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Chapter 1

Introduction

Grinding is a top-down process which exploits mechanical energy to diminish the size of solid materials
and, in general, to introduce various defects modifying properties and internal energy of the product [1–
3]. Early applications of this technique date back to the beginning of civilisation [2], growing in time to
date, with a large variety of uses ranging from the production of boulders and pebbles from rock masses,
limestone and clinker to make cement to the top-down preparation of nanostructured materials [2–5].

Among the multitude of grinding devices, this Thesis focuses on the planetary ball mill, an apparatus
featuring high efficiency and versatility, being suitable for processing almost any kind of material [6,
7]. Examples of application chiefly include the mechanical alloying of metals as well as the synthesis of
ceramics [8–10]. This technology proved also to be effective in processing organic and exotic materials,
like, respectively, in the comminution of drugs, often required by pharmaceutical industry to enhance
dissolution of poorly soluble compounds [11–14], and in the mechanical exfoliation of bulk systems, lead-
ing to large-scale production of two-dimensional nanostructured materials, such as graphene and boron
nitride nanosheets [15, 16]. Moreover, besides reducing the size of the mill charge, this device is widely
adopted to augment the internal energy of the ground solid materials, so to induce chemical reactions,
an approach known as mechanochemistry [1, 17].

Although the design and the working principles of this device are rather simple and well known, being
based on impacts between milling media (balls and jar) and mill charge, the characteristics of the end
product strongly depend on a multitude of milling variables determining balls trajectories and velocities;
these, in turn, depend on the nature and magnitude of the much less known impulsive forces acting during
collisions [12].
Insights into the effect of some variables are provided by the wide literature available on this subject,
but in general each application requires specific attention and calibration [12, 18]. A brute-force empir-
ical testing, based on extended trial-and-error experimental campaigns, is the most frequently adopted
approach to process parameters optimisation i.e. to select the best milling conditions for a given choice
of mill and materials [12, 19–21].

As a valuable alternative, numerical simulations can be employed to investigate and comprehend me-
chanical processes. Indeed, the time evolution of kinematic and dynamic properties of milling media – as
well as quantities involved in contact events – computed by these methods can shed light on the role of
each milling variable and thus address the design of the characteristics of the end product [12, 18, 22].
The continuous development of methods and softwares combined with the constantly increasing power
of computers contributed to augment popularity of this approach. In particular, multibody simulation
is a powerful tool for the investigation and design of systems consisting of several bodies (multibody
systems) and it is nowadays employed in several applications dealing with moving components, including

1



1.1. Problem statement and goals

e.g. automotive industry, aerospace, robotics, machinery and biomechanics [23]. As a major advantage
over other modelling approaches, multibody dynamics simulations produce a clear picture of the dynamic
response of a system under different conditions, therefore allowing a quick and reliable optimisation of
its performance [23, 24].

This Thesis chiefly deals with the development of a multibody dynamics model of the planetary ball
milling process, including its validation and evaluation of the effect of the main milling variables; results
also supported an investigation on innovative solutions to fine-tuning specific collisions features, involving
the design of new jars with innovative internal shape.

Being the collision the crucial phenomenon underlying the milling process, in Chapter 2 selected contact
models are discussed and the multibody dynamics framework employed to implement the model of the
planetary ball mill is introduced.
The model is presented in Chapter 3, including a review of available analytical and numerical modelling
methods, and it is exploited to analyse the effect of selected variables – e.g. the jar-to-plate velocity
ratio. Special emphasis is given to the validation of the modelling outcomes against experimental data,
indirectly accomplished by characterising the microstructure of a test material, calcium fluoride, by X-ray
powder diffraction.
Chapter 4 focuses on the re-design of the internal shape of the jar that. This specific aspect of grinding
technology, although barely investigated in literature, is revealed as an alternative and advantageous
approach to improve the process efficiency. Particularly, new profiles modifying the ratio of normal-to-
tangential transferred mechanical action are proposed with the main goal of enhancing the comminution
efficiency of the mill charge and reducing process time. Modification of balls motion regimes increasing the
number of high-energy impacts is analysed in simulations and validated by in-operando video recordings
of the process. Experimental grinding of calcium fluoride powder is performed to assess the effect of
milling time, through the evaluation of the size and strain of the end product.
To conclude, two rather extreme and opposite case studies are considered in Chapter 5, proposing the
investigation of the milling process of two materials requiring energy to be exchanged mostly along either
the tangential or the normal direction to be successfully accomplished, corresponding respectively to the
exfoliation of graphite and the comminution of the anti-HIV drug Efavirenz.

1.1 Problem statement and goals

The fundamental purpose of this Thesis is to investigate the ball milling technique, whose success strictly
relates to the careful milling parameters assessment, governing the effectiveness of the large amount of
involved impacts. For process optimisation, namely for the set up of the milling variables leading to
the best grinding results, the use of the multibody dynamics simulation technique is proposed as an
alternative to experimental testing. This enables understanding of the role of each grinding variable –
e.g. physical properties of colliding bodies and kinematic parameters – on the characteristics of the end
product, both in terms of comminution efficiency and defects content. In contrast to experimental test-
ing, computer simulations allow for a quicker, cheaper and more insightful comprehension of the effect of
different parameters, as well as the implementation of innovative grinding solutions. Moreover, selected
case studies are corroborated by an experimental X-ray powder diffraction structural and microstructural
characterisation of the end product, to deeply correlate modelling outcomes and ground material charac-
teristics.
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1.1. Problem statement and goals

Concisely, the basic objectives of the Thesis follow:

1. to understand the fundamental laws of impact dynamics and their implementation into a multibody
dynamics simulations framework (Chapter 2)

2. to develop a procedure to estimate contact parameters needed by contact laws (Chapter 2)

3. to develop a numerical multibody dynamics model of the planetary ball mill and to validate it either
directly, against camera recordings, and indirectly, against X-ray powder diffraction characterisation
of the end product (Chapter 3, Chapter 4)

4. to propose and test innovative solutions, e.g. the modification of the internal shape of the jar to
increase grinding efficiency (Chapter 4)

5. to employ the model to design solutions enhancing the force exchange along a specific contact axis as
required for processing peculiar materials e.g. graphene and the anti-HIV drug Efavirenz, assumed
as relevant case studies (Chapter 5)

3



Chapter 2

Some remarks on contact dynamics modelling

Impact is defined as the process occurring every time two or more bodies collide [25–27]. The scientific and
technological disciplines in which this notion can be found range from astrophysics and space exploration
– e.g. the Moon Impact Probe, used to discover the presence of water on the Moon [28] – to microscopic
particle technology, from particle physics to the investigation of matter – e.g. by means of X-ray, neutron
or electron scattering – from ballistics to mechanical engineering and robotics [26, 27, 29–34]. An impact
event is mainly characterised by very short duration, sudden change in colliding bodies velocities, very
large stresses, deformation localised in the contact area and, usually, consequent dissipation of energy
in various forms including e.g. permanent deformation, friction and heat [25, 35]. The phenomenon
is therefore complex, depending on several properties of impinging bodies e.g. material characteristics,
bodies geometry and relative velocity: theoretical models providing with a simplified description of the
physical process are thus necessary to investigate the behaviour of colliding bodies [25, 26].
Research on impact dynamics modelling started with Newton’s work [36], who analysed collisions among
rigid bodies and formulated motion laws and correction factors accounting for energy loss [26, 36]. Fur-
ther important advances were later granted by the advent of the theory of elasticity and, within this
field, the Hertz’s formulation describing the deformation and stress distribution near the contact point
must especially be cited [37]. Successive extensions of these methods as well as new approaches to the
problem – e.g. including vibrational aspects – have been proposed (see e.g. [38–41]), leading to the
modern formulations capable of investigating complex contact scenarios [34]. As a further step forward,
in more recent years research focused on the development of algorithms implementing contact models
into computer codes, allowing to simulate the dynamics of complicated systems involving a large amount
of objects (multibody systems) and impact events [34].
The fundamental goal of this Thesis is the development of a multibody dynamics computer model for
the investigation of the behaviour of the planetary ball mill, a mechanical grinding apparatus exploiting
impacts to accomplish its task. Crucial point in achieving reliable simulation results is the comprehension
of the fundamentals of impacts modelling [34] and, therefore, the most widespread theories are briefly re-
viewed in the next section. An insight on the main concepts of multibody dynamics simulation technique
is then also provided, focusing especially on the solutions adopted to deal with impacts.

