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The Faithful who gather at the mosque of Amr, in Cairo, are acquainted
with the fact that the entire universe lies inside one of the stone pillars that
ring its central court. .. No one, of course, can actually see it, but those who
lay an ear against the surface tell that after some short while they perceive

its busy hum. ..

- J.L.Borges, The Aleph






Introduction

During the first half of the 20th century, Federigo Enriques classified complex algebraic
surfaces up to birational equivalence; this classification was extended to all compact
complex manifold of dimension 2 in the 60’s of the same century by Kunihiko Kodaira.
The classification, that is widely known as the Enriques-Kodaira classification, divides
compact complex surfaces in four families, according to their Kodaira dimension. Three
of these families, namely those surfaces with Kodaira dimension —oo,0 and 1, are
nowadays quite well known, while the fourth family, the one consisting of surfaces with
Kodaira dimension 2, still poses numerous open problems. These latter are known as

surfaces of general type.

Each surface of general type is associated with certain invariants; topological in-
variants, such as the self intersection of the canonical divisor K2, and birational in-
variants, such as the irregularity q and the geometric genus p,. These invariants de-
termine the other classical invariants: the (holomorphic) Euler-Poincaré characteristic

X := 1 —q+py and the topological Euler-Poincaré characteristic e = 12x — K2

All of these values are related by several inequalities, that force minimal surfaces
of general type to live in a bounded region of the (x, K?)—space. Actually, it is not
know if minimal surfaces of general type fill this region and this leads to the geography
problem: once two admissible values for y and K? are given, does there exist a minimal
surface of general type having these invariants? One of the strategies we can adopt to
solve the problem is to develop a way to construct surfaces of general type for fixed
values of y and K2. It is important to have as many example of surfaces of general

type as possible, for they often are useful to test problems and conjectures.

In [Bea8&3b], Beauville proposed a simple construction of a surface of general type,
considering the quotient of the product of a curve C' with itself with respect to the free
action of a finite group G. Inspired by this construction, Catanese defined in [Cat00]
surfaces isogenous to a product, quotients (C x Cy)/G where C;’s are Riemann surfaces

of genus at least two and G is a finite group acting freely on C7 x Cs. The significant
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aspect of these surfaces is that they are determined by combinatorial data that can be
managed by an algorithm.

According to [Cat00], the action of a finite group on a product of two curves C;
and Cy both of genus at least two can be of two types: mized, when some elements of
G exchange the two factors (and then C = Cs), and unmized otherwise.

After Catanese, many authors studied surfaces birational to a quotient of a product
of two curves, and several new surfaces of general type have been constructed in this
way, mainly in the case with x = 1; see, for example, [BC04],[BCGOg|, [BCGP12],
[BP12], [BP16], [Fral3|, [EP15], [CP09], [Pol09], [MP10], [Penll], [Zuc03]. In all of
these works, the authors assume the group action to be free outside of a finite set of
points. We call this case quasi-étale.

In the present work, we drop the quasi-étale assumption and we consider the follow-
ing situation. Let C be a smooth projective curve of genus at least two and G be a finite
subgroup of Aut(C x C') whose action is mixed. The quotient surface X := (C x C)/G
is a mized quotient, and its minimal resolution of the singularities S — X is a mized
surface. We denote by G° <G the index two subgroup of G consisting of those elements
that do not exchange the factors.

In general, the singularities of X are rather complicated, but if we assume the action
of G¥ to be free, i.e. (C x C)/GY to be a surface isogenous to a product, then X is
smooth and we call it a semi-isogenous mixed surface. This work is devoted to the
study of these surfaces.

Following the strategies of the above mentioned papers, our classification method
combines geometry and group theory. To each semi-isogenous mixed surface we can
associate the group G and a generating vector for GV (see Definition . The idea is
that the geometry of X is encoded in this pair of algebraic data, hence the problem of
constructing surfaces is translated into the problem of finding pairs (group, generating
vector) subjected to certain conditions of combinatorial type.

One of the results of this work is an algorithm which, once the integers p,, ¢ and K 2
are given, produces all semi-isogenous mixed surfaces with those invariants. The algo-
rithm was implemented using the computer algebra software MAGMA (see Appendix
for the commented script).

The algorithm works for arbitrary values of K2, pg and ¢; running the program for

all possible positive values of K2 and pg = q we obtained the following theorems.

Theorem A. Let X := (C x C)/G be a semi-isogenous mized surfaces with py(X) =
q(X) =0 and K% > 0, such that |G°| < 2000 and |G°| # 1024. Then X belongs to one
of the 15 families collected in Table |l and it is of general type.
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Theorem B. Let X := (C x C)/G be a semi-isogenous mized surfaces with py(X) =
q(X) =1 and K§( > 0. Then X belongs to one of the 35 families collected in Table@
and Table[3 and it is of general type.

Theorem C. Let X := (C x C)/G be a semi-isogenous mized surfaces with py(X) =
q(X) =2 and K)z( > 0. Then X belongs to one of the 9 families collected in Table

and it is of general type.

For convenience, the tables can be found both on pages and on pages
they are explained and commented in Subsection [£.6.3] In Theorem [A] the assumption
|GY| <2000 and |G°| # 1024 is a computational assumption; since MAGMA has some
limitations (see Remark , we ask the algorithm to skip some cases. For p; = ¢ > 3,
we already have a complete classification of the surfaces of general type (see [Bea82],
[CCMLO8], [Pir02], [HPO2]).

This classification led to the construction of new surfaces of general type; we men-
tion, above all, one of the first examples of minimal surface of general type with K2 = 7
and py = q = 2.

The last part of this thesis is dedicated to the minimality problem of semi-isogenous

mixed surfaces. Let X := (C x C)/G be a semi-isogenous mixed surface and let
n:CxC—X

be the quotient map, ramified along R. We prove that H'(2K x) is isomorphic to the
cokernel of the G° invariant part of the restriction map of the global sections of the

bicanonical system of C' x C' to R, i.e. if
0 0
Po: H0(2KC><0)G — HO(Qchc‘R)G

is the restriction map, then H'(2Kx) = coker(po).
Moreover, it is possible to displace this problem onto the curves C' and R; we prove
that H'(2Kx) = coker(¥q), where

Uo: (HY(2K o) ® H'(2K))C" — HY (4K )"

and the G%-actions are defined in Theorem [5.16]

The thesis is organised as follows.

e Chapter [I] is devoted to the study of covering spaces and Riemann surfaces. In

Section [1.1] we recall some well known results about covering spaces and lifting
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properties; moreover, we review the action of the fundamental group m (X, x) on

the fibre p~1(z) of a covering space p: X’ — X.

We focus on Galois covering of Riemann surfaces; in Section [I.2] and Section [I.3
we state some classical results, such as Hurwitz Formula and Riemann Existence
Theorem. In Subsection we see how a Galois covering p: C — C/G deter-
mines an algebraic datum, an appropriate orbifold homomorphism. In Subsection
We reverse this construction: we prove that once we are given an appropriate

orbifold homomorphism, we can define a Galois covering p: C' — C/G.

In Section|1.4|we consider a Riemann surface C' and a finite subgroup G of Aut(C');
we show that the action of 71 (C) on the universal cover of C' extends to the action
of a bigger group. This will be useful for the classification of semi-isogenous mixed

surfaces.

In Section we recall the definition of the canonical ring R(X) associated
with a compact complex manifold X and the definition of its Kodaira dimension
k(X); in particular, we study the the canonical ring R(C') of a Riemann surface
C. Eventually, we give the classification of Riemann surfaces according to their

Kodaira dimension.

In Chapter [2| we recall some standard results concerning smooth complex surfaces.
In Section [2.6| we describe the Enriques-Kodaira classification of compact complex
surfaces. In Section [2.7] we direct our attention to surfaces of general type; in
particular, we prove that for this class of surfaces, the first cohomology group
of the bicanonical system is strictly related with the minimality problem. Then
we recall some inequalities that hold for the invariants associated with a minimal
surface of general type; these inequalities naturally lead to the geography problem.
In the last section of this chapter, we illustrate the well known classification of

surfaces of general type with p, = ¢ > 3.

In Chapter [3] we examine group actions on a product of curves; in particular,
referring to the results of Catanese contained in [Cat00], we give a description of
the automorphism group of the product C; x Cy, where both C;’s are curves of
genus at least two. We see that in the case C; =2 (Y, there are two types of actions:
unmized and mized. In Section [3.2] we give a description of surfaces isogenous to
a product. Referring to the work of Frapporti and Pignatelli in [FP15], we briefly

discuss mized quasi-étale surfaces.

e Chapter [4] is dedicated to the study of semi-isogenous mized surfaces. Let C be
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a curve of genus g(C) > 2, let G be a finite group acting on C x C and let G°
denote the index 2 subgroup of elements that do not exchange the factors. We
give a description of the locus of points in C' x C' having a non-trivial stabilizer,
setting a bijection between the set of point-wise fixed curves and the elements of
G\ GY of order 2.

After the definition of semi-isogenous mizred surface, in Section we study the

ramification and branch locus of the quotient map
n:CxC—X:=(Cx0C)/G,

while in Section [4.3] we compute the invariants associated with X. In Section [4.4
we compute the genus of the general Albanese fibre when ¢(X) = 1. In Section
we exploit the main theorem of [Arm68| in order to determine the fundamental

group of X.

These results are combined to develop an algorithm that classifies all semi-isogenous
mixed surfaces with fixed invariants K2, pg and g. This algorithm - implemented
in MAGMA - and its theoretical background are described in Section [4.6] where
we give some explicit bounds for the algebraic data that guarantee the finiteness
of the algorithm. We run the program for 0 < p; = ¢ < 4 and 1 < K? < 8;
results are listed and commented in Subsection Because of some computa-
tional limits of MAGMA, the algorithm is forced to skip some cases, which are
listed in Subsection [£.6.4, We complete the chapter extending the construction

of semi-isogenous mixed surfaces to the case of low values of g(C).

In Chapter [f] we address the minimality problem of semi-isogenous mixed surfaces.
In Section [5.1| we study the bicanonical system of a semi-isogenous mixed surface
X = (C x C)/G; we prove that this problem can be translated into a problem
concerning the curve C and the ramification locus R of the quotient map C x C' —
X. As a byproduct, in Section |[5.2| we prove that if X is of general type and the
ramification locus is irreducible, then it is minimal. Exploiting Hodge Index
Theorem, in Sectionwe give an explicit bound for h'(2Kx) when x(Ox) = 1.
We complete the chapter using this result to compute the minimal model of some
of the surfaces constructed in the Chapter [4 in particular, we prove that all

semi-isogenous mixed surfaces with y = 1 and K2 > 6 are minimal.






K% G 1d(G) G° Id(G%) | g(C) | Type | Branch Locus B | Hy(X,Z)
8 Dy g5 ¥ 73 64, 92 Z3 x Dy 32, 46 9 [0;2°] 0 73 x Zg
8 256, 3679 | (Z3 x Z4) X Zy | 128, 36 17 | [0:43] 0 73 x 7.2
8 256, 3678 | (Z3 X Z4) X Zy | 128, 36 17 | [0;43] 0 73 x 72
8 256, 3678 | (Z3 x Zs) x Zys | 128, 36 17 | [0;4%] 0 74 X 7y
8 256, 3678 | (Z3 x Za) x Zys | 128, 36 17 | [0;4%] 0 Z3
6 Zs x 73 32,43 Zo % Dy 16,11 9 | [0;29] (3,-8) 73 x 72
6 73 % 7o 32,27 v/ 16,14 9 | [0;29) (3,-8) 73 <73
6 73 % 7o 32,27 73 16,14 9 | [0; 29 (3,-8) 73
6 Z7 x Dq 98,3 v/ 49,2 15 | [0; 73] (3,-8) v/

6 Z7 x Dq 98,3 /s 49,2 15 | [0; 73] (3,-8) /s

6 Z3 x Dy 128, 734 73 %73 64,211 17 | [0; 29 (3,-8) Zo x 72
6 | (Z%x Dg)xZy | 128,750 73 x Ds 64,250 17 | [0; 29 (3,-8) Zo x 73
6 | (Z2 x Dg) x 7% | 128, 1797 Z3 x Ds 64,250 17 | [0; 29] (2, —4)? Zo x 723
2 | (Z3 x Dy) xZ% | 256, 47930 Z3 % Dy 128, 1135 | 33 | [0; 2°] (3,-8)3 Z3 X Ly
2 | (Z2x7Z3%) =73 | 256, 45303 74 x Dy 128, 1135 | 33 | [0;25] | (3,—8)%,(2,—4)% | Z3 X Z4

Table 1: pg:q:O,K2>O

X






K% Id(G) G° Id(G°) | g(C) | Type | Branch Locus B H(X,Z) Galp | Min?
8 16,6 | Zg X Zy 8,2 5 [1;22] 0 Zy X 77 5 Yes
8 16,8 Dy 8,3 5 | [1;2% 0 Zy x 72 5 | Yes
8 16,3 Z3 8,5 5 | [1;2%] 0 73 x 72 5 | Yes
7 24,8 Dg 12,4 7| [1;29 (2,-4) Zo x 72 5 | Yes
7 2410 | Zoy X Zg 12,5 7 [1;22] (2,—4) Ty x 72 5 Yes
6 8,3 Z3 4,2 5 | [1;29 (3,-8) Z3 x 72 3 | Yes
6 18,3 73 9,2 7| [1;3% (3,-8) Zs x 72 4 | Yes
6 32,43 | Zo x Dy | 16,11 9 | [1;2% (3,-8) ZoxZyxZ?| 3 | Yes
6 32,28 | Zoy x Dy | 16,11 9 | [1;2% (2, —4)* ZoxZyxZ?| 3 | Yes
6 32,28 | Zo x Dy | 16,11 9 | [1;2% (3,-8) 73 x 72 3 | Yes
6 32,11 73 16,2 9 | [1;2% (3,-8) Zy x 72 3 | Yes
6 32,42 | Dy xZsy | 16,13 9 | [1;2% (3,-8) 7% x 72 3 | Yes
6 32,31 | Z3xZy | 163 9 | [1;2% (3,-8) 73 x 72 3 | Yes
6 Z3XZy) X Zo | 32,30 | ZEZxZy | 16,3 9 | [1;27] (2, —4)? Zy x 72 3 | Yes
6 32,38 | ZoxZs | 165 9 | [1;27] (2, —4)? Zy x 72 3 | Yes
6 32,25 | Z3 x Zy | 16,10 9 | [1;2% (2, —4)? 73 x 72 3 | Yes
6 | (Z3xZa)xZo | 32,30 | Z3xZg | 16,10 9 | [1;2% (3,-8) 7% x 72 3 | Yes
4 48,38 | Z3 x S5 | 24,14 13| [1;22] | (2,-4),(4,-12) 73 x 72 3
4 48,37 | Zy x Sz | 24,5 13 | [1;2%] | (2,-4),(4,-12) Zo x 72 3

Table 2: pg:qzl,K224

X






A
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G Id(G) G° Id(G®) | g(C) | Type | Branch Locus B | Hi(X,Z) | gap | min?

(Zg X 73) x Zs | 64,153 | Dags X Zo 32,7 17 | [1;22] | (3,-8),(5,—16) | ZyxZ* | 3 No
Zg x Dy 64,150 Dy % 7y 32,9 17 | [1;22] | (3,-8),(5,—16) | ZyxZ? | 3 No

73 x Dg 64,147 Dy % Zy 32,9 17 | [1;22] | (2,-4)%,(5,-16) | ZoxZ? | 3 No
(Zy x Dg) x Zsy | 64,128 Zs x Ds 32,39 17 | [1;22] | (2,-4)%,(3,-8)2 | ZoxZ? | 3 No
Q % Dy 64,130 Zy x Dog 3 32,40 17 | [1;2% (3,-8)3 Zo x 72 3 No

Dy x Dy 64,134 Zg X 73 32,43 17 | [1;2% (3,-8)3 Zox7% | 3 No
(Zy x D) X 73 | 64,227 VW 32,22 17 | [1;2%] | (3,-8)%,(2,—4)% | ZExZ* | 2 No
(Zy x Dy) X 73 | 64,227 Z3 % 7y 32,22 17 | [1;22] | (3,-8)%,(2,-4)% | ZZxZ? | 2 No
Za x (Dy X Zso) | 64,228 | (Zy ¥ Zg) X Lo | 32,23 17 | [1;22] | (3,-8)%,(2,—4)? | Z3xZ* | 2 No
(Zy x Dy) X Zo | 64,234 | (Zy X Zy) X Zo | 32,23 17 | [1;2% (3,-8)3 Z3x7% | 2 No
(Zy x Dy) ¥ Zso | 64,234 Z3 X 7o 32,24 17 | [1;2%] | (3,-8)%(2,—4)% | ZExZ* | 2 No
(Zy x Q) x Zy | 64,236 7% X 7o 32,24 17 | [1;22) (3,-8)3 Zix7? | 2 No
72 % 73 64,219 Zy x Dy 32,25 17 | [1;2% (3,-8)3 Z3x7% | 2 No
(Z3 x Dy) x 7y | 64,221 74 x Dy 32,25 17 | [1;2% (3,-8)3 Z3x7% | 2 No
(Zo x Z4) x Dy | 64,213 Zy % Dy 32,25 17 | [1;2%]) | (3,-8)%,(2,—4)% | ZExZ? | 2 No
73 %173 64,206 Zy x Dy 32,25 17 | (127 | (3,-8),(2,—4)* | Z3x7Z? 2 No

Table 3: p, =q=1,0< K? <4

AX






K% G Id(G) | G° | 1d(G°) | g(C) | Type | Branch Locus B | H(X,Z) min?
8 Zy 4,1 | Zs 2,1 3 [2;-] 0 Zo x 74 Yes
7 Zg 6,2 | Zs 3,1 4 (2;-] (2,—4) 74 Yes
6 Dy 83 | Z3 4,2 5 [2;-] (3,—8) z* Yes
6 D, 83 | Z3 4,2 5 [2;-] (3,-8) Zy x 74 Yes
6 | ZoxZy | 82 | Zy 4,1 5 (2;-] (2,—4)2 74 Yes
4 Dy 12,4 | Ss 6,1 7 2] | (2,-4),(4,-12) | Z* =m(X) | No, K% =5
2 | Zoyx Dy | 16,11 | Dy 8,3 9 2] | (2,-4)%(3,-8)% | Z* =m(X) | No, K% =4
2 | Zayx Dy | 16,11 | Dy 8,3 9 2] | (2,-4)%,(3,-8)? | Z* =m(X) | No, K% =4
2 | DyxZsy | 16,13 | Q 8,4 9 [2;-] (3,-8)3 7' =m(X) | No, K% =4

Table 4: p, =q=2, K? >0

HAX
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Chapter 1

Riemann Surfaces

1.1 Covering spaces

Definition 1.1. Let X be a topological space. A covering space (or étale covering)
of X is a pair (X' , D), where X is a topological space and p: X — X that satisfies the
following property: for each x € X there exists a path-connected open neighbourhood

U such that each component of p~!(U) is mapped homeomorphically onto U by p.

Remark 1.2. For every x € X the topology induced by the topology of X on the fibre
p~Y(z) is the discrete topology.

Once we are given a covering space p: X — X and 29 € X we can define a
71 (X, x9)—action on the fibre p~1(xg). Let v be a loop on X based at zg, let 7 be
the inverse path, i.e. J(t) := v(1 —t), and let € p~1(x¢); by the so called path lifting
property (cf. [Hat02, page 60]) there exists a unique lift 4 of ¥ with starting point z,

therefore we have a well defined map
Ly:p~ (o) = p~ ' (20)

that sends the starting point 4(0) of each lift 4 to its ending point 4(1).

The map L., depends only on the homotopy class of v (cf. [Mas02, Lemma V.3.3]),
then the association v — L. gives an homomorphism from (X, zg) to the group of
permutation of p~!(xo).

This defines a left action of w1 (X, zg) on the fibre p~!(x), and for & € p~!(xq) the
stabilizer of Z is the subgroup p,(m (X, #)).

Definition 1.3. An isomorphism between two covering spaces p1: X; — X and

Pa: Xy > X isa homeomorphism ¢: X1 — X> such that p1 = P2 0 P.

3



4 CHAPTER 1. RIEMANN SURFACES

For further results and details concerning covering spaces we refer to [Hat02), Section
1.3].
We give the proof of the following theorem.

Theorem 1.4 (cf. [Hat02, Proposition 1.36]). Let X be a topological space which is
path-connected, locally path connected, and semilocally simply connected. Then, for
every subgroup K of the fundamental group m1(X,xo), there exists a covering space
p: Xxg — X such that pu(m(Xk,Z)) = K for a suitable choice of the base point
z € p~H(zo).

Proof. This proof consists of two steps; in the first one we construct an universal cover
X of X; in the second one we construct X starting from X.
Let us define

X :={[7]|v is a path in X such that v(0) = z¢},

where [y] denotes the homotopy class of the path . The function

p: X = X
v = (1)

is well defined and it is surjective, because X is path-connected.

Now we need to define a topology on X.

Let U be the collection of path connected open sets U C X such that w1 (U) — 71(X)
is trivial. Note that if 71 (U) — 7(X) is trivial for a choice of a base point, then it is
trivial for every choice of a base point, because U is path connected. Moreover, if V' is a
path-connected open set such that V C U € U, then also V' € U, since the composition
m (V) - m(U) = m1(X) is trivial.

Suppose that there exists Uy, Us € U such that © € Uy NUs; since X is locally path
connected, there exists a path connected open set V' C U1NUy with € V', which means
that V' € U. Moreover, since X is semi-locally simply connected, for every x € X there
exists U € U with x € U. Then U is a basis for the topology on X.

Given U € U and a path v in X with v(0) = zp and y(1) € U, let us define

Upy == {[n]l n is a path in U such that n(0) = v(1)}.

The set U, only depends on the homotopy class [y]. The map ply,, : U, — U is clearly
surjective because U is path connected. Let us prove injectivity of p\UM. Suppose that
(1) = ~vn'(1), then [yn77'7] = 1, because by definition of U, the map 71 (U) — m1(X)
is trivial. Then [yn] = [y7'].
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If [v'] € Uy, then Uy, = Upy; indeed, if 4" = yn, then the elements of Up, can be
written as [ynv] and then belong to Uy, and elements of Uy, are [yv] = [yniv] = [y/'7v]
and hence belong to Uy,

The collection U := {U},j| U € U,y path in X,~(0) = zo,7(1) € U} is basis for
a topology on X. Let U}, and V., elements of U and let [y'] € Ul NV}, then
Uy = Uy and Vi) = V. Let W € U be such that W C UNV and 7'(1) € W,
then Wy, C Upym N Vi) and [v'] € Wiy

The bijection p|Uh] : U] — U is a homeomorphism. Let Vi, € U such that V,; C
U}y, then p(V},1) = V. On the other side, for V€ i and V C U, p 1 (V)N Uy = Viy)»
where [y] € Up, is a path with end point in V. This means that p: X = X is
continuous.

We shall also remark that it is a covering space, since for U € U the sets U},| forms
a partition of p~1(U) as [y] varies: if [y"] € Uy N Upy, then Upy) = Upyy.

The last thing we need to prove is that X is simply connected. Let [v] € X; we
define the path 7 in the following way:

~(T) T € [0,1]
~(t) T € (t,1]

The function t — 7 is a path in X that starts at [zo] (the homotopy class of the
constant path zg) and ends at [y] Since [y] is an arbitrary point in X, we get that
X is path connected. To show that (X, [x]) is trivial, it is sufficient to prove that
p«(m1(X, [20])) = 1, being p, injective (cf. [Hat02, Proposition 1.31]).

The elements in the image of p, are represented by loops v with base points in xg
that lift to loops in X based at [xo]. The path 7: t — [y] lifts v starting at [zo]; as
we want ¥ to be a loop, [y1] = [xo]. Since 1 = =, this means that [y] = [z¢], so 7 is
homotopic to the constant loop and p, is trivial.

In this way we have constructed the universal covering space X — X.

The next step of the proof is to construct the covering space Xg. For [7],[] € X,
we define [y] ~ [y] if (1) =+/(1) and [y'] € K. This is an equivalence relation since
K is a subgroup: it is reflexive since 1 € K, it is symmetric since K is closed respect
to the inverse operation, and it is transitive since K is closed under multiplication.

Let Xk = X / ~ be the quotient space respect to this equivalence relation endowed
with the quotient topology.

If v(1) = +/(1), then [7] ~ [y/] if and only if [yn] ~ [y'n]; this means that if any two
points in U}, and Uy, are identified in Xk, then the whole sets are identified. Then
the natural projection Xx — X induced by [y] — (1) is a covering space.
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Let Tg € Xk; it corresponds to the equivalence class of the constant path ¢ based
in xg € X. A loop v in X based in x lifts to X toa path with starting point £¢ and
ending point [y], then v lifts to a loop in X if and only if [y] ~ [c], or equivalently
[v] € K. Therefore the image of ps: 71 (Xk, Zo) = m1(X, zo) is K. O

Remark 1.5. If the group K is normal in 71 (X, o), then we can define a 1 (X, zg)—action
on X in the following way: for t € m1(X, o) and [y] € Xk, we define ¢ - [y] := [tv].

This is equivalent to take the final point of the unique lift of the path ¢ of base
point [c] € Xk, where this latter denotes the homotopy class of the constant path based
at xg.

The action is well defined: if v ~ ~/ then tyty/ = t(yy/)f. But by assumption
vy € K, which is normal, so t(yy/)f € K. By a straightforward computation, we see
that this is a left action.

1.2 Galois Coverings

In the first part of this section we recall some basic definition and results concerning
coverings of varieties, that we suppose to be algebraic, irreducible and normal. In the
second part we discuss some well known results about Galois coverings of Riemann

surfaces.

Definition 1.6. Let f: X — Y be a finite proper morphism between varieties of the
same dimension. Then the inverse image of every point is a finite set of points. We say

that such a map is a branched covering.

Definition 1.7. Let X be a variety and let G be a finite subgroup of Aut(X). We say
that f: X — X/G is a Galois covering.

Definition 1.8. Let X and Y be varieties of the same dimension and let f: X — Y
be a regular map such that f(X) C Y is dense. The degree of the field extension
f*(C(Y)) c C(X) is finite and is called the degree of f:

deg(f) := [C(X) : f*(C(Y))].

Proposition 1.9 (cf. [Sha77, Theorem 6.3.3]). Let f: X — Y be a finite map between
varieties of the same dimension. Then |f~1(y)| < deg(f) for ally € Y.

Definition 1.10. Let f: X — Y be a branched covering, let © € X and y € f(x). If
|f~Y(y)| < deg(f), then y is said to be a branch point and x is said to be a ramification
point. The set of all branch points is called branch locus. If there are no branch points,

then f is said to be étale (or unbranched).
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Definition 1.11. Let f: X — Y be a branched covering, let z € X and y = f(z). Let
V be a neighbourhood of y such that the connected component U of f~!(V) containing
x does not contain any other preimages of y. Then we define the ramification index of
f at x as the number of the preimages in U of a generic point other than y in V. We

will denote such a number as r,.

Proposition 1.12 (cf. [Sha77, Theorem 6.3.4]). Let f: X — Y be a branched covering.

The complementary of the branch set in'Y is an open set in the Zariski topology.

Let us now focus our attention on the Riemann surfaces, complex manifolds of
dimension one. Any non constant holomorphic map between two compact Riemann
surfaces is a branched covering (cf. [Mir95, pages 48-49]) and for such a map it holds

the well known Hurwitz’s formula.

Theorem 1.13 (Hurwitz’s formula, cf. [Mir95, Proposition 11.4.16]). Let f: X — Y

be a non constant holomorphic map between compact Riemann surfaces. Then

29(X) — 2 = deg(f)(29(Y) =2) + ) (re = 1). (1.1)
zeX

We should remark that, since the number of ramification points of a branched

covering between compact curves is finite, the sum in ((1.1)) is finite.

Proposition 1.14 (cf. [Mir95, Proposition II1.3.1, Proposition II1.3.2]). Let G be a
finite group acting holomorphically and effectively on a Riemann surface X. Then
the stabilizer of each point is a cyclic group and the set points of X with non trivial

stabilizers is discrete.

