis is shown in the tree notation.

Although the choice in the sequence of the spin and isospin coupling is
arbitrary, some combinations might be more advantageus, depending on
the physical system considered. For example, a 2-body interaction depends
on the total spin of the couple of interacting particles and its extrapolation
from the general A-body coupling scheme might result simpler depending
on the chosen order of the single particle spins. The same consideration
holds for the isospin part. In the next chapter we will show some simple
tricks in order to reduce the computational weight in the calculation of the
potential matrix elements.
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2.3.3 The Symmetrized and the Non-Symmetrized HH Basis

The HH functions do not possess any particular symmetry under particle
permutations. If for the 3- and 4-body case a direct symmetrization is still
feasible, for systems with A ≥ 5 it is not practicable and a more sophisti-
cated procedure becomes necessary. One approach to the HH symmetriza-
tion consists in a recursive construction of HH functions by realizing irre-
ducible representations not only of the orthogonal group O(3N) but also of
the group O(N), accordingly to the chain O(3N) ⊃ O(3)⊗O(N):

O(3N − 3) ⊃ O(3) ⊗ O(N − 1) ⊃ O(N − 2) . . . ⊃ O(2)

∪ ∪ ∪
SN ⊃ SN−1 . . . ⊃ S3 ⊃ S2

(2.72)
Such approach has been developed through an efficient technique by N.
Barnea about 20 years ago [51] and it led to the first 5-body calculation by
means of the HH method. 6-body calculations have also been performed,
but limited to central potentials [55].
An alternative HH approach to the few-body problem has been developed a
few years ago by M. Gattobigio et al. in ref. [15] and it is based on the use of
the Hyperspherical Harmonics basis without previous symmetrization. As
it will be shown in the next chapter, the eigenvectors of the A-body Hamil-
tonian possess well defined symmetry under particle permutations, and
this symmetry can be identified by means of the application of the Casimir
operator of the group of permutations of A objects, C(A). When the spa-
tial part of the eigenstates is found and its symmetry determined, the spin
and isospin parts are combined in order to obtain the desired total permu-
tational symmetry.
A variation on the non-symmetrized HH (NSHH) approach has been later
introduced by N. Barnea et al. [16] and it is based on the definition of a
pseudo-Hamiltonian as a suitable combination of the A-body Hamiltonian
and the C(A) operator. The lowest eigenvectors of such operator possess
the desired permutational symmetry and they can be calculated by means
of fast diagonalization procedures (e.g. the Lanczos method). This last ap-
proach is the one adopted by the present work and it will be shown in
detail in the next chapter. Here we just stress that the avoidance of the sym-
metrization procedure, however, is partly counterweighted by the larger
dimension of the basis, which is not anymore constrained by the permuta-
tional symmetry.
In table 2.1 the dimension of the HH basis combined with the spin and
isospin part is shown for A = 4, 6 systems and for different cuts in the total
KN quantum number (the hyperradial basis has not been considered).
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TABLE 2.1: The number of HH plus spin and isospin states
for systems with A = 4, 6.

Kmax
4He 6Li
c. n.c. c. n.c.

2 24 54 675 2750
4 84 264 5400 40025
6 224 852 30600 315675
8 504 2172 137025 1728950
10 1008 4746 514215 7392960
12 1848 9269 1678950 26377350
14 3168 16776 - -
16 5148 28404 - -
18 8008 45694 - -
20 12012 79488 - -
22 17472 104988 - -
24 24752 151788 - -
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Chapter 3

The Non-Symmetrized
Hyperspherical Harmonics
Method

In this chapter we expose the NSHH formalism generalized in order to
treat systems composed by different species of particles. We start from the
method developed by M. Gattobigio et al. in ref. [15] and later extended
by N. Barnea et al. in ref. [16] and we add the basic extensions due to the
presence of different particles and interactions.
The method is based on the employment of the NSHH basis introduced
in the previous chapter, so it avoids the explicit symmetrization procedure
and it provides an alternative way to select the physical states with the de-
sired permutational symmetry. This is done by using one specific property
of the transposition class sum operator Ĉ(n) of the permutation group Sn

of n objects. In fact, in a quantum system that contains a subset of nj iden-
tical particles, if the operator Ĉ(nj) commutes with the Hamiltonian H ,
its largest and smallest eigenvalues correspond to the eigenfunctions of H
symmetric and antisymmetric with respect to that subset. We show that
by considering a pseudo-Hamiltonian defined as: H̃ = H +

∑Ns
i=1 γi Ĉ(ni),

where Ns is the number of species of particles in our A-body system, and
by setting properly the γi parameters, we obtain that the ground state (g.s.)
of H coincides with the g.s. of H̃ . The real energy E0 is obtained by sim-
ply subtracting the sum of the eigenvalues of each Casimir operator Ĉ(ni)

multiplied by γi from the g.s. energy Ẽ0 of H̃ . In this way we do not need
the exact diagonalization of H̃ , but we can use much faster procedures to
solve the eigenvalue problem only for the lowest values (e.g. the Lanczos
algorithm).
An effective 2-body interaction procedure based on Lee-Suzuki theory [56]
is also added and applied to multiple interactions in order to consider a
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wide range of potentials which cannot be treated properly with a bare in-
teraction approach.
The considerably larger size of the NSHH basis with respect to the sym-
metrized HH basis is compensated by the avoidance of the symmetrization
procedure which is the main surce of computational effort in the standard
HH method. By implementing a suitable parallelization procedure and by
exploiting the power of the present super-computers, the NSHH method
might result advantageus with respect to the symmetrized version [16].
Moreover its extra flexibility allows to pass from one physical model to
another without spending anaytical and computational effort by applying
every time a different symmetrization procedure.
In section 3.1 we define the permutation operators and in section 3.2 we
show how to calculate the 2-body potential matrix elements. In section 3.3
we implement the Casimir operator in the pseudo-Hamiltonian H̃ in order
to calculate the ground state of our A-body system. Finally, in section 3.4,
we describe the incorporation of the Lee-Suzuki (L-S) effective interaction
procedure, also in presence of different particles.
As interaction models we assume generic 2-body forces, which can be cen-
tral or non-central, but we do not assume any other specific feature. In the
next chapter we will introduce some specific extensions of the method in
order to treat more sophisticated interactions.

3.1 Permutations in the NSHH Basis

In a system of A particles interacting through a 2-body force the Hamilto-
nian is given by the sum of the kinetic energy operator T with all the Vij
potential terms, where the (i, j) pair of indices runs over all the possible
couples of particles composing the system:

Ĥ = T̂ +

A∑
i<j=2

V̂ij(rij , Ŝij , T̂ij)

= T̂ +
A∑

i<j=2

V̂ij(rij , l̂ij , Ŝij , T̂ij) ,

(3.1)

where rij is the relative distance between particles i and j, l̂ij is the relative
angular momentum operator of the (i, j) couple and Sij and Tij are the total
2-body spin and isospin operators.
The only term of the potential involving a 2-dimensional integration in the
calculation of its matrix elements is V12. In fact the Jacobi vector ηN , in the
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standard set of eq. (2.1), is the only one proportional to the relative coordi-
nate connecting two particles of the system, namely particle 1 and 2:

r12 = r2 − r1 =

√
m(m1 +m2)

m1m2
ηN . (3.2)

In the standard hyperspherical set of eq. (2.34), the distance r12 is defined
by only one hyperangle, φN , besides the hyperradius ρ:

r12 =

√
m(m1 +m2)

m1m2
ρ sinφN . (3.3)

All the other Vij terms, in general, imply multidimensional integrations in
order to be evaluated since for any couple (i, j) different from (1, 2) the rel-
ative vector rij is a combination of different Jacobi vectors and rij depends
on more hyperangles. As a consequence, brute force calculations of the
potential matrix elements become almost prohibitive already in the A = 4

case.
Moreover the 2-body spin and isospin quantum numbers related to the (i, j)

couple, Sij and Tij , are not good quantum numbers in the standard cou-
pling scheme of eq. (2.69), with the only exception of SA,A−1 = S2.
To overcome these obstacles we define the operators Qij12, representing the
composition of kinematic rotations, spin and isospin recouplings necessary
in order to transform the starting scheme of Jacobi coordinates combined
with the spin and isospin coupling schemes into another set where the co-
ordinate ηN and the angular momentum number lN , initially related to the
couple of particles (1, 2), refer to the (i, j) couple, and where Sij and Tij

are good quantum numbers. If we denote as V [SN ][TN ]
ij [rij(η

ab)] the 2-body
potential operator between particles i and j and defined in a NSHH basis
where the adopted Jacobi set of coordinates is ηab, we have:

V
[SN ][TN ]
ij [rij(η

12)] = V
′[SN ][TN ]
ij [η12]

= V
′[SN ][TN ]
ij [p12

ij · ηij ]

= Q12
ij · V

′′[SN ]ij [TN ]ij

ij [ηijN ] · Qij12 ,

(3.4)

where η12 represents the Jacobi set in the standard order of coupling, as in
eq. (2.1), while ηij is the Jacobi set where the mass-position pairs (m1, r1)
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and (m2, r2) are replaced by (mi, ri) and (mj , rj) respectively:

ηijN =

√
mimj

m(mi +mj)
(rj − ri) ;

ηijN−1 =

√
m3(mi +mj)

m(mi +mj +m3)

(
r3 −

miri +mjrj
mi +mj

)
.

...

(3.5)

The coordinate transformation p12
ij is the composition of kinematic rotations

of the kind of eq. (2.12) in order to pass from the η12 set to ηij . [SN ]ij and
[TN ]ij denote a spin and an isospin basis where Sij and Tij are good quan-
tum numbers.
The Qijab operators represent the combination of the coordinate transforma-
tions and spin and isospin recouplings needed in order to move particles
i ans j in the a-th and b-th position of the spatial coupling scheme and to
recouple the single particle spins and isospins in order to obtain the total
2-body spin and isospin Sij and Tij . They are given by the Kronecker prod-
ucts of the spatial, the spin and the isospin part:

Qijab = P ijab ⊗ S
ij
ab ⊗ I

ij
ab . (3.6)

In the following two subsections we define the P , S and I operators. On
this basis, besides the 2-body potential terms, in section (3.3), we are also
able to define the explicit form of the Casimir operator Ĉ(n) of the permu-
tation group Sn.

3.1.1 The HH Coupling Permutations

The operators P ijab of eq. (3.6), in general, do not have a definite block-
diagonal structure and their numerical evaluation could be demanding.
However, due to the properties of the HH functions, the transformations
related to any coupling permutation between two adjacent particles, j and
j+1, couple only the [K](j) subset of quantum numbers in the NSHH basis,
with:

[K](j) = {Ki, li, li−1, Li} ; i = A− j . (3.7)

Then the representation matrices P(j) of the kinematic rotations pj,j+1 in
the NSHH basis do have a block structure and they can be calculated with
resonable computational effort.
Eq. (2.18) proves the invariance of the hyperradius ρ with respect to kine-
matic rotations. However, the angular and hyperangular set ΩN , in general,
is not invariant and we have:

pj,j+1 · η(ρ,ΩN ) = η(j)(ρ,Ω
(j)
N ) , (3.8)
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where Ω
(j)
N is the angular plus hyperangular set defined over the trans-

formed Jacobi basis: η(j) = {η(j)
i = pj,j+1 · ηi ; i = 1, . . . , N}.

Since the HH functions constitute a complete set for the angular and hy-
perangular part of the Hilbert space we can expand the HH functions that
belong to one set into HH functions of another set:

Y[KN ](ΩN ) =
∑
[K′N ]

P(j)
[KN ][K′N ]

Y[K′N ](Ω
(j)
N ) . (3.9)

The aim is to calculate the matrix elements:

P(j)
[KN ][K′N ]

=

∫
Y∗[KN ](ΩN )Y[K′N ](Ω

(j)
N ) dΩN . (3.10)

The operator P(j) is unitary and represents the kinematic rotation between
the two mass-position pairs (mj , rj) and (mj+1, rj+1) in the HH basis. Since
it is a coupling permutation, it satisfies the permutational properties:

(
P(j)

)2
= I ; Pa,b =

b−1∏
s=a

P(s)
a∏

s=b−2

P(s) , a < b , (3.11)

where Pa,b is the coupling permutation between the a-th and the b-th mass-
position pairs. We denote the double permutation P ijab as:

P ijab = P iaPjb . (3.12)

Any set of HH basis functions defined on a given coupling sequence in the
Jacobi set can be expressed in terms of another set of HH functions defined
on an arbitrarily permuted scheme. We have:

YLM[K] (ΩN ) =
∑
[K′N ]

Pp
[KN ][K′N ]

YLM[K′N ](Ω
p
N ) , (3.13)

where the label p denotes a generic coupling permutation in the standard
scheme of Jacobi coordinates. The total grand angular momentum KN , the
total angular momentum L and its projection M are always conserved by
such transformations.

The elementary P(j) transformations are compositions of three different
kinds of transformation related, respectively, to:

1. angular recoupling;

2. hyperangular recoupling;

3. coupling permutation between (mj , rj) and (mj+1, rj+1).
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FIGURE 3.1: Recoupling scheme of the three angular mo-
menta Li−2, li−1 and li by means of the T -coefficients de-

fined in eq. (3.15).

Angular recoupling. As anticipated in chapter 1, the choice of the angu-
lar coupling in the HH construction procedure is essentially arbitrary, al-
though it is usually chosen to reflect the structure of the hyperspherical
tree diagram, as in our case. By adopting the notation of ref. [15], we in-
troduce the T -coefficients that relate two different coupling schemes of the
{Li−2, li−1, li} triplet of angular momentum quantum numbers, as shown
in fig. 3.1:

[[YLi−2(η̂i−2)⊗ Yli−1
(η̂i−1)]Li−1 ⊗ Yli(η̂i)]Li =∑

Li,i−1

T
Li−2li−1li
Li−1Li,i−1Li

[YLi−2(η̂i−2)⊗ [Yli−1
(η̂i−1)⊗ Yli(η̂i)]Li,i−1 ]Li ,

(3.14)

where i = A− j (we follow the reversed order convention). Explicitly:

T
Li−2li−1li
Li−1Li,i−1Li

=(−1)Li−2+li−1+li+Li
√

2Li−1 + 1·√
2Li,i−1 + 1

{
Li−2 li−1 li

li Li Li,i−1

}
.

(3.15)

The above transformation allows to extract the relative coupling between
the li−1 and li quantum numbers, Li,i−1, from the standard sequential cou-
pling of eq. (2.62). In case of i = N eq. (3.14) reflects the angular coupling
scheme of eq. (2.64).