2.1 Contact dynamics modelling

Among the several theories proposed in literature to describe the behaviour of colliding bodies, two main
approaches can be distinguished, namely the discrete and continuous methods‡. Particularly, while the
former assumes that the impact event is instantaneous and does not significantly alter the configuration
of colliding bodies, the latter presupposes a finite duration of the event and a contact force acting

‡While other schemes and/or methodologies can be found in literature, this Thesis chiefly follows the approach proposed
in [25]
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2.1. Contact dynamics modelling

continuously, in turn resulting in deformation and stresses at the contact area [25]. Below, peculiarities
of the most widespread contact models belonging to both categories are briefly reviewed.

2.1.1 Discrete contact models

The discrete approach (or impulse-momentum method or nonsmooth dynamics formulation [42]) refers to
the oldest and classical theory of impact, called steromechanics, mostly based on the impulse-momentum
law. It was introduced by Isaac Newton [36], analysing the impact among rigid bodies, and later expanded
mainly by Whittaker [43] to include also the effect of friction. This approach is based on the fundamental
assumptions that (i) colliding bodies are rigid, (ii) the interaction among them is instantaneous, (iii) the
arising impact force has impulsive nature, (iv) the velocities undergo a sudden an discontinuous change
whereas (v) the configuration of the bodies does not change significantly at contact location [25, 26]. The
impact dynamics is modelled through the linear impulse-momentum and the angular impulse-momentum
principles, introducing relations among the problem variables relative to the beginning and to the end
of the event [25, 26, 31]. Particularly, for the most straightforward case of the non-frictional central †

impact of 2 non-rotating bodies (examples treating more complex conditions e.g. presence of friction can
be found in [26]) these laws lead the event to be described as[26],

m1 v1, in +m2 v2, in = m1 v1, fn +m2 v2, fn

v1, it = v1, ft

v2, it = v2, ft

(2.1)

where v are the velocities and m the masses of the approaching bodies, whereas n, t denote the normal
and the tangential directions of a coordinate system with origin at the contact point, 1, 2 the bodies
and i, f the beginning and the end of the impact respectively. While for this simple configuration the
tangential component of the velocity remains unchanged, to predict the velocities of objects after the
event in normal direction, v1,fn and v2,fn , an additional relation is required and it can be provided by the
so-called coefficient of restitution, e [26, 31]. This parameter represents the energy loss during the impact
and ranges from 0 and 1 idealising the concepts of plastic and perfectly elastic collision, respectively.
Several formulations have been proposed for e and, according to the most common, it can be expressed
as the ratio of final-to-initial relative normal velocity components (u̇f/u̇i) [26]

e =
v2, fn − v1, fn
v2, in − v1, in

=
u̇f
u̇i

(2.2)

Therefore, from equations 2.1 and 2.2, v1,fn and v2,fn can be computed as a function of e,

v1, fn = v1, in − (1 + e)
m2 v1, in −m2 v2, in

m1 +m2
(2.3)

v2, fn = v2, in + (1 + e)
m1 v1, in −m1 v2, in

m1 +m2
(2.4)

being e estimable from e.g. experiments [26, 44].
For more complex cases, where frictional properties of contact surface are taken into account, other
equations must be introduced for completely describe the impact process. In particular, friction affects
the tangential component of the velocity of colliding bodies that, remains constant in an impact among

†Central impact occurs when the contact point of impinging bodies is located on line connecting their centres of mass
[26]
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2.1. Contact dynamics modelling

two perfectly smooth surfaces (no friction) whereas vanishes if impinging objects are completely rough
(infinite friction) [26]. The most exploited law to account for this phenomenon is the so-called Coulomb’s
model (see figure 2.2), depending on the friction coefficient µ, which is also the only one that can be
adopted within the discrete approach for contact modelling.
The main advantages of this approach are the straightforward mathematical description and the avail-
ability of closed-form analytical solutions for simple impact geometries. However, this model can give
predictions only on the velocities after the impact and the consequent energy loss, which also strongly
relates to the coefficients of restitution and friction that should therefore be carefully determined. More-
over, this model is incapable of describing contact force, stress and deformation at contact location and,
as an another drawback, it is not easily extendible to more complex impact scenarios, where impacts
occur at the same time in many points of the system [25, 45].

Coefficient of restitution: theory and experimental assessment

The coefficient of restitution e purports to globally describe the energy dissipated in an impact, incorpo-
rating many dissipative phenomena e.g. viscoelasticity of materials and plastic deformation at contact
surfaces as well as vibrations in the bodies [26]. It is a dimensionless quantity, varying between 0 and 1,
where these 2 limit cases represent respectively the perfectly inelastic and the perfectly elastic impact i.e.
in the former case all the energy is dissipated and at the end of the event the 2 colliding bodies move as
a single mass whereas in the latter, the kinetic energy of the system is completely conserved.
The first definition of e was derived by Newton [36] from the law of conservation of mechanical energy and
expresses it as the ratio of final-to-initial relative velocity of impinging bodies (equation 2.2). Although
more refined expressions have been proposed in literature [25, 27, 46], the Newton’s one is still the most
used owing to its mathematical simplicity.
Originally, the value of e was believed to be an intrinsic property of materials but experiments, mainly
performed by Goldsmith, pointed out its dependence on mass, shape as well as relative velocity of collid-
ing bodies [26].
Referring to Newton’s definition, the most straightforward way to determine e from experiments is drop-
ping a sphere on a flat plate from a height h0 and measuring the first rebound height h∗. Indeed, being
the relative velocity of the 2 bodies equal to the velocity of the sphere and exploiting the kinematical
equation of free fall, v =

√
2gh (where g is the gravitational acceleration), e can be computed as

e =
u̇f
u̇i

=

√
2gh∗

2gh0
=

√
h∗

h0
. (2.5)

Being this parameter crucial for properly predicting the impact dynamics, some experimental tests were
performed following this approach, so to determine the most appropriate e for materials and geometries
that will be adopted later in this Thesis for the modelling of the collisions involved in the planetary ball
milling process. Experimental procedure and results of the performed tests are reported hereafter.

Experimental tests Sphere-on-plate drop tests were performed for (i) a 12mm diameter steel sphere
and a 10mm thick massive steel flat plate and for (ii) a 6mm diameter zirconium-oxide (yttria stabilised)
sphere and 10mm thick zirconium-oxide (yttria stabilised) flat plate. The sphere was dropped from a
height h0 increased from 100 to 800mm by steps of 100mm so to investigate the effect of different initial
relative velocities u̇i. For every height 10 tests were performed.
The employed testing apparatus is shown in figure 2.1 and comprises of a dropping column allowing
to release the ball by switching off a magnetic field, a steel flat base holding the target and a high-
speed camera (Sony Action Cam HDR-AS200V, 240 fps, 1280X720 pixel resolution) recording the tests.
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2.1. Contact dynamics modelling

Collected movies allowed to read the first rebound height, h∗, on a millimetric scale located behind the
dropping column.