Given a finite group acting on a Riemann surface C, then it is possible to define a
complex structure on C'/G (cf. Proposition I11.3.3, [Mir95]).

Theorem 1.15 (cf. [Mir95, Theorem I11.3.4]). Let C be a Riemann surface and let G
be a finite group acting on C. Then C/G has a structure of Riemann surface such that
the quotient map f: C — C/G is holomorphic, deg(f) = |G| and rp(f) = |Stabg(p)|
for any p € C.

Lemma 1.16 (cf. [Mir95, Theorem II1.3.6]). Let C' be a compact Riemann surface and
let G be a finite group acting on C. Let f: C' — C/G be the quotient map. Then for
every branch point y € Y, there is an integer r > 2 such that f~'(y) consists of |G|/r

points of C, each one with ramification index r.
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Thanks to Lemma |1.16] we can rephrase Theorem for Galois coverings in the

following way.

Theorem 1.17 (cf. Theorem I11.3.7, [Mir95]). Let G be a finite group acting holo-
morphically and effectively on a compact Riemann surface C; let m: C — C/G =Y
be the quotient map. Suppose that there are r branch points p1,...,pr in Y, and that
|Stab(z)| := m; for all x € 7= (p;) for eachi=1,...,r. Then

! m; — 1
29(X) —2=|G] <2g(X/G) -2+ ) — ) . (1.2)
i=1 ¢
Corollary 1.18. Let C' be a Riemann surface of genus g(C) > 2 and let w: C —
C/G = P! be a Galois covering of P* with branch locus {p1,...,p,}. Then r > 3.
Moreover, if m; := |Stab(z)| for x € 7= (p;) for alli=1,...,r, then

- mi—1_ 1

Proof. By Theorem [I.17}
4 m; — 1
2(g(C) — 1) = |G| (-2 +) — ) .
i=1 !

Then Y ;_, mﬂg—jl > 2. But Y7, m;@—jl <7, then 2 < r.

Without loss of generality, we can suppose m; < mo < --- < m,. Since m; > 2 for

alli=1,...r
3

" my — 1 S omy—1 1
RO RO

i=1 =1 =1

Suppose then that » = 3 and let us compute the minimum value of § := 1 — ml_1 —

mgl — mgl, taking into account that § > 0. Since m; > 2,6 > —1/2+ mgl + mgl.
Let us suppose m1 = 2; if mg = 2, then § < 0, which is impossible. Then for m; = 2 it
holds mgy > 3, therefore § > 1/6 — mgl. Suppose now m; = 2 and mgy = 3; if mg < 6,
then § < 0, which is impossible. Then the minimum value of § is 1/42 and it is reached

for (my,ma,m3) = (2,3,7). O

In the following chapters we will consider Riemann surfaces of genus g > 2; for
these objects, we have two strong results concerning the automorphism group. The
first one, due to Schwartz, asserts that the automorphism group of a Riemann surface
C' of genus > 2 is finite. The second one, due to Hurwitz, gives a bound (that is sharp)

for the order of such group.
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Theorem 1.19 (Schwartz, [Sch90]). Any compact Riemann surface of genus g > 2 has

a finite number of automorphism, i.e. the automorphism group Aut(C) is finite.

Theorem 1.20 (Hurwitz, cf. Theorem I11.3.9, [Mir95]). Let C' be a compact Riemann
surface of genus g > 2 and let G be a subgroup of Aut(C'), then

|G| < 84(g —1).

1.3 Riemann Existence Theorem

One of the main tools we will use in the following sections is provided by the Riemann
Existence Theorem. This theorem allows to construct a Galois covering of a Riemann
surface once such a surface is given along with the group associated to the covering.
Let C’ be a Riemann surface, let x1,...,2, be r points on C’ and let F: C —
C’'\ {x1,...,z,} be an étale covering. Riemann Existence Theorem states that we can
extend F' uniquely, up to isomorphisms, to a Galois covering F': C — C’, where C'is a

Riemann surface.

Proposition 1.21. Let f': X \ A — X' be a holomorphic map between two Riemann
surfaces, where A C X is finite. If there exists a continuous function f: X — X' that

extends f', then f is holomorphic.

Proof. Let x € Aand let p: U — C and ¢: V — C local charts defined in a neighbour-
hood of z and f(x) respectively. The map

YofoplipUNf V) =C

is holomorphic in p(UN f~1(V))\ ¢~ (x) and it is bounded in a neighbourhood of ¢(z).
By Riemann extension theorem (cf. [Lan03, Theorem V.3.1]), the map is holomorphic

in ¢(x), hence f is holomorphic in z. O

Let D :={z € C: |z] < 1} be the unitary open disc and let D* := D\ {0} be the

punctured disc.

Theorem 1.22 (cf. [GF12, Theorem 5.10]). Let X be a Riemann surface and let
s: X — D* be a connected covering space of degree m < +oo. There exists a biholo-

morphic map : X — D* such that the following diagram commutes:
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where pp(z) = 2™.

Theorem 1.23 (Riemann existence Theorem). Let C' and C' be two Riemann surfaces
and let A C C' be a finite set. Let f: C — C'\ A be a proper étale covering.

Then f can be extended to a ramified covering of C', that is there exists a Riemann
surface C, a proper holomorphic map F: C — C' and a biholomorphic map ¢: C '\
F~1(A) — C such that the diagram

C+—2  C\FlAH—sC

/| |

C'\ AC c’

commutes. The couple (C, F) is unique up to isomorphism.

Proof. For each x € A let (Uz,1¢z) be a chart centered in z; we can assume that
Y2 (Uy) = D and that Uy, NU,, =0 if 21 # z2. Let U} := U, \ {z}; since f is proper

AU =V U uViy,

T

where for each i = 1,..., N V', — Uy is a connected covering of finite degree m;. By
Theorem for each 2 = 1,..., N there exists a biholomorphic map h;: V!, — D*
such that, defining py,, : D* — D* as pp,,(z) = 2™, the diagram

h.
* t *
Vi —D

e
Yz

U; —— D*

commutes. As we want to add a point y,; to each Vi we define V ; := V;Zu{ym} and
the topology we consider is the one that makes the natural extension of h; to V,; — D

that sends y,; to 0 an homeomorphism. We define
C:=CU{yzii=1,...,N}tzea.

There exists a unique topology on C such that the inclusion i: C' < C is continuous
and for every open neighbourhood W of z the set {y,;} U (f~1{(W)n V,';) is an open
neighbourhood of y, ;. This topology is Hausdorft.

Finally, we define F': C — C’ as F(z) = f(z) if 2 € C and F(y,;) = . The
map F is proper. The charts (V. ;, h;) are compatible with the charts of C' and define

a complex structure on C. The covering f: C — C’\ A extends to a continuous
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map F: C — C’ that is holomorphic by Proposition Since F71(A) = {y..i}, its
complement is by construction identified with C'. Indeed, the mapi~': C\F~1(A) — C
is a biholomorphic map.

Suppose that there exists another Riemann surface C'; and an holomorphic map
Fy: C; — (' satisfying the statement. What we want to prove is that there exists an
isomorphism ®: C' — (4 such that F' = Fj o ®.

By hypothesis, there exists a biholorphism ¢1: Cy \ Fy 1(4) = C’. Let us consider
then the biholomorphism ® := @0~ O\ F~1(A) — C;\ F; ' (A); we want to extend
it to a continuous function ®: C — (4.

By construction, Fy Y(UZ) = ®(F~1(U})), so, since F} is proper, F; !(z) contains
at least a point for each connected component of ®(F~1(U%)). If F;!(z) contains some
extra points, then these would be isolated, so C; would not be a Riemann surface in a
neighbourhood of such points. Since C was defined such that for each x € A, F~!(x)
has many elements as the connected components of F~1(U}), we can extend the map
d to a bijective continuous map ®: C — C sending each point y,; to the unique
accumulation point of ci>(V;;‘z) By Proposition this map is holomorphic and then

it is an isomorphism. ]

1.3.1 From a Galois covering to an appropriate orbifold homomor-
phism

In order to understand the important tool that Riemann existence Theorem provides
for the study of Galois coverings of a Riemann surface, we will need some notions of
group theory.

Given integers g > 0 and and my, ..., m, > 1 the orbifold surface group of signature

(or type) (g;mq,...,m,) is defined as

g

T(g;m1,...,my) = (a1,bi1,...,aq,bg,c1,...,crlc]", ... ,CZ”T,H[ai,bi] cCp e Cp).
=1

Remark 1.24. For r = 0, T(g) is the fundamental group of a Riemann surface of genus
g.

Let H be a finite group; we say that an homomorphism
¥: T(g;ma,...,m,) - H

is an appropriate orbifold homomorphism if it is surjective and 1(¢;) has order m; for

eachi=1,...,r.
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Definition 1.25. Let H be a finite group and let g, m1,...,m, as above. A generating
vector for H of type (g;m1,...,m,) is a (29 + r)—tuple of elements of H:

V.= (dl,el,...,dg,eg,hl,...,hr)

such that V generates H, [[/_;[d;,e;] - hi---h, = 1 and there exists a permutation
o € &, such that ord(h;) = m,(; for i =1,...,r. If such V exists, we will say that H

is (g;m1, ..., m,)—generated.

Remark 1.26. Giving a generating vector of type (g;mq, ..., m,) of a group H is equiv-

alent to giving an appropriate orbifold homomorphism
v: T(g;my,...,m,) — H.

The last part of this section is dedicated to the proof of the following fact: once we
are given a Galois covering C' — C//G of a Riemann surface, we can define a generating
vector of the group G.

Let C be a compact Riemann surface with genus g(C) > 2 and let G be a subgroup
of Aut(C); let C' := C/G be the quotient curve and let us denote by ¢’ := g(C") its
genus. Let B := {p1,...,p,} be the branch locus of the quotient map f: C — C’. For
the details of the results contained in this section and their proofs we refer to [Mir95,
pages 84-92].

Let us fix an element of B, say p; and let us consider its fibre f~*(p1) := {q1, ..., q}-
Then H := Stab(q1) = Z,, for some integer n > 2 (cf. [Mir95 Proposition II1.3.1]). By
construction, for each ¢ = 1,...,¢ there exists g; € G such that g;qg1 = ¢;. It is

straightforward to prove the following lemma.
Lemma 1.27. gngi_l = Stabg(qi).

This means that the stabilizers of ¢;’s are isomorphic and they all have the same
cardinality n = |G|/t.
Let X :=C"\ B and let p € X. Then there exists a set of loops

{ala”'7ag’7617”'7ﬁg’7’717"'7f)/7“} CT['l(X,p),
where
L4 Wl(clap) = <a1> s 7ag’761> s 7ﬂg/| ngl [alaﬁlba

e foreach i =1,...,r v, is a loop travelling once around ¢; and no other point in
B
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such that
g
7Tl()()p) - <al7ﬁlu"' 7ag’7ﬁg’)ryla"' 7’YT|H [aiaﬁi] Y1 7T> (13)
i=1

If we define C° := C'\ f~1(B), then f|co: C¥ — X is a regular covering (cf. [Hat02,

pages 70-71]) and there is a surjective map
0: m(X,p) = G.

The map 6 is the so called monodromy map associated with the Galois covering f|co.
The map is defined as follows: let us fix ¢ € f~*(p), if v is a loop based at p, L+(q) = gq
for some g € G (cf. Section [1.1)), then 6([y]) := g. Monodromy is well defined up to
conjugacy in G.

Given the presentation (L.3), for ¢ = 1,...,r let h; := 6(v;) and let m; be the
order of the stabilizer of the points in f~!(p;). For j = 1,...,¢ let a; := 6(«a;) and
by = 6(3;).

Lemma 1.28. Using the notation defined above {ai,b1,...,ag,by, h1,...,h} is a

generating vector for G of type (¢';mq,...,m,).

Remark 1.29. One may ask what happens if we have a Galois covering f: C — C/ :=
C'/G where C consists in multiple connected components. Using the same notation as
above, let 0: m1(X,p) — G be the monodromy map associated with f|co.

Let us fix 29 € f~!(p); the fibre f~1(p) := {gzo : g € G} is in bijection with G. Let
Y0,y1 € f~1(p); they are in the same connected component of C' if and only if there
exists a path v: I — F such that v(0) = yp and (1) = y;. This holds if and only if
there exists a path n: I — F such that n(0) = 2 and (1) = g; 'g120. This means
that galgl € Im(#), that is g1 € golm().

In this way we have proved that two points in the fibre of p are in the same connected
component of C' if and only if the corresponding elements of G differ by an element in

the image of the monodromy map. Moreover, the number of connected components of
C is equal to |G : Im(0)|.

1.3.2 From an appropriate orbifold homomorphism to a Galois cov-
ering

What we have seen so far shows that every Galois covering C' — C'/G = C’ induces an

appropriate orbifold homomorphism

p: T(g(C");ma,...,my) = G,
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or equivalently a generating vector of type (¢';m1,...,m,) for G.

Riemann existence Theorem is the key result that allows to reverse this construction:
given a compact Riemann surface C’ and a generating vector of type (¢’;mq,...,m;)
for the finite group G, we construct a compact Riemann surface C' such that ¢! = C'/G.

Let ¢’ := ¢g(C") be the genus of C’, p € C’ and

g
m(C) = <041,51,---,Oég',Bg/’H[Oéi,ﬁiD
i=1
the fundamental group of C’. Let (a1,b1,...,a4,by, hi,..., h,) be a generating vector
of type (¢';m1,...,m,) for G. Fix B := {p1,...,p,} C C"and p € X := C'\ B. For each
j=1,...,r, let 7; be a loop travelling around p; such that Hflzl [, Bi] - H§:1 v =1,

therefore /
g '
m1(X) = (a1, B, g, By v - vel [ [l B T i) (1.4)
i=1 j=1
The generating vector (ai,bi,...,aq,by, h1,..., h,) induces a surjective homomor-
phism
0: mX,p) — G
Qg = aj
,8]' — bj
Vi — 1y

let K :=ker(f). By Theorem |1.4] we can associate to the normal subgroup K a Galois
covering f : Xx — X such that m (Xk,y) = K.

Let t € m(X,p) and [y] € Xk; if we define ¢ - [y] := [tv], we get a left action
of m1(X,p) on Xk (cf. Remark [L.5). We can also define a G—action on Xg: let
h € G, then h - [y] := [07], where § € 6~1(h). First of all, let us prove that this action
is well defined: suppose 61,02 € 071(h), then §; = ks for some k € K, therefore
[617] = [kb27] = [627]. For h € G and [y] € Xx we will write [071(h)7] := h[v].

The G—action on X is faithful:

B =hly =" ()] < 0 (W7 e K
=07 h) eK

< h=1g.

By Theorem we can extend the étale covering f: X — X = C'\ B to a
Galois covering F': C — C".
The following results underline the close link between the algebraic data and the

geometry of the covering space.
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Let us fix p; € B and let W be a small open neighbourhood of p; in C” such that
W\ {p1} is isomorphic to a punctured disc. Let f~Y(W\ {p1}) = D; U...D}.
Let 7 be a loop in W with base point p’ and travelling around p; once; let v be a

path on X starting at p and ending at p’ such that 71 is homotopic to y77.

Proposition 1.30. f~1(W \ {p1}) = D; U...D? has s = |G : (h1)| connected compo-

nents.

Proof. By definition of Xy ,[y] € f~1(p'); let [y'] be another point in f~!(p'). The two
points [y] and [y] belong to the same connected component D} if and only if there
exists a path 0: I — Xg with §(0) = [7], 6(1) = [y/] and such that n := fod is
contained in W. This means that 7 is a loop in W , hence there exists a k such that
n = 7F and [y'] = [yn]. Since 8(yn¥) = h¥, to each point of f~1(p') N D} corresponds
an element of S := (h;). Therefore s < |G : (h1)]

Conversely, to each 7F € (1) we associate the point [yf+] € D}. These points are
exactly m; = ord(hy):

Wiyl =h] <= NP eK < h =001 =1¢

<~—a=b modm.
O

Proof of Proposition implies that [y] and [y7"] belong to the same connected
component D7 for each k € Z.
Let us define S := (h1), then {[y7*]}1 = S - [1].

Proposition 1.31. The correspondence h — h-[] is a bijection between G and f~1(p').

Proof. We first prove injectivity. Let h,h’ € G such that h[y] = h/[y], that is
0L (h)yy9~1(h'=1) = =1 (hh'~!) € K, hence hh/~1 = 1.

In order to prove surjectivity let [] € f~1(p); if we define h := 0(17) we get
h[y] =071 ()] = [n). O

Proposition 1.32. Being in the same connected component D} is equivalent to be-

longing to the same left coset.

Proof. By Proposition to each h € G is associated a unique element of the fibre
F7Hp): [0~ (h)y]. Let h, A’ € G; then hS = 'S if and only if hf(y7*7) = b’ for some
k, that is hO(y7*%)[y] = h'[y]. That is [0~ (K )y] = [0~ (h)y7*F] = [0~ (h)y7¥], that
is equivalent to be in the same D} by the argument of Proposition m O
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Proposition [1.30], Proposition [1.31| and Proposition [1.32|imply the following result.
Lemma 1.33. There is a bijection

F~p)) «— {kS}
Yj «— kS

where S := (h;).

A straightforward computation leads to the following results.
Lemma 1.34. Stabg(y;) = k:jSkj_l.

The construction we have given so far proves to the following Proposition.
Proposition 1.35. Given the following algebraic data:

e a finite group G;

e a curve C';

e points p1,...,pr € C' and a4, Bj, v € m1(C' \ {p1,....pr}) as in ;
e integers mi,...,my > 1;
e a generating vector V = (a1,b1,...,ay,by, h1,..., ) for GO of type

(g(Cl);mb .. 7mr)

there exists a Galois covering c: C — C/G° = C' branched over {p1,...,p.} with
ramification index equal to m; over p;.

The set of elements of G° with non empty fized locus is the set
T my )
sve=J JUlg-n g7 (1.5)
geGO i=r j=1

1.4 Group actions on the universal covering

Let C' be a Riemann surface of genus ¢, let {p1,...,p,} CC’ and p a point in
X :=C"\{p1,...,pr} and let

0:T(g'sma,...,m) = G

be an appropriate orbifold homomorphism. Let us take a representation for 71 (X, p) as
the one in ([1.4]). As we showed in Section 6 induce a Galois covering 6: C' — C".
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Let u: A — C the universal cover of C; as seen in the proof of Theorem the
points of A corresponds to the homotopy classes of paths in C' with base point y = [p],
the constant path in X of base point p.

By Remark the group m1(C,y) acts on A as follows: for n € 7 (C,y) and
[0] € A, n-[0] = [nd], that is the final point of the unique lift of nd with starting point
[zo], the class of the constant path in C' with base point y.

The path ;" € m1 (X, p), travelling m; times around p;, lifts to a path ¢; € m1(Co, y)
that travels once around a point of the fibre of p;. For all ¢ € G let us fix a path
ag: [0,1] = Cy with a4(0) =y and ay4(1) = gy.

The normal subgroup
H:={{ag-guci-ag:g€Gi=1,...1))

is a subgroup of 71 (C,y) = (a1, b1, . .., ag,bg| [ 19— [ai, bi]), where with ((S)) we denote
the subgroup normally generated by S.

We have the following commutative diagram with exact rows and columns:

By construction, it follows that

F=m(X,p)/{{(%"))
_ (041,[31,---,Oég'aﬁg’a’Ylw'w%‘ H[Oéiw@i] -’)’1-..%,7;7”) =:T.

In this way we have proved the following

(1.6)

Lemma 1.36. The sequence
1 —mCy —T—G—1

15 exact.
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The following results will be useful to compute the fundamental group of the surfaces

we are going to study in the next sections.
Lemma 1.37. The action of m1(C,y) on A extends to an action of T on A.

Proof. Let [0] € A, w := u([§]) € C and z := f(w) € C’; let t € T. Suppose that
w = [7] is the homotopy class of the path v C C’ with starting point p.

Recall that, by , t is a loop on X based at p; we have defined t - w =1t [y] =
[ty] =: w’, which is the final point of the unique lift 7 of ¢y with base point y = [p],
where [p] is the homotopy class of the constant path based at p.

We lift 7 to the unique lift with base point [z¢], the homotopy class of the constant
path in C with base point y; we define ¢ - [d] as the final point of this lifting. Exploiting
the uniqueness of the lift, this is a well defined action that coincides on 71 (C,y) with

the usual action. O

Given the T—action on A, we want to compute the fixed locus of an element of T.

Lemma 1.38. Let [§] € A then

{1} if f(u([0]) & {p1,-- - pr}
alyi)a™ if f(u([0])) = pi, for some a € T

Proof. Let [0] € A, w :=u([0]) and z := f(w) = [7]; let t € T. If ¢ - [§] = [0], then by
definition it holds ¢ - [y] = [y]. Either z & {p1,...,p,} or z = p; for some i =1,... 7.

Stabr([8]) =

If z & {p1,...,pr}, then w is not a ramification point for f, so T acts as m1(X,p),
whose action on Cj is free, then Stab(w) = {1}, that is ¢t = 1.

If z = p; for some i, then w is a ramification point for the quotient map f, then by
Lemma Stabg(w) = kSk~! where S = (h;) and k € G, but g[y] = [07(g9)] =
(avda~1)[v] for some a € T and d € {1,...,m; — 1}, so Stabr(w) = a{y;)a . O

1.5 Riemann-Roch Theorem for Curves

In this section we give some basic definitions on divisors and invertible sheaves on
a Riemann surface. We will state, without giving any proof, some well known and
fundamental classical results.

For further details we refer to [Mir95, Chapter VI| and [Har77, Section IV.1].

Let C be a Riemann surface. A divisor on C'is an element of the free abelian group

generated by the set of points of C. We write a divisor as

D:Zni-Pi with n; € Z.
7
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Its degree is defined as deg(D) := Y n;. Each divisor is associated with an invertible
sheaf on C' (cf. [Har77, page 144]) that we denote by L(D).

Theorem 1.39 (cf. [Mir95, Theorem VI.3.11)). Let D be a divisor on an algebraic

curve C of genus g. Then
h?(L(D)) = h'(L(D)) = deg(D) — g + L.

Corollary 1.40 (cf. [Mir95, Corollary VI1.3.12]). Let D be a divisor of degree at least
29 — 1 on an algebraic curve C of genus g. Then h'(L(D)) = 0 and h°(L(D)) =
deg(D) —g+1.

From now on, for any divisor D on a curve we will write h?(D) instead of h*(L(D)).

1.6 The Canonical Ring of a complex manifold

Let X be a compact complex manifold of dimension n, and let £ be a line bundle on

X; we define the graded ring

R(X,L):= @ H(L®™).
m>0
If we take £ := wx to be the canonical bundle of X, then R(X) := R(X,wx) is called
the canonical ring of X.
This ring is commutative; let tr(R(X)) be its degree of trascendency over C. The
number P, := h%(w$™) is called the m—th plurigenus of X.

Definition 1.41. Let X be a compact complex manifold. We define the Kodaira

dimension of X k(X) as follows:

—00 if R(X)=C
K(X) = ‘
tr(R(X)) —1 otherwise

For a compact complex manifold X, its Kodaira dimension x(X) can assume the

values: —00,0,...,dim X.

Remark 1.42 (cf. [Har77, page 421]). Let X be a smooth compact complex manifold,
let K be a canonical divisor of X and let ¢,,x be the rational map from X to the
projective space associated with the linear system |mK|. The Kodaira dimension of X

is equal to the maximal dimension of the images ¢, i (X) for m > 1.
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Definition 1.43. A variety X is said to be of general type if its Kodaira dimension is
maximal; that is x(X) = dim X.

Theorem 1.44 (cf. [BHPV04, Theorem 1.7.2]). Let X be a smooth compact complex

variety. Then
o k(X)=—o0 if and only if Pp(X) =0 for all m > 1.
e x(X) =0 if and only if Pp(X) =0 or 1 for m > 1, but not always 0.

o k(X) =k for 1 <k < dimX if and only if there are real constants o > 0 and
B > 0 such that am® < P,(X) < pm* for m large enough.

Corollary 1.45. Let X be a smooth compact complex variety of dimension k. Then

X is of general type if and only if

Fn(X) > 0.

lim sup 3
m

m—o0

Lemma 1.46 (cf. [Bea83b, Exercise VIL.7.2]). If V,W are two smooth projective vari-
eties, then k(V x W) = (V) + v(W).

Lemma 1.47 (cf. [Bea83bl, Exercise VII.7.3]). Let f : V. — W be a surjective morphism
of smooth projective varieties. Then k(W) < k(V'), with equality if f is étale.

1.6.1 The Canonical Ring of a Riemann surface

In this section we see some well known results about canonical ring and Kodaira di-
mension of a Riemann surface. The first Theorem we will state, without giving the

proof, is a classic result due to Max Noether.

Theorem 1.48 (Max Noether’s Theorem, cf. [ACGHI3| page 117]). If C' is a non-

hyperelliptic curve, then the homomorphisms
Sym"H°(C, K¢) — H°(C,nK¢)
are surjective forn > 1.

Theorem implies that for a non-hyperelliptic curve, the canonical ring R(C) is
generated in degree 1.

An analogous result holds for hyperelliptic curves as well.

Proposition 1.49. Let C be a hyperelliptic Riemann surface of genus g(C) > 3, then

the canonical ring R(C) is generated in degree 2.
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Proposition|1.49|is a well known result; we can prove it and give a precise description

of R(C) as well exploiting the following result.

Lemma 1.50 (cf. [Rei06l Section 4.4]). Let C' be a hyperelliptic Riemann surface, then
R(C, g3) = Clta, bz, w]/ (w® = f(t1,12)),
where t;’s are of degree 1, w of degree g+ 1 and f € C[t1,t2] has degree 2g + 2.

Proof of Proposition[1.49. Using the same notation of Lemma [1.50] it holds we =
(g — 1)ga, therefore R(C,wec) = R(C, g3)~1, where the latter denotes the subring of
R(C, g3) of elements whose degree is multiple of (g — 1).

But since g > 3, R(C,g3)l9=1 = (Sym9=1(t1,t2), SymI—3(t1,t2)w), hence we get
the thesis. O

As we see in Definition k(C) can assume the values —o0, 0 and 1. The following

Theorem gives a characterization for the Kodaira dimension of a Riemann surface C.

Theorem 1.51 (cf. [Bea83b, Example VII.2]). Let C' be a smooth curve of genus g.

Then:
K(C)=—-00 & ¢g=0

K(C)=0 & ¢g=1
K(C)=1 & g=>2.






Chapter 2

Surfaces

In this section we recall some notions about surfaces, where by surface we mean compact
complex manifold of dimension 2. Namely, we will briefly illustrate the main definitions
and the main results concerning intersection theory for surfaces and the birational
transformations.

Eventually, we will recall the Enriques-Kodaira classification of surfaces.

Throughout this chapter, by curve on a surface we mean effective divisor.

We refer to [Bea83b|, [Har77] and [BHPV04] for the proofs and the details of the

subjects contained in this chapter.

2.1 Invertible sheaves on a surface and intersection theory

Let S be a smooth variety of dimension n. The Picard group of S, denoted by Pic(5), is
the group of isomorphism classes of invertible sheaves (or line bundles) on S (cf. [Har77,
page 143]). To every divisor D on S corresponds an invertible sheaf Og(D) and a
meromorphic global section s unique up to a scalar multiplication such that div(s) = D.

The map D — Og(D) identifies Pic(S) with the group of linear equivalence classes
of divisors on S (for further details see [Har77, Section II.6])

Let Q’g the sheaf of holomorphic k—forms; for & = n, the canonical bundle wg := Q%
is a line bundle. A canonical divisor is a divisor Kg such that Og(Kg) = wg.

Let X be another smooth variety and f: .S — X a morphism. The inverse image
of an invertible sheaf with respect to f defines a homomorphism f*: Pic(X) — Pic(S5).
Let us suppose now that f is a morphism of surfaces, which is generically finite of

degree d. Let C be an irreducible curve contained in S, then we define f,C the direct

23
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image of C' as
0 if f(C) is a point

hC = if I := f(C) is a curve and the morphism

flo: € — T is finite of degree r
We define f,D for all divisors D on S by linearity. From the definition,

f«f*D =dD for all divisors D on S.