Hyperangular recoupling. In chapter 1 two different tree diagrams are
shown, namely fig. 2.2 and fig. 2.3, representing two hyperspherical cou-
pling schemes. They both define two alternative sets of HH functions built
over the hyperspherical scheme of eq. (2.34) and (2.40) respectively. We
now consider these two schemes, but in the generic case where ηi and ηi+1

are recoupled together (and so li and li+1) instead of ηN−1 and ηN , and the
relative hyperangle is φi,i−1, as shown in fig. 3.2. The transformation con-
necting one set (Y[KN ]) to the other (Yt[KN ]) is defined by the so called Tree
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FIGURE 3.2: Hyperangular recoupling scheme of Ki−2, li−1

and li by means of the T -coefficients defined in eq. (3.16).

coefficients:〈
Y[KN ]

∣∣∣ Yt[K′N ]

〉
= T

αKi−2
αli−1

αli
Ki−1Ki,i−1Ki

· δ[KN ]\Ki−1,[K′N ]\Ki,i−1
, (3.16)

where the α indices are defined in eq. (2.61) and Yt[K′N ] = Y[K′N ](Ω
′
N ), with:

[K ′N ] = {KN , . . . ,Ki,Ki,i−1,Ki−2, . . . ,K2;L2, . . . ; l1, l2, . . .} ;

Ω′N = {φ2, . . . , φi−2, φi,i−1, φi, . . . , φN ; η̂1, η̂2, . . .} .
(3.17)

The T coefficients are the analogue of the T coefficients defined in eq. (3.15),
but for the grand angular momentum quantum numbers. In ref. [57] their
explicit form is provided.

Kinematic Rotations. The matrix elements related to the kinematic ro-
tations between two adjacent particles (pi,i+1) in a 3-body HH basis are
the Raynal-Revai (RR) coefficients. They are closely related to the Talmi-
Moshinski transformations for two particles in an oscillator well and their
analytical derivation follows this analogy, as shown in ref. [58].
However, they can also be used to define a kinematic rotation in a generic
A-body HH basis with a partial 3-body coupling scheme for both angular
momentum and grand angular momentum quantum numbers denoted as:

[KN ](i) = {l1, . . . , lN ;L2, . . . , Li−2, Li,i−1, Li, . . . , LN ;

K2, . . . ,Ki−2,Ki,i−1,Ki, . . . ,KN} ,
(3.18)

which can be always obtained by means of the T and the T coefficients
described above, as shown in fig. 3.1 and fig. 3.2. As diagrammatically
shown in fig. 3.3, we have:

Y[KN ](i)(ΩN ) =
∑
l′i−1l

′
i

RLi,i−1Ki
li−1lil′i−1l

′
i
(βj) · Y[K′N ](i)

(Ωj,j+1
N ) . (3.19)
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FIGURE 3.3: Transformation of the 3-body HH subset by
means of a kinematic rotation between particles j and j+ 1.

The RR coefficents define such transformation.

The set [K ′N ](i) differs from [KN ](i) by the li−1 and li quantum numbers,
since a kinematic rotation acts on the ηi−1 and ηi Jacobi vectors, and βj is
the kinematic angle defined in eq. (2.14) which contains the dependence on
the first j + 1 masses of the system. The RR coefficients are defined as:

RKi,i−1,Li,i−1

li−1li,l′i−1l
′
i

(βj) =

∫
(cosφi,i−1 sinφi,i−1)2dφi,i−1

2P li,li−1

K (φi,i−1)

∫
dη̂i−1dη̂i

· [Yli−1
(η̂i−1)⊗ Yli(η̂i)]

∗
LM

2P l
′
i,l
′
i−1

K [φ′i,i−1(φi,i−1, βj)]·

· [Yl′i−1
(η̂

(j)
i−1)⊗ Yl′i(η̂

(j)
i )]LM .

(3.20)

Their analytical form is provided in ref. [58].

By combining the above three kinds of transformations we can calculate
explicitly the matrix elements of eq. (3.10) that belong toP(i) in the standard
HH basis.
Of course if the coordinates ηi−1 and ηi are already coupled in both grand
angular and angular space, as in the case of j = N , the transformation P(j)

reduces to the RR coefficients:

P(N)
[K][K′] = δKNK′N

[
N∏
i=3

δlil′iδLi−1L′i−1
δKi−1K′i−1

]
RK2,L2

l2l1,l′2l
′
1
(βN ) , (3.21)

otherwise we have the block diagonal transformation:

P(j)
[K][K′] =

[
i−2∏
α=1

δlα,l′α

i−2∏
k=2

δLk,L′kδKk,K
′
k

]
(i)BLi−2Ki−2,LiKi

li−1l′i−1lil
′
iLi−1Ki−1L′i−1K

′
i−1

·

[
N∏

α=i+1

δlα,l′α

N∏
k=i+1

δLk,L′kδKk,K
′
k

]
.

(3.22)
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The B matrices represent the blocks of the P matrix and are combinations
recouplings by means of the Tree, the T and the RR coefficients [57]:

(i)BLi−2Ki−2,LiKi
li−1l′i−1lil

′
iLi−1Ki−1L′i−1K

′
i−1

=
∑
Li,i−1

T
Li−2li−1li
Li−1Li,i−1Li

T
Li−2l

′
i−1l

′
i

Li−1Li,i−1Li
·

·
∑
Ki−1,i

T
αKi−2

αli−1
αli

Ki−1Ki,i−1Ki
T
αKi−2

α′li−1
α′li

K′i−1Ki,i−1Ki
· RKi,i−1,Li,i−1

li−1li,l′i−1l
′
i

(βj) .
(3.23)

We conclude by noting that the simplest case of such transformations corre-
sponds to j = 1, where the permutation matrix elements reduce to a phase
factor:

P(1)
[K][K′] = (−1)lN δ[KN ][K′N ] , (3.24)

in fact the action of p1,2 on the Jacobi basis vectors is simply given by η1
N =

−ηN .

3.1.2 The Spin and the Isospin Matrix Elements

A 2-body potential term Vij , in general, depends on the total spin Sij and
on the total isospin Tij of the (i, j) couple of particles that, except for the
(A,A − 1) case, is not one of the quantum numbers defining the basis in
eq. (2.69). Moreover it may depend on the single particle spin or isospin
projection numbers. For these reasons it is necessary to introduce recou-
pling transformations that allow to change the coupling scheme of the basis
in order to obtain the desired quantum numbers.
By means of recoupling transformations we can also define spin and isospin
permutation operators between particles having the same total spin or isospin
quantum number.
The spin permutation between two particles, i and j, with identical spin s
is defined as:

Pij |i : s,mi〉 |j : s,mj〉 = |i : s,mj〉 |j : s,mi〉 . (3.25)

In case of spin s = 1/2 fermions we recover the spin exchange operator:

Pij |1/2,mi〉 |1/2,mj〉 =
1

2
(σi · σj + I) |1/2,mi〉 |1/2,mj〉

=
∑
Sij

C
mimj
SijMij

(2Sij − 1) |SijMij〉 ,
(3.26)

Where the CmimjSijMij
are the usual Clebsch-Gordan coefficients. If the spins

are not identical, permutations are not defined, however one can always
exchange the order of coupling of the single spins by exploiting the general
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phase relation [59]:

〈jijjmimj | JijMij〉 = (−1)ji+jj−Jij 〈jjjimjmi| JijMij〉 . (3.27)

In a certain analogy to the masses in the spatial kinematic rotations, in case
of identical spins the above operation coincides with a true spin permuta-
tion, in fact 2Sij − 1 = (−1)si+sj−Sij for si = sj = 1/2, otherwise it repre-
sents a change in the coupling order.
In an A-body spin state, the usual three momenta recoupling is made by
means of 6j coefficients, as shown in fig. 3.4:

S
Si−2Si
SiSi,i−1

=
〈
[[Si−2, si−1]Si−1 , si]Si

∣∣ [Si−2, [si−1, si]Si,i−1 ]Si
〉

=
√

(2Si−1 + 1)(2Si,i−1 + 1)(−1)1+Si−2+Si

{
si−1 si Si,i−1

Si−2 Si Si−1

}
.

(3.28)

A coupling permutation between two adjacent spins in the A-body basis of
eq. (2.69) is defined as:

Si,i+1 =
∑
Si,i−1

S
Si−2Si
Si−1Si,i−1

(−1)si−1+si−Si,i−1S
Si−2Si
S′i−1Si,i−1

(3.29)

Any given order of single particle spins can be obtained by compositions
of the above transformations. In particular, in case of a potential term that
depends on the spin projection of a couple of particles i and j (or of a single
particle), the most convenient coupling scheme is the one where the si and
sj spins are in the last positions, which can be obtained by means of the
transformation Sij12, given, in analogy to eq. (3.12) together with eq. (3.11),
by the product of coupling transpositions between adjacent spins defined
in eq. (3.29). The two coupling schemes connected by Sij12:∣∣S2 . . . [Si−1, si]Si . . . [Sj−1, sj ]Sj . . .

〉
−→
Sij12

∣∣∣S2 . . . [[S
′
A−2, si]S′A−1

, sj ]SA

〉
.

(3.30)
and by means of the S recoupling of eq. (3.28) and Clebsch-Gordan coeffi-
cients one can easily extract the whole information on the (si, sj) couple of
spins:∣∣[Si−2, [si, sj ]Si,j ]Si

〉
=
∑
Sij

CSiMi
Mi−1Mij

|[Si−2,Mi−2〉 |Si,j ,Mij〉 . (3.31)

Do to the independence of the spin and isospin basis from the spatial part,
one is free to choose a suitable starting sequence in the spin and isospin
coupling in order to reduce the number of recoupling operations needed to
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FIGURE 3.5: Tree diagram representing a sequence of spin
coupling where the spins of the particles of species x1 are at
the bottom so that S2 is already the total spin of the couple.

calculate a given matrix element. For example, in a system with two parti-
cle of one species, x1, and A − 2 particles of another species, x2, and with
a 2-body potential Vx1 for the first species that depends on the total spin
of the couple, one can put the two spins of the particles belonging to x1 at
the bottom of the coupling sequence so that each basis state is already an
eigenstate of the total spin of that couple and the use of recoupling trans-
formations can be limited the subset of particles of the species x2, as shown
in fig. 3.5.
If the two particles of species x1 occupy the i-th and the j-th position re-

spectively in the spatial part, the operator of eq. (3.6) employed to calculate
the 2-body potential Vx1 as in eq. (3.4) becomes:

Qij12 = P ij12 ⊗ Is ⊗ Iij12 . (3.32)

Of course the above machinery is applicable exactly in the same way to the
isospin part of the basis.
We conclude by showing the recoupling coefficients to extract the total an-
gular momentum JA,A−1 of the couple of particles A and A − 1 from the
standard coupling scheme of a non central basis, where the total orbital an-
gular momentum LN and the total spin SA are coupled to the total A-body
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angular momentum J :

J LNSAJJA,A−1SA,A−1
= 〈[[LN−1, LN ]LN , [SA−2, SA,A−1]SA ]J |

[[LN−1, SA−2]JA−2
, [lN , SA,A−1]JA,A−1

]J
〉

=
√

(2LN + 1)(2SA + 1)(2JA−2 + 1)(2JA,A−1 + 1)·

·


LN−1 SA−2 JA−2

lN SA,A−1 JA,A−1

LN SA J

 .

(3.33)

3.2 Calculation of the potential matrix elements

We consider the general case of an A-body system with a number nx of
different species of particles, each one including Ns particles. We have:

nx∑
s=1

Ns = A . (3.34)

The number of 2-body interactions in such system is nx+Cnx,2, where Cnx,2
is the number of pairs in a set of nx elements. Eq. (3.1) expressed in terms
of the nx subsets of particles becomes:

H = T + Vid + Vdiff

= T +

nx∑
s=1

Ns∑
i<j=1

Vs(rij , Sij , Tij) +

nx∑
s′<s=2

Ns′∑
i=1

Ns∑
j=1

Vs′s(rij , Sij , Tij) ,
(3.35)

where Vid is the sum of the 2-body potetial terms between identical particles
and Vdiff between different ones.
By recalling eq. (3.4), we have:

V
[SN ][TN ]
ss′ (rij) = Q12

ij · V
′′[SN ]ij [TN ]ij

ss′ (ηijN ) · Qij12 , (3.36)

where, in case of s = s′ the spatial part of the Q12
ij operator, P12

ij , is a true
spatial permutation that exchanges particles i and j with 1 and 2. In this
case, the couple of particles is subjected to the exchange symmetry:

V
′′[SN ]ij [TN ]ij

s,symm (ηijN ) =
1

2

[
(−1)lN+Sij+Tij + Is

]
V ′′[SN ]ij [TN ]ij

s (ηijN ) , (3.37)

with Is = −1 if the species s is fermionic and Is = 1 if bosonic. In the
case s 6= s′ the Q12

ij operator is a coupling permutation that moves the two
interacting particles in the last Jacobi coordinate and changes the spin and
isospin bases so that Sij and Tij are good quantum numbers. We note that
the dependence on the masses is contained in the scaling parameter shown
in eq. (3.3) and in the kinematic angles β in the RR coefficients defining the
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coupling permutations, as shown in eq. (3.23).
The matrix elements of the 2-body potential between the i and j particles in
the HH basis after the application of Qij12 are given by:

V
′′[SN ]ij [TN ]ij

ss′,[KN ][K′N ]
[ηijN ] =δ[KN−1][K′N−1]δ[SN−1]ij [S′N−1]ijδ[TN−1]ij [T ′N−1]ij∑

Si,i−1

S
Si−2Si
Si−1Si,i−1

T
Ti−2Ti
Ti−1Ti,i−1

·

· V KN−1j

KN lNstTz ,K
′
N l
′
Ns
′t′Tz

(ρ) T
Ti−2Ti
T ′i−1Ti,i−1

S
Si−2Si
S′i−1Si,i−1

(3.38)

where s = Sij and t = Tij . Differently from the permutation operators, the
2-body potential matrix V ′′[SN ]ij [TN ]ij

ss′,[KN ][K′N ]
(ηijN ) couples different values of KN ,

but it is diagonal in the quantum numbers related to the residual (A − 3)-
body system. The 2-body matrix element in term of the radial part W (ρ)

and of the operator part O is dfined as:

V
KN−1j

KN lNsttz ,K
′
N l
′
Ns
′t′tz

(ρ) =
∑
p

W
(p)KN−1

KN lN ,K
′
N l
′
N

(ρ)O
(p)j
lNsttZ ,l

′
Ns
′t′tz

. (3.39)

The radial function is the result of the hyperangular integration:

W
(p)KN−1

KN lN ,K
′
N l
′
N

(ρ) =

∫
dΩNY∗[KN ]V

(p)

(√
mM2

m1m2
ρ sinφN

)
Y[K′N ] , (3.40)

and the operator part of the 2-body matrix element:

O
(p)j
lNsttz ,l

′
Ns
′t′tz

= 〈(lN ; s)jttz| Ôp
∣∣(l′N ; s′)jt′tz|

〉
. (3.41)

3.3 Calculations of Bound State Energies and Wave Func-
tions

The NSHH basis has no definite behaviour under particle permutations and
the physical states with good permutational symmetry constitute a sub-
set of the entire Hilbert space. Only in case of an A-body system where
each particle is different from the others the physical states cover the whole
space.
In a system of A identical particles the selection of the physical states is
done by using one specific property of the Casimir operator Ĉ(A) which
corresponds to the transposition class sum operator [(2)]A of the group of
permutations of A objects SA. We refer to ref. [60] for mathematical details,
here we are just interested in the property that, as shown in table 3.1 for the
cases A = 3 ÷ 5, the symmetric representation (labeled by the Young di-
agram [A]) and the antisymmetric one (labeled by [1, 1, . . . , 1]) correspond
to the highest and lowest eigenvalues of [(2)]A respectively. The Casimir
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TABLE 3.1: Eigenvalues of the class sums in the permuta-
tion groups S3, S4 and S5. The highest and lowest eigen-
values belong to the symmetric and antisymmetric irreps

respectively [60].