Figure 2.1: Drop test experimental setup

Error in measuring h∗ mostly relates to the reading of the millimetric scale and to parallax and, since it
can be considered the same for each test, it is not reported in the results. A rough estimate of its value
could be ± 5mm. As an example, table 2.1 shows the results of the tests performed for the (ii) case of
a zirconium oxide ball dropped on a zirconium oxide plate. For every h0, the average h∗ resulting from
the 10 performed test is reported.

h0 h∗ e

100 76 0.87
200 155 0.88
300 215 0.86
400 322 0.9
500 404 0.9
600 483 0.9
700 582 0.92
800 646 0.9

eaverage=0.9

Table 2.1: Results of drop tests performed for a zirconium oxide sphere dropped from different heights h0 on a
zirconium oxide plate providing with an average estimate of the coefficient of restitution, eaverage

The same tests were repeated for the (i) steel on steel case and provided with eaverage=0.516
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2.1. Contact dynamics modelling

Friction models

Friction at the contact location is another crucial aspect of the impact process, influencing the motion of
the bodies as well as the energy dissipation [25, 47].
The first and most straightforward friction model refers to the Coulomb law, stating that (i) the direction
of the frictional force, Ft, is always opposite to the relative tangential motion between colliding bodies and
(ii) its magnitude can be related to the magnitude of the normal contact force, F , through the so-called
friction coefficient, µ [25, 47, 48]. Particularly, friction at the contact point was shown to prevent colliding
bodies from sliding (sticking condition, characterised by null relative tangential velocity of bodies u̇t) as
long as [25, 47, 49]

Ft ≤ µs F, (2.6)
where µs is the static friction coefficient. Once sliding occurs, Ft can be described instead by the equation

Ft = µd F
u̇t
|u̇t|

, (2.7)

being µd the dynamic friction coefficient and u̇t the relative tangential velocity of the colliding bodies.
It is worth noting that two friction coefficients are used, µs and µd, since experiments demonstrated that
an higher external tangential force is required to start the motion than to maintain a constant relative
velocity. Coefficients µs and µd were shown to depend only on the characteristics of the surfaces in contact
– mainly material and surface quality – and not on the relative velocity (see figure 2.2) [47, 48]. Although
literature suggests straightforward tests to estimate these coefficients, for the sake of simplicity they are
often assumed to be equal and only a single value, µ, is used [25, 47, 48].
The Coulomb friction model, whose most straightforward formulation is depicted in figure 2.2a, introduces
a discrete transition from sticking to sliding and viceversa characterised by a discontinuity for u̇t crossing
zero, that can lead to numerical instability as pointed out by some authors [25, 47, 48]. Nevertheless,
this is the only model compatible with the discrete description of the impact and, moreover, being easily
implementable, it has often been exploited. Extensions of this formulation were also developed to capture
more complex phenomena like viscous friction (see e.g. [48]).

t

uu

t

Figure 2.2: The Coulomb friction model in the (a) standard and (b) regularised formulations. The latter
formulation smooths the intrinsic discontinuity of the former to avoid discontinuities in computation. More detail
are reported in subsection 2.1.2. Adapted from [23].
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2.1. Contact dynamics modelling

Dynamic friction coefficient experimental assessment A widespread experimental method to
evaluate the dynamic friction coefficient, µd, is the pin-on-disc tribological test [50] and it is exploited in
this Thesis to characterise the frictional behaviour of the couples of materials involved in the modelling
of the planetary ball mill, presented in the next chapter. It is worth noting that materials constituting
the milling media as well as the mill charge have been tested since during the grinding process impacts
among milling media either free or covered by a layer of ground material can occur.
Experiments were performed using a pin-on-disk tribometer (CSM tribometer [51], see figure 2.3) consist-
ing of a fixed pin under an applied load in contact with a rotating stage holding the sample (generally a
disk). Every shape can be adopted for the pin so to account for the effect of geometry at contact area
[50] but the most exploited is the spherical one, which is also the most suitable to represent interactions
among spheres and/or jar wall, typical of the ball mill. Therefore, for the experiments here proposed, a
6mm diameter pin was used together with a 50mm diameter and 5mm height disk.

Figure 2.3: Left, pin-on-disc tribometer [51], right, an example of coefficient of dynamic friction measured during
the tribological test and exponential fit of the data. The example is relative to one of the tests performed for a
zirconium oxide pin and a Efavirenz disk (Efavirenz is a pharmaceutical, treated in detail in chapter 5)

During the experiment the friction force is measured continuously and, exploiting the Coulomb law, the
coefficient of friction is computed as the ratio of this force to the loading force on the pin. At the end of
the experiment the average coefficient of friction is provided. However, as shown in figure 2.3right, the
obtained value was further validated by fitting an exponential curve to the data corresponding to the
first part of the test, where the measure is presumably not affected by wear and other phenomena arising
during the test, changing the geometry of the pin. Different couples of materials were tested adopting
2N load, 1.2 m/s rotation speed and 1200 sliding distance. 8 experiments were performed for each case
and the mean value of the resulting µd is reported in table 2.2.

Material Pin Material Disk µd

Steel (AISI C1020) Steel (AISI C1020) 0.8
Steel (AISI C1020) Calcium Fluoride 0.2
Zirconium Oxide Zirconium Oxide 0.67
Zirconium Oxide Efavirenz 0.2

Table 2.2: Results of tribological tests providing with the dynamic friction coefficient for different couples of
materials tested since they are going to be involved in the simulations of the ball milling process, as reported in
the next chapters.
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2.1.2 Continuous contact models

The previously-described discrete method refers to the hypothesis of rigid bodies. However, physical
objects are compliant and therefore the impact duration – although extremely short – is greater than
zero [45]. According to this more realistic view of the phenomenon, continuous (or force-based) models,
describing the impact dynamics as a continuous-time event, have been developed. This formulation (i)
assumes that colliding bodies deform and undergo local indentation and (ii) introduces a contact force,
expressed as a function of indentation, acting in a continuous manner over the finite impact duration.
This implies a simple addition of the contact forces to the equations of motion upon the occurrence of a
collision, quite easily identifiable through e.g. a minimum distance criterion. A valuable advantage of the
continuous over the discrete approach is that not only the relative velocities of bodies after the impact but
also insights on the pressure at contact location can be assessed using this method [25, 45]. Furthermore,
the method can be almost effortless extended to a multiple contacts scenario and it is well suited for the
implementation into computer codes dealing with impact dynamics problems (e.g. multibody dynamics
or the Discrete Element Method (DEM)) owing to its computational simplicity and efficiency [25, 34].
Also thanks to to the development of Computer Aided Engineering (CAE) analysis tools, over the last
decades the continuous method gained increased importance and several expressions of the interaction
force at the surface of two bodies in contact were postulated [29, 52].
Some of the proposed models are purely elastic while others include dissipative terms, generally expressed
in the form of internal damping. Some widespread schemes are briefly reviewed below and some hints
about parameters assessment are also given. A short description of friction models is also provided since,
unlike the discrete approach, the continuous method permits to adopt several different formulations for
taking into account the phenomenon.

Pure elastic contact force models

Linear Hooke contact model The simplest elastic contact force model, known as the Hooke’s law,
consists of a linear spring element embodying the elasticity of the contacting surfaces. The normal – i.e.
along the impact axis – contact force, F , is expressed as

F = kl u, (2.8)

being kl the spring stiffness and u the compenetration between the colliding bodies (namely, the relative
displacement of two bodies from the beginning of the contact event, as illustrated in figure 2.4). The
coefficient kl depends on objects physical properties and geometry and can be analytically estimated for
simple cases or through experiments [53, 54], whereas u is computed from the relative positions of the
bodies during the collision.
Only a rough description of the contact force is provided by this model, unable to properly account for
the complexity of shape, surface conditions and mechanical properties of colliding objects [34].

Non-linear Hertz contact model One of the most exploited representations of the impact force
refers to the Hertz theory of contact [37]. This pioneering work, described in detail e.g. in [26], provides
a geometrical relation among compenetration (assumed to be localised in a very small contact area) and
the static compression of two isotropic elastic bodies with smooth surfaces that, within the contact area,
can be approximated by two paraboloids [37].
The expression derived for the contact force is a non-linear power function of compenetration, that can
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2.1. Contact dynamics modelling

be idealised as a non-linear spring acting along the impact axis,

F = k un, (2.9)

where k and n are, respectively, the generalised stiffness parameter and the non-linear power exponent,
depending on material and geometric properties at the contact area and estimable through elastostatic
theory [37].
The parameter n, in case of a parabolic distribution of stresses, equals 3/2 as in the original work by
Hertz [34] but it can be varied if materials at the contact surface exhibit peculiar characteristics [55, 56].
The value of k for two colliding spheres i and j is expressed as

ksph−sph =
4

3π

(
1

ηi + ηj

)√
RiRj

Ri +Rj
, (2.10)

and for a collision between a sphere i and a plate j,

ksph−plate =
4

3π

(
1

ηi + ηj

)√
Ri, (2.11)

where R is the sphere radius and η includes the elastic properties of the materials,

ηi =
1− ν2i
πEi

, (2.12)

being ν the Poisson’s ratio and E the Young’s modulus.
The advantages of the Hertz law over the Hooke scheme rely on the improved physical meaning, repre-
sented both by the non-linearity and on the connection between model parameters and body properties.
However, this formulation does not account for energy dissipation and therefore it is limited to low impact
speeds, hard materials and frictionless surfaces [25].