Let us recall, eventually, the Projection formula. Though it holds under more

general hypotheses, we state it in a way more convenient for our purposes.

Theorem 2.1 (Projection Formula cf. [Har77, Exercise I1.5.1]). Let X and Y be two
smooth surfaces, let f: X —'Y be a finite morphism and F and £ two line bundles on

X and Y respectively. Then
f*(‘F®OX f*g)%f*(f) Roy € (2'1)

Definition 2.2. Let C,C’ be two distinct irreducible curves on a surface S, let z in
CNC" and O, be the local ring of S at z (cf. [Har77, page 16]). Let f (respectively g)
be an equation of C' (resp. C”) in O,, then the intersection multiplicity of C and C” ar
x is defined to be

my(C'NC") = dime Oz /(f, g)-

By the Nullstellensatz the ring O, /(f,g) is a finite-dimensional vector space over

C.

Definition 2.3. Let C,C’ be two distinct irreducible curves on S, the intersection
number C.C" is defined as
(C.CY = > m(CNnC).
zeCnc’

The definition we have given corresponds to the intuitive idea of evaluating properly
the intersection of two curves; for instance, if C and C’ are two irreducible curves then
C.C" =1 if and only if they meet in a single point x which is smooth for both curves
with different tangent directions, in this case the curves are said to be transversal at .

We extend Definition to divisors by linearity.

Definition 2.4. Let S be a surface and let L be a sheaf on S, then the Fuler-Poincaré

characteristic of L is the integer

X(L) =Y (~1)’h(S,L).

)
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Theorem 2.5 (cf. [Bea83b, Theorem 1.4]). For L,L’ € Pic(S), define
LI = x(0s) — x(L™Y) = x(I'™ 1) + x(L 7 & L), (2.2

Then (.) is a symmetric bilinear form on Pic(S) such that if C and C' are two distinct

irreducible curves on S then
0s(C).05(C") = C.C’

Definition 2.6 (cf. [Bea83b, Lemma 1.6]). Two divisors Dj, Dy on a surface S are said
to be numerically equivalent, written D1 =,m Do if D1.C = D5.C for every irreducible
curve C C X.

Lemma 2.7 (cf. [Bea83b, Lemma 1.6]). Let C' be a non-singular irreducible curve on
S. For all L € Pic(S) we have

O5(C).L = deg(L|o).

Definition 2.8 (cf. [BHPV04, page 28]). Let S be a smooth surface and L € Pic(S5);

we say that L is a nef line bundle if
Os(C).L>0

for any curve C' C S. A divisor D on S is said to be nef if the associated line bundle
Og(D) is nef.

Definition 2.9. Let D be a divisor on the surface S, we say that D? := D.D =
Os(D).Os(D) is the self-intersection of D.

Proposition 2.10 (cf. [Bea83bl Proposition 1.8]). Let S and S’ be two smooth surfaces
and g: S — S’ a generically finite morphism of degree d, D and D' divisors on S’. Then
g*D.g*D' = d(D.D’),

Definition 2.11 (cf. [Bea83b, page 120, page 153]). Let S be a surface. We say
that L € Pic(S) is very ample if there exists an embedding i: S — P" such that
L 2 i*(Opn(1)). L € Pic(S) is said to be ample if L®™ is very ample for some m > 0.

A divisor D on S is said to be very ample (respectively ample) if Og(D) is very

ample (resp. ample).

Remark 2.12. Let D be an ample divisor on .S, then D is a nef divisor, whereas the

converse does not hold.
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Theorem 2.13 (Nakai-Moishezon Criterion, cf. [Har77, Theorem V.1.10]). Let S be a
smooth projective surface and let D be a divisor on S. Then D is ample if and only if
D? >0 and D.C > 0 for all irreducible curves C in S.

Definition 2.14 (cf. [Laz07, Corollary 2.2.7]). Let D be a divisor on a projective
surface S. Then D is said to be big if there exist an ample divisor A, a positive integer
m > 0 and an effective divisor N such that mD =, A+ N.

A very useful way to prove the bigness of a divisor is given by the following result.

Theorem 2.15 (cf. [Laz07, Theorem 2.2.7]). Let D be a nef divisor on projective
surface. Then D is big if and only D? > 0.

Theorem 2.16 (Mumford vanishing Theorem, cf. [BHPV04, Theorem IV.12.1]). Let
D be a big and nef divisor on a smooth projective surface X. Then H'(X,—D) = 0.

Theorem 2.17 (Kawamata-Viehweg vanishing Theorem, cf. [Laz07, Theorem 4.3.1]).

Let D be a big and nef divisor on a smooth projective surface X. Then

H'(X,Kx+D)=0  fori>0.

2.2 Riemann-Roch Theorem for Surfaces

In this section we state, without any proofs, some well known results concerning line
bundles on a surface. Riemann-Roch Theorem, in particular, is a powerful tool to

compute the Euler-Poincaré characteristic of a line bundle.

Theorem 2.18 (Serre’s duality, cf. [Har77, Section I1.7]). Let X be a compact, con-
nected complex manifold of dimension n and L be a line bundle on X. Then for each

0 < j < n the vector spaces
HY(M,L) and H" ' (M,wx® L"),

are dual. In particular
X(L) = (=1)"x(wx ® L.

Theorem 2.19 (Riemann-Roch Theorem, cf. [Bea83b, Theorem 1.12]). Let S be a

smooth projective surface, for every L € Pic(S)

L? - L.Ks

X(O(1)) = X(0s) + ——

(2.3)
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Proposition 2.20 (Genus formula, cf. [Bea83bl Proposition 1.15]). Let C' be an irre-

ducible curve on a surface S of genus g(C). Then

C? + C.Kg

g(C)=1+ 5

(2.4)

Proposition 2.21 (Adjunction formula, cf. [GHTS8, page 147]). Let M be a compact
complex manifold, let V. C M be a smooth analytic hypersurface. Then

Ky = (Kpu +V)lv.

2.3 Birational transformations and minimal models

In this section we briefly recall the definition of blow-up of a surface at a point and its
properties, in order to justify the classification of surfaces up to birational equivalence.
For further details we refer to [Bea83bl, Section IIJ.

Definition 2.22. Let S be a smooth surface and p € S. Then there exist a smooth
surface S, called the blow-up of S at p, and a morphism e: S — S such that

i. the restriction of € to the set ¢~ 1(S'\ {p}) is an isomorphism onto S \ {p};
ii. E:= e !(p) is isomorphic to P!. The set E is called exceptional divisor of e.

To describe explicitly the behaviour of the blow-up in a neighbourhood of p, it is
sufficient to describe the case of S = C? and p = (0, 0); for any surface we can reproduce
this construction using local coordinates.

Let us denote the coordinate on C2 by (z,y) and those on P! by (¢ : t1). We define

C2? .= {zt; = yto} C C? x P!

and

~

€: C? — 2
((z,y), (to : t1)) +— (z,9)

First of all e 1(0) = {0} x P!. Let us prove that C? is smooth.

Let ¢ € C2. If t1(q) # 0, then let us consider the open set V; := C2x {t; # 0} € C?x
P! with coordinates x, y, t := to/ty; Uy := C2NV; is the zero locus of f(z,y,t) := z —yt.
Since 0f /0x(q) # 0, by the local diffeomorphism theorem (cf. [Mir95, Theorem 2.2.1])
y and t are local coordinates for U; in a neighbourhood of gq. Hence €2 is smooth in q.

We shall remark that in this open set F is the divisor of the regular function y.
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If to(q) # 0, then in Vp := C? x {tg # 0} we shall use as local coordinates x,y, u :=
t1/to; in this open set C? is the zero locus of g(z,y,u) = y — zu and x,u are local
coordinates for C2 in a neighbourhood of ¢. In this open set E is the divisor of the
regular function .

Moreover, €|@2\ s invertible:

-1 2 ~2
Al C\p} —  e\E
(,y)  — (@) (z:y))
Let e: S — S be the blow-up of S in p € S and let C' be an irreducible curve C

on S passing through p with multiplicity m. The closure of e 1(C'\ {p}) in § is an

irreducible curve C' which is called the strict transform of C.

Lemma 2.23 (cf. [Bea83b, Lemma I1.2]). Let e: S — S be the blow-up of S in p. Let

C be an irreducible curve on S passing through p with multiplicity m, then
¢C =C +mE.

Proposition 2.24 (cf. [Bea83hl Proposition I1.3]). Let e: S — S be the blow-up of S
atp € S. Let E be the exceptional curve, then

i. The map Pic(S) ® Z — Pic(S) defined by (D,n) — €D + nE is an isomorphism;
ii. Let D be a divisor on S. Then ¢*D.E =0 and E* = —1.

Lemma 2.25 (cf. [Bea83b, Proposition I1.3]). Let e: S — S be the blow-up of S at
p e S. The canonical divisor of S is given by ¢ Kg + E and K; = Kg - 1.

Proof. By definition of the map e, the canonical sheaf on S \E and S\ {p} are isomorphic
via €, thus Kg = €*Kg + nE for some integer n. By Proposition [2.21]

—2=29(E) 2= (K¢ +E).E = KgE=—L

Then —1 = K¢.F = ¢"Kg.F + nE? = 0 — n, where last equality holds by Proposition
so n = 1. The formula for K; follows by Proposition and Proposition
2.10 O

Let us recall some well known results about blow-ups and rational maps.

Theorem 2.26 (Elimination of indeterminacy, cf. [Bea83b, Theorem I1.7]). Let S be

a surface, X a projective variety and let ®: S --» X be a rational map. Then there
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exists a surface S', a morphism n: S" — S which is the composition of a finite number

of blow-ups, and a morphism f: S’ — X such that the diagram

15 commutative.

Theorem 2.27 (Universal property of blowing-up, cf. [Bea83bl, Proposition I1.8]). Let
f:8 = X be a birational morphism of surfaces, and suppose that the rational map f~!
s not defined at the point p € X. Then f factorizes as

fi8-L XX
where g is a birational morphism and € is the blow-up at p.

Theorem 2.28 (cf. [Bea83bl Theorem I1.11]). Let f: S — Sy be a birational morphism
of surfaces. Then there is a sequence of blow-ups €x: Sy — Sg—1 (k=1,...,n) and an

isomorphism u: S — S, such that f =€ o---0€,0u.

Corollary 2.29 (cf. [Bea83bl Corollary I1.12]). Let ¢: S’ --» S be a biraional map of

surfaces. Then there is a surface S and a commutative diagram

where the morphisms f,g are compositions of blow-ups and isomorphisms.

Definition 2.30. Let S; and S5 be two surfaces, we say that Sy birationally dominates
Sy if there exists a birational morphism S7; — So.
A smooth surface S is said to be minimal if every birational morphism S — S’ is

an isomorphism.

Proposition 2.31 (cf. [Bea83bl, Proposition I1.16]). Every smooth surface birationally

dominates a minimal surface.

Definition 2.32. Let S’ — S be a birational morphism between smooth surfaces. If

S is minimal, we say that S is a minimal model of S'.
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As we will see in Section [2.6] apart from a particular class of surfaces, every surface
has a unique minimal model and in this case we will talk about the minimal model
of a surface. For this reason, one way to classify non ruled surfaces consists in the

classification of minimal surfaces.

Remark 2.33. By Theorem [2.28 a surface is minimal if and only if it contains no

exceptional curve.

If E C S is en exceptional curve, then by definition E = P! and by Proposition [2.24]
E? = —1. Actually, this is a characterization of exceptional curves by the following

important result.

Theorem 2.34 (Castelnuovo’s contractibility criterion, cf. [Bea83bl, Theorem II.17]).
Let S be a surface and let E C S be a curve isomorphic to P! with E*> = —1. Then E

is an exceptional curve on S.

Proposition 2.35 (cf. [BHPV04, Proposition I11.2.2]). An irreducible curve C' C S is

an exceptional curve if and only if

C?’<0 and Kg.C<DO.

2.4 Birational invariants

Definition 2.36. Let S be a smooth surface. We define the following integers:
(S) = h'(S,0s)

py(S) := h%(S, 05(Ks)) = h*(S, Os) (by Serre duality)

P,(8) := h°(S, 0s(nKg)) for n > 1.

q

The integer ¢(S) is called the irregularity of S; py(S) is the geometric genus and
P, is called the n—th plurigenus of S.

The (holomorphic) Euler-Poincaré characteristic of S is defined as the Euler-Poincaré
characteristic of the structure sheaf Og, that is (cf. Definition

X(S) = x(0s) =1 —q(S) + py(S).

Proposition 2.37 (cf. [Bea83bl Proposition I11.20]). The integers q, p, and P, are

birational tnvariants.

Definition 2.38. Let S be a smooth surface. We define the following integers:

4
bi = dimg H'(S,C)  e(S) =Y (~1)'b;,

=1
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where b; is the i—th Betti number and e(S) is the topological Euler-Poicaré character-
istic of S.

Betti numbers are topological invariants, moreover we have by = by = 1 and by
Poincaré duality bs = b1, so e(S) = 2 — 2b; + bo.

Remark 2.39. Topological Euler-Poincaré characteristic is not a birational invariant:
indeed if €: S” — S is the blow up of S at p, then e(S’) = e(S) + 1, since we replace a
point (e(p) = 1) with a rational curve E (e(E) = 2).

Theorem 2.40 (Noether’s formula, cf. [BHPV04, Theorem 1.5.5]). Let S be a smooth

projective surface. Then

X(O5) = 5 (KR +¢(8)) (25)

Lemma 2.41 (cf. [Bea83b, Lemma VI.3]). Let 7: S — S’ be an étale map of surfaces
of degree n. Then K2, =nK2, e(S") = ne(S), x(O%) = nx(Os).

2.5 Albanese map

In this section we give some definitions and results concerning the Albanese variety and
the Albanese map associated with a surface.

For further details, we address, for example, to [Bea83bl pag 60-64] or [BHPV04,
pag 46-48].

Definition 2.42. A complex torus is a manifold T" obtained as a quotient T = V/T,
where V is a complex vector space and I' a lattice in V. If there exists an embedding

of T into a projective space, then T is said to be an Abelian variety.

Remark 2.43. A complex torus is a compact manifold equipped with the structure of

an abelian group.

The following Theorem, known as the universal property of the Albanese variety,

will be stated without proof.

Theorem 2.44 (cf. [Bea83bl Theorem V.13]). Let X be a smooth projective variety.
There ezists a unique abelian variety A := Alb(X) and a morphism a: X — Alb(X)

such that for every complex torus T and f: X — T morphism, there exists a unique
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morphism f: A — T such that the diagram

A o T

commutes. The abelian variety A = Alb(X) is called the Albanese variety of X and «

1s called Albanese map. Moreover the morphism « induces an isomorphism
ot HO(QY) — HO Q).

Remark 2.45 (cf. [Bea83bl Remark V.14]). Let X be a smooth projective variety, then
the following properties hold:

i. dim Alb(X) = dim H°(X, Q%);

ii. The Abelian variety Alb(X) is generated as a group by a/(X), in particular dim a(X) =
0 if and only if dim Alb(X) = 0;

iii. If X is a curve, Alb(X) is equal to the Jacobian J(C).

2.6 Enriques-Kodaira classification of surfaces

In Section we gave the definition of the Kodaira dimension x(X) of a complex
manifold X of dimension n; for a surface S, k(S) € {—00,0,1,2}, and by Corollary
[I.45] and Proposition [2.37] it is straightforward to see that it is a birational invariant.

In order to give a classification of surfaces up to birationality, this invariant assumes
a central role. Its importance is underlined by the following fundamental result, which

is known as the Enriques-Kodaira classification.

Theorem 2.46 (cf. [BHPV04, Theorem VI.1.1]). Every surface has a minimal model
S in exactly one of the classes listed in Table[2.1]

Remark 2.47. Surfaces belonging to classes (3) and (6) are not algebraic (cf. [Kod64),
Theorem 25] and [BHPV04, Theorem VI.1.1]).

A rational surface is a surface birational to P2. The only minimal surfaces of this
type are P? and the Hirzebruch surfaces %, := Pp1(Op1 @ Op1(n)) with n =0,2,3,...
(]Pl X Pl = 20)
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k(S) | Class of S K2 e(S) Py | ¢
(1) Minimal rational surfaces 8or9 3ord | 0[O
—o0o | (2) Ruled surfaces of genus g > 1 8(1l—yg) |4(1—-9)| 0 | g
(3) Minimal surfaces of class VII <0 >0 0|1
(4) Enriques surfaces 12 010
(5) Bi-elliptic surfaces 0 0|1
(6) Kodaira surfaces
0 (a) Primary 0 0 112
(b) Secondary 0 0|1
(7) K3 surfaces 24 110
(8) Tori 0 12
1 (9) Minimal properly elliptic surfaces 0 >0
2 (10) Minimal surfaces of general type >0 >0

Table 2.1: Enriques-Kodaira classification of surfaces

Theorem 2.48 (Castelnuovo’s Rationality Criterion, cf. [BHPV04] Corollary VI.3.4]).
An algebraic surface X is rational if and only if q(S) = Py(S) = 0.

Ruled surfaces of genus g have smooth morphism to a curve of genus g whose fibres
are P!,

A surface of class VII is a surface S with k(S) = —oo and by = 1, moreover g = 1.
As stated in Remark these surfaces are neither algebraic nor Kéhler. Examples
of this type of surfaces are Hopf surfaces ([Hop48]) and Inoue surfaces ([Ino74]).

Theorem 2.49 (Enriques, cf. [BHPV04, Theorem IV.12.1]). Let S be a smooth pro-

jective complex surface, then the following are equivalent:
e S is ruled;
o P, =0 for all n;
o Py =0.

An Enriques surface S is a surface with ¢(S) = 0, non-trivial canonical bundle (i.e.
wg # Og) and w?z >~ Og.

A bi-elliptic surface (or hyperelliptic surface) is a surface S with ¢(S) = 1 and an
elliptic fibration over an elliptic curve. Surfaces of this type are quotient of a product
of two elliptic curves by a finite abelian group (cf. [BHPV04] Section V.5]).
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Kodaira surfaces are usually divided into two subtypes: the primary Kodaira sur-
faces with by = 3 and an elliptic fibration over an elliptic curve; the secondary Kodaira
surfaces are surfaces which admit a primary Kodaira surface as étale covering of degree
> 2. As stated in Remark these surfaces are not algebraic.

A K8 surface is a surface S with ¢(S) = 0 and trivial canonical bundle.

A torus is a surface isomorphic to the quotient of C? by a lattice of real rank 4.

A properly elliptic surface is a surface S admitting an elliptic fibration with x(S) =
1. A very simple example is provided by the product of two curves, one elliptic and
the other of genus > 2.

The following results hold for surfaces with non negative Kodaira dimension.

Theorem 2.50 (cf. [BHPV04, Proposition 111.4.6]). If S is a non singular compact

connected surface with k(S) > 0, then all minimal models of S are isomorphic.

Proposition 2.51 (cf. [Laz07, Proposition 2.2.2]). Let S be a smooth compact con-
nected surface with k(S) > 0 and let D be an effective divisor on S such that D.Kg < 0.

Then D contains an exceptional curve.

Proof. 1t is sufficient to prove that if D is an irreducible curve with Kx.D < 0, then
D is an exceptional curve. By Theorem for some n > 1 there is a non negative
n—canonical divisor nKg & K = > ¢ C; with ¢; > 0. Since Kg.D < 0, K.D =
nKg.D < 0 therefore the curve D must be one of the Cj’s, say D = Cy. Hence
D(K —coD) > 0 and D? < 0. By Proposition we get the thesis. O

Lemma 2.52. Let S be a surface. If k(S) > 0 then one of the following occurs:
1. h?(2Kg) = 0;
2. Kg =0 and therefore x(S) = 0.

Proof. Since x(S) > 0, there exists n > 0 such that h°(nKg) > 0. We can choose then
an effective divisor A € [nKgs|. Suppose h?(2Kg) > 0; by Serre duality h°(—Kg) > 0,
let then B € | — Kg|: A+ nB is a principal effective divisor on S, that is A+ nB = 0,
but both A and B are effective, then A = B = 0. Thus —Kg = 0. O

2.7 Surfaces of general type and the geography problem

Enriques-Kodaira classification gives a good description for surfaces with Kodaira di-
mension k < 1, but surfaces belonging to the remaining class, namely the surfaces with

Kodaira dimension k = 2, are far from being completely classified.
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Definition 2.53. A surface S is said to be of general type if k(S) = 2.

Remark 2.54 (cf. [BHPV04, Corollary IV.6.5]). Every smooth surface of general type

is projective.

Proposition 2.55 (cf. [Laz07, Example 2.2.2]). Let S be a surface of general type,
then Kg is a big divisor.

Proposition 2.56. Let S be a surface of general type. Then S is minimal if and only
if Kg is nef.

Proof. 1t follows immediately by Proposition and Proposition [2.55 ]
Lemma 2.57. Let S be a minimal surface of general type, then h°(2Kg) = x(Og)+K3.

Proof. By Riemann-Roch Theorem x(0s(2Ks)) = x(Os) + K2%. Since S is mi-
nimal, Kg is big and nef, then by Theorem h'(2Kx) = 0. By Lemma m
h?(2Kx) = 0. Then x(0s(2Ks)) = h°(2Kg), whence the statement. O

Proposition 2.58. Let S be a surface of general type, and let S be its minimal model.
Then h'(2Ks) = K — KZ.

Proof. By Riemann-Roch Theorem and Proposition [2.52

W (2Ks) — h'(2Ks) = h°(2K ) — h1 (2K ) + h?(2K5)
= x(05(2K5s))
= x(0s) + K3.

By Lemma W’ h(2Kg) = x(Og) + Kg. Since Euler characteristic and m—th pluri-
genus are birational invariants, x(Og) = x(Os) and h’(2Kg) = h°(2Kyg), whence the
thesis. O

Theorem 2.59 (cf. [BHPV04, Theorem VII.2.2]). If S is a minimal surface of general
type, then K% > 0.

Theorem 2.60 (cf. [Bea83bl Theorem X.4]). Let S be a surface of general type, then
e(S) >0 and x(Og) > 1.

By Noether’s formula, the condition e(S) > 0 is equivalent to K2 < 12x(Og). For
a surface of general type Bogomolov and Miyaoka, and independently Yau proved the

stronger inequality that is named after them.



36 CHAPTER 2. SURFACES

Theorem 2.61 (cf. [BHPV04, Theorem VIL.4.1]). Let S be a smooth surface of general
type. Then
K2 < 9y(0s). (BMY)

In literature there are other well-known inequalities involving the invariants of mi-

nimal surfaces of general type:

Theorem 2.62 (cf. [BHPV04, Theorem VIL.3.1]). Let S be a minimal surface of general
type. Then

K§ > 2py(S) —4 (N)

if g > 0= K% > 2p,(S) (D)

The inequality (N) is due to Noether, while (D) is due to Debarre.

Inequalities we have listed so far outline a region in the (y, K?)—plane.

2

K BMY

Figure 2.1: The geography of minimal surfaces of general type.

A minimal surface of general type corresponds to a point with integral coordinates

in the coloured convex region of Figure By Debarre’s inequality (D), if a minimal
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surface of general type S has irregularity ¢(S) > 0 then it corresponds to a point lying
in the region above the line D.

We will understand the importance of line with equation K? = 8y displayed in
Figure in following chapters.

The question that naturally arises looking to Figure is: for any point (K?2,y) €
Z? lying in the bounded region, does there exist a minimal surface of general type with
such invariants? This is the so called geography problem and is still far from being
solved, so one can try to develop a way to construct explicitly surfaces for fixed values
of K? and Y.

2.8 The classification of surfaces of general type with p, =
q=3

In our work, we focused on the classification of surfaces of general type with p, = q.
These surfaces lie on the boundary of the region represented in Figure [2.1] and are far
from being fully classified, nevertheless there are some important results. In particular,

surfaces with p; = ¢ > 3 are fully classified.

Theorem 2.63 ([Bea82, Theorem 1V.12.1]). If S is a minimal surface of general type,
then py > 2q — 4. Moreover, if p, = 2q — 4, then S is a product of a curve of genus 2

and a curve of genus q — 2.

Corollary 2.64. Let S be a surface of general type with py(S) = q(S) (i.e. x(Og) =1),
then pg = q < 4. Moreover, minimal surfaces of general type with p; = q = 4 are exactly

the products of two genus 2 curves.

Surfaces of with p, = ¢ = 3 have been studied in [CCML9S], [Pir02] and [HP02]

and they are completely classified.

Theorem 2.65. Let S be a minimal surface of general type with py = g = 3 then one

of the following cases occurs:
° Kg =6 and S is the symmetric product of a genus 3 curve;

e K2 =8 and S = (Cy x C3)/7, where Cy is a curve of genus g and T is an
involution, acting on Co as an elliptic involution and on C3 as a fized point free

involution.






Chapter 3

Group Actions on a Product of

two Curves

In his seminal paper [Cat00], Catanese laid the foundations for the study of the so
called isogenous surfaces, surfaces that are obtained as the quotient of the product of
two curves with respect to the free action of a finite group. In the last years, these
objects have been studied in many works; we mention, among others, [BC04], [BCGOS],
[CPQ9], [Penll], [Pol0g|. In the first part of the present chapter we will see some of
the results contained in these works, since they will play an important role in the next

sections.

Despite being a very rich source of new examples of surfaces of general type, isoge-
nous surfaces are not sufficient to give an answer to the geography problem, for they
all lie along the red line in the (y, K?) plane in Figure For this reason the con-
struction has been generalised, allowing the group to act freely outside of a finite set
of points; a surface constructed under these hypotheses is called quasi-étale quotient
and the minimal resolution of its singularities is a quasi-étale surface. These surfaces
has been widely studied in the last years; we mention among others [BP12], [BCGP12],
[Fral3], [FP15], [MP10], [Penll], [Pol09], [Zuc03]. The results contained in Section [3.3]
show how quasi-étale surfaces allow us to fill, in principle, an area on the (, K?)—plane

which is bigger than the one we can reach with the isogenous surfaces.

For a complete list of the surfaces classified in the works we mentioned, we refer to
[Pig15].

39
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3.1 Mixed and unmixed actions on a product of two curves

In [Bea83b], Beauville proposed a very simple construction to get a surface of general
type: considering the Fermat quintic plane curve C and a free action of ZZ on C x C,
the quotient surface (C' x C)/Z2 is a minimal surface of general type with p, = ¢ =0
and K? = 8.

Example 3.1 (cf. [Bea83bl Exercise X.13.4]). Let C C P? be the plane quintic X?* +
Y2+ 75 =0, let ¢ := exp(27i/5) be a 5—th root of unity and let us define an action of
G = (Z5)* on C as

(a,b)[X : Y : 2] =[¢°X : ¢y : Z].

Then there are fifteen points on C' with non trivial stabilizer

pii=[0:—C:1] k=0,...,4 Stab(p;) = ((1,0))
¢ :=[-CF:0:1 k=0,...,4 Stab(q;) = ((0,1))
rii=[1:=C*:0 k=0,...,4 Stab(r;) = ((1,1))

By Riemann-Hurwitz Formula , 9(C/G) =0.

Let us define ¢ € Aut(G) as ¢(a,b) := (a + 2b,3a — b) and a G—action on C x C
as g(p,q) = (9p, (9)q)-

By definition of ¢, this latter action is free. Let us consider the surface X :=
(C x C)/G and the corresponding quotient map n: C x C — X.

Being the action free, the map n is étale and X is smooth. By Theorem [1.51
and Lemma X is of general type. Moreover, using some results that we are
going to state and prove in the next sections under more general hypotheses, we have
py(X) =¢q(X)=0 and K% = 8.

The idea underlying this example turned out to be very fruitful in the classification
of surfaces of general type and led to the detailed study of the group actions on product
of curves. Most of the following results hold for a finite product of curves Cy x - -+ x Cj,
(cf. |Glel6]), but we will focus on the surface case, that is n = 2.

Our first aim is to understand the structure of the automorphism group Aut(C; xCs)
of the product of two Riemann surfaces of genus g(C;) > 2. The following result

provides a simple description of this group.