S3 [(2)]3 S4 [(2)]4 S5 [(2)]5

[3] 3 [4] 6 [5] 10
[2, 1] 0 [3, 1] 2 [4, 1] 5
[1, 1, 1] -3 [2, 2] 0 [3, 2] 2

[2, 1, 1] -2 [3, 1, 1] 0
[1, 1, 1, 1] -6 [2, 2, 1] -2

[2, 1, 1, 1] -5
[1, 1, 1, 1, 1] -10

operator in the NSHH basis is defined as:

Ĉ(A) =

A∑
j>i=1

P̂ij , (3.42)

where P̂ij is the transposition operator for two identical particles, i and j,
and it can be defined by means of the Q recoupling operators:

P̂ij = Q12
ij · (−1)lN+Sij+Tij · Qij12 . (3.43)

As shown in the previous section, permutations among identical particles
do not affect the total grand angular momentum quantum number KN nor
the hyperradial part of the wave function, so they commute with the kinetic
energy operator T , defined in eq. (2.42). It can be easily verified that the to-
tal 2-body potential operator of a system of A identical particles commutes
with Ĉ(A), so: [

H, Ĉ(A)
]

= 0 . (3.44)

By denoting with Ψs, Ψm, Ψa three generic eigenfunctions symmetric, with
mixed symmetry and antisymmetric respectively, we have [60]:

Ĉ(A)Ψs = λsΨs =
A(A− 1)

2
Ψs ;

Ĉ(A)Ψm = λmΨm ;

Ĉ(A)Ψa = λaΨa = −A(A− 1)

2
Ψa ,

(3.45)

with λa < λm < λs. We then consider the pseudo-Hamiltonian H̃ [16]:

H̃ = H + γĈ(A) , (3.46)
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whose eigenvalues are:
Ẽxn = Exn + γλx , (3.47)

where γ is a real parameter and x = s,m, a is the symmetry label. Exn is the
n-th eigenvalue of H with symmetry x. A proper choice of the parameter
γ can make Ẽa0 or Ẽs0 the lowest eigenvalue of H̃ so that Ea0 or Es0, namely
the ground state energy of a fermionic or bosonic system, is easily obtained
by subtracting the quantity γλa. In this way there is no need to perform
the exact diagonalization of H̃ because the new eigenvalue problem can be
solved only for the lowest values using much faster procedures, e.g. the
Lanczos algorithm.
The choice of γ in the antisymmetric case is done by imposing the relation:

Ẽa0 = Ea0 + γλa < Exn + γλx , n = 0, 1, . . . , x = s,m , (3.48)

which gives:

γ >
Ea0 − Exn
λx + λa

(3.49)

By assuming that Ea0 < 0 and by noting that λx − λa ≥ A we obtain:

γ >
|Emin|
A

(3.50)

where Emin is the lowest eigenvalue of the Hamiltonian. If the lowest sym-
metric eigenstate is desired instead of the antisymmetric one, it is easy to see
that we reach the same conclusion by introducing a −1 factor in eq. (3.48):

Ẽs0 = Es0 − γλs < Exn + γλx , n = 0, 1, . . . , x = a,m . (3.51)

In this case our pseudo-Hamiltonian:

H̃ = H − γĈ(A) . (3.52)

We note that such approach is somehow analogous to the Lawson method
for the removal of the spurious center of mass motion in Shell Model calcu-
lations.
With systems made by n different species of particles, the symmetrization
operator, which for identical particle systems is the Casimir operator of the
permutation group for A elements, splits into a sum of n operators, each
one being the Casimir operator for a set of Ns elements, namely the num-
ber of identical particles in the subset of species s. The operator has now
the more general form:

Ĉ(N1, . . . , Nn) =
n∑
s=1

bΛsĈs(Ns) ; Ĉs(Ns) =

Ns∑
j>i=1

P̂ij , (3.53)
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where:

bΛs =

1 Λs = A,M

−1 Λs = S
;

n∑
s=1

Ns = A . (3.54)

Of course if Ns = 1 then Ĉs(Ns) = 0. The bΛs coefficients are related to the
different symmetries of each species. The Ĉ(N1, . . . , Nn) operator still com-
mutes with the Hamiltonian, in fact, each single permutation commutes
with the kinetic energy operator and each Ĉs(Ns) commutes with the total
potential of the Ns subsystem and, of course, with all the remaining terms
since they refer to different particles.
By diagonalizing the matrix H̃ , the eigenvalues for a given symmetry con-
figuration Λ are:

Ẽk,Λ = Ek,Λ + γ

n∑
s=1

bsλΛs ; k = 0, 1, 2, ..., Nmax(Λ) . (3.55)

If Γ is the symmetry configuration of our physical system, we choose γ > 0

large enough so that Ẽ0,Γ is by far the lowest eigenvalue of H̃ . Thus one
imposes the relations:

Ẽ0,Γ = E0,Γ + γ
n∑
s=1

bΓsλΓs < Ek,Λ + γ
n∑
s=1

bΛsλΛs ; ∀ k,Λ 6= Γ . (3.56)

By following the above scheme we impose the relation:

γ >
E0,Γ − E0,Λ∑n

s=1 (bΛsλΛs − bΓsλΓs)
, (3.57)

and we obtain a condition analogue to eq. (3.50):

γ >
|Emin|∑n

s=1,(Ns 6=1)Ns
. (3.58)

3.4 Incorporation of the Lee-Suzuki Effective Interac-
tion Procedure

Since theA-body potential operator acts on the whole Hilbert space, in gen-
eral, the convergence of ab-initio calculations, which are necessarily done
in a finite subspace, is not guaranteed. With the employment of a soft po-
tential, like the Minnesota NN interaction or the Vlowk, convergent results
can be obtained with simple variational calculations, where the truncation
parameters act as variational ones.
However, when realistic standard NN (and/or YN) potentials that gener-
ate strong short-range correlations are used, as it is the case for the AV18,
the CD-Bonn 2000 or most of the modern YN interactions, the reaching of
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FIGURE 3.6: Schematic illustration of the action of the Lee-
Suzuki similarity transformation which produces an effec-
tive Hamiltonian HP defined in the model space P decou-
pled from the complementary Q. Figure taken from ref. [63].

convergence is not ensured.
To overcome this problem we incorporate in the NSHH method a renormal-
ization procedure, the Lee-Suzuki (L-S) one [61, 62], that softens the inter-
actions and generates effective operators for all observables, while preserv-
ing all the experimental quantities in the low-energy domain. The resulting
effective interaction still acts among all A nucleons and preserves all the
symmetries of the bare interactions [63].
We define the projectors P̂ and Q̂ respectively on the model space P and on
its complementary Q, with the total Hilbert space H = P ⊕ Q, and we look
for an effective potential in the model space. The effective Hamiltonian is
defined as:

HP = P̂

[
A∑
i=1

Ti

]
P̂ + P̂

 A∑
i<j

Vij


eff

P̂ . (3.59)

The effective interaction, as shown in the above equation, is an A-body in-
teraction that allows to obtain a subset of exact eigenvalues of the original
Hamiltonian H by limiting their calculation to the model space. The lat-
ter results decoupled from the complementary Q, as shown in fig. 3.6. Of
course, in practical applications, the transformation from the bare interac-
tion model to the effective one must act on a finite space, so the complement
space Q is chosen finite, but big enough to significantly improve conver-
gence of the lowest eigenvalues.
However, the determination of an A-body effective interaction does not
provide any computational advantage with respect to the calculation of the
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eigenvalues of the bare Hamiltonian, therefore we look for a simpler effec-
tive interaction model with the following features [56]:

Veff −→
P̂→I

V

|Eeff
i (P)− Ei| <

P̂→I
|Ebare

i (P)− Ei| ,
(3.60)

where Eeff
i (P) and Ebare

i (P) are the i-th eigenvalues of respectively Heff and
Hbare both limited to the P space, while Ei is the exact i-th eigenvalue of
Hbare defined in the full H space.
A natural choice is the approximation of V eff with a sum of 2-body effective
interaction terms, one for each couple of particles of the system:

V eff =
∑
i<j

V eff
ij =

∑
i<j

Q12
ij V

eff
sisj Q

ij
12 , (3.61)

where si is the species of the i-th particle and sj the species of the j-th
one. Due to their block diagonal structure in the grand angular momentum
quantum number KN , the Q operators do not affect the structure of the
effective interaction terms, where the P space is decoupled from Q. The
determination of an effective interaction is then turned into a quasi 2-body
problem that is computationally manageable. For each kind of interaction
we define a ”pseudo” 2-body Hamiltonian:

Hss′(ρ, φN , η̂N , Sij , Tij) = TKN + Vss′ (aijρ sinφN , η̂N , Sij , Tij) , (3.62)

where TKN is the hyperspherical term of theA-body kinetic energy operator
and aij is the mass scale constant:

TKN =
1

2m

K̂2
N

ρ2
; aij =

√
m(mi +mj)

mimj
. (3.63)

Due to its dependence on the collective coordinate ρ and due to the fact
that TKN is an A-body term of the total kinetic energy, Hss′ is an A-body
Hamiltonian. Since the hyperradial part of the basis is a complete set, it is
not necesssary to include the hyperradial term of the kinetic energy in the
effective interaction procedure.
The matrix elements of Hss′ are:

〈[KN ]|Hss′(ρ)
∣∣[K ′N ]

〉
=δ[KN ][K′N ]

1

2m

KN (KN + 3N − 2)

ρ2
+

δ[KN−1][K′N−1]V
KNLN lN ,K

′
NL
′
N l
′
N

KN−1LN−1
(ρ) .

(3.64)

We note the dependence on KN−1 and, for non-central forces, on LN−1. By
consequence the effective interaction includes a dependence on the state of



3.4. Incorporation of the L-S Effective Interaction 57

the residual A − 2 particle subset of the system which can be interpreted
as sort of a ”medium correction” [64]. We solve the effective interaction
problem on a hyperradial grid, diagonalizing Hss′ on each grid point ρi
and for all the possible values KN−1 in the model space.
As shown in section 2.3, the Hilbert space of the spatial part of our A-body
porblem is a product of the hyperradial subspace with the HH-generated
space. The hyperradial set is complete, so the EI transformation is applied
only to the HH part and we identify Pcut with Kmax and Qcut with Keff

max.
If we call |p〉 and |q〉 the elements of the HH basis belonging, respectively, to
P and to Q we define the Lee-Suzuki (L-S) effective two body Hamiltonian:

P̂ HL-S
ss′ P̂ = P̂ Hss′ P̂ + P̂ Hss′ Q̂ωP̂ , (3.65)

where ω = Q̂ωP̂ is the transformation operator defined by:

〈q|εi〉 =
∑
p

〈q|ω |p〉 〈p|εi〉 . (3.66)

The |εi〉 are the eigenstates of HKN−1LN−1

ss′ (ρ). If we consider the set of
np = dim(P) eigenvectors with the lowest eigenvalues εi, we can invert the
matrix 〈p|εi〉 to solve eq. (3.66) and find the matrix ω. The effective 2-body
Hamiltonian results [64]:

〈p|HL-S
ss′ (KN−1, ρ)

∣∣p′〉 =
np∑
i

[
〈p|εi〉 εi

〈
ei|p′

〉
+
∑
q

〈p|εi〉 εi 〈εi|q〉 〈q|ω |p〉

]
,

(3.67)

and for each of the chosen eigenvectors |εi〉we have:

HL-S
ss′ P̂ |εi〉 = εi |εi〉 . (3.68)

The HL-S
2 operator is, in general, non-hermitian, but it can be hermitized

using the following transformation [56]:

Heff
ss′ =

[
P̂(1 + ω†ω)P̂

] 1
2
HL-S
ss′

[
P̂(1 + ω†ω)P̂

]− 1
2
. (3.69)

The effective interaction then is given by:

V eff
ss′ = Heff

ss′ − TKN . (3.70)

As pointed out in ref. [64] we stress the following facts:

1. the hyperradius ρ acts as a parameter rather than a coordinate, and
V eff
ss′ is calculated for various values of ρ on the hyperradial grid. So
V eff
ss′ is a 2-body interaction, but it contains a dependence on the whole
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A-body system via this collective coordinate;

2. an additional dependence of V eff
ss′ on the residual (N − 1)-body sys-

tem is highlighted by the presence of the KN−1 quantum number in
eq. (3.64);

3. for P̂→ I we have V eff
ss′ → Vss′ . By consequence the energies converge

to the exact ones;

4. the effective interaction V eff
ss′ contains information on the Q space, be-

sides the model space, so the convergence to the exact energy spec-
trum is accelerated with respect to the use of the bare interaction;

5. in presence of multiple interactions, the L-S procedure has to be ap-
plied separately for each potential. By considering the starting as-
sumptions, nothing prevents the use of different Keff

max for each poten-
tial, depending on the specific features of each Vss′ interaction model.

3.5 Implementation of the NSHH Method

The large dimension of the NSHH basis is partly balanced by the possibility
to use fast diagonalization procedures to calculate the lowest eigenvalues
of the pseudo-Hamiltonian. One of the most used is based on the Lanczos
algorithm, which is an adaptation of the power method, thought to find the
lowest eigenvalues of a matrix by successive matrix-vector multiplications,
starting from a random vector.
We briefly describe our implementation of the NSHH method and we pro-
vide a number of benchmark results of binding and separation energies for
systems with simple interactions.

3.5.1 The Algorithm

The total pseudo-Hamiltonian operator H̃ is:

H̃ = − ~2

β2m

(
T 1
ρ ⊗ I + T 2

ρ ⊗ K̂2
N

)
+
∑
ij

Q12
ij · Vsisj · Q

ij
12 + γĈ(N1 . . . , Nn)

= − ~2

β2m

(
T 1
ρ ⊗ I + T 2

ρ ⊗ K̂2
N

)
+
∑
ij

Q12
ij ·
[
Vsisj + γδsisj P̂12

]
· Qij12 ,

(3.71)

where T 1
ρ is the hyperradial term of the kinetic energy whose matrix el-

ements in the Laguerre basis are shown in eq. (2.68), and T 2
ρ is the 1/ρ2

term, whose analytical form is obtained by means of eq. (2.67). Of course
K̂2
N = KN (KN + 3N − 2)δ[KN ][K′N ] in the HH basis.
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We adopt the stabilized Lanczos algorithm [65] in order to calculate the low-
est eigenvalues and eigenvectors of the pseudo-Hamiltonian matrix. The
algorithm is based on an iterative scheme where at each step the vector
(Lanczos vector) resulting from the previous step is multiplied by the ma-
trix to diagonalize. Iterations are computed until convergence in the lowest
eigenvalue and eigenvector is reached, starting from a random vector.
The largest part of the computational weight is due to the matrix-vector
multiplication and the larger is the matrix, the longer is the computation
time at each step. However, the sparse structure of the permutation matri-
ces and the block diagonal structure of the potential in the permuted basis
constitute a big advantage in the application of this method since they dras-
tically reduce the number of numerical computations.
The main loop is the one related to the total potential matrix vector multi-
plication, and it runs over all the possible couples of particles, from (1, 2)

to (A − 1, A). For each 2-body term involving an (i, j) couple, the Lanczos
vector is transformed by means of the Q operator before and after the mul-
tiplication of the potential matrix in the reference Jacobi set, whose matrix
elements are stored on file. So for each (i, j) term the two particles involved
in the interaction are temporarily moved in the first two positions of the Ja-
cobi set. This means that at each step the total potential matrix is built ”on
flight” starting from the 2-body potential matrix elements and the Q ones.
The application of the potential matrix is done by means of the Lagrange
Mesh Method (LMM) [66]. The Lanczos vector is first converted into the
hyperradial grid basis and, for each value of ρ on the grid, the potential
matrix is computed by running all over the HH basis. Then the conversion
to the hyperradial Laguerre basis is applied.