Dissipative contact force models

Since the amount of energy dissipated in a contact event is generally not negligible, the previously
introduced purely elastic schemes are not the most appropriate for the careful description of the impact
phenomenon and, therefore, several models augmenting the Hookean or the Hertzian laws with dissipative
terms have been proposed [25, 34, 45]. The dissipative contact force models are typically representable by
a spring-dashpot scheme [26], tuned by a parameter expressing the internal damping of materials. Many
linear and non-linear formulations of this term have been developed, generally in turn a function of the
coefficient of restitution, e [25, 27, 57].

The linear Kelvin-Voigt contact model (linear spring and linear damper) The simplest dissi-
pative contact force model is the one named after Kelvin and Voigt [26], schematising the impact through
a linear spring in parallel with a linear damper (dashpot) representing, respectively, the elastic behaviour
and the dissipation of energy. In this framework, the normal component of the contact force is expressed
as [27, 34]

F = kl u+ c u̇, (2.13)
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being kl the spring stiffness (Hooke’s-type behaviour), u the compenetration (see the linear Hooke contact
model), c the linear damping coefficient and u̇ the relative normal velocity of colliding bodies.
The c parameter can be estimated from the solution of the classic problem of damped vibration of a mass
spring system, where it is expressed as the product of the damping ratio, ζ, and the critical damping, cc,
of the system [58, 59], i.e. for two colliding bodies i and j [27]

c = ζ cc = ζ 2me ωn = ζ 2
√
me kl, (2.14)

being ωn =
√

kl
me

the natural frequency of the system and me =
mimj

mi+mj
its equivalent mass. For ζ and

kl different formulations have been proposed, and in particular an explicit relation between ζ and the
coefficient of restitution, e, was derived by Zang et al. [57, 60],

ζ = − ln(e)
√

1

ln2(e) + π2
, (2.15)

leading to

c = −2 ln(e)
√

1

ln2(e) + π2

√
mek∗. (2.16)

A possible equivalent formulation for the stiffness, k∗, was provided by Di Maio el al. [61] by imposing
the equality between the maximum force-to-displacement ratio computed from Hertz theory and from
the linear model, resulting in

k∗ =

(
320

81
meu̇

2
n0E

4
eR

2
e

)1/5

, (2.17)

where u̇n0 is the relative normal impact velocity and 1/Re = 1/Ri + 1/Rj and 1/Ee = 1/Ei + 1/Ej

account for the geometrical and elastic properties of the colliding bodies respectively .
Some weakness of the Kelvin-Voigt model have been highlighted in literature. Particularly, the formu-
lation of the dissipative term leads to a non-zero contact force at the beginning of the impact event
and to a negative force – i.e. attractive – at the end (being in this condition the compenetration null
and the relative velocity negative), obviously not correct from a physical point of view. Furthermore
the energy dissipation rate is improperly assumed to be constant during the entire contact event due
to the fixed value of the damping coefficient [25, 62–64]. Nevertheless, the model was demonstrated to
provide a satisfactory approximation of the phenomenon in case of reasonably small material damping
and moderate relative impact velocity and therefore it has been often exploited, especially owing to its
simplicity [61, 65–69]. In particular, this model was the first to be introduced in numerical methods
(e.g. within the DEM [70]) and computer codes developed to investigate the dynamics of systems with
multiple interacting bodies, such as granular materials [71].

The non-linear spring and linear damper model To partially account for the non-linear nature
of the impact, Dubrowsky et al. presented an extension of the linear Kelvin-Voigt scheme, modelling the
behaviour of colliding bodies at the contact area through a Hertzian spring and a linear damper [72],

F = k un + c u̇, (2.18)
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where n and k are given by the Hertz law (k computed according to equations 2.10 and 2.11 for e.g. a
sphere-sphere and a sphere-plate contact respectively) and equations 2.16 and 2.17 can give an estimate
of the damping parameter, c. However, as for the Kelvin-Voigt case, the physics of the energy loss is not
accurately represented by this model since the damping parameter is constant [73].

The non-linear spring and non-linear damper model To overcome the limits of the previous
models, Hunt and Crossley proposed the following representation of the contact force, adding a non-
linear viscous damper to the Hertzian response [73]

F = k un + C(u) u̇, (2.19)

being C(u) the damping coefficient that, to satisfy the boundary conditions of null contact force at
the beginning and at the end of the impact event, is expressed as a function of the compenetration, u,
between colliding bodies, modelling as well a non-constant energy loss during the impact, therefore leading
to a more physically sound representation of the event [25, 34] at the cost of augmented computational
complexity (for more details see e.g. [34]).

Other dissipative contact models Starting from the non-linear spring and damper model, other
schemes have been developed especially to account for plastic or permanent deformation at the contact
area [44, 74, 75]. More details can be found e.g. in [25, 34].

Friction models

As an advantage over the discrete method, several models for friction can be adopted within the con-
tinuous approach to impact modelling [25]. The simplest and most exploited ones consist of regularised
expressions of the Coulomb friction model (see figure 2.2b), smoothing the intrinsic discontinuity of the
standard formulation and thus allowing a continuous transition from sticking to sliding through a contin-
uous friction force [48].
More complicate formulations have also been developed to properly include various friction phenomena
– e.g. stick-slip, viscous friction or pre-sliding – that can influence the dynamic response of the system
(an exhaustive list is reported e.g. in [48]). However, price to pay for a more accurate description of the
phenomenon is the dependence of the model on a larger number of parameters that often can not be
easily estimated [25, 48].

Parameters assessment

The main drawback of the continuous impact models with respect to the discrete ones is the greater effort
required for parameters assessment, especially for the generalised stiffness and the damping coefficients
[25, 48]. As shown, these parameters are expressed as mathematical functions of physical and geometrical
properties of colliding bodies and they are not directly measurable from simple experiments, as a difference
with the discrete approach where models mainly refer to the coefficient of restitution deducible from e.g.
drop tests. Although accurate, analytical formulas provide an estimate of the coefficients that should be
validated and, eventually, tuned e.g. by comparing the modelling outcomes and the results of experimental
tests [25].
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2.2 Impacts in multibody dynamics simulations

Since 1988, when it first appeared in a textbook [32], the kinematic and dynamic computer simulation has
become a powerful tool for the investigation and the design of systems consisting of several bodies (multi-
body systems) and it is nowadays employed in almost any application dealing with moving components,
including e.g. automotive industry, aerospace, robotics, machinery and biomechanics [23]. Multibody
dynamics simulation provides with a clear picture of the dynamic response of a system under different
conditions, therefore allowing to quickly and economically optimise the performance [23, 24].
The importance gained by this simulation technique is demonstrated by the number of available soft-
wares and, above all, by the publication of a large amount of studies [24], investigating and addressing
several issues including, but not limited to, methods for the formulation and the more efficient numerical
solution of the equations of motion [76, 77] as well as analyses on the modelling of material properties
and mechanical constraints [78].
This method usually incorporates a finite set of mathematically described elements including rigid or
elastic bodies, kinematic constraints (joints), springs and dampers, bearings, gears as well as forces and
torques for the definition of the characteristics and the dynamics of the system. The temporal evolution
is obtained by numerically integrating the equations of motion, generally expressed according to the
Newton-Euler or Lagrange formalism, together with additional constraints and contact conditions [23,
45].
Being moving bodies often subjected to impacts, the implementation of contact and friction models ever
more sophisticated, has been fundamental for increasing the reliability of simulation results [23, 45].
Within this context, in this Thesis the framework of multibody dynamic simulation is exploited for the
study of the planetary ball mill, a grinding device where impacts play the key role.
However, it should be mentioned that there is another popular method for simulating interactions among
moving bodies, the DEM. This technique, developed for the analysis of discontinuous materials [70],
mostly addresses problems in granular flow and powder or rock mechanics (see e.g. [33, 67, 79, 80]).
DEM and mutlibody dynamics share the same working principles but, generally speaking, while the
former deals with a very large amount of small particles driven by gravity or kinematically simple ma-
chinery, the latter can simulate systems more complex in terms of motion but including a smaller number
of parts. In principle, both the DEM and the multibody dynamics methods are suitable for simulating
the planetary ball mill since this system involves a number of bodies not too large for the multibody and a
kinematic that can be efficiently handled also by DEM. The choice of the multibody approach within this
Thesis is chiefly motivated by (i) the simple management/modification of the kinematics and dynamics of
the system given by the built-in joints as well as (ii) the possibility of using both native solids and CAD
imported models for defining the geometry of the bodies offered by the software used, i.e. MSC.Adams
[81], and by (iii) the larger diffusion that this method, allowing to simulate almost any mechanical system
or component, can obtain in industry and scientific research areas dealing with mechanics. Furthermore,
the employed multibody dynamics software, MSC.Adams, implements a robust but at the same time
more straightforward contact scheme (although any formulation can be added by the user) than several
DEM softwares, thus reducing the effort and the uncertainties related to parameters fitting. Finally, it is
worth noting that the DEM has already been widely exploited for the simulations of the planetary ball
mill (see e.g. [12, 18, 22, 82–84]) whereas, to the best of my knowledge, no models of this system in the
framework of multibody dynamics simulation are reported in literature.