Lemma 3.2 (Rigidity Lemma, cf. [Cat00, Lemma 3.8]). Let f: C1 xCy — B1 x By be a
surjective holomorphic map between products of curves. Assume that both Bi, Bo have

genus at least 2. Then, after possibly exchanging B with Bs, there are holomorphic
maps f; : Ci — B; such that f(z,y) = (fi(z), f2(y)).
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Corollary 3.3 (cf. [Cat00, Corollary 3.9]). Let C1,Co two Riemann surfaces of genus
9(Cy) > 2 of i =1,2. Then one of the following occurs:

(] 01 A;t” CQ and Aut(C’1 X 02) = Aut(C’l) X Aut(C’Q);

e 01 20y =2 C and Aut(C x C) = Aut(C)? x Zs, where the group Zs is given by

the involution exchanging the two coordinates.

Remark 3.4. Given a group G acting on the product of two curves C; x Cs, let K be
the kernel of the map G — Aut(Cy x C3). The group G’ := G/K acts faithfully on
C1 xCy and (C1 xC3)/G = (Cy xC3)/G'. For this reason, we will consider only faithful

action, and we will omit this hypothesis for the sake of brevity.

Remark 3.5. If g(C;) > 2 for ¢ = 1,2 then by Theorem Aut(C;) < 84(9(C;) — 1),
hence by Corollary Aut(Cy x Cy) is finite. Therefore, taking into account Remark
if G is a group acting on Cy x Cy we can always suppose it to be finite without loss

of generality.

Definition 3.6. Let C1, (5 be two Riemann surfaces of genus at least two. Let G be
a group acting on C; x Cy and let us denote G° := G'N (Aut(Cy) x Aut(Cy)).

Let us consider the two projection maps p;: GY — Aut(C;) for i = 1,2. We can
define a G®—action on C; for i = 1,2 in the following way: let z € C; and g € G, then
g(z) == pi(g9)(x). Analogously, we can define a G’—action on Cy x Cy: for g € G° and
(x,y) € C1 x Cy

9(z, ) = (p1(9)=, p2(9)y)- (3.1)
We say that G° acts diagonally on C; x Cs.

If GO acts faithfully on both factor, we say that the action of G is minimal, and we

say that X := (C1 x C2)/G is a minimal realization of X.

Remark 3.7 (cf. [Cat00, Remark 3.10]). Using the same notation of Definition let
K; := ker(p;). Then K; acts trivially on C; and the action of G’ := G/(K1, Ka) is
minimal on (C/p1(K2)) x (Co/p2(K7)). The surface (Cy/p1(K2) x Cy/p2(K1))/G is

a minimal realization of X.

By the previous remark, if we are given a surface X = (Cy x C3)/G, obtained as
the quotient of the product of two curves by a group action, then it is always possible
to construct a minimal realization of X. Hence, from now on we will only consider

minimal action of a group G on a product of curves C7 x Cos.

Definition 3.8 (cf. [Cat00, Proposition 3.15]). Let C' be a Riemann surface of genus
g(C) > 2 and let G C Aut(C x C). Let G := G N Aut(C)? (cf. Definition [3.6)), then

we say that the action of G is unmized if G = G° and mized otherwise.
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Definition 3.9. Let C7, (3 be two Riemann surfaces both of genus at least two, and
let G be a group acting on C X C. Then (C; x C3)/G is said to be an unmized quotient

(respectively a mized quotient) if the action of G is unmixed (resp. mixed).

Remark 3.10. Deﬁnitioncan be extended to the case g(C;) > 0 for i = 1,2, requiring
G to be finite.
Since we are interested in surfaces of general type, assuming both genus to be at

least two does not effect our investigation.

Proposition 3.11. Let X = (C1 x C3)/G be the quotient of the product of two curves
respect to the action of a finite group G. If X is of general type, then both Cy and Cs

have genus at least two.

Proof. Since the quotient map n : C; x Cy — X is surjective, by Lemma r(X) <
k(C1 x C2). By Lemma k(C1 x C2) = k(C1) + Kk(C2), therefore 2 < k(C1) + k(Ca).
This means that x(C;) = 1 for ¢ = 1, 2, thus, by Theorem|1.51|g(C;) > 2 fori=1,2. O

If the action of G on C' x C is unmixed, then G = G and the action may be assumed
without loss of generality to be the diagonal one, described by (3.1)).

The mixed case is well described in the following result.

Theorem 3.12 (cf. [Cat00), Proposition 3.16]). Let C' be a Riemann surface of genus
g(C) > 2 and let G be a subgroup of Aut(C)? x Zs whose action on C x C' is minimal
and of mized type. Fiz 7' € G\ G°: it determines and element 7 := 7> € G° and
¢ € Aut(GY) defined by p(h) := 7'h7'~t. Then, up to a coordinate change, G acts as

follows:

g(z,y) = (p(9)z, p(¢(9))y)

or G°, 3.2
m'g(x,y) = (p(e(9))y, p(Tg)x) fora e 32

where p: G¥ — Aut(C) is the action map.
Conversely, for every finite subgroup G < Aut(C) and G degree 2 extension of G°,
once 7' € G\ G is fired and once T € G° and p € Aut(G) are defined as above,

defines a minimal mized action on C x C.

Since there is no risk of ambiguity, we will always omit the action map p : G° —

Aut(C).

Remark 3.13 (cf. [Cat00, Proposition 3.16]). Using the same notation of Theorem
the quotient (C' x C)/G does not depend on the choice of the element 7/ € G\ G°.
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Suppose that we fix another 7/ € G\ G°, then 7' = 7/g for some g € G°; according
to Theorem #" induces an automorphism ¢ € Aut(G) defined as ¢(h) := #'h7'~1,
an element 7 := (7/)? and a G—action on C x C defined as

hx,y) = (hx,$(h)y)
#h(z,y) = (p(h)y, Tha)
Let us denote the G—action induced by 7" and 7/ with G, and G respectively. Let ®

for h € G°.

be the isomorphism
d: CxC — CxC
(z,y) — (z,0(9)y)
Let h € G, then

O(hy (x,y)) = ®(hx, p(h)y) = (hz,¢(g)e(h)y) =
= (hx, p(h)e(9)y) = hi(z,0(9)y) = ha®(2,y).
Analogously, we can prove the equality for elements in G \ G°. This means that ®
induces an isomorphism between (C' x C')/G, and (C x C)/G3.

When the action of a group G on C' x C' is mixed, the quotient map n: C x C' —
X :=(C x C)/G can be factorized in the following way:

CxC-LY :=(Cx0)/G° 5 X, (3.3)

where ¢ is the quotient respect to the diagonal action of the subgroup G° on C x C, and

7 is the double covering determined by the involution ¢: Y — Y such that ([(z,y)] =

[(y, 72)].
Remark 3.14. By Theorem and Lemma [1.28] a mixed action G on a product of
curve C x C with g(C) > 2 determines a subgroup G° of G with |G : G°| = 2, a curve
C':= C/GY, a set of points {p1,...,p.} C C’ corresponding to the branch locus of the
quotient map C' — C’ and, for every choice of «;, Bj, 7% € m(C' \ {p1,...,pr}) as in
, a generating vector V for GP.

Vice versa, once we are given a set of algebraic data as the one listed in and
a degree two extension G of the group G, by Theorem we get a mixed action on
C x C and the set of elements of G fixing some points on C is given by .

3.2 Surfaces isogenous to a product

The first case we address is the one in which the group action on the product of two
curves is free. The surfaces we obtain in this case have been studied in many works,
such as [Cat00], [BCGOg|, [CP09], [MP10], [Penll],[Pol08], [Pol10].
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Definition 3.15 (cf. [Cat00, Definition 3.1]). A surface is said to be isogenous to a
product if it is the quotient of a product of two curves both of genus at least 2 by a

free action of a group.

Remark 3.16. In literature (cf. [Cat00]) a surface is said to be isogenous to a product if
it is the quotient of a product of two curves by a free action of a group; if both curves
are of genus at least two, then the surface is said to be isogenous to a higher product.
As stated in Remark [3.10] since we are interested in surfaces of general type, we will
always consider product of curves of genus at least two, then, by sake of brevity, we

give Definition [3.15| omitting higher.

Proposition 3.17 (cf. [Cat00, Proposition 3.13]). If X is a surface isogenous to a

product, then a minimal realization of X is unique.

Proposition 3.18 (cf. [Har77, Exercise I11.8.3]). Let Cy,C2 be two Riemann surfaces,
then denoting by m;: C1 x Co — C; the projection map onto C; for i =1,2

~ % *
WOy xCy = MWe; @ Towey,-

Lemma 3.19. Let Cy and Cs be two smooth curves of genus g1 > 2 and go > 2

respectively and let S := C1 x Cy, then S is a smooth minimal surface of general type.

Proof. Since both C;’s are smooth, C; x (5 is smooth.

Let m;: C1 x Co — C; be the projection on the i—th coordinate, and denote by
F; a general fibre of m;, then K¢, xc, = Ko, + m3Kc, = 2(g1 — 1)F1 4+ 2(g2 — 1) F»
(cf. Proposition [3.18)).

Let D C C; x Cs be an irreducible curve. If D = Fy, then K¢, xc,.-F1 = 2(g2 — 1);
analogously Kcyxo,-Fo = 2(g1 — 1). If D is not a fibre of m;, then K¢ xcy.D >
2(g1 — 1) + 2(g2 — 1). The self-intersection of the canonical divisor of Cy x Cj is
K& vc, =81 —1)(g2— 1) > 0.

By Nakai-Moishezon criterion Kc, xc, is ample, in particular it is big and nef.
Being C; x Cy of general type (cf. proof of Proposition , by Proposition the

surface is minimal. O

Theorem 3.20. Let X := (C; x C2)/G be a surface isogenous to a product. Then X

18 smooth and minimal surface of general type.

Proof. The action of G on C7 x (5 is free, hence the quotient map n: C; x Co — X
is a finite étale morphism of degree |G|: being C; x Cz smooth by Lemma X is
smooth as well. Moreover, by Lemma X is of general type.
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Let D be an irreducible curve in X, then by Proposition Kx.D = n*"Kx.n*D)/|G|;
n*Kx = Ko, xc, by [Bea83b, Lemma VI.3] and n*D is effective, then Kx.D > 0. By
Nakai-Moishezon criterion Kx is ample, then by Proposition [2.56] X is mini-
mal. O

The values of the invariants of a surface isogenous to a product are given by the

following results.

Proposition 3.21. Let X := (C1 x C2)/G be a surface isogenous to a product, then
4g(C1) —1)(g(C2) — 1)

e(X) e
8(9(C1) —1)(g(C2) — 1)
K= =g
_ (9(C1) = 1)(g(C2) = 1)

Proof. Let n: C7 x Cy — X be the projection; since the action of G is free, it is an
étale covering of X.

The topological Euler characteristic is multiplicative, hence e(Cy xCs) = e(Cy)e(Ca) =
4(1 — g(C1))(1 — g(C2)). By Lemma e(C1 x C2) = |Gle(X). As Koyxcy =
2(g(Cy) — 1)F1 + 2(g9(C2) — 1)F», where F; denotes a general fibre of the projection
mi: C1 x Cy — C; onto the i—th coordinate, K%lxcz = 8(¢9(C1) — 1)(g9(C2) — 1). By

Lemma K¢ .c, = |GIK%.
By Noether’s formula (2.5)) the third equality follows. O

Remark 3.22. For a surface X isogenous to a product it holds K% = 8x(Ox).
Corollary 3.23. Let X = (C1 x C3)/G be a surface isogenous to a product. Then

9(9(C1) — 1)(g(C2) — 1).

(2K x) = @

Proof. By Proposition |3.21
9(g(C1) —1)(9(C2) — 1)

K2 O - ’
by Theorem [3.20], X is a minimal surface of general type, therefore by Lemma
hO(2Kx) = x(Ox) + K%, whence the thesis. O

Proposition 3.24 (cf. [Cat00, Theorem C]). Let X = (Cy x C3)/G be a surface

isogenous to a product. Then the fundamental group of X sits in an exact sequence

11— 7T1(01) X 71'1(02) — 7[‘1(X) — G — 1.
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3.3 Quasi-étale quotients

In the previous section, we saw that if the group G acts freely on a product of curves
Cy x Co, the quotient X = (C7 x C3)/G is a smooth, minimal surface such that
Kg( = 8x(Ox). This means that all surfaces isogenous to a product lie along the red
line in Figure we cannot possibly find any example that answers to questions not
concerning that really limited geography region. The idea now is to drop the hypothesis
for which the action of G is free.

In this case, the quotient X := (C; x C2)/G may be singular, so we will consider
the minimal resolution p : S — X of its singularities.

In this section we will study the case in which only a finite number of points has
non trivial stabilizer, the so called quasi étale case. For further details we address to
[BP12], [BCGP12|, [Fral3], [FP15], [Pol09] and [Pigl5].

Definition 3.25 (cf. [Fral3, Definition 2.8]). Let C1,Cy be two Riemann surfaces of
genus at least two. Let G be a subgroup of Aut(Cy x C3) whose action is free outside
a finite subset of points. We will say that the quotient surface X = (C; x C3)/G is a
quasi étale quotient. We will denote by p: § — C1 x Cy the minimal resolution of the

singularities of X, and we say that S is a quasi étale surface.

Remark 3.26. If the action of G on C7 x (5 is unmixed, than the action of GG is free
outside a finite set of points. Let (z,y) € C7 x Cb; since the action of G is diagonal,
Stab(z,y) = Stab(z) N Stab(y). By Proposition a non trivial automorphism of a
curve fixes a finite number of points, hence only a finite number of points in Cy x Co

has a non trivial stabilizer.

Lemma 3.27 (cf. [Fral3, Theorem 2.7]). Let C' be a Riemann surface of genus at
least two and let G be a group whose action on C' x C is mized. Then the quotient

X =(C xC)/G is quasi étale if and only if the exact sequence
1 —-G—G"—7Zy,—1 (3.4)

does not split.
Proof. Using the notation of Theorem suppose there exists 7/g € G'\ G such that
(7'9)* = ¢(g)7g =1, then

T'g(z, 7gz) = (p(9) 79z, Tg) = (2, Tg2),

which means that there exists a non trivial element in G that fixes a curve. Hence X

is not quasi étale.
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Vice versa, let X be quasi étale and let us consider the factorization given by .
As we saw in Remark 0: C x C — Y has a finite number of branch points
r1,...,T¢. Suppose now that there exists a branch curve for «, that is a curve D C X
such that |[771(¢q)| = 1 for all ¢ € D. Let ¢ € D such that 77 1(q) =" & {r1,...,m}.
The degree of the map o is n := |G°|, then o=(+') = {p1,...,pn}. This means that
17 1(q)| = |(moo)~1(q)| = n. Therefore |Stab(p;)| = 2, which means that Stab(p;) = Zs
is generated by an element not in G%. Then the sequence splits. ]

Remark 3.28. (cf. [BP16], [MP10], [Poll0]) Let X = (C; x C2)/G be a quasi étale
quotient. Then the singularities of X are the images of all the points in C7 x Cy with

non trivial stabilizer in G.
The first problem we address is the relation between the singularities of the quotient

and the action of G on Cq x Cs.

Definition 3.29. A surface S has a cyclic quotient singularity in p € S if there exists
a neighbourhood U of p such that U = C?/H, with

27ip
e r 0
0 e r

for some p,q,r € Z. In this case we say that %(p, q) is the type of the cyclic quotient

singularity in p.

Lemma 3.30 (cf. [BHPV04, pages 104-105]). Every cyclic quotient singularity of type
+(p, q) is isomorphic to a cyclic quotient singularity of type - (1,a) with 1 < a <n and
ged(a,n) = 1.

Definition 3.31. Let 1 < a < n and ged(a,n) = 1. We denote a cyclic quotient
singularity of type %(1, a) by Cpq-

Definition 3.32. Let n,a € Z such that 0 < a < n and ged(n,a) = 1 The continued

fraction of n/a is the finite expression

1
n_y,

— = [b1,...,b].
a bg— [1 l]

1
b3—...

The resolution of a cyclic quotient singularity of type %(1, a) is well known and it is
described in [BHPV04], Section II1.5]: the exceptional divisor of the minimal resolution
of such a singularity is given by F = Z§:1 FE;, where each E; is a rational smooth
curve and E? = —b;, FE;.E;11 = 1 and E; E; =0 if |i — j| > 1. The coefficient b;’s
are given by the continued fraction n/a = [by,...,b]. Such a configuration is called

Hirzebruch-Jung string of type (n,a) and its dual graph is
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Remark 3.33. Arguing as in Remark we see that if the action of G on Cy x Cs is
unmixed, then the singular points in X = (C7 x C3)/G are all cyclic quotient, as the

stabilizer of each point in C7 x Cs is a cyclic group.

Lemma 3.34 (cf. [FP15]). Let X := (C x C)/G be a mized quasi étale quotient, then
Sing(X) = w(Sing(Y')) . Moreover let p € Y be a singular point of type Cp q, with

n/a = [bi,...,by]; then one of the following occurs:

i. t(p) #p and 7(p) is a singular point of type C, q;

it. 1(p) = p; thenl =2m + 1 is odd and by,11 is even, w(p) is a singular point whose

minimal resolution has exceptional divisor with the following dual graph

-2

where b, 1 =14 bpmy1/2. Such a singularity is said to be of type Dy 4.
Proposition 3.35 (cf. [FP15, Proposition 2.18]). Let X = (C1 x C2)/G be a quasi

étale quotient. For a singular point of type C, o, we will denote by a' the only integer
0 <dad <n withad =1 modn and n/a = [by,...,b].
Then for each singular point x € Sing(X) of type C,, o we define the two integers:

2 / l 12 !
Bpim 24 2T LS N —2) B= 2T 4 S

n - n -
=1 =1

For each singular point x € Sing(X) of type D,, o we define

2+a+a’ bi—2 a—i—a’ bi
k,:=—1 B, :=6 —.
* L +; 2 * o +;

Then, if p: S — X is the minimal resolution of the singularities of X

LR COEL

z€Sing(X)

. ng ZxGSing(X) By
MOs) =+ 5

The last proposition shows that if we allow the points of C7 x Cs to have non trivial
stabilizer, we obtain a surface S with K% < 8y, reaching the area below the red line in

Figure [2.1



Chapter 4
Semi-isogenous Mixed Surfaces

So far the classification of quotients of products of two curves only concerned quasi
étale actions of groups. In this chapter we drop the quasi étale hypothesis and allow a
product C7 x C5 to contain curves with non trivial stabilizer.

By Remark if the action of a group G on a product C; x Cs is unmixed, then
the quotient map n: C1 x Co — X = (C7 x C3)/G is quasi étale. Therefore we will

study only mixed action. The notation we will use from now on is the one defined in

Theorem and in (3.3)).

4.1 Fixed points of mixed actions

As stated in the previous chapter, since we consider C' of genus at least 2 (cf. Remark
3.10), a group G C Aut(C x C') =2 Aut(C) x Zg is finite.

Definition 4.1. Let C' be a Riemann surface of genus at least 2 and let G be a group

whose action on C x C' is mixed. Then we define the set
Oy :={g€G\G": g*>=1}.

Remark 4.2. By Lemma [3.27] the quotient X is quasi-étale if and only Os is empty.

Let G be a group whose action on C' x C' is mixed. Since we can assume the action
of G to be minimal (cf. Remark [3.7), Theorem allows us to identify the normal
subgroup GV < G acting diagonally on C x C with its image via p : G — Aut(C). Let

¥ be the subset of elements of GV having some fixed point on the curve C.

Lemma 4.3. Let G be a group whose action on C' x C is mized. Then the following
hold:

49
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i. Let g € GO, then Fix(g) # 0 if and only if g € £ N p(X);
ii. Let g € G\ G°, then Fix(g) # 0 if and only if g*> € X.

Proof. i. Let (xz,y) € C x C, then g(z,y) = (9z,¢(9)y) = (x,y) if and only if
g € N Y(X). The set ¥ is Inn(GY)—invariant and ¢? € Inn(G), then ¢~ 1(X) =
p(%).

ii. Once we have fixed 7/, there exists a unique h € G such that ¢ = 7’h. Let
(z,y) € C x C, then

, y=rT1hx y =Thr
T'h(z,y) = (p(h)y, Thz) = (z,y) < N
z = p(h)y x = p(h)The
So Fix(g) # 0 if and only if p(h)7h = ('h7'~Y)Th = ('h)? = g* € X.
[

Definition 4.4. Let G be a group whose action on C' x C' is mixed. For each g € Os
we define R, := Fix(g).

Remark 4.5. Each R, is a smooth irreducible curve isomorphic to C; indeed, once
we have fixed 7/, the curve Ry is the graph of the automorphism 7'g € Aut(C), i.e.
Ry ={(z,7'gx) : x € C}.

Proposition 4.6. Let G be a group whose action on C x C is mized. Let D be an
irreducible curve contained in the ramification locus of the quotient map n: CxC — X.
Then there exists g € Oy such that D = R,.

Proof. Let P C C x C be the finite set of points fixed by a non trivial element of
GY. Each point in D\ P has stabilizer of order 2 generated by an element in G \ GV,
otherwise the point would be stabilized by a non trivial element of G°; therefore each
point in D \ P belongs to one of the R,’s. Noting that if D # R, then DN R, is a
finite set, we get the thesis. O

Remark 4.7. By the previous proposition, if the action of G on C x C' is mixed, then
we have a bijection between O2 and the set of ramification curves of the quotient map
n:CxC—X:=(CxC)/G.

Proposition 4.8. Let X = (C x C)/G be a mized quotient. Let m:Y = (C X
C)/G® — X the double covering induced by the involution t: Y — Y. Then Sing(X) C

7(Sing(Y)).
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Proof. Let u := o(p,q) € Y be a smooth point and let z := «(u) € Y. By Remark
{1} = Stabgo(p, q) = Stabg(p,q) N GY. If u # 2, then 7(u) is clearly a smooth
point. If u = z, then Stabg(p, q¢) = (g) = Zs for some g € 0. Therefore dim Fix(g) =
dim R; =1 (cf. Remark and Stabg(p, q) is generated by a pseudo reflection. This
means that there exists coordinates (z,y) in a neighbourhood of (p, ¢) such that locally
g(z,y) = (z,—y). In a neighbourhood of 7(u), X is isomorphic to C?/{g); the variety
structure in such a neighbourhood is given by the ring C[z, 4] = Cl[z, y?], hence 7 (u)

is smooth. O

Since, by Remark the singular points of Y correspond to the G°—orbits of the

points of C' x C' with non trivial stabilizer, the following corollary follows.

Corollary 4.9. Let X = (C x C)/G be a mized quotient and suppose the action of G°
on C' x C to be free. Then X is smooth.

The objects we want to investigate are the surfaces we obtain when the diagonal
subroup G acts freely on the product C' x C; the quotient X = (C' x C)/G will then
be the quotient of the surface isogenous to a product Y = (C' x C')/GP respect to the

involution ¢. This justify the following definition.

Definition 4.10. Let X := (C x C)/G be a mixed quotient and let Y := (C x C)/G°.
If Y is a surface isogenous to a product, then X is said to be a semi-isogenous mized

surface.

Remark 4.11. By Theorem and Lemmal[4£.3] in order to construct a semi-isogenous
mixed surface, one has to provide the algebraic data listed in Remark such that
for the set ¥y defined in Proposition it holds Xy Np(Xy) = {1}. Moreover, we
shall remark that ¢(Xy) = Xy, v.

Proposition 4.12. Let X = (C x C)/G be a semi-isogenous surface of general type.
Then g(C) > 3.

Proof. Suppose g(C) = 2, then we factorize the quotient map n: C' x C — X in the
following way:
CxC— 0¥ X,

where the first map is the quotient determined by the action of Zs = (h) on C x C
with h € O. It is well known that C® is birational to an abelian surface isomorphic
to the Jacobian variety J(C). Hence, by Lemma #(X) < K(C®) =0, which is a

contradiction. O
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4.2 The branch and the ramification locus

In this section we give a description of the ramification and branch locus of the quotient
map 7: C' x C — X; these results underline the connection between the geometry of
semi-isogenous mixed surfaces and the algebraic properties of the groups involved in

the construction in a simple yet clear way.

Proposition 4.13. Let X := (C x C)/G be a semi-isogenous mized surface. Then the

ramification locus of the quotient map n: C x C — X is the disjoint union

| | Rq

g€02
Proof. Let (z,y) € C x C be a point with non trivial stabilizer g € Stabg(z,y). Since
g% € G° and GV acts freely on C x C, g = 1, therefore (z,y) € Ry. Let g,h € Oz such

that there exists (z,y) € Ry N Ry; then g 'h(z,y) = (x,y), but g7'h € G® and fixes a
point, whence g = h. O

Proposition 4.14. Let X := (C x C)/G be a semi-isogenous mized surface and let
g,h € Oz. Then h =gy~ ' if and only if YRy = Ry,. In particular, R, is y—invariant
if and only if v belongs to Z(g), the centralizer of g.

Proof. For any v € G, the curve 7Ry is fixed pointwise by vgy~! = h, hence YRy = Ry,.
Vice versa, if YR, = Ry, then vgy~! fixes R, pointwise, then vgy~1 = h. O

Remark 4.15. Let X = (C x C')/G be a semi-isogenous mixed surface and let g, h € O.
Then there exists a € G such that aRy, = Ry, if and only if there exists § € G\ G
such that SR, = Ry,

Proof. Suppose there exists o € G° such that ally = Ry, then agRy, = aR, = R), and
B :=ag € G\G°. The same argument with a € G'\ G* proves the other implication. [

Definition 4.16. Let us say Oz := {g1,...,gn}, then by Proposition for h e G
hRy, = Ry, if and only if g; = hg;h~!. We can then define an homomorphism between

G and the permutation group of N elements

o: G — Gy
h = o(h)

where, if ARy, = Ry, o(h)(i) = j.

Let G be a group whose action on C'x C'is mixed. We denote by Cl(g) the conjugacy
class of g € G and we define Cl(Oz) := {Cl(g) : g € O2}.
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Proposition 4.17. Let X = (C x C)/G be a semi-isogenous mized surface. Let
Cl(O2) = {Cly,...,Cly} and for each i =1,...,M let us fix g; € Cl;. Then the branch
locus B of the quotient map n: C x C' — X is the disjoint union B = By Ll --- U Byy,
where B; :=n(Ry,).

Moreover, for each g € Oz the map n|g,: Ry — By :=n(Ry) is an étale covering of

degree |Z(g)|/2 and 0() - 1)
2(g -1
W)= )

Proof. The first claim follows from Proposition [£.13 and Proposition [£.14]

By Proposition for each g € O9 the subgroup Z(g), i.e. the centralizer of g,
is the stabilizer group of R4. This group does not act faithfully on Ry, since g € Z(g)
fixes the curve pointwise. Therefore Z(g)/(g) = Z(g) N G° =: Z%(g) acts freely on R,.

This means that the map n|g, : Ry — By is unbranched, and its degree is deg(n|r,) =
|Z(9)|/I{9)| = |Z(g)|/2. Since Ry = C, equation follows from Hurwitz’s formula

[C2). O

Remark 4.18. Proposition [£.13] and Proposition [£.17) imply that we have a bijection

between the set of ramification curves (the set of branch curves) and Oy (Cl(O2) re-

+1. (4.1)

spectively).

4.3 Birational invariants

The following result, which is proved in [Bea83b|] for varieties of arbitrary dimension,

will be used in the case of surfaces.

Lemma 4.19 (cf. [Bea83bl Lemma VI.11]). Let X be a smooth variety and G a finite
group acting on X. Let m: X — Y = X/G be the quotient map and assume Y to
be smooth. Then the G—invariant k—fold p—forms o € H°(X, (Qg()@“) are the forms
7w, where w is a k—fold rational p—form on'Y such that 7*w is reqular on X.

In particular, if the group G acts freely (or equivalently, if 7 is étale) then the map
™ HO(Y, (O)®%) — HO(X, (Q%)®F)C is an isomorphism.

Remark 4.20. We should stress that Lemma [£.19 holds for X eventually non connected.

Proposition 4.21. Let X = (C x C)/G be a semi-isogenous mized surface, then q(X)
is equal to the genus of the quotient curve C' := (C/GY).