3.5.2 Numerical tests: Nuclei

In general, the convergence in the Kmax number in the NSHH method is
the same with respect to the symmetrized version, since the subspace com-
posed by the physical states with the correct symmetry does not change.
In fig. 3.7 the convergence patterns of two 4-body NSHH calculations are
shown with the employment of the semi-realistic soft-core NN Minnesota
potential [67] and of the realistic hard-core Argonne V8’ NN potential [68].
In the first case a treatment with bare interaction is possible and conver-
gence to the third digit is obtained with a reasonable Kmax number, namely
Kmax = 20 (12012 states for a central HH basis). With the use of the Lee-
Suzuki transformation, however, we observe a consistent improvement and
the third digit convergence is reached already with Kmax = 14 (3168 basis
states) and with a relatively low value of Keff

max, namely Keff
max = 60.

In the second case the hard-core features of the AV8’ potential and its non
central character makes hard to reach convergence with a bare interaction



60 Chapter 3. The NSHH method

FIGURE 3.7: Convergence patterns of 4He binding energies
calculated with the NSHH method. In the first graph the
central soft-core Minnesota potential has been used both
with bare and Lee-Suzuki effective interaction. In the sec-
ond graph the AV8’ potential has been employed with the

Lee-Suzuki Effective Interaction.

approach and the inclusion of the L-S effective interaction becomes impor-
tant. We observe convergence at the second digit atKmax = 18 (45694 states
for a non-central HH basis) with an effective interaction cut of Keff

max = 120.
Without Lee-Suzuki the binding energy at the same Kmax is far away from
the expected value, being still less than 10 MeV.
In ref. [69] the same 4-body calculation with AV8’ potential has been per-

formed and benchmarked among seven different ab-initio methods, namely
Faddeev Yakubovski equations (FY), coupled-rearrangement-channel Gaussian-
basis variational method (CRCGV), stochastic variational method (SVM),
HH variational method (HH), Green’s function Monte Carlo Method (GFMC),
no-core shell model method (NCSM) and the effective interaction HH method
(EIHH). In table 3.2 results for the binding energy and for the potential and
kinetic energy expectation values are shown [69].
As expected EIHH and NS-EIHH are almost coincident. The binding en-

ergy Eb is convergent to a high precision while the expectation values 〈T 〉
and 〈V 〉 are still not in full convergence, with variations of the order of 1%

on the last three values of Kmax. To obtain faster convergence also for the
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TABLE 3.2: Expectation values of kinetic and potential en-
ergies and binding energies in MeV for 4He with AV8’ NN
interaction calculated with seven different ab-initio meth-
ods and compared with the EI-NSHH ones. The results of

the first seven methods are taken from ref. [69].

Method 〈T 〉 〈V 〉 Eb

FY 102.39(5) -128.33(10) -25.94(5)
CRCGV 102.30 -128.20 -25.90
SVM 102.35 -128.27 -25.92
HH 102.44 -128.34 -25.90(1)
GFMC 102.3(1.0) -128.25(1.0) -25.93(2)
NCSM 103.35 -129.45 -25.80(20)
EIHH 100.8(9) -126.7(9) -25.944(10)

EI-NSHH 100(1) -126(1) -25.94(1)

expectation values one should employ effective operators, which becomes
necessary when observables that contain short-range information have to
be calculated. However, in the present framework, we focus on the calcu-
lation of binding and separation energies of hypernuclei and we postpone
the treatment of such operators to future developments.

3.5.3 Numerical tests: Hypernuclei

Several numerical tests by means of unrealistic interactions have been per-
formed in order to set the whole program. In particular binding energies
of 3- and 4-body systems mainly with gaussian potentials were provided
from of AFDMC [70] and NCSM calculations [71]. In table 3.3 a restricted
selection of such benchmark results is shown for A = 3÷ 5.
In table 3.3 the label ”MN” denotes the gaussian Minnesota potential:

TABLE 3.3: Binding and separation energies in MeV for dif-
ferent systems with A = 3 ÷ 5. The NN potential is the
Minnesota one (no Coulomb force) and the YN potential is

the Minnesota T = 0 channel multiplied by a factor 0.9.

Interaction System NSHH AFDMC NCSM

MN+0.9MN(T=0) 3
ΛH -2.27(1) -2.38(12) -2.29(2)
BΛ 0.05(1) 0.21(13) 0.07(1)

MN+0.9MN(T=0) 4
ΛH -17.694(3) -18.12(15) -17.9(3)
BΛ 9.304(3) 10.07(17) 9.51(30)

MN+0.9MN(T=0) 5
ΛHe -70.54(1) -70.41(25) -
BΛ 39.92(1) 39.67(25) -

VS=0(r) = V1e
−µ1r2

+ V2e
−µ2r2

;

VS=1(r) = V1e
−µ1r2

+ V3e
−µ3r2

.
(3.72)
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where: V1 = 200 MeV, V2 = −91 MeV, V3 = −178 MeV and µ1 = 1.487 fm−2,
µ2 = 0.465 fm−2 and µ1 = 0.639 fm−2. As YN interaction the isospin T = 0

channel (VS=1) of the total Minnesota potential multiplied by a factor 0.9

has been used. The NSHH results are compatible with NCSM ones. In the
4- body case a shift in the AFDMC energy is present, but this is not unex-
pected, due to the technical limits of the method when open shell systems
are considered. In fact, the binding and separation energies for the closed
shell system 5

ΛHe are fully compatible with our NSHH results. The NCSM
results are compatible with the NSHH ones, although the matching is not
optimal. However such calculations were performed in a preliminary test-
ing phase and more precise benchmark results will be provided in chapter
5.
In appendix C more results are provided. In line with all the preceding
EIHH calculations performed in the nuclear sector [16, 56], we adopted the
Lee-Suzuki approach with Keff

max = 60 for soft-core potentials, like the Min-
nesota one, and Keff

max = 120 for hard-core interactions, like the Argonne vn
potentials and the YN interactions that will be employed in chapter 5.
As part of a Master Thesis of the student C.A. Manzata the NSHH method
has been applied to α-cluster models for 12C and 9Be with simple local
αα and αn potentials, obtaining agreement of the same order of the above
results with the expected energies [72].
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Chapter 4

Extensions of the NSHH
Method

We introduce a number of extensions of the NSHH method that allow to in-
clude most of the hypernuclear interaction models defined in configuration
space. However we define them in a general way so that they can be ap-
plied to any few-body system whose interactions can be treated by means
of such extensions.
In section 4.1 we apply 3-body forces both for the NNN and NNΛ sector.
We just adopt the approach of ref. [73] (and relative code) for the incorpo-
ration of the NNN force and we include minor extensions in order to take
into account the presence of a Λ particle and of two different types of 3-
body potentials.
In section 4.2 we introduce a new extension of the method in order to treat
interaction models based on particle mixing. In particular we start by show-
ing how to treat systems where the masses of the particles differ from the
mass parameters of the adopted Jacobi set of coordinates. Such extension is
not trivial since the use of the hyperspherical system of coordinates creates
a strong correlation between the HH basis and the mass parameters, and a
change in one or more of them causes a change in the whole structure of
the HH basis. We overcome this problem by acting on the kinetic energy
operator. We then apply such extension in order to include interactions
that couple different species for one or more particles by introducing new
single-particle degrees of freedom. By exploiting the same formalism we
also show how to define spatial permutations between different particles.
Finally in section 4.3 we briefly describe the work done and the adopted ap-
proach for the parallelization of the NSHH calculations, but we avoid any
technical detail.
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4.1 Implementation of 3-Body Forces

With the inclusion of the 3-body forces, the total Hamiltonian of a Λ-hypernucleus
is given by:

H = T + VNN + VNΛ + VNNN + VNNΛ

= T +
N∑

i<j=2

Vij +
N∑
j=1

VjA +
N∑

i<j<k=3

Vijk +
N∑

i<j=2

VijA ,
(4.1)

where we assumed the Λ particle being in the last position of the Jacobi set.
Of course if A = 3 the VNNN term is not present.
Analogously to eq. (3.4) for the 2-body case, each 3-body term of the poten-
tial is calculated by means of the Q transformations:

V
[SN ][TN ]
ijk [ri,j,k(η

123)] = V
′[SN ][TN ]
ijk [η123]

= V
′[SN ][TN ]
ijk [p123

ijk · ηijk]

= Q123
ijk · V

′′[SN ]ijk[TN ]ijk

ijk [ηijkN ,ηijkN−1] · Qijk123 ,

(4.2)

where ηijk denotes the Jacobi set of coordinates where, besides particles i
and j moved in the first two positions of the coupling scheme, a third par-
ticle, k, is moved to the third position. The transformationQijk123 is analogue
to Qij12, but for the triplet of particles ijk instead of the couple ij.
The inclusion of 3-body terms implies additional coordinates involved in
the calculation of the potential matrix elements with respect to the 2-body
case. In order to separate the interacting 3-body part from the rest of the
system, we perform a change of coordinates by passing from the standard
set of angles and hyperangles ΩN defined in eq. (2.35) to the new one of
fig. 4.1:

Ω3,A−3 = (φ̃N ,Ω(3),ΩA−3) , (4.3)

where Ω(3) represents the angles and hyperangles of the 3-body interacting
subsystem:

Ω(3) = (φN,N−1, η̂A−2, η̂A−1) , (4.4)

and ΩA−3 represents those of the residual system:

ΩA−3 = (φ2, . . . , φA−3, η̂1, . . . , η̂A−3) . (4.5)

The hyperangle φN,N−1 is related to the 3-body subsystem and φ̃N is as-
sociated to the lower vertex in the hyperspherical tree diagram shown in
fig. 4.1.
The following relations hold:
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FIGURE 4.1: Tree diagram representing the non-
symmetrized hyperspherical harmonic functions in

the 3- plus (A− 3)-body scheme.

ρ(3) =
√
η2
A−1 + η2

A−2 = ρ sin φ̃N

ρA−3 =
√
η2

1 + . . .+ η2
A−3 = ρ cos φ̃N .

(4.6)

The coordinates ρ(3) and Ω(3) form a complete set for the 3-body subsystem
and allow to calculate the matrix elements of the 3-body potential without
involving spurious degrees of freedom related to the residual system.
The radial dependence of each 3-body term of the potential is related to
the relative vectors connecting each couple of the particles composing the
triplet. For the NNΛ triplet we have:

r31/32 =

√
2m+mΛ

2mΛ
η1 ±

1√
2
η2 . (4.7)

The spatial integration of the matrix elements is performed by employing
the technique described in ref. [74]. By considering the last two Jacobi vec-
tors:

ηA−1 = ρ(3) sinφN,N−1η̂A−1 , ηA−2 = ρ(3) sinφN,N−1η̂A−2 , (4.8)

we can choose a reference frame where η̂A−1 lies on the z axis and η̂A−2

on the (x− z) plane. Then the five coordinates φN,N−1, η̂A−1 and η̂A−2 are
replaced with:

x = cos(2φN,N−1) , y = η̂A−1 · η̂A−2 , (4.9)

plus the three Euler angles ω. The three body volume element turns into:

dηA−1dηA−2 =
1

8
[ρ(3)]

5dρ(3)

√
1− x2dxdydω . (4.10)
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The three body HH function becomes [73]:

Y[K2]M (Ω2) = (2)P l2,l1K2
(x)[Yl1m1(η̂A−1)⊗ Yl2m2(η̂A−2)]LM

= (2)P l2,l1K2
(x)
∑
M ′

D
(L)
M ′M (ω)[Yl1m1(η̂A−1)⊗ Yl2m2(η̂A−2)]LM ′

=
∑
M ′

D
(L)
M ′M (ω)Y[K2]M ′(x, y) .

(4.11)

The above expression allows to reduce the integration of the potential ma-
trix elements from 5- to 3-dimensional, in fact, with simple manipulation
one finds the reduced matrix elements for a coordinate space operator Vλµ
of rank λ and projection µ [73]:

〈KLl1l2 ||Vλ(ρ(3),Ω(3))|| K ′L′l′1l′2
〉

=
∑
MM ′µ

(−1)L+M

(
L λ L′

−M µ M ′

)

· π2

∫
dx
√

1− x2dyY[K2]M (x, y)Vλµ(ρ(3), x, y)Y[K′2]M ′(x, y) .

(4.12)

The VNNN matrix elements can be fully symmetrized. However, in the hy-
pernuclear terms, only two particles obey symmetry constrictions and the
above matrix element combined with the spin and isospin part can be set
as null if the exchange condition (−1)l1+SNN+TNN = −1 is not satisfied.

4.2 Inclusion of Particle Mixing Extensions and Space-
Exchange Operators

As anticipated in chapter 2, in case of different particle systems, spatial per-
mutations cannot be described as compositions of kinematic rotations, since
the association between mass and cartesian positon (mi, ri) inside the coor-
dinate system is no longer conserved (see section 2.1.2). It is thus necessary
to define the P̂ij operators of eq. (2.19) in the HH basis in order to treat po-
tentials with space-exchange terms as the one shown in eq. (2.21).
Moreover some interaction models are based on the explicit treatment of
particle resonances or excitations degrees of freedom. In these cases the
mass of a particle could depend on some of the quantum numbers defin-
ing a given state (for example the isospin of the particle itself). Examples
of such models are the Argonne v28 NN potential [75], which takes the
∆(1232) degree of freedom explicitly into account, and most of the modern
hypernuclear YN interactions, based on the inclusion of the explicit Λ − Σ

coupling (see section 1.2).
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We start from the simplest case of a single particle resonance inside an A-
body system and we show how to extend it to the case of an arbitrary num-
ber of resonance degrees of freedom for one or more particles in theA-body
system.
The aim is then to incorporate in the Hyperspherical Harmonics formalism
the interaction models that explicitly include these kind of degrees of free-
dom.
We start by showing how to treat an A-body system in a HH basis where
the mass parameters of the Jacobi set of coordinates are chosen different
from the physical ones and then we show how to implement the above
mentioned interaction models in the NSHH framework.
As simple application of the transformatios between different sets of mass
parameters we also show how to include space-exchange operators be-
tween different particles.