2.2.1 MSC.Adams contact model and parameters assessment

For a reliable simulation of the planetary ball milling process, impacts modelling plays a crucial role.
Particularly, the software employed within this Thesis, MSC.Adams [81], adopts the continuous approach
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(see subsection 2.1.2) and therefore, once the contact among two bodies is detected, an impact force is
added to the equations of motion. This force is expressed through the hard-coded impact function (but
every other scheme can be added by the user), implementing the non-linear spring and linear damper
scheme [45] (equation 2.20)

F = k un + c u̇

However, to prevent discontinuities and avoid the previously reported side effects of this model, in contrast
with the classic formulation, the impact function introduces a damping coefficient, c, which is not constant
but dependent on the compenetration of colliding bodies, u, computed as the difference of a reference
distance u1 and the istantaneously measured distance between the centre of mass and the external surface
of the colliding bodies u2 (see left part of figure 2.4) [45, 81],

c = −cm

(u
d

)2(
3− 2

u

d

)
. (2.20)

According to this function, sketched in the right portion of figure 2.4, c varies from zero (no compenetra-
tion) to a maximum value, cm, applied when the compenetration is greater than or equal to d.

Figure 2.4: Left, definition of compenetration and right, trend of damping coefficient introduced in the
MSC.Adams impact function as a function of compenetration. Differently from the standard formulation, defining
a constant c, in the impact one this parameter varies as a function of compenetration among colliding bodies, u.
Adapted from [85].

This contact scheme requires therefore the introduction of the parameters k, n for describing the elastic
part of the contact force and cm, d for the dissipative one.
A default procedure for parameters assessment is not defined and therefore the user can refer to every
kind of method: from experiments to theory.
Hereafter the procedure developed in this Thesis is briefly explained.

Parameters assessment First of all it should be underlined that, although the planetary ball milling
process is quite complex, involving a large number of collisions at different speed and angle, the contact
model parameters were estimated for single impacts representative of the events occurring in the real
scenario [84, 86], namely impacts among spheres and among spheres and the curved jar wall. The deter-
mined parameters were then extended to all the events involved in the process and, as will be shown in the
next chapters, the overall contact dynamics was then validated through comparison against experiments.
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For the contact model parameters assessment the impact between two spheres and between a sphere and
a plate were considered, the latter assumed to approximate the collision of a ball with the jar wall, being
the ball radius much smaller than the jar one.

Figure 2.5: Left, simulated ball-on-plate drop test. Right-bottom analysis of the effect of each parameter
introduced in the impact function on the first rebound height of the ball, h∗, provided by simulations. Starting
from the first-estimate values, parameters were varied of ± 50 % and, for each simulation, h∗ was measured (the
figure reports the variation of this quantity expressed as Δh = h∗ − h0/h0). It can be noticed that c and d have
the larger influence on this variable. Right-top, d fitting of h∗. Results here reported refers to case study of a
12mm diameter steel ball dropping from h0 = 500mm on a steel plate. Adapted from [85].

Being the MSC.Adams impact function formulation related to the non-linear spring and linear damper
model, the theoretical expressions previously presented for this case were exploited to estimate k, n and cm.
Starting from the sphere-plate case, the generalised stiffness k and the n exponent were deduced from the
Hertz theory (see non-linear Hertz contact model paragraph) and particularly n=3/2 was fixed whereas
k was computed according to equation 2.11. For estimating cm instead, the expression 2.16, proposed for
the linear damper, was used introducing (i) the value of e provided by the drop test experiments reported
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in subsection 2.1.1 (ii) k∗ derived from the equation by Di Maio el al. (equation 2.17) and (iii) equivalent
mass 1/me = 1/msphere since mplate should be considered ∞ for this kind of collisions [26, 87].
Being d a feature of the MSC.Adams code, no suggestions for its estimate are provided in literature and
therefore a first-tentative value was fixed according to considerations about the materials properties, the
dimensions of the bodies and, in turn, the expected compenetration.
While calculations provided a reasonable first-order guess, experiments – more complicated but without
simplifying assumptions in theories – were used to validate results. Particularly, as suggested by literature
[84, 86], the ball-on-plate drop test was exploited, providing with the first rebound height of the dropping
sphere, h∗ (see subsection 2.1.1).
This experiment was simulated (see left portion of figure 2.5) – for a dropping height, h0, chosen as
representative of the impact velocities that can take place in the ball milling process – introducing in
the impact function the first-tentative parameters determined from the above-described methods. h∗ was
extracted from simulation results and compared with the corresponding experimentally measured value.
Since no match was found, further simulations were performed varying d until the correspondence among
numerical and experimental h∗ was reached (see top-right part of figure 2.5). It should be specified
that d was adopted as fitting variable since (i) a parametric analysis on the effect of each contact model
parameter on the variation of h∗ was performed (bottom-right part of figure 2.5) and it pointed out
that the dissipative terms mostly influence this quantity and (ii) it was chosen over c since no analytical
first-guess expressions are available for its estimate.
For contact model parameters assessment for the impact among spheres, the same methods were adopted.
However, being sphere-on-sphere experimental drop tests hardly performable with the apparatus showed
in subsection 2.1.1, as a first-order approximation, the value of e derived from sphere-on-plate tests was
introduced in equation 2.16 to compute cm. Subsequent drop test simulations showed a rebound h∗

approximately 20% higher than for the sphere-plate case, which is quite in agreement with the differences
in terms of mass, geometry and stiffness among these 2 cases [26, 88–90]. Beside the contact force,
MSC.Adams allows to account for friction at contact location through the following hard-coded regularised
expression of the Coulomb model (see the paragraph on friction models),

µ =


µs

(
u̇t
u̇ts

)2(
3− 2

u̇t
u̇ts

)
0 ≤ u̇t < u̇ts

µs − (µs − µd)

(
u̇t − u̇ts
u̇td − u̇ts

)2(
3− 2

u̇t − u̇ts
u̇td − u̇ts

)
u̇ts ≤ u̇t < u̇td,

µd u̇t ≥ u̇td

(2.21)

gradually varying from the static µs to the dynamic µd friction coefficient as a function of the tangential
relative velocity of colliding bodies u̇t, as illustrated in figure 2.6 (but it should be noticed that any other
friction model can be implemented by the user).
The required stiction (u̇ts) and friction (u̇td) velocities, representing the transition from sticking to sliding,
were assumed low enough to allow a quick passage to sliding so to mimic the standard formulation of the
Coulomb model (see figure 2.2) and ensure the application of a sliding friction force also at relatively low
impact tangential velocities, as those typically developing during the planetary ball milling process.
For µd instead, the results of the pin-on-disc tribological tests (reported in subsection 2.1.1) were used
whereas µs was deduced from literature.