Proof. First of all, we want to prove that H(Q%, )¢ = HO(QY) via pull-back n*; by

Lemma [4.19} it suffices to prove that if a 1—form on X « has poles, then *a has poles

as well.
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This is obvious if the poles of a are not in the branch locus of 7.

Suppose then that (o) = A — kB, where A and B have no common components, B
is a branch curve for n and k > 1.

Let g be a generic point of B and p € C' x C such that n(p) = ¢q. Let (z,y) and
(u,v) be local coordinates centered at p and ¢ respectively such that locally n(x,y) =
(7,9?) = (u,v). Then B = {v = 0} and locally

1
Q= UT(f(uv v)du + g(u, U)d”l)),
where o = f(u,v)du + g(u,v)dv is a holomorphic 1—form that does not vanish in a
neighbourhood of q.

Therefore .
o= o (fl, y*)dx + 2yg(x, y*)dy)

in a neighbourhood of p. The 1—form f(x,y?)dx + 2yg(x, y?)dy either does not vanish
or vanishes with multiplicity 1 along {y = 0}. Therefore n*« has a pole along {y = 0}
of order at least 2k — 1 > 0. We conclude that H°(Q%) = HO(QL, »)¢.

Now, arguing as in [Cat00), Proposition 3.15]:

HO(Q) = (H(Qpe))® = (H(QF) & H(QF))C
= (H(Q)7" @ HO(8) )/
= (H°(Q%) & HO(QE) 9,

where last equality is proved with computations which are analogous to the ones done
in the first part of the proof (cf. [Bea83b, Examples VI.12.2]). Since X is a mixed
quotient G/G® = Z; exchanges the last two summands, hence ¢(X) = h%(QL) =
RO(QL) = 9(C"). =

Let X := (C x C)/G be a semi-isogenous mixed surface. We denote by B :=
By + - -+ + By the branch divisor of the quotient map n: C' x C — X and we define

the integer
M

5(B):=Y_(9(B)) = 1).

j=1
Remark 4.22. By Proposition the branch curves are pairwise disjoint, hence
0(B) = pa(B) — 1, where p,(B) denotes the arithmetic genus of B.
Moreover, by Proposition [4.17] it is immediate to see that

2(9(C) 1)

)= e

+|O2]. (4.2)
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Let X = (C x C)/G be a semi-isogenous mixed surface; the map 7: Y = (C X
C)/G® — X is a double covering - therefore a cyclic covering - branched along the
smooth divisor B. Let us define T := 7~!(B). Then the following lemma holds:

Lemma 4.23 (cf. [BHPV04, Lemma 17.2]). There exists a line bundle L on X such
that m«(Oy) = Ox @& L*. For such L the following hold:

o Oy(T)=n*(L);
o Ky =1%(Kx ®L);
[ ] Oy(B) = ,C®2.

Proposition 4.24. Let X = (C x C)/G be a semi-isogenous mized surface, then

_ 2(g(0) ~ 1) _ 4(g(0) ~ 17
e(x) = D= o) - 1) - 0o) = D= o).y

and 2(9(C) — 1 8(g9(C) —1)?
1% = 20D gy - 1) - sioa) = D= sam).

Proof. Fori=1,..., M let g; € Oz such that n(Ry,) = B;. By Proposition

Vo Ae@ -1y N N

where N; = |G|/|Z(g;)| is the cardinality of the conjugacy class of g;. Note that
Zf\il N; = |Os]. Since the ramification locus R := n~!(B) is the disjoint union of |Os

smooth curves, each one isomorphic to C, it holds
e(C'x C\ R) = e(C x C) — e(R) = 4(g(C) — 1)? +2|02](9(C) — 1).

It follows

1
4(g(C) —1)> 2|0y L Ao - &K
- %ﬂ‘%(gw 1)+ (0] — 2(04))

_2(g(C)-1)
— T(2(g(C') —1) —|02])
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The second equality in follows by .

The map 0: C x C — Y = (C x C)/G° is an unramified covering of degree
|GY| = |G|/2 and the canonical divisor Koy is numerically equivalent to the divisor
2(g(C)—1)F1+2(g9(C) — 1) Fy, were Fy, F; denote a general fibre of the projections on
the first and on the second coordinate respectively. Then, by Proposition

- deg(o) |Gl

o Kb 16(g(0) — 17
Y

On the other side, by Lemma 2Ky = 7*(2Kx + B), therefore, by Proposition
4K? = 2(4K% + B? + 4K x.B), that is

B2
K2 =2 <K§(+4+KX.B> .

By Proposition [{.17} B;.B; = 0 if i # j, then B> = B} + - + B3,.
Foralli=1,...,M,n*(B;) =2R;1+---+2R; n,; these curves are pairwise disjoint
by Proposition and of genus g(C). Applying the genus formula (2.4) to R; ; C CxC

we get

R} ; =2(g(C) —1) — Koxe-Rij
=2(g(C) = 1) = [2(9(C) = 1)F1.R; j + 2(9(C) — 1) F>.R; ]
=-2(g(C) - 1)

1
B2 * B/L >k
ek
N; N;
ZzR ZzRJ
7j=1
_8Ni(g(C) - 1)
R J—
\GIZ R

where third equality holds because R; ;.R; ; = 0 whenever j # k.
By genus formula (2.4))

ANi(9(C) 1) | 8Ni(g(C) = 1)

Kx.B; = 2(g(Bi) — 1) — B2 =
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Then
K2 B?
2 _ 'y _
Ky == —KxB--
U 8(g(0) — 1) 12(9(C) —1) xm |, 2(9(C) = 1) =
e o XN TN
2(g(C) -1
= 200D a(9(C) ~ 1) - 6102 + [0l
whence the thesis. ]

By Proposition [4.24] and Noether’s formula, we immediately get the following.

Corollary 4.25. Let X := (C x C)/G be a semi-isogenous mized surfaces. Then

_ _ 2
«(0x) = 0= g0y -1 o) = WO e,

Remark 4.26. By Proposition and Corollary we get

8x(Ox) — K3 = 2@(%‘” 0] = 6(B). (4.6)

Remark 4.27. By the proof of Proposition [£.24] for every branch curve B; we get the

following equalities:
Kx.Bi=6(g(Bi) — 1), B} = —4(g9(Bi) - 1),
therefore, being the branch curves pairwise disjoint
Kx.B=66(B), B?=—45(B).
Moreover

2(9(C) —1)* _ (9(C) —1)°
€ |G|

where last equality holds for by Proposition

10x(Ox) — K% =

= X(OY),

4.4 Albanese fibre of a Semi-isogenous Mixed Surface with

q=1

By Remark the Albanese map of a surface X with irregularity ¢(X) = 1 is a
fibration onto the elliptic curve Alb(X) and the genus g4 of the general Albanese fibre
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is an important deformation invariant. In this section we explain how to compute gq
for a semi-isogenous mixed surface.

The argument is analogous to the one described in [FP15, Section 3] for the quasi
étale surfaces.

Let X = (C x C)/G be a semi-isogenous mixed surface with ¢(X) = 1. By Proposi-
tion C/GY is an elliptic curve, which will be denoted by E, and the Galois covering
¢: C'— E has branch locus {p1,...,p,}. Up to translation, we may assume that 0 € E
is not in B and that —p; ¢ B for each i € {1,...,r}.

Let us define
Q: CxC — ExFE

(p,q) = (c(p),c(q))

and let
a: E® — F

{z,y} — z+y
be the Abel-Jacobi map.
Let us define the morphism a: X — E defined as a([p, q]) := ¢(p) + ¢(q). First, let
us remark that it is well defined: let (p/,¢") € [(p, q)], then either one of the following

occurs:

e (¢'.q') = g(p,q) for some g € G then p’ = gp and ¢’ = ¢(g)q, therefore c(p') =
c(p) and ¢(q') = c(q);
e (p',q) = T'9(p,q) for some g € G°; then p' = ¢(g)q and ¢’ = 7gp, therefore
c(p') = ¢(q) and ¢(q') = ¢(p).
In both cases ¢(p’) + ¢(¢') = ¢(p) + ¢(¢). By Theorem the morphism factorizes
through the Albanese map: o = ¢ o f.

What we get by these definitions is the following commutative diagram:

Q

Cx(C——FExFE

n €
X E(2)
f N a

Ab(X)—— 3 |

Let E' := €*(a*(0)) = {(u, —u) : u € E}, consider F* := Q*(E’) and F := o*(0).
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Lemma 4.28. F* is smooth.

Proof. For every p € C let my, := |Stabgo(p)|; for any chart ¢o: Uz — C on E centered
at ¢(p), there exists a chart ¢;: Uy — C centered at p such that ¢o(c(p;'(2))) = 2™
(cf. [Mir95, Proposition 11.4.1]).

Analogously, let (p,q) € C x C; then there exist local coordinates for C' z; and
zo centered respectively in p and ¢ such that - with a slight abuse of notation - the
(G% x G%)—cover Q) assumes the form (z1,22) — (2{", 25 ) in an open neighbourhood
UcCxCof(pq).

Suppose that Q(p,q) € E’ and let V := Q(U), then, being E’ a smooth curve, up
to a restriction of the open set V, there exist local coordinates y1, y2 on V such that
E'NV is given by ay; + by2 + O(2) = 0 with ab # 0. Then a local equation for F* in
U N F*is given by a2 + bzy ¢ + O(2min{m,, m,}) = 0. Since by hypothesis m, = 1
or mg =1, F’* is smooth in (p, q). O

Remark 4.29. F* = Q*(e*(a*(0))) = (doeoQ)*(0) = (o n)*(0) = n*(a*(0)) = n*(F),
then n(F*) = F.

The group G acts freely on F*: suppose that g(x,y) = (x,%) for some g € G° and
(z,y) € F*, then gr = z and ¢(g)y = y. Therefore x € ¢ (p;) and y € ¢~ *(p;) for
some 4,7 = 1,...,r, but then Q(z,y) = (c(z),c(y)) = (pi,p;) € E'; this means that
pj = —Di, which contradicts —py, ¢ B for any p;, € B. Analogously, we can prove that
g(z,y) # (z,y) for (x,y) € F* and g € G°.

Being F* smooth and 7n|p~: F* — F an étale cover, F' is smooth.

Let us define the points of E x E ¢; := (p;, —p;) and ¢, := (—pi,pi) and the set
B :={¢,q,:i=1,...,r}; we observe that 0' := (0,0) € E'\ B'.

As we saw in Subsection [1.3.1] given a suitable choice of loops «, 8,71,...,% €
m1(E \ B,0), the Galois covering c: C' — E is determined by a generating vector of
type (1;m1,...,m,) of G that represents the monodromy map p.: 71 (E\ B,0) — G°
of c.

@ induces by restriction the (GY x G°)—cover F* — E', whose branch locus is B’.
In order to describe the monodromy map of this cover, we define a set of generators
for w1 (E"\ B’,0) in the following way:

o j:=(a,—a);

e 0:=(B,—P);

e 7/ := (v, —) is a loop travelling around ¢;, for i =1,...,7;
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e v/ :=(—;,7:) is a loop travelling around ¢}, for i =1,...,r.

We need to pay some attention to choosing «, 5 and ~; in order that ¢, 6, 4, and ~/
do not meet B’. Moreover,the classes of §, 6, v/ and ~/ depend on «, £, and ~; itself,
not only on their classes in m(E \ B, 0).

The classes of §, 0, v/ and 7/ generate 7 (E’ \ B’,0’) and the monodromy map of
Q|p+: F* — E' is the unique homomorphism p/: m1(E’ \ B’,0') — G° x G° such that

§ 2 (a0 o 5 (b0

S (1) WA (k)
Remark 4.30. By Remark the number of connected components of F* is equal to
the index of Im(y’) in G° x G°.

Let us fix 7 € G\ GO, let 7 := (7')? € GY and ¢ € Aut(GY) defined by ¢(h) =
h7'~1. We define a G—action on G° x G in the following way:

g(h1, he) = (gh1, ¢(g)ha)

) for g € G°.
7'g(h1, h2) = (v(g)h2, Tgh1)

Let us define

l:= U g Im(u)].

Lemma 4.31 (cf. [FP15] Lemma 3.2]). Let X := (C x C)/G be a semi-isogenous
mized surface with q(X) = 1, then degv = |G°|?/1.

Proof. Let u € E'\ B'. The action of G° x G° on Q~!(u) induces a bijection between
G° x GY and Q~!(u); arguing as in Remark two points p, p’ € Q7! (u) belong to
the same connected component of F* if and only if gp = p’ where g € Im(y/).

Moreover, two points p,p’ € F* are mapped by 1 onto the same point of X if and
only if there exists ¢ € G such that gp = p’. So, exactly [ points of Q! (u) are mapped
into each connected component of F' = n(F™*).

Since deg 1 equals the number of connected components of F', we get the thesis. [

Proposition 4.32. Let X := (CxC)/G be a semi-isogenous mized surface with q(X) =
1. Then
(C) =10y

_ 9
Yalp =1+1- G2
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Proof. Since C' is constructed via a generating vector of type (1;myq,...,m;) for G,
e(C) = -G >, m&—jl The (GY x GY)—covering @Q is branched along the union of

r horizontal copies of E and r vertical copies of E; moreover, for each 7 there are one
horizontal copy and one vertical copy with branching index m;. Since E’ is an elliptic
curve that intersects each of these copies of E transversally in one point, by Hurwitz’s
Formula applied to Q|p+: F — E', we get

e(F*) =G> 2 (m — 1) =¢(0)-|G].
=1

my;

Let us now consider the map n|p+: F* — F. This map has degree |G| = 2|G°| and by
Proposition 4.13| is ramified in F* N (|—|g602 Rg>, and

Fn || Ryl =) IF* N Ryl
g€02 g€02

On one side Ry = {(z,7'gx) : © € C}, hence Q(Ry) = {(u,u) : u € E}; on the other
side Q(F™*) = {(u, —u) : uw € E}. Therefore, a point in F* N R, is mapped to a point
(ug,up) € E' with 2ug = 0. There are four such points and by assumption none of them
lies on the branch curves of (). Then, for each choice of such a ug, there are exactly
|G°|2 points in F*Q ! (ug,up), but only |G| of them lie on R,, because once we have
fixed the first coordinate z, the second is forced to be (7'g)x.

We get that n ge0, [F™ N Ry = [O02]-4- |GP| points, and each one
of them has ramification index 2, thus we have 4 - |O3| branching points on F'. Finally,
by Hurwitz’s Formula (Theorem ,

F+ is ramified in )

()11 = etr) =161 - (e(r) - (H1220)) = 61 e(r) 202,

By Lemma F is the disjoint union of |G°|?/I curves of genus gy, therefore

GO 2
|l|(2 —29a),

whence the thesis. O

2—-29(C)+2-|0y| = e(F) =

4.5 The fundamental group of a Semi-isogenous Mixed
Surface
In this section we show how to compute the fundamental group of a semi-isogenous

mixed surface. The strategy we follow is the one described in [Fral3] and it holds for

general mixed surfaces.
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The key result we use for this computation is the following.

Theorem 4.33 (cf. [Arm68, Theorem]). Let G be a discontinuous group of homeo-
morphisms of a path connected, simply connected, locally compact metric space X, and
let H be the normal subgroup of the elements of G having some fixzed points. Then
™ (X/G) = G/H.

Let X = (C x C)/G be a semi-isogenous mixed surface and let
¥: T(¢';ma,...,my) = G be the appropriate orbifold homomorphism associated to
the GY—covering C — C/G°. According to Lemma ker(y) = m(C) and, as we
showed in Lemma the action of 71(C) on the universal covering A of C' can be
extended to a faithful discontinuous action of T := T(¢';mq,...,m;).

The covering map u: A — C is —equivariant and C/G° = A/T.

Fix 7/ € G\ GV, let (1) := (7/)? € G and ¢ € Aut(G°) defined by p(h) := 7'h7'~1.

Let H := {(t1,t2) € T x T|h(t1) = ¢!} < Aut(A x A). Since 1 is surjective and
(1) = T, there exists t € T such that 7 := (¢,t) € H. We define the automorphism

i AXA — AxA

This map satisfies (7)2 = 7. We also define the map @: H — H as the conjugation by
@ty ta) = (to,t -t - t7h).
Let H = (gen(H)|rel(H)) be a presentation of H; we define

REL := {¢(h)7h 17! h € gen(H)}.

Let G the subgroup of Aut(A x A) generated by H and 7’; a presentation of G is given
by

G := (gen(H), #'|rel(H), (7')?7~!, REL).
We note that H is an index 2 subgroup of G, and there is a natural G—action on A x A

given by

(h1,h2) - (2,y) = (h1 -2, hg - y)

for (h1, he) € H.
#(hn ha)(@.9) = (he . (£ ) - )

We define the homomorphism ¥: G — G as

D(h1, ha) = p(h1) = ¢~ (¥(h2))

for (hy, he) € H.
(7 (h1,he)) = 7'p(h1) = 7' (¥ (ha))
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Let U := (u,u): A X A — C x C; then for all p € A x A and for all h € G, U(h - p) =

Y(h) -U(p), hence
AxA _CxC

G G
Remark 4.34. The m(C x C)— action on A x A is free, hence for all z € A x A

m1(C x C) N Stabg(xz) = {1}. This means that, for x € A x A, the restriction of ¥ to
Stabg(x) gives an isomorphism with Stabg (U(x)).

Lemma 4.35 (cf. [Fral3, Lemma 4.3]). The G—action on A x A is discontinuous,

which means:
1. The stabilizer of each point is finite;

1. For all x € A X A there exists a neighbourhood U of x such that for all § €
G\ Stab(z), g(U)NU = 0.

Proof. i. By Remark the restriction of ¥ to the stabilizer of x € A x A gives an
isomorphism with Stab(i(z)), which is finite because G is finite.

ii. Let + € A x A and let y := U(z) € C x C; since G is finite and C x C is
Hausdorff, there exists a neighbourhood U’ of y such that g(U') N U’ = @ for all
g € G\ Stabg(y). Let V' be the connected component of U~(U’) containing
x. There exists a connected neighbourhood V' C V' of x such that V is mapped
isomorphically by U onto its image, U(V) =: U C U’ is Stabg(y)—invariant and V
is Stabg (x)—invariant. Let g € G \ Stab(x), then we claim that g(V) NV = (:

UG(V)nV) cU(gV))nuv) =9(g)U)NnU,

then either g(V) NV = 0 of ¥(g) € Stabg(y). In this latter case, by Remark
there exists a unique g’ € Stab(x) such that J(g') = 9¥(g), so g = kg’ with
ke m(C x C)\ {1}, thus:

NV =kid(V)NV =k(V)NV = .
O
By Lemma the hypothesis of Theorem hold, hence we have the following.

Theorem 4.36. Let X = (C x C)/G be a semi-isogenous mized surface. Then

G
7T1<X) = @7

where G’ is the normal subgroup of G having some fized points on A x A.
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Theorem [4.36| can be stated in another form, which will be more useful under a

computational point of view.

Lemma 4.37 (cf. [Fral3, Lemma 4.5]). Under the hypothesis of Theorem the
normal subgroup G’ is exactly the subgroup Tors(G), that is the normal subgroup of G

of those elements with finite order.

Proof. We need to show that every element g € G that fixes some points in A x A has

finite order, and vice versa. Let us distinguish two cases:

i. Let g = (h1,h2) € H and let (z,y) € A x A, then

hi = aca~! .
(h1, ho)(z,y) = (z,y) & _ < (h1, ha) has finite order;
h = B g1

the first equivalence follows by the proof of Theorem [I.23] while for the second

equivalence we refer to [Bea83al, Theorem 10.3.2].

ii. Let g = 7/(h1,he) € G\ H. If g fixes (z,y) € A x A, then ¢ € H fixes (x,y) as
well, hence, by point [i.], g has finite order. Conversely, if g has finite order, then
g% € H has finite order, thus by point [i.] ¢?(x,y) = (z,y) for some (z,y) € A x A.
Therefore g(x, (ho)~tx) = (x, (he) " 12).

O]

The last result we see in this section will be useful for the development of the
classification algorithm, since it provides a recipe to find a finite set of generators of G’

for a semi-isogenous mixed surface.

Proposition 4.38. Let X = (C'x C)/G be a semi-isogenous mized surface. Then G’ is
normally generated by the finite set N defined as follows: for each element h € Oo, we
choose an element hy € ¥~(h) and we include in N the element 7 (hy, (t-h1)™') € G.

Proof. Let (h1, he) € H and assume that it fixed the point (z,y) € AxA, i.e. (hi, ho)(z,y) =
(z,y). The map U is Y—equivariant, hence (h1,hy) € G fixed the point U(z,y) €
C x C, but G acts freely, so (h1, ha) € kerd = 71 (C x C). The group 71(C x C) acts
freely on A x A, hence (hy, hg) is trivial; in other words, H acts freely on A x A.

Let g := 7'(h1, he) € G\ H and assume that it fixes the point (z,y) € A x A. Then
g% € H fixes (z,y) as well, hence g has order 2 (i.e. hg = (¢ - h1)~!). Conversely each
element 7 (hq, (t-h1)~1) € G\ H fixes point-wise the curve {(z, (t- h1)z) : 2 € A}.
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Each element g € G \ H of order 2 maps, via 9, to an element of order 2 in G'\ GV.
If two such elements map via 9 to the same element, then they are conjugated in G.
Indeed, let 7 (hy, (t-h1)~') and 7 (s1, (t-s51)~') be such that 1(h1) = 1 (s1), then there
exists k € kery = 71 (C) such that hy = s1 - k. We have the following equalities:

/

#(h, (t-h1)~")

(s1-k, b tsy it

(Lk™Y) - (s1,(t-s1) ™) - (K, 1)
GLEY) -7 (s1,(t-s1)7") - (K, 1)
= (k, )™ 7 (sq, (t-51)7 ) - (k, 1)

T
~/
T

and we are done, since (k,1) € H. O

4.6 The classification of Semi-isogenous Mixed Surfaces

with y =1

In this section we give an algorithm to classify semi-isogenous mixed surfaces X =
(C x C)/G with g(C) > 2 and fixed values of the invariants K%, py(X) and ¢(X).

4.6.1 Finiteness of the classification

First of all, in this section we will prove that for fixed values of K%, p,(X) and ¢(X)
the classification problem is finite.

Let X = (C x C)/G be a semi-isogenous mixed surface with g(C') > 2 and let
(¢;m1,...,m;) be the type of an induced generating vector for G°. We define the

following rational numbers:

—m; — 1 2(10x(0x) — K%)
=2q(X)—2 = :
©:=2¢(X) -2+ ;1 P 5
By Remark and Remark we get
C)—1)? 8x(Ox) — K3
et 0, = X (g(C) = 1). A7

Proposition 4.39. Let X := (C x C)/G be a semi-isogenous mized surface and let
(g;m1,...,m;) be the type of an induced generating vector for G°. Then

(a) ©® >0 and = g(C) —1;

4(10x(0Ox) — K%)

(b) r< 5

+4(1 —q);
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(c)
(d) m

Proof. (a) Since, by Proposition q(X)
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each m; divides [3;

S+ 2(10x(0Ox) — K%)
M

1 r— 4
, where M :max{6,r32+q}.

g(C/GY), by Riemann-Hurwitz formula

T2):
2g(C) — 1) = |G°| - ©

hence © = % > 0 since g(C) > 2. The equation 5 = ¢g(C) — 1 follows now

from equation
By definition, © > 2q — 2+ r/2, whence r < 20 + 4(1 — q).

By Theorem there exists an element h € GO of order m; such that h-z =z
for some € C. Since h € G does not fix any point in C' x C, it holds ¢(h) -y # y
for all y € C. Thus the map C' — C/(p(g)) := C is étale of degree ord(p(h)) = m;.
By Riemann-Hurwitz formula 2(g(C) — 1) = 2m;(g(C) — 1).

(cf. [EP15l Proposition 5.4.¢]) We first prove that

1 r—3+4q}

1
O+ —>M:=
+ max{6 9

myg

1
Since © =2¢ —2+4r— . | —, we get
m;
1 1 -1 —3+4
O+ —=2—2+47r—-Y —>2-2+r— =" T
my; i#m~ 2 2

Since ©® > 0, r3+4q>%2

unless 7 = 3 and ¢ = 0. In this case © > 0

o=

implies that at most one m; can be equal to 2. Hence also in this case © + —- -2
0—2+3— Zﬁézm _1—§ 11 ThereforeM§®+m

3
By part (c) we have ©m; < ©f, then by definition of 5 we get

M -m; <146 m; <1+42(10x(0x) — K%).

Remark 4.40. We can bound the value of © from below:

1/42  forg=20
Omin = 1/2 fOI‘qzl
2¢q—2 forq>2
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The first follows from Corollary
Suppose ¢ = 1, then

@_imi—1>m1—1>
_i—l mip T omp T2

| =

Finally, if ¢ > 2, an for G° = {1} we get Oin = 2¢ — 2.

Therefore
2(10x(0x) = K%) _ 2(10x(Ox) — KX)

© - Omin

The value (8 is by definition at least 1; but, if we are interested only in surfaces of
general type, by Proposition and Proposition [4.12] we can assume 3 > 2.

Moreover, r corresponds to the number of branch points of the quotient map C' —
C/G%; by Hurwitz’s formula

B =

3 forg=0
"> Rpin=4q1 forg=1
0 forg>2

As Remark states, in order to construct a semi-isogenous mixed surface, it is
sufficient to provide a set of algebraic data.
Once we fix the three values K Z,pg and ¢, the first steps that the classification

algorithm performs are the following:

e By Remark we get Opin and Roin;
e Still by Remark we compute the maximum value for 3, Bmnaz;

e For every 8 = Bz, ---, 1, by point (b) of Proposition we obtain Ry,.. the
maximum possible value for 7, and by (4.7) we compute the order of the group
GY;

e For every r = Ruin, ..., Rmaz, we get an upper bound for every m; with ¢ =
1,...,r according to point (d) of Proposition m

This shows that once we fix K?2, pg and g, there exists only a finite number of integers
such that fulfil Proposition and Remark
In order to make our algorithm more efficient, we can prove the following result,

giving some restrictions for the m;’s.
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Proposition 4.41. Let X := (C x C)/G be a semi-isogenous mized surface, let
(¢;m1,...,m;) be the type of an induced generating vector for G° and suppose that
|Os| > 0. Then m; < |G°|/|O2| and m; divides |Os| for alli=1,...,r.

Proof. Let g € C and let k := |Orb(zg)| be the cardinality of its orbit for the
G%—action on C. Let L be the curve L := {(x0,y) : y € C}, the G—invariant set
L= U e gL is the union of 2k irreducible components, each one isomorphic to C: k
disjoint horizontal copies of C and k disjoint vertical copies of C. Since the action of G°
is free and the elements of G'\ G® switch horizontal and vertical components of L, aram-
ification points of n|; : L — n(L) belongs to the set S := {(hy -z, ho-x0) : h1, hy € GO}

which has cardinality k*. On the other side, the ramification locus of 7]; is

R:

Lo U Ry | ={(h-20,('g) - h-20) : h € G°, g € O},
g€02

and it has cardinality k- |O2|: once h-x is fixed (k choices), there are |O2| possibilities
for g and each one gives a different point in R by Proposition Thus k - |Og] < k2.
By Proposition for each i = 1,...,r there exists h; € G and x; € C such that
Stab(z;) = (h;) and ord(h;) = m;, for k = |Orb(z;)| = |G°|/m;. We get |Os] < |G°|/m;.
Let V' := {(x;, (7"g) - xi) : g € Oz} be the set of ramification points of 7 lying on the
vertical line {(x;,y) : y € C'}. The group (h;) acts faithfully and freely on V', indeed

hi (@i, (7'g) - i) = (s, o (R ('g) - @i)) # (i, (7'g) - 23),  for a € {1,...,m; — 1},
since G acts freely on C x C; whence m; divides |V| = |Oa|. O

Remark 4.42. We shall remark that Proposition shows more: m; < N; :=|Cl(g;)]
fori=1,...,r and g; € O2. Indeed, the points in V' belong to m; ramification curves

and N; is the number of ramification curves mapped onto the same branch curve.

4.6.2 Hurwitz moves

Let C’ be a curve of genus ¢'; given two different generating vectors Vi and V5 of the
same type (¢';my, ..., m,) for the groups GY and GY, index two subgroups of the group
GG, one may ask if they define two Galois coverings which are isomorphic.