4.2.1 HH Basis with Mass Parameters Different from the Physical
Ones

By adopting the standard Jacobi set, where the mass parameters defining
the coordinates coincide with the physical masses, the total Hamiltonian is
given by:

Htot = HCM(η0) +Hint(η1, . . . ,ηN ) , (4.13)

where η0 is the rescaled CM coordinate defined in eq. (2.4). The separation
of the CM part is trivial in this case since the CM part of the Hamiltonian
and the internal one depend on the CM coordinate and on the internal Ja-
cobi vectors respectively.
If the internal coordinates η1, . . . ,ηN are not defined on the physical set of
mass parameters, we have:

Htot = HCM
[
η0(η′0,η

′
1, . . . ,η

′
N )
]

+Hint
[
η1(η′1, . . . ,η

′
N ), . . . ,ηN (η′N )

]
= H ′CM

(
η′0,η

′
1, . . . ,η

′
N

)
+H ′int

(
η′1, . . . ,η

′
N

)
,

(4.14)

where η′0, . . . ,η
′
N are defined on a non physical set of masses. In this case

HCM and Hint depend both on the internal Jacobi coordinates. However,
due to the invariance of the internal subspace 〈η1, . . . ,ηN 〉 with respect to
any change of mass parameters, one can always substitute the η0 coordinate
with η′0 to obtain:

Htot = HCM(η0) +H ′int(η
′
1, . . . ,η

′
N ) , (4.15)

where HCM is separable as in eq. (4.13). By considering the two different
internal Jacobi sets η and η′, two different HH bases are defined, but the
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transformation from one to another is not trivial since it involves both the
hyperradial and the hyperangular coordinates, as shown in section 2.2.
The problems due to the use of a Jacobi system of coordinates based on a
set of mass parameters different from the physical ones are related to the
calculation of the kinetic energy operator T ′int:

T ′int(η) = Tint
[
η′(η)

]
= Tint

(
Wζζ′ · η

)
, (4.16)

where Wζζ′ is the coordinate transformation defined in eq. (2.29) and ζ and
ζ ′ are the mass parameter sets related to the Jacobi sets η and η′ respectively.
In fact the kinetic energy operator in the hyperspherical set of coordinates
has no longer the form of eq. (2.42) and the hyperradial term is not separa-
ble from the hyperangular term.
If one builds the T ′int operator by adopting the NSHH basis defined on the
η set instead of the natural one η′, two alternatives are allowed: the explicit
calculation of T ′int in the chosen HH basis or the calculation of T ′int in the
natural HH basis followed by the application of a suitable transformation
to pass to the HH basis defined over the η Jacobi set:

|Ln′(ρ,ΩN )〉 |Y[K′N ](ΩN )〉 =
∑

[KN ],n

W [K′N ],n′

[KN ],n |Ln(ρ)〉
∣∣Y[KN ](ΩN )

〉
, (4.17)

where we have stressed the fact that the dependence on ρ and ΩN is no
longer separate in the HH basis built over η. If we denote with hh the HH
basis defined on the Jacobi set η and with hh′ the HH basis built over η′,
we have:

T ′int,hh =W† T ′int,hh′ W , (4.18)

where theW operator represents the transformation of eq. (2.29) in the HH
basis. A new formalism to treat such transformations in the HH framework
and beyond is under development and it will be introduced in the near fu-
ture. However, in order to perform hypernuclear bound state calculations,
we look for an alternative approach. The adopted one is the direct calcula-
tion of the kinetic energy operator in the HH basis defined over the η Jacobi
set. So we consider the operator T ′int,hh in the η set and calculate the matrix
elements directly in the starting HH basis.

The simplest case is when only the last mass parameter mA in the Jacobi
set of coordinates is different from the corresponding physical mass. In
this case the coordinate transformation of the Jacobi set is given by W(A),
defined in eq. (2.27). By denoting T ′ = T ′int, the kinetic energy operator
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becomes:

T ′ =
~2

2m

(
∆η′1

+ ∆η′2
+ . . .+ ∆η′N

)
=

~2

2m

(
1

a2
A

∆η1 + ∆η2 + . . .+ ∆ηN

)
= T + ∆T ,

(4.19)

where the constant aA is the proportionality constant between η1 and η′1:

aA =

√
mA

MA

M ′A
m′A

. (4.20)

The operator ∆T is then given by:

∆T =
~2

2m

(
a2
A − 1

a2
A

∆η1

)
=

~2

2m

MA−1(m′A −mA)

MAm′A
∆η1 . (4.21)

By calculating explicitly the ∆η1 operator one can solve the A-body prob-
lem in the HH basis with mA 6= m′A. In appendix A the explicit form of the
generic ∆ηi operator in the A-body NSHH basis is provided.

In fig. 4.2 we observe a comparison between the convergence patterns of the
binding energies for a 3-body Λ-hypernucleus interacting via the Argonne
V4’ [68] NN and the 2-body Bodmer-Usmani [46] (no space exchange term)
ΛN potentials first in the case where the mass parameters of the Jacobi set
of coordinates coincide with the physical masses and, in the second case,
where the mass parameter related to the Λ particle is set equal to the nu-
cleon mass and the operator ∆T of eq. (4.21) is added to the Hamiltonian
(we remind the ratio of the two masses: mN ≈ 0.84 mΛ).
We observe a convergence a bit slower in the case with unphysical mass pa-
rameters, due to the fact that the quality of the adopted basis is lower with
respect to the former case. In fact, the HH functions are not anymore the
eigenfunctions of the total hyperangular kinetic energy operator, but they
are eigenfunctions of the analogue operator in a system with the Λ particle
having the mass equal to the nucleon one. Moreover, due to the fact that
the ∆T operator in eq. (4.19) cannot be splitted into an hyperradial and an
hyperangular term as the T operator, when the Lee-Suzuki effective inter-
action is applied, it does not involve such operator. This means that the
”medium correction” effect mentioned in section 3.4 is reduced. Finally, the
hyperradius is defined over an unphysical set of mass parameters, so the
confinement due to this collective coordinate is not optimal anymore.
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The binding energy in the two cases calculated for Kmax = 30:

E3b
∆T = −2.524(2) MeV

E3b = −2.530(3) MeV .
(4.22)

We see that the compatibility is not optimal, due to fact that E3b
∆T is still not

in full convergence. In the 4-body case, the convergence patterns are closer
with respect to the 3-body case, due to the fact that the total mass ratio:

rM =
(A− 1)mN +mΛ

AmN
(4.23)

is smaller. We have:

E4b
∆T = −12.015(2) MeV

E4b = −12.025(3) MeV .
(4.24)

In both 3- and 4-body cases the system with all nucleon masses and without
the addition of ∆T does not bind.
It is clear that, the bigger is rM , the less advantageus is such approach.
However, as it will be shown in section 4.2.3, the aim is to introduce particle
mixing extensions, in particular the Λ− Σ hyperons mixing in hypernuclei
with A ≥ 3. In this case the mass ratio between the system with the Λ and
the system with the Σ is sufficiently close to one.

If the mass parameters different from the physical masses are more than
one, mixed derivative terms appear in the kinetic energy operator. How-
ever, they can be calculated by means of kinematic rotations. By recalling
eq. (2.10) we have:

T ′ = − ~2

2m
∇Tη · S′ · M′ · (M−1)2 · M′ · S′T · ∇η − TCM

= − ~2

2m

 N∑
i=1

ci∆η′i
+
∑
i<j

dij∇η′i · ∇η′j

 ,

(4.25)

whereM′ is the matrix of eq. (2.6) with the mass parameters of the adopted
Jacobi set instead of the physical masses, contained inM. S′ is the matrix
related to the change of coordinates from the Jacobi set η′ to the cartesian
set. The ci and the dij coefficients are determined from the application of
theM and the S′ matrices.
From eq. (2.12) and followings one can arrange the mixed derivative term
of two consecutive Jacobi vectors as:

∇ηi · ∇ηi+1 =
1

aibi

(
−∆ηpi

+ a2
i∆ηi + b2i∆ηi+1

)
, (4.26)
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FIGURE 4.2: Convergence patterns of the binding energy
for the 3

ΛH hypernucleus with the AV4’ NN interaction
combined with the Bodmer-Usmani ΛN potential for two
different HH bases built on two different Jacobi sets. The
convergence is slower when the mass parameter of the Λ
particle is set equal to the nucleon mass (upper line). Lee-

Suzuki EI is applied.

where:
ai = cosβA−i ; bi = sinβA−i+1 , (4.27)

and ∆ηpi
is the laplacian term related to the transformed ηi coordinates after

the application of the pi,i+1 kinematic rotation:

ηpi = pA−i,A−i+1 · ηi (4.28)

If two Jacobi vectors are not consecutive and the difference between their
indices is n, the corresponding mixed derivative term can be expressed in
terms of mixed derivative terms between Jacobi vectors with indices dif-
ferent by a number smaller that n. By applying a sequence of n kinematic
rotations, with some manipulation the following iterative rule holds:

∇ηi · ∇ηi+n =
1

aibi . . . bi+n

[
−∆

ηp
n

i
+
n+1∑
j=1

aj(bi . . . bi+n)∆ηi+j−1+

+

n∑
α<β

(bi . . . bi+α)(bi . . . bi+β)ai+αai+β∇ηi+α · ∇ηi+β
]

(4.29)
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where ∆
ηp
n

i
is the laplacian term related to the ηi vector transformed by pni ,

where:
pni = p(i,i+1) · p(i+1,i+2) · . . . · p(i+n−1,i+n) . (4.30)

In this way one can calculate the kinetic energy operator in a set of Jacobi
coordinates with mass parameters different from the physical masses. We
have:

T ′ =
∑
i

[
ci∆ηi +

N−i∑
n=1

di∆ηp
n

i

]

= T +
∑
i

[
(ci − 1)∆ηi +

N−i∑
n=1

di∆ηp
n

i

] (4.31)

where the ci and di coefficients have to be determined by means of the
above iterative scheme. The above equation allows to calculate the kinetic
energy operator in the HH basis with different mass parameters by avoid-
ing multidimensional integrations, since the matrix elements of each ∆ηi

operator can be calculated by means of one dimensional integrals, as shown
in appendix A.
The general form of the ∆T operator in the HH basis:

∆T =
∑
i

(ci − 1)∆ηi +

N−i∑
n=1

di,i+n

 i∏
j=i+n−1

P(j)

∆ηi

i+n−1∏
j=i

P(j)

 ,

(4.32)
where the P(j) operators are defined in section 3.1.

We show the explicit form of the ∆T operator in case of two particles with
masses different from the corresponding Jacobi mass parameters (for sim-
plicity we assume the two mass parameters in the last positions of the Jacobi
scheme):

∆TmN ,mA = (c1 − 1)∆η1 + (c2 − 1)∆η2 + d1,2P(N)∆η1P(N) , (4.33)

with N = A−1. In fig. 4.3 the convergence pattern of the binding energy of
an unrealistic 3-body system with two particles with mass mΛ interacting
through AV4’ potential and one particle with mass mN interacting through
the Bodmer-Usmani interaction is shown. The aim is to test the implemen-
tation of the operator of eq. (4.33) and compare the obtained result with the
energy calculated in the usual way, where the mass parameters coincide
with the physical masses. As expected, the bigger mass ratio:

rM =
mN + 2mΛ

3mN
(4.34)
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FIGURE 4.3: Convergence patterns of the binding energy of
an unrealistic 3-body system with two particles with mass
mΛ interacting through AV4’ potential and one particle with
mass mN interacting through the Bodmer-Usmani interac-
tion. Again the convergence is slower when the mass pa-
rameter of the Λ particle is set equal to the nucleon mass

(upper line). Lee-Suzuki EI is applied.

leads to a slower convergence pattern in the first case. The energies in the
two cases:

E3b
∆T = −4.810(10) MeV

E3b = −4.911(1) MeV .
(4.35)

4.2.2 Spatial Permutation Operators

A first direct application of the above extension is the treatment of spatial
permutations for different particles. As explained in section 2.1.2, when
different particles are involved, the kinematic rotations no longer coincide
with spatial permutations. A spatial permutation, in general, is a compo-
sition of kinematic rotations and transformations of the mass parameters.
The action of a generic spatial transposition between particles i and j on the
Jacobi set is given by [we recall eq. (2.30)]:

Pij η = Wij · pi,j · η [(m1, r1), . . . , (mi, ri), . . . , (mj , rj), . . .]

= η [(m1, r1), . . . , (mj , rj), . . . , (mi, ri), . . .] .
(4.36)

However, if the mass parameters related to the particles to permute,mi and
mj , are both equal to m, then the permutation coincides with the sequence



74 Chapter 4. Extensions of the NSHH Method

of kinematic rotations needed to exchange (m, ri) and (m, rj):

Pij = pi,j . (4.37)

The price to pay is that the kinetic energy is not diagonal anymore in the
hyperangular part of the basis and the operator ∆T defined in the previous
section has to be explicitly evaluated.
As example we consider a Λ-hypernucleus and the 2-body Bodmer Usmani
potential of eq. (2.21) as ΛN interaction. By choosing a HH basis where the
mass parameter related to the Λ hyperon, mΛ, is equal to the nucleon mass,
mN , the Hamiltonian looks:

H = T + ∆TΛ +

A−1∑
i<j=1

Vij +

A−1∑
i=1

ViA , (4.38)

where we assumed the Λ particle in the last position of the Jacobi set. The
spatial exchange operator P̂NiΛ of eq. (2.21) included in each ViA term is
given by:

P̂NiA = P i,A . (4.39)

However, in the specific case of spatial permutations, one can also explicitly
calculate the space exchange operator P̂NiA defined in the natural HH basis
where the mass parameters coincide with the physical masses. If we denote
as Tb the kinetic energy operator in the HH basis defined on the natural Ja-
cobi set and as Ta the kinetic energy operator in the basis where particlesNi

and Λ are spatially permuted (which can be calculated by means of kine-
matic rotations and the iterative scheme described in the previous section),
one can solve the following equation:

P̂NiA Tb P̂NiA = Ta , (4.40)

which is a second order algebraic Riccati equation with analytical solu-
tion [76]:

P̂NiA = T−1
b (Tb · Ta)1/2 . (4.41)

However this last approach has not been implemented and the computa-
tional weight due to the calculation of the above operator could become
significant by increasing the dimension of the basis.

4.2.3 Particle Mixing

When an interaction model that couples different particles is adopted, in
general, the mass of the involved particles is related to a given quantum
number defining the basis states (for example the isospin in the case of Λ−Σ
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coupling). We call it t. The complete A-body Hamiltonian is then:

H = TCM (t) +Hint(t) . (4.42)

Since we are looking for a translationally invariant state that minimizes
〈Hint〉, we consider a generic total wave function:

Ψ = ΨCM(η0) ·Ψint(ρ,ΩN , t) , (4.43)

and we look for Ψint such that:

δ
〈Ψint|Hint |Ψint〉
〈Ψint| Ψint〉

= 0 (4.44)

by solving the eigenvalue problem related to Hint (from now on we denote
Hint with H).