Integrator settings Other aspects strongly influencing the results of the simulation are the settings of
the integrator and the calculation step (time step). For the integrator several formulations are available in
MSC.Adams and in this Thesis the Hilber-Hughes-Taylor (HHT) one was adopted being very well suited
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2.3. Impact of two spheres: comparison of analytically and numerically computed velocities

Figure 2.6: MSC.Adams formulation of the friction Coulomb model. Friction coefficient varies as a function of
the tangential relative velocity, u̇t. Adapted from [81] – user manual.

for problems involving impacts (see [81] – user manual). Among the multitude of parameters that can be
tuned by the user, the effects on the solution of (i) error, representing the allowed integration tolerance,
(ii) hmax, indicating the maximum integration time step permitted and (iii) step, governing the output
frequency (number of calculation points dumped to a file per second of simulation), were investigated.
Simulations of the ball-on-plate drop test, systematically varying the above mentioned parameters, were
performed until reproducibility of the solution in terms of trajectory of the bouncing sphere was achieved:
maximum error and hmax ensuring this result were adopted. The step value instead, was chosen so that
both a good description of the events was given and the size of the output files was not tremendously huge.
It should be noticed that, this variable is also closely related to the time step, the latter being equal to
1/ step if hmax is not defined. On the other hand, even if hmax is set, to provide a more accurate solution
in case of especially complex events (e.g. impacts), MSC.Adams reduces automatically the time step
below hmax (adaptive time step) and, proportionally, increases the number of output points describing
the event [81]. The number of calculation and output points per second of simulation therefore strictly
depends on these variables as well as on the complexity of the modelled process and consequently it is
not completely controllable by the user.

2.3 Impact of two spheres: comparison of analytically and numerically computed
velocities

To validate the previously proposed procedure for parameters assessment and, in turn, the modelling
outcomes, for the simple case of the impact among 2 perfectly smooth spheres (i.e. the effect of friction
is neglected) a comparison among the simulated and analytically computed final relative velocities (i.e.
at the end of the impact event) of the two bodies (sf1 and sf2) is proposed in figure 2.8.
In the reported scenario the relative initial velocity of the two bodies along the x-direction, v, (see top-left
portion of figure 2.8) was set to 3300mm/s whereas their relative initial position, Δ, was varied, so to
simulate different impact conditions. Particularly, as depicted in the right part of figure 2.8, distances
between the centres of mass of the two spheres along the y-direction (Δ) equal to 0, 3, 6, 9 and 12 mm
were investigated. Adopted geometrical and material properties of the spheres are reported in table 2.3.
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Spheres: geometrical and physical properties
material steel
radius 6mm
density 7.85g/cm3

Young modulus 200GPa
Poisson ratio 0.29

mass 7.1g

Table 2.3: Geometrical and physical properties of spheres used to compute both analytically and numerically the
velocity at the end of an impact event (final velocity) for the case of study here reported.

0.00000 0.00001 0.00002 0.00003 0.00004 0.00005

time (s)

0

500

1000

1500

2000

2500

3000

3500

u̇
(m

m
/s

)

∆= 0 mm

∆= 3 mm

∆ = 6 mm

∆ = 9 mm

∆ = 12 mm

0.00000 0.00001 0.00002 0.00003 0.00004 0.00005

time (s)

0

500

1000

1500

2000

2500

3000

3500

u̇
t(

m
m

/s
)

∆= 0 mm

∆= 3 mm

∆ = 6 mm

∆ = 9 mm

∆ = 12 mm

Figure 2.7: Profiles of normal and tangential components of relative velocity of two colliding spheres derived from
multibody dynamics simulations for different relative initial positions Δ of the two bodies. Output points dumped
by the simulator (which number is not fixed but depends both on integrator and output settings as well as on the
complexity of the impact event) are reported on each velocity profile, with the latter corresponding to the relative
velocity at the end of the interaction u̇f .

The effect of friction was not taken into account and therefore for the analytical calculations equations 2.3
and 2.4 were exploited to compute the final velocities of the bodies vj,f , both in normal and in tangential
direction with respect to the impact reference frame, and the relative final velocity u̇f = v2,f − v1,f .
The same quantity was extracted from the outcomes of Msc.Adams multibody dynamics simulations,
performed adopting the contact model and integrator parameters reported in table 2.4 and determined
through the procedure described in the previous subsection.
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D α 0

D α 3mm

D α 6mm

D α 9mm

D α 12mm

Figure 2.8: Bottom-left, comparison of relative velocities at the end of the impact (u̇f ) analytically computed and
retrieved from multibody dynamics simulations for the case study of two colliding spheres. Initial relative velocity
was fixed while relative position Δ was varied. The five tested Δ values are depicted in the right part of the
present figure. The top-left part shows instead the reference frame and the components of velocity of bodies along
the impact axis, being n the normal and t the tangential component (for the complete definition of the velocity
components see subsection 2.1.1).
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Contact model and integrator parameters
k 252,146N/mm3/2

n 1.5
c 10.1kg/s
d 0.211mm
e 0.516

hmax 1E-6
error 1E-6

step (per second) 100

Table 2.4: Contact model and integrator parameters for 2 steel colliding spheres employed in the presented analyses

As illustrated in figure 2.7, simulations provided with the full description of the profiles of the normal and
the tangential components of the relative velocity during the contact event, for every tested value of Δ.
In agreement with predictions of equation 2.1, the tangential component of the relative velocity remains
constant during the whole duration of the impact and its magnitude grows with Δ while the initial and,
in turn, the final normal component reduces with the increase of Δ.
The comparison of analytically and numerically computed values of final relative velocities of colliding
bodies, u̇f , is reported in the bottom-left portion of figure 2.8, highlighting a good agreement between
the two approaches and therefore validating the effectiveness of the simulations and, at the same time,
of the method for contact model and integrator parameters assessment. It is finally worth noting that
variables reported in table 2.4 are going to be adopted for the simulations of the ball milling process in
chapters 3 and 4 for modelling the impacts among spheres since objects with the same geometrical and
physical properties will be used. For ball-plate impacts as well as for other investigated materials, the
methods here presented have been followed for determining and validating the contact force parameters.
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Chapter 3

Planetary ball milling modelling

• ◦ • ◦ • Part of this section has been adapted from [91, 92].
As briefly introduced in the previous chapters, the planetary ball mill (see figure 3.1) is one of the most
exploited apparatuses for grinding materials down to the nanoscale, providing both for comminution and
incorporation of defects.
It features straightforward handling, cleanability and moderate costs but, above all, high efficiency and
versatility, therefore being well suited for processing almost any kind of material, from metals and ceramics
to organic compounds and pharmaceuticals [9, 12, 13, 93, 94].

Figure 3.1: The Fritsch P4 planetary ball mill. In the middle, two jars installed on the plate; on the right, (top)
detail of the jars, (bottom) an open vial with milling media and mill charge.Adapted from [85].

Selected typical applications

In the field of metals, the planetary ball mill is mainly exploited for the mechanical alloying. This method
was initially applied to the production of oxide dispersion strengthened Ni-base superalloys (e.g. yttrium
oxide and the superalloy) and later it was extended to other materials [8, 95, 96]. During the process,
due to material transfer, the mixtures of powders milled together turn into an homogeneous alloy and,
with respect to other techniques, finer and more homogeneous nanocrystalline structure can be obtained
[95, 97].
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On the other hand, ceramic materials can be synthesized either (i) indirectly or (ii) directly [9] in this
apparatus. While the former route promotes enhanced reactivity of starting materials (owing to mor-
phological, structural and/or chemical modifications) [98] and/or their deagglomeration [99], therefore
improving the consecutive thermal treatment, the latter results in the direct manufacture of the desired
end-product [100–103]. This is usually nanostructured, characterized by a selected polymorph [104–106],
and affected by defects which are exploited to tune selected properties [10, 107]. Furthermore, ceramics
can be incorporated into different matrices by ball milling, so to enhance mechanical properties [108].
Planetary ball mill is then largely applied also in the pharmaceutical industry, currently facing the
challenge of enhancing the dissolution and bioavailability of poorly soluble drugs. The most common
approach to assess this problem is increasing the surface free energy of drug particles by reducing their
size and/or altering the morphological characteristics (e.g. shape, surface roughness, defects content ...)
[11–13]. Planetary ball mill is very proficient in these tasks but it has also been successfully adopted
for the development of more innovative technologies, e.g. for dry coating starches core particles with
microparticulated drugs so to enhance the wettability and the dissolution rate [14].
To conclude this brief overview of planetary ball milling applications, it is worth highlighting that it has
also proved to be effective in the mechanical exfoliation of bulk systems for the large-scale production
of two-dimensional nanostructured materials - such as graphene and boron nitride nanosheets [15, 16],
nowadays of utmost scientific and technological interest.