The answer to this question is studied in detail in [Penl5]: the Galois coverings
C; — C" and Cy — C’ induced respectively by Vi and V5 are equivalent if the two

generating vectors belong to the same Hurwitz equivalence class.
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In this section we will first see what are the Hurwitz moves and how they act on
a generating vector, then we will define the Hurwitz equivalence classes. We refer to
[BCGO8, Sections 1-2] and [Penl5| for further details.

Let T := (a1,b1,...,a4,by, h1,..., hy) be a (2g' +r)—tuple of elements of G. Hur-
witz moves are different according to the type of generating vector and they define a

group that we will denote by Mg [,); we need to distinguish three different cases.

Definition 4.43. If ¢ =0, then for i = 1,...,r — 1 we define

hi = hip1
e -1
0i =94 hiv1 +— hi+1hihi+1

h]’ P—)hj fOI‘j;léi,’L'—f—l
and Mo,y = (o :i=1,...,7—1).

Definition 4.44 (cf. [Pol08, Proposition 1.10]). If ¢’ = 1 and r = 1, then we define

a; —ai a1 ~ albl_1
tg =49b; = bar, ts:=49b1 b
hl —> h1 hl — hl

and Ml,[l} = <t5,t5>.

Definition 4.45. If ¢ # 0 and ¢’ > 1 or r > 1. We define the following maps:

;

a; ajbj_l a; +ra; foralli
by, = a; v+ a; fori#j s — b; > bja;
b; +—b; foralli ’ b b fori#j
\ h; +— h; foralls \ h; + h; foralls
faz‘ — a; for all 4 o L 1_1
b b foralli L

Ak+1 > MeOk41
a; —a; fori#k k+1
bi — bl for ¢ 75 k

hz' — hi for all ¢

lo, i = § = hit1 by 1=

—1
hivr = hy i hihiga

hi s hy fori#Ll+1
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aj > Xj,da; a; +>a; foralli

a; +ra; fori#j bj = aj xjaa;b;
tf},d =<b;, b foralls t 2, = bi +—b; fori#j

hd — fj,dhdej_’; hd —> elj,dhdeljié

hi *—>hi fOI"i;'éd hz l—>h1 fori#d

for 1<j<gd1<k<(¢—-1),1<1I<(r—1)and1<d<r, where we set

-1 1,
® N :=by app1bryia;;
k ket

j—1 ! j—1
® Xjdi= (Hk:l [akabk]) hall3—1 lak, bel;

. . —1
o Gai=ha (THZ1 lansbe] ) asbyo; (THZ fons])

, : -1
o ¢ q=hg <Hi:1 [a, bk]) a;’! (H‘;i;ll [ bk]) :
Finally, let My ;) := (t(;j,tgj,tal,tm,tqd,tgid)

A direct computation shows that if 7" is a generating vector of type (¢'; mq,...,m,;),
then its image under the maps defined in previous definition is still a generating vector of
the same type. Also the automorphism group Aut(G) of G acts on the set of generating
vector by simultaneous application of an automorphism to each one of its elements.

Given (v,71) € My ;) x Aut(G) and T = (a1, b1, ..., ag,by, b1, ..., h;) a generating
vector of type (¢’;mq,...,m,) for G° subgroup of index 2 of G, we define

(v,m) - (G°,T) == (n(G°), n(y(T)).

The orbits of this action are called Hurwitz equivalence classes of generating vectors,

and each one of them correspond to a deformation class of the surfaces we are studying.

4.6.3 Classification of Semi-isogenous Mixed Surfaces with y =1

As done in [BP12], [Eral3|, [FP15], we developed a MAGMA [BCP97] algorithm which
computes the semi-isogenous mixed surfaces with fixed values of invariants p,, ¢, and
K2

The step the algorithm performs are the following.

Once the values K2, pg and ¢ are fixed, by Proposition and Remark

we have only finitely many possible types for the generating vector V associated with
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the G° on the curve C. Then we produce the finite list of all types (¢;m1,...,m,)
respecting the conditions in Proposition and Proposition 4.41

For each type, the orders of G and G are computed by |G| = 2|G°| = 4(10x —
K?)/e2.

Then the script searches among the finitely many groups of order |G°|, the group
having a disjoint pair of generating vector of the prescribed type. For these groups,
the script checks their degree 2 extensions and discards the ones that have the wrong
number of elements of order 2 and/or do not satisfy the condition of Proposition

We get a list of quadruples (type, G°, generating vector, extension G) and each
quadruple gives a family of mixed quotients, as explained in Remark and all semi-
isogenous mixed surfaces with the prescribed invariants are here. Anyway, in the list
there might be surfaces whose branch locus does not correspond to the expected one,
then the script discards them.

Moreover, as stated in Subsection [4.6.2] different generating vectors give deforma-
tion equivalent surfaces if they differ by some Hurwitz moves. The script computes
this action on the generating vectors, and returns only a representative for each orbit.
Finally, the script computes the fundamental groups of the resulting surfaces, and, if

g = 1, the genus of the Albanese fibre too.

Remark 4.46. The algorithm works for arbitrary values of the invariants K2, pg and
q, but the implemented MAGMA version has some technical limitations. To perform
the algorithm, we have to run over all groups of a given order. Here we have to use the

database of Small Groups, which contains:

all groups of order up to 2000, excluding groups of order 1024;

the groups whose order is a product of at most 3 primes;

the groups of order dividing p® for p prime;

the groups of order p"q, where p" is a prime-power dividing 28, 35 5% or 74 and

q is a prime different from p.

In the other cases we cannot run among the groups of prescribed order and the script

returns the list of skipped cases, which have to be studied separately.

Let X = (CxC)/G be a semi-isogenous mixed surface with x(Ox) = 1 and K% > 0,
then by Remark K% < 8x(Ox) so the possible values of K% are in {1,...,8}.

We ran the program for 1 < Kg( <8and 0 < p; = ¢q < 4. As expected by the
classification results we mentioned in Section for p, = ¢ = 4 the output is empty,
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while for p, = ¢ = 3 we have only one family: it has K 2 = 6 and it is the family
of the symmetric products of curves of genus 3, which forms an irreducible connected
component of dimension 6 of the moduli space of minimal surfaces of general type.

For 0 < p; = q < 2 we get the following theorems.

Theorem 4.47. Let X := (C' x C)/G be a semi-isogenous mized surface with pg(X) =
q(X) =0 and K% > 0, such that |G°| < 2000 and |G°| # 1024. Then X belongs to one

of the 15 families collected in Table (page and it is of general type.

Theorem 4.48. The semi-isogenous mized surfaces X = (C x C)/G with py = q =1

and Kg( > 0 form the 35 families collected in Table and Table (pages .
In all cases X is of general type.

Theorem 4.49. The semi-isogenous mized surfaces X := (C x C)/G with py = q =2
and K%- > 0 form the 9 families collected in Table (page . In all cases X is of
general type.

According to Table a surface with K2 > 0 is either of general type or rational,
therefore regular and simply connected: an inspection of Table Table Table
and Table shows that this latter case does not occur, so all the surfaces listed
are of general type.

In Tables [4.2] 1.3} [£.4] and every row corresponds to a family and we use the
following notation: columns Id(G) and Id(G°) report the MAGMA identifier of the
groups G and GV: the pair (a,b) denotes the b group of order a in the database of
Small Groups.

In columns G and G° we denote by Z, the cyclic group of order n, by S, the
symmetric group on n letters, by @ the group of quaternions, by D,, the dihedral group
of order 2n, and by D, 4, := (z,y | 2P = y? = 1,xyx~" = y"). The groups (258, 3678)
and (258, 3679) do not have a representation as semidirect product of non trivial groups
of smaller order, so we leave the relative spots blank.

The column Type gives the type of the generating vector for G is a short way, e.g.
[0;25] stands for (0;2,2,2,2,2). The Branch Locus B of n: C x C' — X is also given
in a short way, e.g. (3, —8)2, (2, —4)2 means that B consists of 4 curves, two of genus 2
and self-intersection —4 and two of genus 3 and self-intersection —8. The last column
“min?” report (if known) whether the surface X is minimal or not. These results will
be proved in the following chapter. In Table and Table [£.4] we also report the genus
gap Of a general fibre of the Albanese map.

The semi-isogenous mixed surfaces with K% = 8x(X) are those for which the action
is free; indeed all the examples with K2 = 8 in Tables and appeared
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in the papers already cited in previous chapter (see, for example, [BCGOg|, [CP09],
[Pen1i]).

In Table there is a surface with K? = 6 and G = (32,43). It realizes a new
topological type of surface of general type with p, = 0, indeed its fundamental group is
different from those present in literature (see [BCGP12, BCF15, Ino94, [Kul04]). To the
best of our knowledge the surfaces with K? = 6 and H; = Z% or Hi =7y x Zi provide
the first examples of minimal regular surfaces of general type with such invariants, and
so realize at least other two new topological types.

Also the examples in Tablewith K? = 6,7 may be, to the best of our knowledge,
new, although other surfaces with these invariants have been already constructed (see
[BCE15] [Pol09, MP10, Rit07, Rit10a, Rit10b, Rit15]).

Finally, we mention an example of a minimal surfaces of general type with K2 =7
and p;, = ¢ = 2. The first example of a minimal surface of general type with these
invariants appeared very recently ([Rit15]). By the recent paper ([PP16]) of Pignatelli

and Polizzi, this surface is indeed different from Rito’s one.
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As mentioned, the surfaces returned by the program may not be all semi-isogenous

mixed surfaces with the required invariants, since the program is forced to skip some

types, giving rise to groups of large order. The program returns the list of these skipped

cases; the triples (type of generating vector, |G|, Kg() of these cases are listed in Table
For the cases p; = ¢ # 0 this list is empty.

type | |G°| | K3
type |G° | K3 2,3,7 | 56448 | 2
2.3,7 | 21168 | 7 type | |GO | K2 2,3,8 | 18432 | 2
2,3,8 | 6912 | 7 2.3.7 | 42336 | 4 2.4,5 | 12800 | 2
x| 24,5 | 4800 | 7 2,3,8 | 13824 | 4 2,3,9 | 10368 | 2
2.3,9 | 3888 | 7 2.4,5 | 9600 | 4 2.3,10 | 7200 | 2
2,3,10 | 2700 | 7 2.3,9 | 7776 | 4 2.3,12 | 4608 | 2
2.3.7 | 28224 | 6 2.3.10 | 5400 | 4 2.4,6 | 4608 | 2
2.3,8 | 9216 | 6 2.3, 12 | 3456 | 4 3.3, 4 | 4608 | 2
2.4,5 | 6400 | 6 2.4,6 | 3456 | 4 2.3,14 | 3528 | 2
2.3,9 | 5184 | 6 33,4 | 3456 | 4 2.5,5 | 3200 | 2
x| 2,3,10 | 3600 6 2,3,14 | 2646 4 2,3,18 | 2592 2
2.3,12 | 2304 | 6 2.5, 5 | 2400 | 4 2.4,8 | 2048 | 2
2,4,6 | 2304 6 2,3,7 | 49392 | 3 2,3,7 [63504 | 1
3,3,4 | 2304 | 6 2,3,8 | 16128 | 3 2,3,8 | 20736 | 1
2,4,8 | 1024 | 6 24,5 | 11200 | 3 24,5 | 14400 | 1
2.3,7 | 35280 | 5 2.3,9 | 9072 | 3 2.3,9 | 11664 | 1
2,3,8 | 11520 | 5 2, 3,10 | 6300 3 2, 3,10 | 8100 1
2,4,5 8000 ) 2, 3,12 | 4032 3 2,3,12 | 5184 1
2.3,9 | 6480 | 5 2.4,6 | 4032 | 3 2.4,6 | 5184 | 1
%123 10| 4500 | 5 334 | 4032 | 3 33,4 | 5184 | 1
2,3,12 | 2880 | 5 2.5 5 | 2800 | 3 2,55 | 3600 | 1
2.4,6 | 2880 | 5 2.3,18 | 2268 | 3 2.3,18 | 2916 | 1
3,3,4 | 2880 ) 2,4,8 2304 1
33,5 | 2025 | 1

Table 4.1: The skipped cases for p, = ¢ = 0 and K?2>0

According to Conder, that listed in [Conl2] the largest order of a group of automor-

phisms of a compact Riemann surface of given genus g for 2 < g < 301, cases marked

by  in Table [4.1] cannot occur.
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4.6.5 Semi-isogenous Mixed Surfaces with ¢(C) < 2: a non general
type case

By Proposition if X :=(C x ()/G is a semi-isogenous mixed surface of general
type, then g(C') > 3. One may ask what surfaces arise when we consider g(C) < 2. In
this section we consider a curve C and a finite group G defining an action on C' x C
described by , such that the subgroup G acts freely on C' x C. We shall remark
that under these hypotheses all the results contained in Section hold, since they do
not depend on ¢g(C') > 2, but on the action itself.

e Suppose g(C) = 0, that is C = P!. Since every automorphism of P! has non empty
fixed locus, G has to be trivial and G = Zy is generated by the involution that

exchange the two coordinates. Hence X is the symmetric product (Pl)@) =~ P2,

e Suppose g(C) = 1. By Proposition[t.24] the surface X = (C'xC)/G has invariants
K% =e(X) = x(X)=0. By Propositionm q(X) =g(C/G°) < 1;if q(X) = 0,
then p, = x(X) — 1 = —1, therefore g(C/G°) = ¢(X) = 1. The quotient map
CxC =Y :=(CxC)/GY is étale, hence, arguing as in Proposition
e(Y) = K& = x(Y) = 0. By Lemma[L.47 x(Y) = x(C x C) = 0 and ¢(Y) =
29(C/G®) = 2. Since Y is projective, according to Enriques-Kodaira classification
(cf. Table and by Remark Y is an abelian surface. Looking at the fixed

locus of the involution ¢: Y — Y we distinguish two cases:

(a) The fixed locus is empty, then 7: Y — X is étale and, according to Table
X is a bi-elliptic surface.

(b) The fixed locus is non empty, then (cf. [Kat87, Lemma 2.3, Lemma 2.6]) the
ramification locus of 7w: Y — X is the union of non-singular elliptic curves
and k(X) = —oo, whence, since X is projective, according to table and
Remark X is a ruled surface of genus 1.

Moreover, both cases (a) and (b) occur.

e Suppose g(C) = 2. Then, by Corollary
1
2 = —= — 0.
e
By definition § € N and x € Z, therefore |G| = 1. This means that G = Zy = (1)
and 7/(z,y) = (y, ), hence X = C'® which, as we said in the proof of Proposition
is the blow up of J(C') in one point, so X is an abelian surface blown up in

a point.






K% G 1d(G) G° Id(G%) | g(C) | Type | Branch Locus B | Hy(X,Z)
8 Dy g5 ¥ 73 64, 92 Z3 x Dy 32, 46 9 [0;2°] 0 73 x Zg
8 256, 3679 | (Z3 x Z4) X Zy | 128, 36 17 | [0:43] 0 73 x 7.2
8 256, 3678 | (Z3 X Z4) X Zy | 128, 36 17 | [0;43] 0 73 x 72
8 256, 3678 | (Z3 x Zs) x Zys | 128, 36 17 | [0;4%] 0 74 X 7y
8 256, 3678 | (Z3 x Za) x Zys | 128, 36 17 | [0;4%] 0 Z3
6 Zs x 73 32,43 Zo % Dy 16,11 9 | [0;29] (3,-8) 73 x 72
6 73 % 7o 32,27 v/ 16,14 9 | [0;29) (3,-8) 73 <73
6 73 % 7o 32,27 73 16,14 9 | [0; 29 (3,-8) 73
6 Z7 x Dq 98,3 v/ 49,2 15 | [0; 73] (3,-8) v/

6 Z7 x Dq 98,3 /s 49,2 15 | [0; 73] (3,-8) /s

6 Z3 x Dy 128, 734 73 %73 64,211 17 | [0; 29 (3,-8) Zo x 72
6 | (Z%x Dg)xZy | 128,750 73 x Ds 64,250 17 | [0; 29 (3,-8) Zo x 73
6 | (Z2 x Dg) x 7% | 128, 1797 Z3 x Ds 64,250 17 | [0; 29] (2, —4)? Zo x 723
2 | (Z3 x Dy) xZ% | 256, 47930 Z3 % Dy 128, 1135 | 33 | [0; 2°] (3,-8)3 Z3 X Ly
2 | (Z2x7Z3%) =73 | 256, 45303 74 x Dy 128, 1135 | 33 | [0;25] | (3,—8)%,(2,—4)% | Z3 X Z4

Table 4.2: p, = q =0, K?>0

T =X HLIM STIOVAYNS AAXIN SNOONIDOSITINAS 9%

L.






K% Id(G) G° Id(G°) | g(C) | Type | Branch Locus B H(X,Z) Galp | Min?
8 16,6 | Zg X Zy 8,2 5 [1;22] 0 Zy X 77 5 Yes
8 16,8 Dy 8,3 5 | [1;2% 0 Zy x 72 5 | Yes
8 16,3 Z3 8,5 5 | [1;2%] 0 73 x 72 5 | Yes
7 24,8 Dg 12,4 7| [1;29 (2,-4) Zo x 72 5 | Yes
7 2410 | Zoy X Zg 12,5 7 [1;22] (2,—4) Ty x 72 5 Yes
6 8,3 Z3 4,2 5 | [1;29 (3,-8) Z3 x 72 3 | Yes
6 18,3 73 9,2 7| [1;3% (3,-8) Zs x 72 4 | Yes
6 32,43 | Zo x Dy | 16,11 9 | [1;2% (3,-8) ZoxZyxZ?| 3 | Yes
6 32,28 | Zoy x Dy | 16,11 9 | [1;2% (2, —4)* ZoxZyxZ?| 3 | Yes
6 32,28 | Zo x Dy | 16,11 9 | [1;2% (3,-8) 73 x 72 3 | Yes
6 32,11 73 16,2 9 | [1;2% (3,-8) Zy x 72 3 | Yes
6 32,42 | Dy xZsy | 16,13 9 | [1;2% (3,-8) 7% x 72 3 | Yes
6 32,31 | Z3xZy | 163 9 | [1;2% (3,-8) 73 x 72 3 | Yes
6 Z3XZy) X Zo | 32,30 | ZEZxZy | 16,3 9 | [1;27] (2, —4)? Zy x 72 3 | Yes
6 32,38 | ZoxZs | 165 9 | [1;27] (2, —4)? Zy x 72 3 | Yes
6 32,25 | Z3 x Zy | 16,10 9 | [1;2% (2, —4)? 73 x 72 3 | Yes
6 | (Z3xZa)xZo | 32,30 | Z3xZg | 16,10 9 | [1;2% (3,-8) 7% x 72 3 | Yes
4 48,38 | Z3 x S5 | 24,14 13| [1;22] | (2,-4),(4,-12) 73 x 72 3
4 48,37 | Zy x Sz | 24,5 13 | [1;2%] | (2,-4),(4,-12) Zo x 72 3

Table 4.3: p, =q=1, K2 >4

T =X HLIM STIOVAYNS AAXIN SNOONIDOSITINAS 9%

6.






K% G Id(G) G° Id(G®) | g(C) | Type | Branch Locus B | Hi(X,Z) | gap | min?
2 | (Zg x7Z3)xZs | 64,153 | Dogs X Zo 32,7 17 | [1;22] | (3,-8),(5,—16) | ZyxZ* | 3 No
2 Zg x Dy 64,150 Dy % 7y 32,9 17 | [1;22] | (3,-8),(5,—16) | ZyxZ? | 3 No
2 73 x Dg 64,147 Dy % Zy 32,9 17 | [1;22] | (2,-4)%,(5,-16) | ZoxZ? | 3 No
2 | (Zy x Dg) x Zy | 64,128 Zs x Ds 32,39 17 | [1;22] | (2,-4)%,(3,-8)2 | ZoxZ? | 3 No
2 Q % Dy 64,130 Zy x Dog 3 32,40 17 | [1;2% (3,-8)3 Zo x 72 3 No
2 Dy x Dy 64,134 Zg X 73 32,43 17 | [1;2% (3,-8)3 Zox7% | 3 No
2 | (Zo x Dy) x 73 | 64,227 VW 32,22 17 | [1;2%] | (3,-8)%,(2,—4)% | ZExZ* | 2 No
2 | (Zy x Dy) x 72 | 64,227 Z3 % 7y 32,22 17 | [1;22] | (3,-8)%,(2,-4)% | ZZxZ? | 2 No
2 | Zy % (DyxZs) | 64,228 | (Zg ¥ Za) x Zo | 32,23 17 | [1;2%7] | (3,-8)%,(2,—-4)% | Z&xZ? | 2 No
2 | (Zy x Dy) X 7o | 64,234 | (Zg xZy) x Za | 32,23 17 | [1;2% (3,-8)3 Z3x7% | 2 No
2 | (Zy x Dy) x Zsy | 64,234 Z3 X 7o 32,24 17 | [1;2%] | (3,-8)%(2,—4)% | ZExZ* | 2 No
2 | (ZaxQ)xZy | 64,236 72 % 7o 32,24 17 | [1;2% (3,-8)3 Zix7? | 2 No
2 72 % 73 64,219 Zy x Dy 32,25 17 | [1;2% (3,-8)3 Z3x7% | 2 No
2 | (Z3 x Dy) x Zo | 64,221 74 x Dy 32,25 17 | [1;2% (3,-8)3 Z3x7% | 2 No
2 | (Za x Z4) ¥ Dy | 64,213 Zy % Dy 32,25 17 | [1;2%]) | (3,-8)%,(2,—4)% | ZExZ? | 2 No
2 73 %173 64,206 Zy x Dy 32,25 17 | (127 | (3,-8),(2,—4)* | Z3x7Z? 2 No

Table 4.4: p,=q=1,0< K? < 4

T =X HLIM STIOVAYNS AAXIN SNOONIDOSITINAS 9%

18






K% G Id(G) | G° | 1d(G°) | g(C) | Type | Branch Locus B | H(X,Z) min?
8 Zy 4,1 | Zs 2,1 3 [2;-] 0 Zo x 74 Yes
7 Zg 6,2 | Zs 3,1 4 (2;-] (2,—4) 74 Yes
6 Dy 83 | Z3 4,2 5 [2;-] (3,—8) z* Yes
6 D, 83 | Z3 4,2 5 [2;-] (3,-8) Zy x 74 Yes
6 | ZoxZy | 82 | Zy 4,1 5 (2;-] (2,—4)2 74 Yes
4 Dy 12,4 | Ss 6,1 7 2] | (2,-4),(4,-12) | Z* =m(X) | No, K% =5
2 | Zoyx Dy | 16,11 | Dy 8,3 9 2] | (2,-4)%(3,-8)% | Z* =m(X) | No, K% =4
2 | Zayx Dy | 16,11 | Dy 8,3 9 2] | (2,-4)%,(3,-8)? | Z* =m(X) | No, K% =4
2 | DyxZsy | 16,13 | Q 8,4 9 [2;-] (3,-8)3 7' =m(X) | No, K% =4

Table 4.5: py = q = 2, K?2>0

T =X HLIM STIOVAYNS AAXIN SNOONIDOSITINAS 9%

€8






Chapter 5

Minimality of Semi-isogenous

Mixed Surfaces

In this chapter we will study minimality of semi-isogenous mixed surfaces. We will
address this problem in two different ways.

In the first section we will study the bicanonical system of a semi-isogenous mixed
surface. As we saw in Section this is strictly related to the minimality problem of a
surface: if we have a surface of general type, the number of contractions of exceptional
curves we need to perform to get the minimal model is equal to the dimension of the
first cohomology group of its bicanonical system.

In the second section, thanks to the Hodge’s Index Theorem, we will give a bound

to h'(2Kx) for semi-isogenous mixed surfaces with Pg = q.

5.1 The bicanonical system of a Semi-isogenous Mixed
Surface

In this section we will study the bicanonical system of a semi-isogenous mixed surface

X = (C x C)/G; namely we will prove that H'(2K ) is isomorphic to the cokernel of

the GO invariant part of the restriction map of the global sections of the bicanonical

system of C' x C' to R. We will prove this result in three steps:

i. we find a relation between the bicanonical system of the semi-isogenous mixed

surface X and the one of the isogenous surface Y = (C' x C)/GY;

ii. thanks to a result by Beauville, we prove that we can relate the bicanonical system
of Y to the one of C' x C}

85
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iii. we prove some results that will allow us to displace the problem onto the curves C'
and R.
5.1.1 Displacing the problem onto Y

Lemma 5.1. Let X := (C' x C)/G be a semi-isogenous mized surface, and let o: C X
C =Y :=(CxC)/G° be the étale covering determined by the diagonal action. Let
T := o(R), then h*(2Ky —T) =0 and

X(Oy(2Ky —T)) = oMo — 1)

g~ TB).

Proof. Let us consider the exact sequence
0— Oy(?Ky — T) — Oy(QKy) — OT(2Ky) —0

and the long exact sequence in cohomology it induces

0 — H0(2Ky—T) — H0(2Ky) — HO(QKy‘T)
— H'@Q2Ky -T) — H'©2Ky) — H'(2Ky|r)
— H?*Q2Ky -T) — H?(2Ky) — 0

%
— (5.1)

Y is surface isogenous to a product, then by Theorem [3.20] it is a minimal surface of
general type, thus H!(2Ky) = H?(2Ky) = 0.

We claim that H!(2Ky|r) = 0. Let us define T} := o(R;), then, if we denote by
B; :=n(R;), by Proposition

o(T) = g(B;) = m T

Let us compute deg(2Ky|1;) = 2Ky .T;: the map 0 : C x C' — Y is étale and o*(T;) =
Ri1+ -+ Rin,, with N; = |G°|/|Z('g;)], then

1
2Ky T = 1oy - 2Koxe-(Rig + o+ Riy)
2N;
|GO| CxC 1
2Ni 16(9_ 1)
o B =D = gy = 8~ 02

Since deg(2Ky |1;) > 2(9(T;)—1), h' (2Ky |1;) = 0, hence h! 2Ky |1) = > b1 (2Ky|1) =
0. By exactness of the sequence (5.1)), H?(2Ky — T) = 0.
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By Theorem [2.19

(2Ky —T).(Ky —T)
2
T? - 3Ky.T
> .

X(Oy(2Ky —T)) = x(Oy) +
= x(Oy) + K5 +

Since T;’s are pairwise disjoint

M
T? - 3T.Ky =Y (T} - 3T;.Ky).
=1

By Proposition MTZQ + T;. Ky = 2(g(T;) — 1), then by (5.2)

T} — 3T, Ky = —14(g(T;) — 1).
This means that 7% — 3T.Ky = —146(B). Plugging this value in (5.3) and exploiting
Proposition |3.21] we get

(g—1)?%  8(g—1)* 144(B)

x(Oy 2Ky —T)) = 1GO| + |GO| 9

whence the thesis. O

Lemma 5.2. Let X be a semi-isogenous mized surface. Then Kx + B is a big and nef

divisor on X.

Proof. Let us compute the self intersection of Kx + B.

(Kx +B)? =K% +2Kx.B + B?
= K% 4 120(B) — 44(B)
= 64y (Ox) — TK%,

where second and third equality hold by Remark and Remark respectively.
Again, by Remark 64x(Ox) — TK% = 4x(Oy) + 35(B), which is strictly positive
because §(B) > 0 and x(Oy) > 0 being Y of general type. Hence (Kx + B)? > 0.

Let D C X be an irreducible curve. First, suppose D C B, then D = B; for some
i =1,...,M. Then by the Genus Formula (Kx + B).D = (Kx + B;).B; =
2g(B;) — 2 > 0, where last inequality holds by Proposition Now suppose that D

is not contained in the branch locus, then by Proposition [2.10

(Kx + B).D = 1/20*(Kx + B).7*(D)
= 1/2(Ky + T).7*(D).
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Ky .m*(D) > 0 because Y is a minimal surface. Since D is irreducible and it is not
contained in the branch locus of 7, 7*(D) has no component in 7', thus T'.7*(D) > 0.
By Theorem Kx + B is a big and nef divisor. O

Lemma 5.3. Let X be a semi-isogenous mized surface. Then
(2K x + B) = x(Ox(2Kx + B)) = x(Ox) + K% + 75(B).