We first consider the simplest case of an A-body system with A − 1 par-
ticles of a given species, q, and one particle, pA, of a different species, p, and
we include a potential Vqp that couples p to a third species, p∗.
As already mentioned, we define a label, t = 0, 1, related to the p∗ degree
of freedom induced by the interaction Vqp. If t = 0 then pA belongs to the
species p, otherwise to p∗.
The Hamiltonian is:

H = T + ∆M +
A−1∑
i<j=1

Vqiqj +
A−1∑
i=1

VqipA . (4.45)

In the following we consider the block structure of each term of the Hamil-
tonian in the quantum number t:

H =

(
H00 H01

H10 H11

)
. (4.46)

where Hab = 〈t = a|H|t = b〉. The ∆M term is the matrix related to the
mass difference between p and p∗ in energy units:

∆M =

(
0

∆Mp,p∗

)
. (4.47)

In this case the block ∆Mp,p∗ is diagonal and proportional to the identity
matrix through (mp∗ − mp) in energy units. In the next chapter, however,
we will see the slightly more complex case of the Λ − Σ coupling (with
q = N , p = Λ and p∗ = Σ), where mp = mΛ and mp∗ depends on the isospin
projection tz of the Σ particle, being mΣ− if tz = −1, mΣ0 if tz = 0 and mΣ+

if tz = 1. In this case ∆Mp,p∗ is not diagonal in the total A-body isospin
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basis of eq. (2.69).
Due to the difference between the masses of p and p∗, we apply the pro-
cedure described in section 4.2.1 to calculate the kinetic energy difference
related to the difference between the p∗ mass and the pmass. We choose the
mass parameter of the particle pA in the Jacobi set of the adopted HH basis
equal to mp. The T operator is then:

T =

(
T

T + ∆TpA

)
, (4.48)

where ∆TpA is derived by means of eq. (4.21):

∆TpA =
~2

2m

Nmq(mp∗ −mp)

(Nmq +mp)mp∗
∆η1 . (4.49)

In this way each term of the total potential in eq. (4.45) can be calculated by
means of the usual procedure through the application of the Q transforma-
tions as shown in eq. (3.4). The block structure in t of the Vqp potential is:

Vqp =

(
Vqp−qp Vqp∗−qp

Vqp−qp∗ Vqp∗−qp∗

)
, (4.50)

where:
Vqp−qp∗ = 〈t = 0|Vqp|t = 1〉 (4.51)

and Vqp∗−qp are the coupling blocks providing the mixing between the p and
the p∗ species. Of course, since Vqq does not depend on t, we have:

Vqq =

(
Vqq−qq

Vqq−qq

)
. (4.52)

By implementing the above extensions, the NSHH method can be applied
without particular complications to systems with mixing interactions. The
Casimir operator simply splits in t:

Ĉ =

(
C(A− 1)

C(A− 1)

)
. (4.53)

However one particular possibility is p∗ = q. In this specific case the Casimir
operator becomes:

Ĉ =

(
C(A− 1)

C(A)

)
. (4.54)

since the t = 1 part of the basis must be symmetric with respect to A parti-
cles of species q instead of A− 1.
The above scheme can be easily generalized (net of computational weight)
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to an arbitrary number of mixing degrees of freedom for a single particle
and to an arbitrary number of particles subjected to an interaction that cou-
ples different species.
For simplicity we only show the case of two particles of species p (p1 and p2)
in an A-body system of particles of species q and we consider the previous
potentials Vqq and Vqp.
In this case the block structure of the Hamiltonian is:

H =


H00−00 V 00−10 V 00−01 V 00−11

V 10−00 H10−10 V 10−01 V 10−11

V 01−00 V 01−10 H01−01 V 01−11

V 11−00 V 11−10 V 11−01 H11−11

 , (4.55)

withHab−cd = 〈tp1 = a, tp2 = b|H|tp1 = c, tp2 = d〉. The non diagonal blocks
are the mixing parts of the potential Vqp. The kinetic energy, in this case,
needs an additional ∆T term due to the change of the two mass parameters
related to the two particles of species p:

T =


T

T + ∆Tq2
T + ∆Tp2

T + ∆Tp2q2

 , (4.56)

where ∆Tp2q2 is obtained by means of eq. (4.33). The Casimir operator in
this case must take into account the symmetry in the tp1 = 1 and tp2 = 1

part of the basis:

Ĉ =


C(A− 2, 2)

C(A− 2)

C(A− 2)

C(A− 2, 2)

 . (4.57)

The natural application of such scheme are of course ΛΛ-hypernuclei. How-
ever, the lightest known hypernuclear system is the 6

ΛΛHe and more work
is needed in the parallelization of the NSHH code in order to be able to treat
such system. In the next chapter we show how such calculation has been
set, but without providing results.

4.3 Parallelization of the NSHH Method

The serial approach to the NSHH calculations is rather efficient when deal-
ing with systems up to A = 4, depending on the complexity of the inter-
action models. However, already in the 5-body case like, for example, the
hyperhelium 5

ΛHe with a combination of central potentials like the Argonne
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V4’ NN and the Usmani ΛN ones, the serial computation time grows con-
siderably approaching to the order of months for an average laptop pro-
cessor. Moreover, the use of more realistic non central interaction models,
3-body forces or particle mixing interactions, make the serial approach to
4-body calculations highly time consuming too.
For these reasons the implementation of a parallelization procedure be-
comes necessary when the physical investigation is intended to go beyond
the 4-body and, in some cases, the 3-body sector.
In the following subsection we first present a variation on the NSHH method
(whose idea was proposed to the author by Nir Barnea [77]), that has been
used as a testing tool. In section 4.3.2 we briefly show the adopted parellel
scheme by avoiding technical details. We stress that, although some results
have been obtained, this part of the work is still partial, and further analysis
is necessary.

4.3.1 A Variation on the NSHH Method

In a system of A identical particles, by adopting a symmetrized HH basis,
the Hamiltonian looks:

H12 = T +
A(A− 1)

2
V (r12) . (4.58)

If we keep the same definition, but in the NSHH basis, the above operator
is no longer a good Hamiltonian for the system, however, if Ψ0 is the lowest
antisymmetric eigenstate of H with the relative eigenvalue E0, and Ψγ

0 the
lowest eigenstate of H̃12, the following relation holds:

lim
γ→∞

H̃12 |Ψγ
0〉 = lim

γ→∞
[H12 + γ(C(A)− λI)] |Ψγ

0〉 = E0 |Ψ0〉 . (4.59)

In fact, although H12 does not commute with C(A) and it has not a block
diagonal structure in a basis with definite symmetry, in the limit γ → ∞
the second term in eq. (4.59) forces the lowest eigenstates of H̃12 to be anti-
symmetric, therefore the dominant part of H12 becomes the block made of
antisymmetric states.
Of course the same reasoning can be applied to any other kind of systems
with a given permutational symmetry. In case of an hypernuclear system
with nN nucleons and nY hyperons, assuming that the first two hyperons
are in the i-th and (i+ 1)-th position of the Jacobi set, eq. (4.59) becomes:

lim
γ→∞

[
T +

nN (nN + 1)

2
VNN (r12) +

nY (nY + 1)

2
VY Y (ri,i+1)

+ Vmix + γ(C(nN , nY )− λI)
]
|Ψγ

0〉 = E0 |Ψ0〉 ,
(4.60)
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where Vmix is the part of the potential involving pairs of different particles,
as shown in eq. (3.35).
The advantage of such procedure is the reduction of the number of matrix-
vector multiplications in a single Lanczos iteration. In fact, as explained
in subsection 3.5.1, the large dimension of the H matrix impedes the direct
calculation and memorization of the whole matrix, therefore each single
term is rebuilt ”on flight” each time it has to be employed. By reducing
the number of such operations, the computation time of a single iteration is
reduced too. In particular, for an A identical particle system, the potential
matrix in the standard Hamiltonian H is computed a number of times nV :

nV (H) =
A!

2(A− 2)!
, (4.61)

which is the number of combinations of two in a set ofA elements. By using
the modified NSHH approach clearly the potential matrix is computed one
single time. The total number of computations of the matrices of transpo-
sitions between adjacent particles in the standard NSHH aproach is given
by:

nP (H) = 2
A∑

i<j=2

(i+ j − 3) , (4.62)

while, in the second case, the requested number is only due to the Casimir
operator C(A):

nP (H12) =
A!

2(A− 2)!
+ 2

A∑
i<j=2

(j − i− 1) . (4.63)

In table 4.1 the numbers nV and nP are shown in a number of cases from
A = 3 to A = 5.
In systems made of identical particles the number of computations of the V

TABLE 4.1: Number of matrix-vector multiplications with
the potantial operator V (nV ) and with transpositions op-
erators Pi,i+1 (nP ) for a single Lanczos computation in the

NSHH case (H) and in the modified NSHH case (H12).

System nV (H) nV (H12) nP (H) np(H
12)

3H 3 1 6 5
3
ΛH 3 3 6 6
4H 6 1 24 14
4
ΛH 6 4 24 23
5
ΛHe 10 5 60 50

and of the P matrices is significatively reduced whenA grows starting from
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A = 4. However, in presence of different particles the situation is different,
due to the Vmix potential of eq. (3.35) which is not subjected to permuta-
tional symmetry constraints and which has to be explicitly computed in the
entire form, as shown in eq. (4.60). It is clear that the more different species
are involved, the less advantages this modified NSHH method provides,
especially considering that the target for few-body calculations up to now
in most of the cases is A ≤ 7 . Already in presence of a single different par-
ticle, as shown in table 4.1 we see that nV (H12) and nP (H12) approaches to
nV (H) and nP (H) respectively.
However, also in the identical particles case the gain in the computation of
each Lanczos step is partially lost by a significative increase (about one or-
der of magnitude in most of the cases) in the total number of Lanczos steps
necessary in order to reach convergence.

4.3.2 The Parallel Scheme

We do not treat technical details, rather we briefly show the adopted paral-
lelization scheme and some simple additional modifications to the method
which, in some cases, result advantageus.
We decided to employ an hybrid MPI+OpenMP approach in order to better
exploit the architecture of most of the modern supercomputers where each
of the N nodes is composed by a number C of CPUs with shared memory.
In the previous chapter we saw the implementation of the method, where
the lowest bound state energies and the relative eigenvectors are calculated
through the Lanczos algorithm. The latter is a fundamentally sequential
algorithm where each iteration involves the multiplication of the whole H
matrix with a normalized vector and the resulting vector is employed in
the next iteration. This means that the parallelization is applicable only
into each single iteration, while the general sequential structure of the algo-
rithm remains unchanged.
However, due to the non-symmetric character of the basis, the Hamilto-
nian is a sum of more terms, one for each couple of particles composing the
system as shown in eq. (3.35), or, in presence of a 3-body force, one more
for each triplet involved, as in eq. (4.1). Moreover each term is a product
of more operators, namely the operator Qij12 [defined in eq. (3.6) and fol-
lowings], the 2-body potential and the reversed order operator Q12

ij . The Q
operator, in turn, is a product of all the needed exchange operators between
adjacent particles in order to move particle i and j in the first coupling po-
sition and vice versa. This means that there is a non-parallelizable structure
also inside each iteration of the Lanczos algorithm, namely the sequence
of matrix-vector multiplication due the different operators composing each
term of the total potential operator.
By denoting as Ψ the Lanczos vector, each matrix-vector multiplication is
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parallelized with the following scheme:

Φ
n(i)c(i)
i =

∑
j

HijΨj ; i, j = 1, 2, . . . ,dim[H(ρ)] (4.64)

where the index n(i) and c(i) denote the node label and the CPU label as-
sociated to the i-th HH basis state respectively:

n(i) = mod
(
i− 1

N

)
; c(i) =

1

C

(
i

N
+ 1

)
. (4.65)

We performed tests mainly on a 5-body system with Kmax = 16 ÷ 20. By
means of such approach we obtained an almost linear time scaling until a
number of 40 nodes, where a scale factor of 30 is obtained in the MPI part.
After this threshold the gain start to slow down. A deeper technical analysis
is needed in order to fully exploit the parallel structure of the algorithm.
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Chapter 5

Application of NSHH to
Hypernuclei

In this last part of the work we apply the formalism developed in the previ-
ous chapters to provide a number of selected benchmark results for binding
an separation energies of systems up to A = 5 (part of the results is present
in ref. [78]). We also set up new calculations to be performed in the near
future as natural continuations of the present work.
As anticipated in chapter 1, quite a variety of potential models involving
hyperons exist and ab initio calculations allow to test the quality of these
interactions by providing a comparison of experimental and theoretical re-
sults for given observables, mostly binding and separation energies of hy-
pernuclei. In fact the result of an ab initio calculation only depends on the
chosen interaction model, thus one is led to a clearcut conclusion about its
validity when comparing to experimental data. On the other hand, since
any calculation is made with a finite accuracy, one may ask for the preci-
sion of the obtained ab initio results. Of course one can try to make error
estimates, but it is more instructive to benchmark various ab initio meth-
ods for a few selected observables. An extensive benchmark test has been
made, for example, in the non-strange sector of nuclear physics for the
4He case [69] about fifteen years ago, involving seven different ab-initio
methods. It is not the present aim to replicate such analysis with hyper-
nuclei, rather we calculate a selected number of binding and separation
energies for systems with A = 3 ÷ 5 and compare them with results from
three other ab-initio methods. The aim is then to test and introduce the
Non-Symmetrized Hyperspherical Harmonics method as new ab-initio ap-
proach to study light hypernuclei. The three other considered methods are
the Auxiliary Field Diffusion Monte Carlo (AFDMC) method, the Faddeev-
Yakubovski (FY) approach and the Gaussian Expansion Method (GEM). In
particular we note that, due to the limited diffusion of the Bodmer-Usmani
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interaction model, no benchmark tests have been made with AFDMC cal-
culations in the hypernuclear sector. In fact an almost independent line of
research based on the application of the AFDMC method on hypernuclear
systems with the phenomenological Bodmer-Usmani interaction model has
been developed in the last few years, with significative results both for hy-
pernuclei and hypermatter [12, 47]. Because of this, we retain useful to ex-
ploit the NSHH method as a benchmark instrument to compare the range
of accuracy of the AFDMC results and, in a future study, to work on a possi-
ble reduction of the uncertainties on the fitted parameters of the interaction.
In order to test the mixing extensions introduced in the previous chapter,
we also perform 3- and 4-body calculations by considering a second YN in-
teraction, namely the NSC97f simulated gaussian YN potential [14], which
simulates the scattering phase shifts given by NSC97f [79].
As landmarks we will refer to results from the well tested Faddeev-Yakubovski
(FY) method in the 3-body sector and from the Gaussian Expansion Method
(GEM) in the 3- and 4-body sector. As nuclear NN interactions we employ
the phenomenological 2-body Argonne V4’ and V8’ potentials [68].
Finally we show how we set up a 6-body calculation for the binding en-
ergy of the lightest 6

ΛΛHe hypernucleus by implementing the extensions
described in the previous chapter. However, more work on the paralleliza-
tion is needed in order to obtain results.

5.1 The Hamiltonians

As shown in chapter 1 the hypernuclear Hamiltonian is composed by a
nuclear part, an hyperonic part and the mix potential. In the following
calculations we consider Λ-hypernuclei and the last section we set up a
calculation for the lightest ΛΛ-hypernucleus, namely the 6

ΛΛHe, but we do
not provide results since more work on the parallelization procedure is still
required. So in the next benchmark calculations the Hamiltonian does not
contain the YY potential term.