The planetary ball mill

Owing the name to the resemblance to the solar system motion, the planetary ball mill consists of two
or more jars, rotating at angular velocity ω around their axis (rotation, see figure 4.11), installed on a
disk simultaneously rotating at angular velocity Ω (revolution). ω and Ω can generally be independently
controlled –with jars spinning faster– and they are limited by the design of the mill (e.g. for the Fritsch
P4 planetary mill [109] in figure 3.1 maximum ω = 1200rpm and Ω = 400rpm). Jars and plate can be
either co- or counter rotating but the counter direction is preferred in most cases, as it was demonstrated
to be more effective in comminution [82].
Jars are filled with a customisable number of grinding balls and the mill charge. Different materials
can be used for both the milling media (jars and balls), the more common being tungsten carbide, steel,
zirconia, corundum or agate [12], carefully chosen so to avoid side reactions or high abrasion leading to
contamination of the mill charge [8, 110]. Different sizes are also available, ranging from 0.1 to 40 mm
for the balls and up to 500 ml volume for the jars [109], since up to now, planetary mills are built only
on laboratory scale.
Inside each jar, grinding occurs by impacts among the milling media, driven by the field of centrifugal and
Coriolis forces produced by the planetary-like kinematics, with mill feed particles typically covering balls
and/or jar surfaces. Collisions intensity, direction, frequency and, consequently, the amount of energy
transferred to the mill charge, are determined by balls movements that, in turn, strictly depend on the
setup of the several operating parameters. These are related both to device geometry and to the physical
properties of the jar and milling media and include e.g. size and shape of balls and jar, elasto-plastic and
friction properties but also angular velocities, grinding time and charge fraction. A careful parameters
assessment is of utmost importance, as it governs the nature and magnitude of the impulsive forces trans-
ferred by collisions and, therefore, the characteristics of the end product, both in terms of homogeneity
and defects content as well as contamination, the latter being often the main issue of the process. With
this in mind, the optimisation of the milling process has been investigated for a long time.
The most straightforward approach to correlate the milling parameters to the end product is running the
mill under different conditions. Literature provides remarkable examples highlighting the effect of one or
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more variables on e.g. resulting size [19], defectivity, homogeneity or phase structure [20, 21] of given ma-
terials. Among the others, the wide and highly systematic work of Gaffet for mechanical alloying should
especially be mentioned [21], as it results in the construction of a so-called parameter phase diagram,
presenting the phases forming for a specific materials system as a function of many milling parameters
(milling time, temperature, rotation speeds).
The alternative to the brute-force empirical approach, deemed as expensive and time-consuming, is mod-
elling the process, either (i) analytically (see e.g. [96, 111–115]) or (ii) numerically (see e.g. [18, 22, 83,
84, 116, 117]). The main advantage of modelling over experimental testing is the better understanding
and control over kinematic and dynamic quantities (e.g. ball trajectories, kinetic energy etc...) under
almost any possible operating condition, yielding predictions of the process results.
In the next section, a brief review on the development of the two categories of models is presented.
Particular emphasis is given to the numerical ones, as this Thesis mainly deals with the development
of a numerical model for the planetary ball mill implemented within the framework of the multibody
dynamics.

3.1 Modelling approaches: a brief literature review

Analytical Models

A branch of the analytical models proposed in literature for the planetary ball mill focus on the estimate
of the energy released during collisions and the work of Burgio et al. [111], published in 1991, is one
of the most representative. In this work a single ball is assumed to move as an integral whole with a
point on the jar circumference (without rolling or sliding) until, owing to a given composition of inertial
forces, it is launched against the opposite point, perpendicularly to the jar surface. This results in a
high velocity impact, after which the ball is again fixed to the jar wall. Kinematic equations describing
the absolute velocity of the ball were developed so to compute the kinetic energy transferred to the mill
system (i.e. mill feed and involved milling media) in a single collision event. Through the addition of
correction factors, accounting for the presence of a finite number of balls and of the collision frequency,
the expressions of the total energy and power were derived as a function of number, diameters and mass
of balls, jar and disk diameter and angular velocities, filling ratio, weight of mill feed and milling time.
Correlations among these quantities and results of mechanical alloying experiments were reported in a
map, allowing to predict milling conditions giving an end-product with specific characteristics.
In the subsequent years, Burgio’s model experimental validation was strengthened by their coworkers
[112, 118, 119] comparing the computed total power with the electrical power that the mill needs to
absorb exclusively for the grinding operation. This quantity, demonstrated to be dependent on milling
conditions, was estimated by taking the difference between the power consumption measured running
the mill equipped with an empty and a charged (with balls and powder) jar. A good agreement with
computed values was found, under the assumption of power being almost completely transferred to the
powder due to the inelasticity of collisions [120].
On the other hand, refinements of Burgio’s equations were provided by Abdellaoui and Gaffet [96], propos-
ing a new formulation of the criterion for the detachment of the ball from the jar wall, allowing a more
rigorous calculation of the impact frequency. Furthermore, almost 10 years later, Chattopadhyay et al.
[113] computed the normal and tangential components of the impact force at the collision point using
the Hertz theory [30] and showed that the direction of the tangential one has an influence on impact
effectiveness. Indeed, when it causes bodies in contact to spin in the same direction, the powder particles
trapped between colliding bodies are forced to retain within the impact area, enhancing the grinding
action of the impact. Authors also investigated the energy transfer and, unlike in the earlier works, the
power spent in each collision for the elastic deformation of the ball was estimated.
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While the cited studies mainly focus on the calculation of forces and transferred energy, in literature
there are many other works aiming at mathematically describe the full trajectory of a single ball inside
the jar as a function of the milling conditions.
In 1956, a first attempt was given by Joisel [121], who considered the development of an analytical solu-
tion too difficult and depicted the movement of a ball in graphical way. Analytical simplified calculations
of ball trajectories were instead already available for the horizontal (tumbling) ball mill (see e.g. [7]) and,
in 1963, Rumpf pointed out an analogy between balls motion inside this device and in the planetary one
[122]. Starting from this consideration and assuming, as well as Burgio, a 2-phases ball trajectory (sta-
tionary and throwing phases [111]), in 1992 Raasch [114] derived 2 linear differential equations allowing
the point-by-point calculation of ball movements depending on the angular velocities, radii of plate and
jar as well as on the distance from the ball to jar centre. Boundary conditions, ensuring continuity at the
detachment point, were determined exploiting the theory developed for the horizontal mills by Fischer
[123] and Davis [124], assuming the detachment points to be located on a semicircle (the so-called Davis
circle).
Also the work of Brun et al. [115] proposed an expression for the trajectory of a single ball and, accord-
ing to the impact angle and the direction of the resultant force acting on the ball, identified 3 possible
motion modes to appear at different jar-to-plate velocity ratios. The first one is characterised by the
ball impacting and immediately leaving the jar surface while, on the contrary, the third does not foresee
detachments. In the second regime instead, the ball follows the previously described 2-phases trajectory.
The existence of these different motion patterns was confirmed by camera recordings of milling experi-
ments but, according to the initial assumptions, the presented analytical model was capable of describing
quite accurately only the second one.
However, simplifying hypothesis are almost inevitable for analytically handling the complex dynamics
of the planetary ball milling process. In the aforementioned studies, the most restrictive one is that
just one ball is considered and, in turn, the omission of the interactions among balls oversimplifies the
kinematical and dynamical description of the real process. Also the kinetic energy transferred results
underestimated since only ball-jar collisions are taken into account. Moreover, slip between jar wall and
balls, inelasticity of collisions, deformation and friction at the contact point are neglected. It can therefore
be concluded that analytical models are elegant and informative but, at the same time, limited by the
necessary simplifications, often overlooking important phenomena.