Proof. By Lemma and Theorem h'(2Kx + B) = h?(2Kx + B) = 0, hence the
first equality of the statement holds. By Theorem [2.19

(2Kx + B).(Kx + B)
2
3Kx.B + B>
2
= x(Ox) + KX +76(B),

x(Ox(2Kx + B)) = x(Ox) +

=x(0x) + KX +

where last equality holds for Remark O
Proposition 5.4. Under the hypotheses of Lemma|5.1
R'(2Kx) = h'(2Ky —T) and h*(2Kx) = 0.
Proof. Let us consider the exact sequence
0—O0x(2Kx)— Ox(2Kx + B) - Op(2Kx + B) =0

and the exact sequence in cohomology it induces

0 — H°2Kx) — H°(2Kx+B) — H°(2Kx + Blp)
— HI(QK)() — Hl(QK)(—i-B) — H1(2Kx—|—B‘B)
— H?*(2Kx) — H?QKx+B) — 0

_>
— (5.4)
By Lemma |5.2| and Theorem H'(2Kx + B) = H>(2Kx + B) = 0.

Since by Proposition B;’s are pairwise disjoint, h! (2K x+B|g) = > h'(2Kx + B|B;).
By Remark we get

(2Kx + B).B; = (2Kx + B;).B; = 8(9(B;) — 1) > 2(9(B;) — 1),

where last inequality since g(B;) > 1 by Proposition Therefore by Corollary
h*(2Kx + B|p,) = 0, hence h!(2Kx + B|g) = 0. By exactness of (5.4)), this implies
that H2(2Kx) = 0.
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By Lemma there exists £ € Pic(X) such that m,(Oy) = Ox @& L* and 2Ky =
™ (WS ® L92) = 1*(2Kx + B), then by Projection Formula (2.1)

me(wi?) = m(r*(W§? @ Ox(B)))
= m(1" (W} ® Ox(B)) ® Oy))
= WP e 0x(B)® (Ox ® L")
= WL e WP el

Then H°(2Ky) = H°(2Kx + B) ® H°(w$? ® £). By Proposition

9(g(C) —1)?
K (2Ky) =
BRY) ="
then by Lemma [5.3
9(g(C) —1)?
WO @ L) = (g(|c;0|) — (\(Ox + K% +75(B)).

Moreover, by Lemma [1.23] Oy (T') = n*(L), then
w? ® Oy (~-T) = " (WP @ LZ?) @ 7*(L*)
=W ® L),
then
T (W2 ® Oy (=T)) = T (7" (w§2 @ L) @ Oy')
= (WP L) e (OxeL)
= (X7 ® L) @ (W5
Thus h°(2Ky — T) = hO(w§? @ £) + h°(2Kx), that is

9(g(C) —1)?

h°(2Kx) = h°(2Ky — T) — el

+ x(Ox) + K% + 76(B),
or, equivalently, by Lemma [5.1
h(2Kx) = h'(2Ky — T) + KX + x(Ox).
By Theorem X(2Kx) = x(Ox)+K?%, and since h?(2K x) = 0 we get the thesis. [

Remark 5.5. If X is a semi-isogenous mixed surface, then by Proposition h2(2Kx) =
0. By Serre’s duality (cf. Theorem [2.18)) h%(—Kx) = 0, i.e. the anticanonical system of
X is empty; this means that X cannot be neither a Del Pezzo surface, nor a minimal

K3 surface, nor a minimal abelian surface.
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Remark 5.6. By Proposition the exact sequence
0 —s HY(2Ky — T) — H°(2Ky) -2 H'(2Ky|r) — H'(2Ky — T) — 0;

tells us that h!'(2Ky) = dim coker(p).

5.1.2 Displacing the problem onto C' x C

What we have proved so far is that, in order to understand the dimension of the space
H'(2Kx), we can focus on the isogenous surface Y = (C' x C)/G°. What we want
to do now is to simplify further the problem displacing it onto the product of curves
CxC.

Let us first consider the exact sequence of sheaves on C' x C

®2 ®2
0— IRwaC — Woye — Woxelr — 0,

where Zr denotes the ideal defining the ramification locus R and with w%ic R We
denote the quotient sheaf waC/IRwCXC & waC R0cxe OR-

It induces a long exact sequence in cohomology

0— HO(QKCXC — R) —L> HO(QKCXC) i>
Ly H'2Kcvolr) — H' (2Koxe — R) — 0. (5.5)

We have a natural G°—action on the sheaf w%i ¢ given by pull-back: for g € G°

g H(UWE.) — Hg HU),wEe)

w — gtw

Remark 5.7. The action defined above is a right action: if g, h € G and w € H(U, wCXC),
then (gh)w = (gh)*w = h*(g*w) = h(gw).

Being R G°—invariant, the GY—action on w%ic restricts to a G®—action on the
sheaf IRw%ic. Therefore, G acts on the quotient wgicm as well.

All of these actions naturally descend to GY—actions on the spaces of global sections
with respect to which the maps ¢ and p displayed in (5.5) are G°—equivariant. This
means that from ([5.5)) we get an exact sequence

0 — H2Kcxe — R)E % HY(2K o) 2%
£, HO(2KCXC|R)GO — coker(pg) — 0, (5.6)
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where ¢y and py denotes the restriction of the maps ¢ and p respectively to the G°-
invariant subspaces of their domains.

The key result that now allow us to displace the problem from the isogenous surface
Y onto the surface C' x C is Lemma

Remark 5.8. The following commutative diagram
Yl o7
e
CxC+"DOR

induces the following commutative diagram

HOQKy) — =" HO(2Ky|r) (5.7)

O_*J lU*R
HO(2Kowe)® =8 HO(2K cwo|r)e

By Lemma [4.19] ¢* is an isomorphism.

We will now prove some results regarding the sheaves w%i ¢ and w%i c|r; this will

allow us to translate the problem of computing h'(2Kx) into a problem concerning he
product C x C.
As we already said before, by Proposition wexe = miwe @ mywe. Therefore
Fact 5.9. w%ic = ﬂlwc ® 7T2w§2.
Remark 5.10. The isomorphism
®: H°(2K¢)® H°(2Ke) —  H°(2Kcxe)
a® B = () @ w5 (5)
induces a G°—action on H*(2K¢) ® HY(2K(¢). Let a® 8 € HY(2K¢) @ H°(2K¢) and
h € G°, then
h®(a® B) = h(rja® 3 8) = (hrfa) @ (hrs3)
= (W*mja) @ (b3 )
=(moh)*a® (meoh)"p
= (hom) a® (p(h) om)*B
= m(ha) @ w3 (p(h)B).
Therefore the GY—action on H°(2K¢) ® H°(2K¢) is defined as

—~

h(a® B) = (ha) @ (p(h)B3)  fora® € H(2K¢o) ® H°(2K), h € G°.
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Proposition 5.11. For each ramification curve R; C C x C

wexclr, = wie.
Proof. Let mj|r,: R; — C for j = 1,2 be the restriction of the projection on the first
(respectively second) coordinate on the curve R;. In both cases 7;|g, is an isomorphism

and the sheaves (7;|g,)*(wc) and wg, are isomorphic. Therefore

woxclr; = (Miwe @ mwe) |, =

= (m1|r,)"we ® (ma|R,) we = Wk, ® Wk, = WE.

O]

Corollary 5.12. There exists an isomorphism of sheaves

. ®2 =, 04
Q: wiyolr — Wi

Remark 5.13. On the sheaf w%4 we have the natural GY—action given by pull-back;
isomorphism @ in Corollary is G"—equivariant, i.e. for w € HO(U, w%id r) and
g € G%it holds g- Q(w) := Q(g - w).
In particular
Q": H'(2Kcwelg)© — HO(AKR)Y”

is an isomorphism.

Let us see in detail how this GY—action works on the space of global section
HO(4KR). Let w = (w;),n = (n;) € H°(4KR), where w; (respectively 7;) is the compo-
nent of w (resp. n) along the subspace H(4Kg,), let h € G° and suppose that hw = 1.
Then n; = h*(wy(n)(i)), where o: G — &y is the homomorphism defined in Definition
4.10l

Lemma 5.14. The map o|f: H°(2Ky|1) — HO(2KCX(;]R)GO is an isomorphism.

Proof. The map ol% is injective, then it is sufficient to prove that h°(2Ky|r) =
dim(H°(2Kcxco|r)") to get the thesis.

Let us first compute h°(2Ky|r) = Y. h%(2Ky|r1,). Using the same arguments we
used in Lemma [5.1] and by Theorem [1.39]

h'(2Ky|r,) = x(2Ky|r) = 8(9(T;) — 1) — (¢(T;) — 1) = 7(9(T;) — 1),

therefore h(2Ky|r) = 75(B).
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By Lemma olp: HY4Kr) — HO(4K )% is an isomorphism. Again, since T}’s
are pairwise disjoint, h'(4Kr) = > hY(4Kr,);

deg(4K1;) = 8(9(T3) — 1) > 2(9(T3) — 1),
therefore by Corollary h'(4Kr,) = 0. Hence, by Theorem m
WP(4Kr) =8(9(T;) = 1) = (9(T3) = 1) = 7(g(T;) - 1),
finally by Remark
dim(H°(2Kcxc|r)€") = dim(HY (4K 7)) = h°(4K 1) = 75(B).
O

Theorem 5.15. Let po: HO(2Kcxo)? — HY(2Kcoxc|r)® be the restriction map
described in (@, then h'(2K x) = dim coker(py).

Proof. By Remark and Lemma [5.14] we get the following commutative diagram

0 0

HO2Ky) —"+ HO2Ky|r)

o* 0'\}}

HY(2Kcowe) —2% HO(2Kexe|r)e”

0 0

Let a € Im(pp); being o} an isomorphism there exists a unique b € H°(2Ky|r) such
that 0|5 (b) = a. Let ¢’ € HOY(2K¢y0)C such that po(a’) = a; since o* is an isomor-
phism there exists a unique b’ € H°(2Ky) such that o*(b') = o’. By commutativity
of the diagram, and uniqueness of b and ', p(b') = b. This means that Im(p) and
Im(pg) are isomorphic via o[}, therefore coker(p) = coker(pp). By Remark we get
the thesis. O

5.1.3 Displacing the problem onto C

The last move is to displace the problem onto C, using Remark and Corollary
Composing the map ®, the restriction map p: H'(2Kcoxc) — H°(2Kcxc|r) and

@ we get the map
U: HY(2K¢) @ HY(2K¢) — H°(4KpR),
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which is defined in the following way: let a® 3 € H*(2K¢)® H°(2K¢), then ¥(a @ B);,
that is the component of ¥(a ® 3) along the subspace H(4KEg,) is

*

V(a®B); = (m|r,) "« (m2|r,)" B

*

mi|r,) o (T'gi o m|R,)* B

(m1|r,)
= (m|r,)
= (m|r,)"a - (m1|r,)"(7'9:B)
= (m|r,)"(a - (T'g:B)), (5.8)

where - denotes the multiplication in the canonical ring.
Using the properties of ®, p and @, it is clear that ¥ is GO—equivariant, therefore

we can restrict ¥ to the G'—invariant subspace, eventually getting
Uo: (HY(2K¢) ® HO(2K))Y" — HO(4KR)C°

Being ¥ and @ two isomorphisms, coker(pg) = coker(¥y).
We can summarise all of these results in the following theorem, which exploits
Theorem [(.15] too.

Theorem 5.16. Let V: H(2Ko) @ H°(2K¢) — H°(4KR) be the map defined on the

decomposable tensors as

V(e ® B)i = (mlr,)"(a - (7'9:8)),

where ¥(a ® B); denotes the component of ¥(a ® 3) along H°(4KR,).
Let g€ G° and a ® B € H'(2K¢) ® HY(2K¢); the map

a® B (ga) @ (¢(9)B)

defines a G°—action on H°(2K¢) @ H°(2K¢).
Let h € G° and w := {w;} € H(4KR), where w; denotes the component of w along
HY(4KR,); the map

{wit = {(P" (worn)()))i

where g is the homomorphism defined in Deﬁm’tz’on gives a G°—action on H°(4KR).

Respect to these actions the map ¥ is GO—equivariant, and restricts to a map
Uy: (H'(2K¢) ® HO(2K¢))C" — HO(4K )¢

Moreover, h'(2K x) = dim coker(¥y).
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Remark 5.17. Since VU is G°—equivariant, it respects the decompositions in irreducible
characters both of domain and codomain. Therefore, if for any y € (G°)* irreducible

character of GO, we consider the restriction of ¥ to the subspace corresponding to Y,

ie.
T, : (H°(2K¢) ® H(2K¢))X — H°(4KR)X,
it holds
coker(U) = @ coker (¥, ).
X€(GO)*
Therefore, by Proposition
h'(2Kx) < dim coker(¥), (5.9)

this means that surjectivity of ¥ is a sufficient condition for the vanishing of h!(2K x).

5.2 Minimality of Semi-isogenous Mixed Surfaces with ir-

reducible ramification locus

The results proved in previous sections gives a very concrete way to prove minimality
of a semi-isogenous mixed surface. In this section we see an application of these results;
we will prove that if X := (C x C')/G is a semi-isogenous mixed surface of general type

and the ramification locus R consists in only one curve, then X is minimal.

Proposition 5.18. Let X = (C x C)/G be a semi-isogenous mized surface. If the
ramification locus R of the quotient map n: C x C' — X is irreducible, then

e if g(C) >3 then h'(2Kx) = 0;
o if X is of general type, then it is minimal.

Proof. By Proposition [4.13] the ramification locus R is irreducible if and only if O9 has
only one element. Since X is a semi-isogenous mixed surface, in Theorem we can
take 7' € Oy, then R = A := {(z,z) : x € C}.

According to Proposition the cohomology group H'(2Kx) is trivial if and only
if the map Wg: (HO(2K)®2)G" = HO(4KR)C" is surjective.

Let us denote by p: A — C the projection on the first coordinate. Let a ® § in
H(2K¢) ® H°(2K(), then by definition (cf. Theorem (5.16))

Y(a®pB) =p*(a-pB). (5.10)
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We will prove that WU is surjective; as stated in Remark[5.17] this implies surjectivity
of Wy.

Suppose g(C') > 3, then by Theorem and Proposition the canonical ring
R(C) is generated either in degree 1 if C' is not hyperelliptic or in degree 2 if C is
hyperelliptic; in both cases multiplication map - : H°(2K¢) ® H°(2K¢) — H°(4K()
is surjective. Since the map p*: HY(4K¢) — H°(4KR) is an isomorphism, surjectivity
of U follows.

By inequality , h'(2Kx) = 0.

If X is of general type, X is minimal by Proposition [2.58 O

Proposition [5.18| gives a new proof for the following well known result.

Corollary 5.19. Let C be a curve of genus g := g(C) > 3, then the symmetric product

C®@ s a minimal surface of general type.

Proof. By definition C®) := (C' x C)/Zs, where Zy = (1') is generated by the switch
of the two coordinates. By Proposition

Ko =(g—1)(4(g—1) —5).

For g > 4 Ké@) > 9, hence by Theorem m C® is of general type.

The only case we miss is g = 3; in this case Kg,@) = 6, then it is either rational or
of general type. Being G° trivial, by Proposition m q(C?) = ¢g(C/G%) = ¢(C) = 3,
therefore it is of general type.

The ramification locus of the quotient map C x C' — C® consists in the diagonal
A = {(z,z) : © € C}, therefore, by Proposition C®? is minimal. O

Remark 5.20. By Proposition the only semi-isogenous mixed surface with K2 =7
and py = ¢ = 2 listed in Table is minimal, since |O2| = 1.

5.3 Minimality of Semi-isogenous Mixed Surfaces with
x =1

In this section we compute a bound for h!(2Ky) of a semi-isogenous mixed surface X
with x(Ox) = 1. First of all we will determine a bound for the number of points in
the intersection between the branch locus B of the quotient map n: C x C' — X and
the possible exceptional curves on X. Then, using the Hodge’s Index Theorem, we will
see how this result provides a first answer to the minimality problem of semi-isogenous
mixed surfaces with x(Ox) =1 and K% > 0.



5.3. SEMI-ISOGENOUS MIXED SURFACES WITH x =1 97

Remark 5.21. Let D be a (possibly singular) irreducible curve on Y. Let D be the
normalization of D: there exists a proper map v : Y 5 Y consisting of a finite number
of blow-ups such that the strict transform D of D is smooth (see [BHPV04, Theorem

I1.7.1]). We have the following commutative diagram

CxC+ (CxC)xyY (5.11)

| |-

Ye— PV

where (C' x C) xy Y denotes the fibre product and +; and 7, the natural projections;
the map ~, is étale because o is étale. Let D’ be an irreducible component of 75 1(15),
its image 1 (D’) is a curve in C' x C, and therefore surjects onto C, whence g(D’) >
g(C) > 2. Since v, is étale, and D’ and D are both smooth, we deduce that g(D) > 2.

Let E be a smooth rational curve on X. If EN B = (), then there exists a rational
curve in 77 1(E) C Y, contradicting Remark By Proposition B is finite
union of disjoint curves of genus strictly greater than 1, hence F and B meet in a finite
number of points. We split these points in two sets accordingly to the parity of their

intersection multiplicity:

Ay = {pe ENB:my(ENB) is even},
Ay = {pe EnB:my(ENB)isodd},

where my(E N B) denotes the intersection multiplicity of £ and B in p. We define
po = |Aol, p1 == [A1] and p == po + p = [EN BJ.

Lemma 5.22. Let X := (C x C)/G be a semi-isogenous mized surface and let E C X

be a smooth rational curve. Then py is even and pu; > 6.

Proof. Let D := n~!(E) C Y. Being 7 a double cover, by Riemann-Hurwitz’s formula
e(D) = 2e(F) —p =4 — pu. The map 7|p : D — E is finite of degree 2. In
particular, if D is reducible, D = D; + D9 with 7|p, : D; — E biregular, contradicting
Remark 5211 So D is irreducible.

Let T := 7~ }(R) C Y; since 7 is a local isomorphism out of T, the singularities of
D lie on T Let us fix p € EN B, and suppose m,(E N B) = k, then we can take local
coordinates (z,y) centred in p such that B = {z = 0} and £ = {z = y*}. Denoting
by (z,w) local coordinates centred in p’ = 7~ !(p), the local expression of the map
Y = Xis (z,w) = (2%2,w): T = {2z =0} and D = {22 = w*}. This means that p’

is a singular point if and only if k& > 2.
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As we saw in Section the blow-up of Y in p’ is given on a chart (say Vi) by
(x1,9y1) — (z1y1,91), and on the other chart (say Wi) by (u1,v1) — (u1,u1v1) and the
glueing Vi — W is given by (z1,y1) — (a:lyl,xl_l). So the strict transform D; of D
on V; is {22 = y¥2}, while on W is given by {u}2vF =11

If Kk —2 > 2 then D; has a singular point and we blow up again, otherwise Dy is
smooth and we stop. According to the parity of k, we get eventually either 22 = 1 or
12 = y,; thus, if k is even there are two points on the strict transform D,, lying over p/,
otherwise there is only one point over p’. Repeating this process for each singular points
of D, we get that for the normalization D of D it holds e(D) = e(D) 4 pg = 4 — pu1,
whence 2 — 2g(D) = 4 — pu1, i.e. py = 2g(D) + 2 > 6, where the inequality follows by
Remark [5.211 O

Proposition 5.23. Let X := (CxC)/G be a semi-isogenous mized surface and E C X

be a smooth rational curve. Then E.B is even and E.B > 6.

Proof. Being
EB= Y my(ENB)=Y my(ENB)+ > my(ENB),
peEENB pEAg pEAL

by Lemma we get the claim. O

We recall the following.

Theorem 5.24 (Hodge Index Theorem, cf. [BHPV04, Corollary IV.2.16]). Let S be a
smooth surface, NS(S) be its Neron-Severi group and consider NS(S) @z R endowed
with the quadratic form induced by the intersection product. Let D be a divisor on

S with D? > 0. Then the intersection product is negative definite on the orthogonal
complement D+ of D in NS(S) @z R.

For a divisor D on S, we denote by [D] its class in the vector space NS(S) ®z R.

Lemma 5.25 (cf. [BP12, Remark 4.3]). On a smooth surface S of general type every

irreducible curve C with Kg.C' < 0 is smooth and rational.

Theorem 5.26. Let X be a semi-isogenous mized surface of general type and suppose
that x(Ox) = 1. If Kgf > 6, then X is minimal. If 1 < Kg( <5, then

hl(2Kx) < V _QKng .
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Proof. Let us denote by X, the minimal model of X, then by Proposition [2.58
h'(2Kx) = K)Z(mm — K%. Let us then compute the number of blow downs we have to
perform in order to obtain the minimal model of X.

Let F; C X be a (—1)-curve. By Lemma E7 is smooth, hence by Propo-
sition ny = E1.B > 6. Let W be the subspace of NS(X) ®z R generated by
[Kx],[B],[E1]. The matrix of the quadratic form induced by the intersection product
on W, by Remark and Remark is

K} Kx.B Kx.E K%  6(8-K%) -1
My:=| Kx.B B> E.B |=|68-K}% -48-K%) m
Kx.E, E.B  E? -1 n -1

it has determinant det My = —K%n? — 12(8 — K%)n1 + 4(8 — K%)(73 — 8K%). As

quadratic polynomial in ny, det M; has roots (z1 < z2):

—6(8 — K}) +/36(8 — K3)2 + K%(3 — K})(73 — 8K%)
r12 = K2 .
X

and it is easy to see that 1 < 0 < x9. Since K)Qc > 0, by Theorem we have
det M; > 0, and the leading coefficient —Kgf is negative hence 6 < n; < |z3]. For
Kg( > 0, the round-down of xo is:

K% |s|7]6]|5]4]3]2]1
lz2) |0 |2|4|6|8|10]13]|17

(5.12)

For K% € {6,7,8}, it holds |z2] < 6, a contradiction, whence there are no (—1)-curves
on X.

Assume now Kg( < 6 and assume there exists another rational curve Fy C X such
that either E22 =—2and F1.Es =1or E22 = —1 and E;.FE3 = 0. Up to change Ey with
E; + E5, the matrix of the intersection form for [K], [B], [E1], [F2] is

K% Kx.B Kx.E1 Kx.E, K% 6(8—K%) -1 -1
My i Kx.B B> E|.B FE».B _ 68— K%) —4(8—K%) n1 no

Kx.BEy F\.B E} E.E ~1 n -1 0 |’

Kx.Ey E2.B Ei.E, E3 —1 na 0 -1

where no := F9.B > 6.

It has det My = n3(1 + K2%) +na(12(8 — K%) — 2n1) + n?(1 + K%) + 1201 (8 — K%) +
8(8 — K%)(4K% — 37).

As quadratic polynomial in ne, det Mo has roots y; < ys.
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Since K% > (0, by Theorem we have det My < 0, and the leading coefficient
1+ Kg( is positive hence 6 < ny < |ya]. For 6 > K)z( > 0, and n; > 6, even (Lemma
5.25)) and bounded from above by the value in (5.12)), y; is negative and the round-down
of yo is:

Ex|s5| 4 | 3 | 2 | 1
ni | 6 |6] 8 6|s[10]6|s][10][12]6 |8 [10]12]14] 16
lya) | =2 (3] —2(6|4| 09|75 |1 ]12[11|9]|7]|4]|-1

For K% € {4,5}, it holds |y2| < 6, a contradiction, whence there is at most one
(—1)-curves on X.

Arguing in the same way, one proves the statements in the remaining cases: Kgf €
(1,2,3). 0

Thanks to Theorem and some ad hoc arguments, we are able to determine for
most of the surfaces listed in Table Table Table and Table whether

they are minimal or not.

5.3.1 The cases p,(X) =¢(X) =2 and K% =2

Let X be a semi-isogenous mixed surface of general type with K% = 2 and p,(X) =
q(X) = 2. By Debarre’s inequality (cf. Theorem [2.62), for a minimal irregular surface
of general type S it holds Kg > 2pg(S), thus X is not minimal and Kg(mm >4, ie we
need to contract at least two (—1)-curves.

On the other side, by Theorem we can contract at most two (—1)-curves.
Therefore the minimal model X,,,;, of X has K%mm =4.

5.3.2 The case p,(X) =¢q(X)=2 and K% =4

Let X := (C x C)/G be a semi-isogenous mixed surface with K% = 4 and p,(X) =
q(X) = 2. The surface X is of general type and, according to Table C is a curve
of genus 7, G° = S3 and G = S3 x Zy: Zs acts on C x C exchanging the factors.

By Theorem X contains at most one (—1)-curve. We explicitly construct a
(—=1)-curve on X, thus X,,i, has K)Q(mm = 5.

By Proposition C' := C/G" is a curve of genus 2: it is hyperelliptic. Let
f': C" — C’ be the hyperelliptic involution and c¢: C' — C’ the projection. According
to [Acc94, Corollary 2], f/lifts to an automorphism f € Aut(C), i.e. f satisfies ¢(f(p)) =
f'(c(p)) for all p € C.

By the uniqueness of the lift, faf € Ss for all a € S3; in particular f? € S3 and
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S3 < H := (S3, f) < Aut(C) with H of order 12. The map C — C/H = P! ramifies
in 36 points, each one of them with stabilizer generated by an element of order 2 in
H\ Ss. Let T := {pi}i=1,....36 be the ramification locus of C — C/H.

Since Aut(S3) = Inn(S3), there exists a unique f € H \ S3 such that ¢(g) =
fof ' = p(g) for all g € S5. Let I' := {(z, fr) : # € C} C C x C be the graph of
f. A direct computation shows that the curve I' is G-invariant. Let T := n(I') ¢ X
. the ramification locus of the map nlp : I' — T is {(fp, f2p) : p € T}, and each
ramification point has stabilizer of order 2 generated by an element of G\ G°, then, by
Riemann-Hurwitz’s formula ,

12 = 2¢(T) — 2 = 12(2¢(T) — 2) + 36,

that is g(I') = 0. The canonical divisor Koy ¢ is numerically equivalent to
2(9(C) = 1) F1 +2(g(C) — 1)Fp = 12F) + 12F3,

where Fi, F5 denote a general fibre of the projections on the first and on the second

coordinate respectively, then Koxeo.I' = 24. By the adjunction formula
I? =2g(I) —2— Kexe I = —12.

Finally, since n*(I') = I, by Proposition m 2 = p*(T)? = degn - T? then T2 = —1.

5.3.3 The cases p,(X) =¢(X)=0 and K% =2

Let S be a numerical Campedelli surface, that is a minimal surface of general type with
K? =2 and p, = 0; it is known (cf. [Rei]) that its algebraic fundamental group 77‘11[9 (S)
is a finite group of order < 9. As remarked in [BCP11l Section 2.1] (see also [PPS13]),
if Hy(S,7) is finite, it is isomorphic to the abelianization of 7%¢(§) and so it has order
<9.

Let X be one of the surfaces in Table with K% = 2. The order of Hi(X,Z) is

32; by the above argument, X is not minimal.

5.3.4 The cases p,(X)=¢(X)=1and K% =2

By [Cat81], the minimal surfaces of general type with p;, = ¢ = 1 and K? = 2 form
a connected component in the moduli space: the Albanese map of these surfaces is a
genus 2 fibration, and their fundamental group is isomorphic to Z? (cf. [FP15]). We

conclude that the surfaces in Table 1.4l with K2 = 2 are not minimal.






Appendix A

The Classification Algorithm

// Input: K2, p_g and q

//

// Step 1: the types

//

// Once we fix K°2, p_g and q there are finitely many possible

// signatures satisfying all the condition of the Proposition 5.1.