5.1.1 Nuclear Potentials

As nuclear interactions we employ the 2-body potentials Argonne V4’ and
V8’ [68], obtained with a reprojection of the Argonne V18 potential that
preserves the phase shifts of the lower partial waves. The general definition
of the Argonne Vn potential:

Vij =
n∑
p=1

vp(rij)Opij , (5.1)
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FIGURE 5.1: Meson exchange processes between nucleons
and hyperons at the ΛN and ΛNN level. Figure taken from

ref. [12].

where n is the number of operators and vp(rij) are radial functions of Yukawa
and Woods-Saxon type. The first eight operators mainly come from the one-
pion exchange (OPE) between nucleons and read:

Op=1,8
ij = {I,σi · σj , Sij ,Lij · Sij} ⊗ {I, τ i · τ j} , (5.2)

where Sij is the usual tensor operator. The AV4’ is purely central since
it contains only the first four operators in the above set. Details on AVn’
potentials can be found in ref. [68].
Of course the AVn’ potentials do not provide the accuracy of the original
AV18, moreover in the following calculations we do not consider the 3-
body NNN forces. However, the aim is to provide benchmark results and
we postpone realistic calculations to near future developments.

5.1.2 Hypernuclear Potentials

The first hypernuclear interaction model we consider is the phenomenolog-
ical Bodmer-Usmani [46] model, which consists in an Argonne-like poten-
tial and has been employed exclusively in quantum Monte Carlo calcula-
tions for hypernuclei and hypermatter [3, 12, 47], due to its specific features
that make it manageable by such approaches. The complete model includes
2- and 3-body terms associated to the ΛN and ΛNN couplings at the two
pion exchange level, as shown in fig. 5.1.
The ΛN interaction has been modeled with an Urbana type potential with

spin-spin and a two-pion exchange tail consistent with the available Λp

scattering data, with explicit space exchange term:

vΛN (r) = v0(r)(1− ε+ εP̂ΛN ) +
vσ
4
T 2
π (r)σΛ · σN , (5.3)
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where the short-range contributions are included, as in the Argonne inter-
actions, by means of a Wood-Saxon repulsive potential:

v0(r) =
Wc

1 + e
r−r
a

− vT 2
π (r) (5.4)

where Tπ(r) is the usual regularized OPE tensor operator:

Tπ(r) =

[
1 +

3

µπr
+

3

(µπr)2

]
e−µπr

µπr
(1− e−cr2

)2 (5.5)

where µπ is the pion reduced mass. Further details can be found in ref. [12].
Constants are shown in appendix B.
The 3-body terms of the Bodmer-Usmani potential are related to the c) d)
and e) diagrams of fig. 5.1. The first two correspond to P-wave and S-wave
2π exchange. The last one represents a dispersive contribution associated
with the medium modifications of the intermediate-state potentials for Σ,
N and ∆ due to the presence of a second nucleon. In ref. [12] the explicit
expressions and parameters are provided.

The second adopted YN interaction is a 2-body potential based on the ex-
plicit Λ − Σ coupling therefore including the additional Σ degree of free-
dom. We consider the phenomenological interaction of ref. [14], which is
an hard-core type gaussian potential that simulates the NSC97f scattering
phase shifts. It is defined as:

2S,2TVNY−NY ′(r) =
2∑
i=1

(
2S,2TV C

NY−NY ′e
−(r/βi)

2
+

+2S,2T V T
NY−NY ′e

−(r/βi)
2

+ +2S,2TV LS
NY−NY ′e

−(r/βi)
2
)
,

(5.6)

where C, T , LS denote central, tensor and spin-orbit terms. Details can be
found in ref. [14]. Parameters are listed in appendix B.

5.2 The NSHH Approach for Λ-Hypernuclei

In the following section we briefly show how to set the extended NSHH
method for the application to Λ-hypernuclei. Such systems contain two dif-
ferent species of particles with different masses. We define the parameter:

µ =
mN

mΛ
≈ 0.84 . (5.7)

When a 2-body potential term Vij has to be calculated, the sequence of kine-
matic rotations needed to move particles i and j in the first two positions of
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the Jacobi coupling scheme involve four different types of kinematic angles,
depending on the masses of the two particles involved and on the mass of
the particle placed in the first position of the Jacobi scheme. Assuming that
the hyperons are initially placed in the last positions of the Jacobi coupling
sequence, we have

cosβi =


1/i ; NN −N
1/
√
i[1 + µ(i− 1)] ; NΛ−N

1/[µ(A− nΛ) + i− (A− nΛ)] ; ΛΛ −N
1/
√

(1 + µ(i− 1))(2/µ+ i− 2) ; NΛ− Λ

(5.8)

where NN-N denotes a kinematic rotation between two nucleons with a
nucleon in the first position of the Jacobi sequence, NΛ-N a kinematic ro-
tation between a nucleon and a Λ with a nucleon in the first position and
so on. Obviously if only one hyperon is present in the A-body system, only
the first two definitions of βi are necessary.

The relation between the relative coordinate of two interacting particles,
i and j, in an hypernucleus after the application of the Qij12 permutation:

rNiNj =
1√
2
ηN ;

rNiΛj =
1√
µ+ 1

ηN ;

rΛiΛj =
1√
2µ

ηN .

(5.9)

If nΛ is the number of hyperons and nN = A − nΛ the number of nucle-
ons, we define the operator Ĉ(nN , nΛ) as the sum of the Casimir operators
Ĉ(nN ) and Ĉ(nΛ) associated, respectively, to the permutation groups SnN
and SnΛ :

Ĉ(nN , nΛ) = Ĉ(nN ) + Ĉ(nΛ) =

nN∑
j>i=1

Qij +
A∑

j>i=nN+1

Qij , (5.10)

where Q̂ij is the usual permutation operator for particles i and j.

By recalling eq. (1.7), the Hamiltonian for a Λ-hypernucleus with a Λ − Σ
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mixing interaction model is defined as:

H =

(
T

T + ∆TmΣ

)
+

(
0

∆M

)

+

(
VNN

VNN

)
+

(
VNΛ−NΛ VNΣ−NΛ

VNΛ−NΣ VNΣ−NΣ

)
(5.11)

In this case the ∆M matrix is not diagonal in the isospin basis because of
the different mass of the three different isospin states of the Σ particle: Σ0

for tz = 0, Σ− for tz = −1 and Σ+ for tz = 1. Each matrix element has to
be explicitly evaluated by means of Clebsch-Gordan recouplings. The same
consideration holds for the calculation of the ∆TmΣ matrix.

5.3 Benchmark Results of Binding and Separation En-
ergies

As mentioned in the introduction, we considered two different cases, adopt-
ing two versions of the Argonne NN potential in combination with the two
aforementioned interaction models for the YN sector. We computed the to-
tal binding energies of Λ-hypernuclei and corresponding core nuclei and
the Λ separation energies BΛ.

In the first case the adopted NN potential is the Argonne V4’ (AV4’). We
omit the electromagnetic part. The YN interaction is the Bodmer-Usmani
2-body ΛN potential with exchange parameter ε set to zero due to techni-
cal complications in its treatment with AFDMC method. We denote it with
B.U.2b

′
to distinguish from the complete ΛN force (B.U.2b) employed in the

3-body calculation in the next section. As explained in ref. [47], the omis-
sion of the 3-body hyperon-nucleon force in this framework produces over-
estimated hyperon separation energies, as can be seen in table 5.1. However
our aim is to compare the accuracy of NSHH for hypernuclear systems with
other ab-initio methods for a given interaction model, rather than reproduc-
ing the experimental results. In Tab. 5.1 we report the complete comparison
between NSHH and AFDMC for 3- to 5-body systems, and an additional
comparison with FY results in the 3-body case [80].
The uncertainties of NSHH results are calculated as the standard deviation

on the last three to four data in the convergence pattern. Due to the larger
computational effort in reaching full convergence in the 4- and 5-body case,
the error bar is about one order of magnitude larger than in the 3-body case.
In particular we have an error estimate of few KeV for both NSHH and FY
calculations for 3

ΛH and of 10 keV for 4
ΛH and 5

ΛHe. We believe that more
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TABLE 5.1: Binding and separation energies in MeV for dif-
ferent systems withA = 3−5. The NN potential is the AV4’
(no Coulomb force) and the YN potential is the 2-body ΛN
Bodmer-Usmani with exchange parameter ε = 0 (B.U.2b

′
).

Interaction System Jπ NSHH AFDMC FY exp

AV4’ 2 H 1+ -2.245(15) -2.245(1) -2.225
AV4’+B.U.2b

′ 3
ΛH 1/2+ -2.539(2) -2.42(6) -2.537(1)
BΛ 0.294(2) 0.18(6) 0.292(1) 0.13(5)

AV4’ 3 H 1/2+ -8.98(1) -8.92(4) -8.482
AV4’+B.U.2b

′ 4
ΛH 0+ -12.02(1) -11.94(6)
BΛ 3.04(1) 3.02(7) 2.04(4)

AV4’ 4 He 0+ -32.89(1) -32.84(4) -28.30
AV4’+B.U.2b

′ 5
ΛHe 1/2+ -39.54(1) -39.51(5)
BΛ 6.65(1) 6.67(6) 3.12(2)

precise calculations with error bars reduced by about a factor ten will be
calculated in the near future with the help of an improved parallelization.
AFDMC uncertainties are typically larger due to the statistical nature of the
method.
The 5-body results, both binding and separation energies, are in very good
agreement between NSHH and AFDMC. For lighter systems good agree-
ment is found for BΛ, while AFDMC binding energies are 50 ÷ 100 keV
higher than the corresponding NSHH. This is due to technical complica-
tions in the AFDMC implementation of the many-body wavefunction for
open-shell systems. A new way to treat 2- and 3-body correlations in AFDMC
is under study.
Due to the central character of the potentials, the NSHH basis is constrained
by the total orbital angular momentum L and the spin S of the system, be-
sides the isospin numbers T and Tz . The resulting order of magnitude of
the basis employed to reach the accuracy of the values shown in Tab. 5.1
is 102 for the three-body, 104 for the four-body and 106 for the five-body
case. These dimensions would not be sufficient to reach convergence within
a simple variational approach,due to the strong short-range repulsion of
the potential. The Lee-Suzuki procedure generates softer effective interac-
tions, allowing for the efficient computation of the NSHH results shown in
Tab. 5.1.

In the second case the NN potential is the Argonne V8’ (AV8’) [68] with
no Coulomb force combined with the simulated NSC97f YN interaction of
ref. [4, 14] which contains a central, a tensor and a spin-orbit term. As
shown in the previous section it includes the Λ − Σ coupling by taking
into account the Σ degree of freedom. The AFDMC method has not been
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extended yet to deal with explicit Σ. The comparison is then carried out
among three methods, namely NSHH, FY [80] and GEM. Results are shown
in tab. 5.2 for 3- and 4-body systems. The GEM values are taken from
ref. [14].

The agreement is optimal both in the 3- and 4-body case. We expect to

TABLE 5.2: Binding and separation energies in MeV for dif-
ferent systems with A = 3 − 4. The NN potential is the
Argonne V8’ (no Coulomb force). The YN potential is the

NSC97f.

Interaction System Jπ NSHH FY GEM exp

AV8’ 2 H 1+ -2.226(1) -2.225
AV8’+NSC97f 3

ΛH 1/2+ -2.413(3) -2.415(1) -2.42(1)
BΛ 0.187(3) 0.189(1) 0.19(1) 0.13(5)

AV8’ 3 H 1/2+ -7.76(0) -7.76(0) -7.77(1) -8.43(1)
AV8’+NSC97f 4

ΛH 0+ -10.05(7) -10.10(1)
BΛ 2.29(7) 2.33(1) 2.04(4)

reduce the error bar in the 4-body case soon by applying the parallellized
version of the code. Since both the NN and YN potentials are not central
and the Σ is treated as explicit degree of freedom, the NSHH Hilbert space
is much bigger compared to the previous test based on the Bodmer-Usmani
interaction. The basis dimension is one order of magnitude larger and
therefore the convergence in this case requires additional computational
effort.

We conclude that the accuracy of the NSHH approach for 3-body hyper-
nuclear systems is good in comparison to other ab-initio methods such as
AFDMC, FY and GEM and it has not been compromised by the addition
of the considered extensions. Its applicability goes beyond A = 3 systems
and it has been tested for A = 4 and A = 5. The potentiality of the method,
however, is expected to be completely exploited by combining an efficient
parallelization procedure in order to deal with larger basis dimensions. As
pointed out in the previous chapter, this has partially been achieved and we
hope that, with some more optimization work, the aim of studying systems
with 5 ≤ A ≤ 7, including cases with strangeness S = −2, belongs to the
near future. This benchmark calculation is then intended to be the start-
ing point for the application of the NSHH method to the physical study of
hypernuclear systems.
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5.4 Application of the ΛNN Potential and Perspectives
on the 6

ΛΛHe Calculation

As described in section 4.1, the ΛNN force has been implemented in the
NSHH framework. However, for technical reasons, the addition of this
term makes the computation time grow considerably. Moreover the sym-
metrization of the matrix elements is limited to the NN particles only, so the
number of elements to store and read is much bigger than in the NNN sym-
metrized case. An optimization of this part of the code is in progress. For
these reasons we provide only the 3-body result for the hypertritium 3

ΛH
with the AV4’ NN potential combined with the ΛN+ΛNN Bodmer-Usmani
interaction.
In this way we provide a result that AFDMC calculations could not provide
in ref. [12] due to technical limits (the separation energy results negative as
shown in ref. [12]). However updated versions of AFDMC are now avail-
able and more precise results in the 3- and 4-body sector will be provided
soon. In addition, we consider the same 3-body system with the inclusion of
the space-exchange term (denoted with the label 2b′). As shown in table 5.3

TABLE 5.3: Binding and separation energy in MeV for 3
ΛH

with Argonne V4’ NN potential (no Coulomb force) and
Bodmer-Usmani(B.U.) ΛN+ΛNN force. In the second case
the AV18 potential is employed with the complete B.U. po-

tential including space-exchange term (label 2b).

Interaction System Jπ NSHH

AV4’+B.U.2b
′+3b 3

ΛH 1/2+ -2.44(2)
BΛ 0.19(2)

AV4’+B.U.2b+3b 3
ΛH 1/2+ -2.45(2)
BΛ 0.20(2)

the separation energy is in line with the result from the calculation with the
simulated NSC97f potential. The contribution of the space-exchange term,
as expected, is very small [46, 81]. A more detailed analysis on the effect of
such term on the 5

ΛHe separation energy is presented in ref. [81]. It would
be interesting by means of the NSHH method to extend this analysis by
studying such an effect on other systems, especially light open-shell hyper-
nuclei, which Monte Carlo approach could not treat with high precision up
to now. We postpone such analysis to a possible future study.

Up to now no 6-body ab-initio calculations have been performed in the hy-
pernuclear sector, with the only exception of Monte Carlo ones. The main
reason is of course the large dimension of the basis needed to obtain con-
vergent results. In fact, besides the already large dimensions of an ordinary
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6-body basis, the presence of hyperons and relative mixing degrees of free-
dom enlarge the basis of one-to-two orders of magnitude. Moreover the
most recent YY interaction models for the S = −2 sector, besides Λ−Σ cou-
pling, include additional coupling channels involving Ξ−N mixing too.
Our attempt has been to consider the above mentioned NSC97f simulated
YN potential combined with the phenomenological ΛΛ interaction from
ref. [82]. No ΣΣ channel has been included. However, additional work on
the parallelization procedure is needed and no results have been obtained
up to now.
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Conclusions

We conclude with a general recap of the present work and we highlight the
objectives achieved and the ones that still need work to be reached. Finally
we focus on the perspectives and future applications.

Extended NSHH Method: Recap

The main objective was the extension of the Non-Symmetrized Hyperspher-
ical Harmonics method in order to treat few-body hypernuclear systems.
The contribution of this work has then been focused on the method more
than on the physics of hypernuclei.

We first focused on the basic extensions of the HH formalism in order to
treat systems with different species of particles.
Due to the absence of permutational symmetry in the NSHH basis, permu-
tation operators have to be defined explicitly. When identical particles are
involved, they coincide with the HH coupling permutation operators de-
fined in ref. [15] and described in chapter 3. In case of different particles
a distinction between permutations and coupling permutations is needed,
as stressed in section 2.1.3. Coupling permutations are formally analogue
to permutation operators for identical particles, and when 2- or 3-body
potential operators involving different particles have to be evaluated, the
procedure remains basically the same as the identical particles case, de-
scribed in ref. [15], however, attention has to be paid to the presence of
different masses and different single particle quantum numbers (like spins
or isospins). True spatial permutations between different particles are em-
ployed in particular cases and have a more complex action involving both
the hyperradial and the hyperangular part of the HH basis, as shown in
chapter 4. They are needed only in specific cases, mainly when potentials
with space-exchange terms are involved.
When no particular interaction models containing permutation operators
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are involved, the formalism of the coupling transformations among differ-
ent particles has no substancial differences with respect to the case of iden-
tical particles, as shown in chapter 3. By consequence the main difference
in the calculation of the potential operator is the presence of multiple inter-
actions, which have to be implemented separately and, when an effective
interaction procedure is applied, it has to be applied to each kind of inter-
action separately, as shown in section 3.4.
Of course, when different species of particles are present, the permutational
symmetry is limited to each subset of identical particles so the Casimir op-
erator, which selects the physical eigenstates of the Hamiltonian, splits into
as many terms as the present species, as shown in section 3.3.

In chapter 4 we introduced a number of extensions in order to treat interac-
tion models with specific features that are present in most of the hypernu-
clear interactions, as 3-body or particle mixing terms.
In the first case we have adapted the implementation of the 3-body NNN
force described in ref. [73] to the specific case of the ΛNN force. This al-
lowded us to use the phenomenological Bodmer-Usmani ΛN+ΛNN inter-
action model.
In the second case we have extended the NSHH formalism in order to take
into account additional degrees of freedom due to the presence of particle
mixing. Attention has been paid to the management of the masses, which
are not fixed anymore, but could depend on some of the quantum numbers
defining a given state, like the isospin in the Λ − Σ coupling case. In fact,
due to the fact that the HH basis is built over a mass dependent set of co-
ordinates, the calculation of the mixing potential matrix elements leads to
technical complications. They are due to the need of a transformation that
allows to pass from one HH basis set built over a given set of masses to an-
other HH set based on a different set of masses. We have circumvented such
a problem by keeping fixed only one set of mass parameters for the whole
HH basis functions and calculating explicitly the kinetic energy difference
related to the blocks of states where the mass parameters of the Jacobi set
are different from the physical ones.
By adopting the same principle, in section 4.2.2 we have also shown how to
implement permutation operators between different particles.
Part of the work has also been devoted to the parallelization of the NSHH
method with the aim of reaching the possibility to treat systems withA ≥ 5.
An hybrid MPI+OpenMP scheme has been implemented, but still with par-
tial results. On this basis a deeper and more systematic study still has to be
done, especially by means of some of the modern profiling softwares in
order to better define the dependence of the time scaling on the input pa-
rameters.
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Results

Since the general aim was to introduce a new tool for the study of few-
body hypernuclei, our applications have been focused on such systems.
We have performed benchmark calculations of binding and separation en-
ergies of systems with A = 3 ÷ 5 involving different ab-initio methods,
namely the Auxiliary Field Diffusion Monte Carlo (AFDMC) method, the
Faddeev Yakubovski equations (FY) and, by reference, the Gaussian Expan-
sion Method (GEM).
In particular, we have provided results for Λ-hypernuclei by adopting the
2-body ΛN Bodmer-Usmani interaction and compared them to the AFDMC
results, showing an acceptable agreement, especially considering the preci-
sion limits of the Monte Carlo calculations for open shell systems, like the
3
ΛH and the 4

ΛH. In fact the agreement for the 5
ΛHe, which is a closed shell

system, is optimal. In the 3-body case we have also provided an additional
comparison with FY results, showing a difference in the calculated binding
energy of the order of 0.1%.
The mixing extensions introduced in chapter 4 have been used in the bench-
mark calculations of the 3

ΛH and the 4
ΛH systems with the employment of

the simulated NSC97f interaction and the results have been compared with
the GEM results from ref. [14] and, in the 3-body sector, with FY results,
showing a general agreement of the same order of the previous calculations.
We conclude that the introduced NSHH extensions, in general, preserve the
accuracy of the HH-based approaches.
Finally we have performed a 3-body calculation by adding the 3-body ΛNN
Bodmer-Usmani potential to the already used 2-body ΛN part with no space
exchange, and compared the result with the value obatained with the ad-
dition of the space-exchange term. We observed a small difference of the
order of 10 keV, in line with the analysis in ref. [81]. However, we post-
pone a deeper study on a possible future development. Calculations with
4- and 5-body systems and with the 3-body NNN and NNΛ forces are still
in progress, due to technical difficulties in the management of the 3-body
operators in our NSHH code.
A 6-body calculation of the ΛΛ-hypernucleus 6

ΛΛHe has been set up, how-
ever it is still in the preliminary phase of testing and no significative results
have been obtained. More work on the parallelization procedure is needed,
due to the very large dimension of the basis which, besides the number of
particles, is determined by the multiple mixing degrees of freedom in the
S = −2 sector.
In conclusion, the NSHH method (combined with the Lee-Suzuki effective
interaction) shows quite a promising versatility, allowing the treatment of
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a variety of systems and interaction models. Such a versatility, however,
is expected to be completely developed when the included parallelization
procedure will be fully optimized.

Perspectives

The NSHH method has been adapted for the treatment of few-body hy-
pernuclear systems and tested for systems up to 5-body. The idea is that,
by implementing a suitable parallelization procedure, one could go beyond
the 5-body sector. In fact, up to now, almost no ab-initio methods have
been able to treat 6- or more body hypernuclear systems like, for example,
the 6

ΛΛHe without cluster approximations (except Monte Carlo ones and
NCSM for single Λ-hypernuclei [9]). However, as explained, some work
still has to be done in this sense, in particular the optimization of the shared
memory openMP part in the parallelized scheme of the NSHH code.
In chapter 4 we solved the particle mixing problem by calculating explic-
itly the operator of the difference in kinetic energy due to the difference of
the masses in the coupled particles. However we have recently defined the
representation in the HH basis of the set of transformations Wζζ′ that allow
to pass from one Jacobi set defined on a given set of masses ζ to another
set defined on a different one, ζ ′. The aim is to introduce a new set of co-
efficients that define the passage from an HH basis defined over a ζ set to
another HH basis defined over a different ζ ′ set. First numerical tests have
been performed for 3-body systems and we expect to fully develop the for-
malism in the near future.
One limit of the present method is the fact that it is defined in coordinate
space, precluding the employment of the most recent YN interactions com-
ing from χEFT theory. A conversion of the method in momentum space is
in progress, and once it will be completed, the implementation of the ex-
tensions introduced in this work should be almost straightforward. The
possibility to adopt interactions coming from χEFT or meson-theoretical
models is not a secondary aspect because, due to the lack of experimen-
tal data in the hypernuclear sector, interaction models whith a non purely-
phenomenological basis constitute the fundamental line of investigation,
opening the possiblity of improvements that are not fully dependent on the
lacking experimental database.
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Appendix A

Matrix Elements of ∆η1 in the
NSHH Basis

We derive the explicit form of the ∆η1 operator in the NSHH basis. We
have:

∆η1 =
∂2

∂η2
1

+
2

η1

∂

∂η1
+
l̂1
ρ2

. (A.1)

By expliciting the derivation in the complete HH set, we decompose the
operator in its hyperradial and hyperangular parts:

∂2

∂ρ2
∆a

Ω +
2

ρ

∂

∂ρ
∆b

Ω +
1

ρ2
∆c

Ω . (A.2)

The matrix elements of the ∆a
Ω operator:

∆a
Ω = −l1(l1 + 1)

N∏
α=2

Pα1/c2

− 2

N∑
i=i+1

(
N∏

α=i+1

Pα1/c2

)(
i−1∏
α=2

δKKα

)[
(l + k)δKKi −KP i1/c2 − 4P ∂s2

]

− 2

i−1∑
i=2

(
i−1∏
α=2

Pαc2

)(
N∏

α=i+1

δKKα

)[
(l + k)P ic2 −Kδ

kk
i − 4P ∂s2c2

]

+
N∑
i=2

(
i−1∏
α=2

Pαc2

)(
N∏

α=i+1

Pα1/c2

)[
(l +K + (l +K)2)P ic2

+K(K − 1)P i1/c2 − (2K2 + l(2K + 1))δKKi +

(8(K + l)− 4)P ∂s2 − (8(k + l) + 12)P i∂s2c2 + 16P i∂
2

s2c2

]

(A.3)
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+
∑
i>j

(
j−1∏
α=2

Pαc2

) i+1∏
α=j−1

δKKα

( N∏
α=i+1

Pα1/c2

)[
(l +K)P j

c2
−KδKKj − 4P j∂

s2c2

]
[
(1−K)P i1/c2 + δKKi (l +K − 1)− 4P i∂s2

]
+
∑
i<j

(
i−1∏
α=2

Pαc2

)(
j−1∏
α=i+1

δKKα

) N∏
α=j+1

Pα1/c2

[−(K + 1)δKKi

+(l +K + 1)P ic2 − 4P i∂s2c2
]

[
(l +K)δKKj −KP j

1/c2
− 4P j∂

s2

]
.

(A.4)

The ∆b
Ω operator:

∆b
Ω = 2δKKT

− 2
N∑
i=2

(
i−1∏
α=2

Pαc2

)(
N∏

α=i+1

δKKα

)[
(l + k)δKKi −KP i1/c2 − 4P ∂s2

]

+
N∑
i=2

(
i−1∏
α=2

Pαc2

)(
N∏

α=i+1

δKKα

)[
δKKi − P ic2

]
.

(A.5)

The ∆c
Ω part:

∆c
Ω =

N∏
α=2

P ic2 . (A.6)

We adopted the following notation:

P if =

∫
dφi

(i)PKi−1(φi)f(φi)
(i)PK′i−1

(φi) ;

δKKi =

∫
dφi

(i)PKi−1(φi)
(i)PK′i−1

(φi) ;

P i∂f =

∫
dφi

(i)PKi−1(φi)f(φi)
∂

∂φi
(i)PK′i−1

(φi) ;

P i∂
2

f =

∫
dφi

(i)PKi−1(φi)f(φi)
∂2

∂φ2
i

(i)PK′i−1
(φi) ;

(A.7)
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where the (i)PKi−1(φi) are the hyperspherical polynomials of eq. (2.60).
If the nubers l and K are called inside a sum over an index i, they are in-
tended to be li and Ki−1. Finally, the labels of the angular functions:

c→ cos;

s→ sin ;

c2 → cos2 ;

1/c2 → 1/ cos2 .

(A.8)

Of course each hyperangular matrix element has to be multiplied by the ap-
propriate hyperradial element, following the association shown in eq. (A.2).
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Appendix B

Lists of Parameters for 2-body
YN Potentials

In table B.1 we report the parameters of the 2-body Bodmer-Usmani YN
potential employed in the benchmark calculations of chapter 4.

TABLE B.1: List of constants defining the 2-body part of the
Bodmer-Usmani interaction [46].

Constant Value Unit

Wc 2137 MeV
r 0.5 fm
a 0.2 fm
v 6.15 MeV
vσ 0.24 MeV
c 2.0 fm−2

1/µπ 1.429504 fm

In table B.2 the parameters of the NSC97f simulated YN interaction of ref. [14]
are shown. The labels C, T and LS are related to the operators associated
to the corresponding radial function, in particular central, tensor and spin-
orbit.
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TABLE B.2: List of constants defining the NSC97f simulated
YN interaction [14].

i 1 2 unit
βi 0.5 1.2

0,1V C
NΛ−NΛ 732.08 -99.494 MeV

0,1V C
NΛ−NΣ 61.223 -15.997

0,1V C
NΣ−NΣ 1708.0 80.763

0,3V C
NΣ−NΣ 695.39 -109.37

2,1V C
NΛ−NΛ 1068.8 -45.490

2,1V C
NΛ−NΣ -770.21 68.274

2,1V C
NΛ−NΣ 863.76 28.284

2,3V C
NΣ−NΣ -181.08 23.282

2,1V T
NΛ−NΛ -243.31 -10.413

2,1V T
NΛ−NΣ 287.54 62.438

2,3V T
NΣ−NΣ 333.05 22.234

2,1V LS
NΛ−NΛ 1023.8 -17.195

2,1V LS
NΛ−NΣ -19.930 22.299

2,3V LS
NΣ−NΣ -462.31 0.0023
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Appendix C

Benchmark Results for Systems
with A= 3÷ 5

In table C.1 some benchmark results for binding and separation energies
with unrealistic YN gaussian potentials are shown. The parameters for the
potentials and the notation are shown in section 3.5.3. NSHH results are
compared with AFDMC [70] and NCSM ones [71].

TABLE C.1: Benchmark calculation for light Λ hypernuclei.
Minnesota NN potential, no Coulomb. Energies in MeV.

NN + ΛN potential System AFDMC NCSM NSHH

3
ΛH -2.38(12) -2.29(2) -2.27(1)
BΛ 0.21(13) 0.07(2) 0.05(1)

Minnesota + 4
ΛH -18.12(15) -17.9(3) -17.694(3)

MN T = 0 × 0.9 BΛ 10.07(17) 9.51(30) 9.304(3)
5
ΛHe -70.41(25) — -70.70(1)
BΛ 39.67(25) — 39.92(1)

Minnesota, centr only+ 4
ΛH -28.87(15) — -29.02(20)

MN T = 0 × 0.9 BΛ 20.82(17) — 20.64(20)

Minnesota+ 4
ΛH -9.01(13) -10.06(1) -10.06(1)

MN T = 1 × 0.9 BΛ 0.96(15) 1.67(1) 1.68(1)

3
ΛH -2.35(12) — -2.30(5)
BΛ 0.17(13) — 0.08(5)

AV4’+ 4
ΛH -19.11(16) — -18.831(5)

MN T = 0 × 0.9 BΛ 10.39(18) — 9.62(10)
5
ΛHe -72.34(35) — -72.8(6)
BΛ 39.58(36) — 40.1(6)
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