//

// We will represent a signature as the multiset of

// positive integers {* m_i *}.
// We define the invariants Theta and Beta:

Theta:=function(q, sig)

a:=2%q-2;

for m in sig do a+:=(1-1/m); end for;
return a;

end function;
Beta:=func<K, chi, T | 2*(10*chi-K)/T>; // it coincides with g(C)-1
// These two transform a multiset, resp. a tuple into a sequence

MsetToSeq:=function(mset)

seq:=[ 1;

103
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while #mset ne O do Append(“seq, Minimum(mset));
Exclude(“mset, Minimum(mset)); end while;
return seq;

end function;

TupleToSeq:=function(tuple)

seq:=[ 1;

for el in tuple do Append(~seq,el); end for;
return seq;

end function;

// The input of the next program are 3 numbers, Length, HB and n
//and its output are all types with #type=Length such that

// each m_i is smaller than HB and it divides n;

CandTypes:=function(Length,HB,n)

D:={x: x in Divisors(n) | x in {2..HB}};

//divisors of n smaller than HB and different from 1
Types:=Multisets(D, Length);

return Types;

end function;

// The function ListTypes calculate all the types giving the
// expected value of beta (=2*(10*chi-Ksquare)/Theta).

ListO0fTypes:=function(Ksquare,pg, q, beta)
list:={}; chi:=1+pg-q;

N:=IntegerRing() ! (betax(8+chi-Ksquare)/(10*chi-Ksquare)); // N is |0_2|
ordGO:=IntegerRing() ! ( (beta”2)/(10*chi-Ksquare)) ;

if q eq O then Rmin:=3;
elif q eq 1 then Rmin:=1;
else Rmin:=0;

end if;
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Rmax:=Floor ((4*(10*chi-Ksquare) /beta)+4*(1-q));
for R in [Rmin..Rmax] do

M:=Max(1/6, (R-3+4%q)/2);
HB:= Min({beta, Floor( (1+2%(10*chi-Ksquare) )/M ) b;

if N gt 0
then HB:=Min({beta, N, Floor(ordGO/N), Floor ((1+2*(8*chi-Ksquare))/M)});

end if;

for cand in CandTypes(R,HB,GCD({N, beta, ordGO}) ) do

T:=Theta(q,cand) ;

if T eq 2*(10*chi-Ksquare)/beta then
Include("list, MsetToSeq(cand) cat [ordGO] );
end if;

end for; end for;

return list;

end function;

// ListTypes returns, for given K2, p_g and q,
// all the possible types (using List0fTypes) (see Proposition 5.1)

ListTypes:=function(Ksquare, pg,q)
List:=[ ]; chi:=1-q+pg;

if q eq O then Tmin:=1/42;

elif q eq 1 then Tmin:=1/2;

else Tmin:=2%q-2;

end if;

BetaMax:=Floor(Beta(Ksquare,chi,Tmin)) ;

for beta in [BetaMax.. 1 by -1] do
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N:=betax (8+chi-Ksquare)/(10xchi-Ksquare) ;

ordGO:= (beta”2)/(10*chi-Ksquare);

if IsIntegral(N) and IsIntegral(ordGO) and (N le ordGO) then
for T in ListOfTypes(Ksquare, pg,q, beta) do

Append("List,T );

end for;

end if; end for;

return List;

end function;

//

// Step 2: admissible groups G0

//

// Fixed K°2, p_g, q, and the type, we can compute the order
//of the group G~0. We search among the

//group of order |G"0| which groups

// have a generating vector of the prescribed type.

Els0f0rd:=func<group, order | {g: g in group| Order(g) eq order}>;

// TuplesOfGivenOrder creates a sequence of length equal to
// the length of the input sequence type plus 2xq,

//whose entries are subsets of the group in

// the input, and precisely the subsets of elements of order

// the corresponding entry of type and 2%q copies of the whole group.

TuplesOfGivenOrders:=function(group,q,type)
SEQ:=[ 1;

for i in [1..2%q] do Append(~SEQ,Set(group)); end for;
for i in [1..#type] do

if IsEmpty(Els0f0rd(group,typelil)) then return [ ];
else Append(~SEQ,Els0f0rd(group,typelil));

end if;end for;
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return SEQ;

end function;

/// This script returns all the generating vector

// for a group isomorphic to H < G of prescribed type.

VectGens:=function(G, H, q, type: OnlyExistence:= false)
Vect:={}; SetCands:=Tuples0fGivenOrders(G,q,type);

if not IsEmpty(SetCands) then

if #type ne O then

Prune (“SetCands) ;

else type:=[1];

end if;

cands:= CartesianProduct (SetCands) ;

for cand in cands do m:=Id(G);

for i in [1..q] do m:=m* (cand[2*i-1] -1, cand[2*i]"-1); end for;
for i in [1..#type-1] do m:=m*cand[2*q+i]; end for;
if Order(m) eq typel[#type]l then
S:=sub<G|TupleToSeq(cand)>;

if #S eq #H then

if #H eq #G then

Include(“Vect, Append(TupleToSeq(cand), (&*cand)”-1));
if OnlyExistence then return true; end if;

elif CanIdentifyGroup(#H) then

if IdentifyGroup(S) eq IdentifyGroup(H) then
Include(“Vect, Append(TupleToSeq(cand), (&*cand)”-1));
if OnlyExistence then return true;end if;

end if;

else

if IsIsomorphic(S, H) then

Include(“Vect, Append(TupleToSeq(cand), (&*cand) "-1));
if OnlyExistence then return true;end if;

end if;

end if; end if; end if; end for; end if;
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if OnlyExistence then
return false;

end if;

return Vect;

end function;

// The following function are use to construct the "Hurwitz moves".

// These moves are described in [Penl5].

// The next script takes a sequence of elements of a group
// and a further element g and conjugates each element

// of the sequence with g.

Conjug:=function(seq,el)

output:=[];

for h in seq do Append(~output,h”el); end for;
return output;

end function;

HurwitzMove0:= func<seq,idx|Insert(Remove(seq,idx),idx+1,

seqlidx] “seqlidx+1])>;

// HurwitzOrbitO, starting from a sequence of elements of a group,

// creates all sequences of elements which are equivalent to

// the given one for the equivalence relation generated

// by the Hurwitz moves of type (0; m_1,..., m_1),

// and return (to spare memory) only the ones whose entries have never

// decreasing order.

HurwitzOrbitO:=function(seq)

orb:={ }; shortorb:={ }; Trash:={ seq };
repeat

ExtractRep(“Trash, “gens); Include(“orb, gens);
for k in [1..#seq-1] do

newgens: =HurwitzMoveO (gens,k) ;
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if newgens notin orb then

Include("Trash, newgens);

end if; end for;

until IsEmpty(Trash);

for gens in orb do test:=true;

for k in [1..#seq-1] do

if Order(gens[k]) gt Order(gens[k+1]) then test:=false; break k;
end if; end for;

if test then Include(“shortorb, gens); end if;
end for;

return shortorb;

end function;

// The next one create the Hurwitz move of type (1; m)

HurwitzMovelN:=function(seq)
moves:={};

t1:=[seq[1],seq[2]*seql[1], seq[3]1];
Include("moves,tl);
t2:=[seq[1]*seq[2]"-1,seq[2], seql[3]];
Include(“moves,t2);

return moves;

end function;

// This one, starting from a sequence of elements of a group,
// creates all sequences of elements which are equivalent
// to the given one for the equivalence relation generated

// by the Hurwitz moves of type (1; m).

Hurwitz0rbit1N:=function(seq)

orb:={}; Trash:={ seq };

repeat

ExtractRep(~Trash, “gens); Include("orb, gens);

for newgens in HurwitzMovelN(gens) do

if newgens notin orb then Include(“Trash, newgens);

end if; end for;
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until IsEmpty(Trash);
return orb;

end function;

// The next one create the Hurwitz move of type

//(g’; m_1, ..., m_r), with g’>1 or g’>0 and r>1.

HurwitzMoveGen:=function(h,seq)
moves:={};

fund:=[seq[i]: i in [1..2%h]];
ram:=[seq[i]: i in [2*h+1.. #seq] 1];

//Type 1-2, t_j, t_(\delta_j)

for j in [1.. h] do

tl:=seq; t2:=seq;

t1[2%j-1] :=seq[2*j-11*(seq[2*j]1"-1);
t2[2*j] :=seq[2*j]l*seq[2*j-1];
Include("moves, t1);Include("“moves, t2);

end for;

//Type 3, t_(\sigma_h)

for h in [1.. #ram -1] do
t3:=fund cat (HurwitzMoveO(ram, h) );
Include(“moves, t3);

end for;

//Type 4, t_(\tau_k)

for k in [1.. h-1] do

x:=(seq[2*k] "-1) * seq[2xk+1] * seq[2xk+2] *(seq[2*k+1]"-1) ;
t4:=seq;

t4[2%k-1] :=seq[2xk-1]*(x"-1);

t4 [2%k] :=x*seq[2%k]*(x"-1);
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t4 [2¥k+1] : =x*seq[2¥k+1] ;

Include(“moves, t4);

end for;

//Type 5-6, t_(\xi~1_j,d), t_(\xi“2_j,d)

for j in [1..h] do
for d in [1..#ram] do

u:=seq[1]*(seq[1]1"-1);
for k in [1..j-1] do
u:= ux (seq[2xk-1]*seq[2xk]*(seq[2%¥k-1]"-1)*(seq[2xk]"-1) );

end for;

s:=seq[1]*(seq[1]"-1);
for z in [2%h+d+1..#seq] do s:=s*seqlz]; end for;

e:= u *seq[2xj-1]*seq[2*jl*(seq[2%j-1]1"-1) *(u"-1);

f:=ux(seq[2*j-1]*seq[2*jI*(seq[2*j-1]"-1)*
(seql2*j]1"-1))*(seq[2*j-1]1"-1)*(u"-1);

t5:=seq; t6

t5[2%j-1]:
t5[2*xh+d] :

t6[2*j] :=
t6 [2*h+d] :

:=seq;

cxseq[2*j-1];
seq[2*h+d] *s*exseq[2*¥h+d]*(e”-1) *(seq[2¥h+d] "-1)*(s"-1);

(seql2*j-1]1"-1)*c*seq[2*j-1]*seq[2*]];

seq[2*h+d] *sxf* seq[2*¥h+d]*(£7-1)*( seq[2*¥h+d] "-1)*(s"-1);

Include("moves, t5);Include("moves, t6);

end for;end for;

return moves;
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end function;

// This one, starting from a sequence of elements of a group,

// creates all sequences of elements which are equivalent

// to the given one for the equivalence relation
// generated by the Hurwitz moves of type (g’; m_1,
// with g’>1 or g’>0 and r>1.

HurwitzOrbitGen:=function(h,seq)

orb:={}; Trash:={ seq };

repeat

ExtractRep(~Trash, “gens); Include("orb, gens);

for newgens in HurwitzMoveGen(h,gens) do

if newgens notin orb then Include(“Trash, newgens);
end if; end for;

until IsEmpty(Trash);

return orb;

end function;

HurwitzOrbit:=function(h,type,seq)
orb:={};

// type (0; m_1,..., m_r)

if h eq O then
orb:=HurwitzOrbit0(seq);

// type (1; m)

elif h eq 1 and #type eq 1 then
orb:=HurwitzOrbitiN(seq) ;

// type (g’; m_1, ..., m_r),
else
orb:=Hurwitz0rbitGen(h,seq);

end if;

return orb;

end function;

// End of Hurwitz moves

., m_r),
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// ClassVectGenscomputes all possible generating vectors
// for a group isomorphic to H < G of prescribed type and
// return only one representative for each orbit

// of the equivalence relation generated by the Hurwitz moves

ClassVectGens:=function(G,H,h, type)
Repres:={}; Vects:=VectGens(G,H,h, type);

while not IsEmpty(Vects) do
v:=Rep(Vects);

Include (“Repres,v) ;
orb:=Hurwitz0rbit (h,type,Vv);

for vl in orb do

for g in G do wl:=Conjug(vl,g);
Exclude(“Vects, wl);

end for;end for;

end while;

return Repres;

end function;

// If a group has a generating vector of the right

// type before to look for an extension, we check

// if the group has a disjoint pair of generating vectors.
// If this is not the case surely a generating vector

// and its conjugation by tau’ are not disjoint and Y is not smooth.

DisjGV:=function(H,q,gensl,gens2)
test:=true;

for i in [2%qg+1..#gensl] do genl:=gensi[i];
for j in [2%qg+1..#gens2] do gen2:=gens2[j];
for d1 in [1..0rder(gen1)-1] do

for d2 in [1..0rder(gen2)-1] do

if IsConjugate(H,genl1"dl,gen27d2) then

test:=false; break i;
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end if;
end for; end for; end for; end for;
return test;

end function;

// These function checks if a group has a disjoint pair of

// generating vectors

ExistDisjointVectGens:=function(groupH,q,type)

s:=SetToSequence (ClassVectGens (groupH, groupH,q,type)) ;

c:=1; test:= false;

for i in [1..#s] do gensl:=s[i];

for j in [c..#s] do gens2:=s[j];

if DisjGV(groupH,q, gensl, gens2) then
test:=true; break ij;

end if; end for; c+:=1; end for;

return test;

end function;

// Orbifold builds the orbifold surface group
// of the signature given by q and seq

Orbifold:=function(q,seq)

F:=FreeGroup (2*q+#seq) ; G:=Id(F); Rel:={};
for i in [1..q] do G:=Gx(F.(2%i-1)"-1,F.(2*%1)"-1);
end for;

for i in [1..#seql do G:=G#F.(2*q+i); Include("Rel,F.(2xq+i) "~ (seqlil));
end for;

Include(“Rel, G);

return quo<F|Rel>;

end function;

// The group G"0 is a quotient of orbifold surface group
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// T of type (q;type) and so (G~0)~{ab} is

// a quotient of T"{ab}.

// Next script makes this test (only for gq=0) before checking
// wheter the group has a generating vector of type (q;type).

AbCheck:=function(q, type, H, group)

test:=false;

AQH:=AbelianQuotient (H);

if q ne O then test:=VectGens(H, H, q, type: OnlyExistence:= true);
else for g in Subgroups(group) do

h:=group/ (g‘subgroup) ;

if Order(h) eq Order(AQH) then

if IsIsomorphic(h, AQH) then

test:=VectGens(H, H, q, type: OnlyExistence:= true); break g;

end if; end if; end for;end if;

return test;

end function;

//ListGroupsGO searches among the groups of order ordGO

// for groups with a disjoint pair of generating vectors of type (q;type)

ListGroupsGO:=function(q,type,ordG0)
badorders:={ 512, 768,1152,1280,1536,1920};

set:={}; i:=1;

if q ne 0 then group:=SmallGroup(1,1);
else
group:=AbelianQuotient (Orbifold(q,type));

end if;

if ordGO in badorders then
P:= SmallGroupProcess(ordGO) ;

repeat
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H := Current(P); i;

if AbCheck(q,type,H,group) then

if ExistDisjointVectGens(H,q, type) then
Include(“set, 1i);

end if; end if; i:=i+1; Advance("P);
until IsEmpty(P);

else

for H in SmallGroups(ordGO) do ij;

if AbCheck(q,type,H,group) then

if ExistDisjointVectGens(H,q, type) then
Include(“set, 1i);

end if; end if; i:=i+1;

end for;

end if;

return set;

end function;

//

// Step 3: the extensions

//

// We check if the given group "groupH"=G"0

// has some extension of degree 2 with the expected number of
// elements of order 2 and which satisfies

// the condition of Remark 5.4.

Ind:=function(el2G ,G, type)

set:={};

for x in el2G do

cent:=Centralizer(G, x); n:=#G/#cent;
if forall{m: m in type | m le n} then
Include(“set, x);

end if;end for;

return set;

end function;
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// If 8xchi is not equal to Ksquare, the map CxC-> X is not

// q.e. and so G is a semidirect product of the normal subgroup
// G~0 and the cyclic group Z_2= <z>, that is, we have to give
// morphisms f:Z_2-> Aut(G~0). But if for two morphisms f_1, f_2,
// the images f_1(Z_2) and f_2(Z_2) are conjugated then the

// semidirect products are isomorph, hence we have

// to consider all the images of z in Aut(G"0) up to conjugation.

AutGr:= function(Aut)

A:={ Aut'l };

repeat

for gl in Generators(Aut) do
for g2 in A do

Include (TA,gl*g2);

end for; end for;

until #A eq #Aut;

return A;

end function;

ConjugCl:=function(group, order)

Set:={}; Rep:=[];

list:=[x: x in group | Order(x) eq order];
for el in list do

if el notin Set then

for a in group do

Include("Set, el~a);

end for; Append(“Rep, el);

end if; end for;

return Rep;

end function;

// Extension checks if the given group "groupH"=G"0
// has some extension of degree 2 with the expected number

// of elements of order 2 and which satisfies the
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// condition of Remark 5.4, and returns all of them.

//

// If it is possible it constructs the extension as

// semidirect products, otherwise it runs over the groups
// of order |G|.

Extension:=function(idH,q,type,N)
H:=SmallGroup(idH[1],idH[2]);

ext:={};

Aut :=AutomorphismGroup (H) ;
#Aut;
if ( N ne 0) and (#Aut le 5000) and CanIdentifyGroup(2*idH[1]) then

A:=AutGr (Aut);
Aut0f0rd2:=ConjugCl(A,2) cat [ Aut!1]; //inclusa 1’identit
"Aut2!\n";

C2:=SmallGroup(2,1);

for i in [1..#Aut0f0rd2] do

map:=hom<C2->Aut| Aut0f0rd2[i]>;

G, em :=SemidirectProduct (H,C2,map);

el2G:={x: x in G | Order(x) eq 2 and x notin em(H)};
if #el2G eq N and #Ind(el2G,G,Set(type)) eq N then
//each m_i is smaller than N_j’s

Include(“ext, IdentifyGroup(G));

end if; end for;

else

"ExplicG.\n";

el2H:={x: x in H | Order(x) eq 2};

ordG:= 2*0rder (H) ;

NoG:=Number0fGroups (SmallGroupDatabase(), ordG);
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for i in [1..NoG] do G:=SmallGroup(ordG, i);
el2G:={x: x in G | Order(x) eq 2};

if (#el2G-#el2H) eq N then

if (N eq 0) or (N le #Ind(el2G,G,Set(type)) ) then
if VectGens(G,H,q,type: OnlyExistence:= true) then
Include(Text, <ordG, i>);

end if; end if; end if;

end for;

end if;

return ext;

end function;

// Step 4a: the fundamental group
//
// Next scripts allow us to calculate the topological

// fundamental group of the surfaces we constructed.

// Orbi constructs the orbifold surface group and the

// appropriate orbifold homomorphism.

Orbi:=function(seq, gr, q)

F:=FreeGroup (#seq) ; G:=Id(F); Rel:={};

for i in [1..q] do G:=G*(F.(2*i-1)"-1,F.(2*1)"-1); end for;

for i in [2*qg+1l..#seq]l do G:=G*F.i; Include(“Rel, (F.i) (Order(seqlil)));
end for;

Include(“Rel, G);

P:=quo<F|Rel>;

return P, hom<P->gr|seq>;

end function;

// MapProd computes given two maps f,g:A->B the map product
// induced by the product on B

MapProd:=function(mapl,map2)
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seq:=[];

A:=Domain(mapl); B:=Codomain(mapl);

if Category(A) eq GrpPC then n:=NPCgens(A);

else n:=NumberOfGenerators(A); end if;

for i in [1..n] do Append(~seq, mapl(A.i)*map2(A.i)); end for;
return hom<A->B|seq>;

end function;

// Pil uses a generating vector for G~0

// inside G to construct the corresponding orbifold surface group
// and the group HH that acts on the universal cover of CxC.

// Then it constructs the degree 2 extension GG.

// Finally it takes the quotient by Tors(GG).
Pil:=function(seq,G,q)

H:=sub<G|seq>;

//el:=[g: g in G | g notin HI[1];
el:=Random({g: g in G | g notin H});
phil:=hom<H->H| x:-> (el”-1)*xx*(el)>;

T,f1:=0rbi(seq,H,q); t:=(el"2)00f1;

TxT,inT,proT:=DirectProduct ([T,T]);
HxH,inH:=DirectProduct ([H,H]) ;

Diag:=MapProd(inH[1],inH[2]) (H);
f :=MapProd (proT [1]*f1*inH[1] ,proT [2]*f1*phil*inH[2]);

bigH:=Rewrite(TxT,Diag@@f) ;
tt:=inT[1] (t)*inT[2] (t);

PHI:=hom<bigH->bigH| x:-> inT[1] (proT[2] (x))*inT[2] (t*proT[1] (x)*(t"-1))>;

genH:=SetToSequence (Generators(bigH)); relH:=Relations(bigh);
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REL:=[]; im:=[];
F:=FreeProduct (bigH,FreeGroup(1));

for i in [1..#genH] do Append("im,F.i); end for;

map :=hom<bigH->F|im>; tau:=map(tt);

ul:=F. (#Generators(F)); Append("REL, ul"2x*(tau”-1));

for i in [1..#genH] do

Append ("REL, map(PHI(genH[i]))* ul * map(genH[i] -1 )*(ul~-1));

end for;

bigG,pr:=quo<F|REL>;

TG:={%};
N:={h: h in H | Order(el*h) eq 2};

for h in N do
x:=h@@f1;  y:=ul*( map( inT[1] (x)*inT[2] ((t*x)"-1) ) );
Include("TG, pr(y) );

end for;

return Simplify(quo<bigG|TG>);

end function;

// Step 4b: the Albanese fibre

// GenAlb uses the generating vector seq for G~0
// inside G (giving a surface X with g=1)
// to compute the genus of the Albanese fibre of X.

GenAlb:=function(G, seq);

H,f:=sub<G|seq>;

el:=[x: x in G | x notin H][1];
N:={h: h in H | Order(el*h) eq 2};
HxH,inj, proj:=DirectProduct([H,H]);
r:=[];
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r[1]:= inj[1] (seq[1])*inj[2] (seq[1]"-1);
r[2]:= inj[1] (seq[2])*inj[2] (seq[2]"-1);
for i in {3..#seq} do

r[il:=inj[1] (seq[il);
r[i-2+#seq] :=inj [2] (seq[i]);
end for;

Im:=sub<HxH|r>;

set:={};

for g in Im do for h in H do

Include(“set,inj[1] (h* proj[1](g))*inj[2] (elxh*xel~-1% proj[2](g)));
Include(“set, inj[1] (el*h*xel~-1*proj[2] (g))*inj[2] (e1"2xh* proj[1](g)));

end for; end for;

comp:=(#H) "2/#set;

T:=0; for i in {3..#seq} do T+:=(1-1/0rder(seql[i])); end for;
eul:= (#H*T)/2-#N;

genus:=1+ (eul/comp);

return genus;

end function;

//
// Step 5:to find all the surfaces
//

// There is a surface for each pair (group, generating vector)
// which passes previous tests, but they are often

// deformation equivalent. More precisely,

// it happens if the generating vectors

// are equivalent for the equivalence relation generated

// by Hurwitz moves and the automorhisms of the group.

// We need to construct orbits for this equivalence relation.

OrbitsVectGens:=function(G,H,q, type)
Orbits:={}; Vects:=VectGens(G,H,q, type);



Aut:=AutomorphismGroup(G) ;
A:=AutGr (Aut) ;

while not IsEmpty(Vects) do
v:=Rep(Vects);
Include("Orbits,v);
orb:=HurwitzOrbit(q,type,Vv);
for vl in orb do

for phi in A do
Exclude(“Vects,phi(vl));

if IsEmpty(Vects) then break vi; end if;
end for;

end for;

end while;

return Orbits;

end function;

// BranchCurves chechs if a generating vector for G~0

// and the extension G give a smooth surface

// Y and a quotient map CxC-> X with the expected branch locus
BranchCurves:=function(groupG, q, gens, expN, type)
curves:=[*x]; N:=0; test:=true; gens2:=[];

groupH:= sub<groupG|gens>; F:=( Theta(q,type)/2 ); //F=beta/#GO
tp:=[g: g in groupG | g notin groupH] [1]; //tau’

for i in [1..#gens] do Append(“gens2, gens[i]“tp); end for;

if DisjGV(groupH,q,gens,gens2) then

RamCurves:={x: x in groupG| (not x in groupH) and (Order(x) eq 2)};

while not IsEmpty(RamCurves) do
c:=Rep(RamCurves) ;

cent:=Centralizer(groupG, c); nj:=#groupG/#cent;
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// index of Z(tau’ k) = number of ram. curves mapped onto

// the same branch curve, i.e. cardinality of the conj. class
if IsIntegral(nj*F) then

N:=N+nj; Append(“curves, [ 1+nj*F,-4*nj*F]);

for x in groupG do Exclude("RamCurves, c”x); end for;

// we remove the elements conjugated to c.

else

test:=false; return test, [*x];

end if;

end while;

else test:=false;

end if;

return (test and (expN eq N)), curves;

end function;

// For each triple (G,G"0, type) in the output of Step 3,
// we check which pairs (G, gen.vect),
// give a semi-isogenous mixed surface with the expected

// invariants and we print them in the file F.

FindSurfaces:=function(idG,idH,type,Ksquare,pg,q, New,F)
chi:=1+pg-q; d:=0;

G:=SmallGroup(idG[1],idG[2]);
H:=SmallGroup(idH[1],idH[2]);

beta:=Beta(Ksquare, chi,Theta(q,type));
N:=IntegerRing() ! (beta* (8*chi-Ksquare)/(10*chi-Ksquare) );

Orbs:=0rbitsVectGens(G,H, gq, type);

for gens in Orbs do

t, curves:=BranchCurves(G, q, gens, N, type) ;
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if t then d:=d+1;

fprintf F, "Surface number %o \n", New+d;

fprintf F, "G:%o\n", idG;

fprintf F, "G~0: %o\n", idH;

fprintf F, "genus of C: %o\n", 1+Beta(Ksquare, 1+pg-q, Theta(q,type));
fprintf F, "\n";

fprintf F, "Type of generating vector: %o\n",type;

fprintf F, "Generating Vector: %o \n", gens;

fprintf F, "\n";

fprintf F, "Branch curves: %o \n", curves;

fprintf F, "\n";

fprintf F, "H1(S,ZZ): %o \n", AbelianQuotient(Pil(gens, G,q));

if q eq 1 then

fprintf F, "\n";

fprintf F, "genus Albanese Fiber: %o \n", GenAlb(G, gens);
end if;

fprintf F, "\n\n\n";

end if; end for;

return d;

end function;

// Output is the main function of the scripts.

// It calls the previous function and manages the outputs.
Output:=function(Ksquare, pg,q)

RT:=Realtime();

chi:=1-q+pg;

F:= "Semi_isog_mix_surf_pg" cat IntegerToString(pg)

cat "_q" cat IntegerToString(q) cat "_Ks" cat

IntegerToString(Ksquare) cat ".txt";

fprintf F, "K"2=Yo, pg=lho and g=%o\n\n\n", Ksquare,pg,q;
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Types:=ListTypes(Ksquare, pg,q);

"Number of types", #Types;

ListGOs:=[**];

for T in Types do T;

ordGO:=T[#T];

if (not IsInSmallGroupDatabase(ordGO)) then

fprintf F, " TO CHECK : Jo\n", T;

else AdmisGO:=ListGroupsGO(q,Prune(T), ordGO);

if #AdmisGO ne O then Append(~ListGOs, [*ordGO, AdmisGO, Prune(T)*]);

end if; end if; end for;

"Number of types with a GO:", #ListGOs;

fprintf F,"Types with a GO:%o\n\n\n", ListGOs;

ListG:=[*x*];

for triple in ListGOs do

ordG:=2x*triple[1];

if (not IsInSmallGroupDatabase(ordG)) then

fprintf F, "TO CHECK: %o\n", triple;

else for x in triple[2] do

printf "Searching extension\n";

N:=IntegerRing()! (2x(8*chi-Ksquare) /Theta(q,triple[3]));
Extens:=Extension([triple[1],x],q,triple[3],N);

if #Extens ne O then Append(~ListG, [*Extens,<triple[1],x>,triple[3]*]);
end if; end for; end if;

end for ;

"Number of candidate groups G:", #ListG;
fprintf F,"Number of candidate groups G:%o\n\n\n", ListG;

New:=0;
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for trip in ListG do

Ext:=trip[1]; idH:=trip[2]; type:=trip[3]; printf "Checking Groups\n";
trip;

for idG in Ext do idG;

newsurf :=FindSurfaces(idG, idH, type, Ksquare, pg, q, New, F);
New:=New+newsurf;

end for; end for;

fprintf F,"Time: %o\n", Realtime(RT);
printf "Time: %o\n", Realtime(RT);
return "Found ",New," families of surfaces";

end function;
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