Numerical Models

With respect to the analytical models, the numerical ones, although more computationally demanding,
better preserve the complexity of the milling process, possibly giving more accurate predictions. They
are also more flexible, allowing to quickly test and evaluate all the possible configurations of the system
[70].
For the planetary ball mill modelling, the Discrete Element Method (DEM) is one of the most exploited
technique. Just like multibody dynamics (see section 2.2), this method allows the analysis of discrete
interacting bodies systems, providing the complete description of their dynamics (e.g. trajectories, ve-
locities, accelerations) as well as all the quantities associated to each contact event (e.g. forces, contact
points, relative velocities).
As already introduced in chapter 2, in both techniques, the integration of Newton’s second law gives the
motion of each element, resulting from the forces acting on it, and a force-displacement law, represented
by a spring-damper scheme, is used to compute contact forces from displacement. Friction at contact
location is also taken into account through suitable models (e.g. the Coulomb model).
The DEM method was developed in 1971 by Cundall [125] (and it was called the Distinct Element
Method) and implemented into the BALL computer program [71]. It was first applied to the analysis of
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the behaviour of granular assemblies (e.g. soil) [70] modelled as 2D disc, and validated comparing the
computed forces with the results of photoelastic tests (presented in 1969 by Jong and Verruijt [126]).
Subsequently, with the dramatic increase of computer resources and numerical modelling popularity,
DEM has been used for a large variety of applications, from rock mechanics to granular flow (see e.g. [33,
79, 80, 127–129]) and, since the 90’s, it has also been applied to the investigation of the ball mills.†
Mishra and Rajamani first coded the scheme in the 2DMILL computer program [84], later upgraded for
dealing with 3D objects [130, 131]. In these works, authors particularly underlined the dependence of
reliable computational results on the accurate choice of the contact force models and the associated pa-
rameters. Therefore, beside developing a new contact relation (the elastic perfectly plastic contact model
[130, 132]), experimental procedures and formulas for determining stiffness, damping, and friction were
suggested [84, 86, 130, 132].
Another main challenge in dealing with ball mill modelling is the simulation of the mill charge and 3
possible solutions have been proposed in literature [83]. The first one is explicitly modelling the powder
particles as small spherical elements. However, this strategy requires enormous computational resources
and simulation time (a huge amount of small elements would require a very small integration timestep
to ensure the stability of the algorithm) and it is adopted in a few studies (e.g. [133]). The opposite
approach is to totally ignore the mill charge and only model the grinding media [84, 116, 130]. However,
this approach could result in a too rough estimation of the system dynamics since ball movements strongly
relates to mill charge [18, 115]. The last and most exploited option lies in-between the previous ones and,
in place of explicitly modelling the powder, assumes to include its influence by properly modifying the
contact model friction and/or damping parameters [18]. According to Feng et al. [83], these variables may
exhibit some randomness since they depend on the amount and the aggregation of the powder trapped
between colliding bodies. Therefore, the authors proposed to adopt average values, estimated from the
simulation of different impact configurations in a small scale local model, including two colliding elements
and some powder particles (different configurations were modelled e.g. by changing the number and the
arrangement of powder particles).
On the other hand, through a wide experimental campaign, Rosenkranz et al. demonstrated the pos-
sibility to account for the mill charge by only altering the friction coefficients [18], a method already
introduced by Kano et al. [134]. High-speed videos of the planetary ball milling process were recorded
for different kinds of mill feed and a significant change in balls movements was revealed owing to the
formation of a powder coating layer on balls and/or jar, strongly affecting the friction conditions. Movies
were qualitatively compared to the results, in terms of balls motions, of DEM simulations performed
systematically varying the model friction coefficients and correlations among these parameters and the
effect of the mill feed were found [18].
In addition to milling media motion analysis, simulation results can be exploited to compute several quan-
tities allowing to quantitatively compare the effect of the operating parameters on the milling process
and, in turn, predict the mill configuration providing with higher comminution of the mill charge.
Impact (or stress) energy is one of the most used quantities and, although many different formulations
can be found in literature, it broadly estimates the maximum kinetic energy involved in collision events
(see e.g. [12, 18, 82, 116, 117, 135, 136]), starting from the relative velocities of impinging bodies.
However, only a fraction of the so-computed energy is effectively involved into the grinding process,
whereas the other is converted into heat, sound or particles motion. Due to the complexity of phenomena
taking place during the ball milling process, the amount of energy transferred to the mill charge and
actually used for comminute particles is therefore hardly estimable. Consequently, as a first order ap-

†It should be specified that the DEM is used for investigating all the class of ball mill apparatuses and not only the
planetary one. However, within the scope of the Thesis, this short review mainly reports examples relating to the planetary
ball mill.
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proximation it is generally assumed that the rate of energy conversion to grinding is constant, meaning
that a finer end product is expected to correspond to mill configurations giving higher energy [116].
Among the multitude of studies investigating the effect of milling variables by means of DEM and energy
criteria, it is worth citing the studies of Mio, Kano and their coworkers, proposing some correlations
among this quantity and experimental data. In particular, in [82, 117] jar and main disk rotating in
counter-direction rather than in co-direction were shown to increase impact energy. The higher efficiency
in comminution of this configuration was confirmed by X-Ray diffraction analysis of the end product.
Indeed, patterns collected on talc ground under both the conditions revealed broader peaks (indicating
smaller dimensions of the end-product crystallites) to correspond to counter-rotating jar and plate [82].
Further analyses pointed out that the energy also increases with the jar-to-plate velocity ratio till a criti-
cal value, when balls begin to roll along jar wall. However, this value can not be known in advance but it
is influenced by the setup milling parameters e.g. the radius of the plate, that tends to shift it to higher
velocity ratios.
Another work that it is worth citing is the one of Kano and Saito [22] focusing on the effect of ball
diameter that, by means of a linear function, introduces a correlation between energy computed from
simulations performed adopting different balls sizes and the rate of powder size reduction deduced from
experiments.
Several other variables attracted the interest of researchers but, despite the amount of valuable contribu-
tions, no general rule can be established for the setup of optimal milling conditions for the planetary ball
mill. Useful suggestions can be deduced from literature but every single case deserves specific attention.
Optimisation of the process requires therefore the development of reliable tools and methods for a quick
but, at the same time, careful case-by-case parameters assessment and numerical models are very well
suited to this purpose, allowing to test every possible configuration in a reasonable time.

3.2 A multibody dynamics model of the planetary ball milling process

Hereafter a new numerical model for the planetary ball milling process is presented. Unlike the previ-
ous DEM-based works, it exploits the power of the multibody dynamics simulations that, as reported
in section 2.2, are perfectly suited to motion analysis of mechanical systems. The discussed model is
developed by using the software MSC.Adams [81], as it provides a feasible management of the kinematics
and dynamics (e.g. every kind of mechanical joint and/or constraint and forces are predefined) as well
as of the geometry (both native primitive solids and external CAD models can be used) of any mod-
elled component, allowing to easily deal with complex mechanical systems. Furthermore, with respect to
several DEM softwares ( e.g. LIGGGHTS [137]), a robust but more straightforward contact scheme is
implemented in MSC.Adams (but it should be mentioned that any other formulation can be added by
the user), requiring less parameters, generally estimable through simple experiments, thus reducing the
uncertainties of variables fitting.
The mill charge is not explicitly modelled since the presence of a large amount of very small particles
can not be easily handled by this simulation technique and, besides, goes outside its scope. However,
following the approach proposed by Rosenkranz [18], the effect of the mill feed is taken into account
through suitable friction coefficients.
Contact model and friction coefficients as well as integration error, maximum timestep and output pa-
rameters are estimated through the procedure presented in subsection 2.2.1.
The model is here mainly exploited for investigating the effect of jar (ω) to plate (Ω) velocity ratio,
defined as ω/Ω+ 1. Counter rotating jar and plate are adopted and, therefore, jar velocity is taken with
negative sign. The case of jar and plate rotating in the same direction was not considered in this study
since it has been demonstrated to be less effective in terms of energy transfer and comminution [82].
Modelling predictions are validated around the case study of a brittle ceramic material, Calcium Fluoride
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(or fluorite, CaF2, commercial Carlo Erba c.d. 433587 powder). As will be better explained, fluorite
was ground in a Fritsch P4 [109] planetary ball mill and X-Ray Powder Diffraction Line Profile Analysis
(XRPD-LPA) was performed on milled samples so to investigate the microstructural evolution under
mechanical grinding.
CaF2 powder is particularly suitable for this kind of experiments as it presents a simple and stable crys-
talline structure that, during the milling process, does not undergo any phase transformation and/or
reaction with contaminants [138].
While detailed information about this material can be found in [138], it is worth noting that the starting
CaF2 powder is mainly made of cubic particles with edge dimension between 2 and 10 µm as shown
in figure 3.2a. A small fraction of pseudo-spherical particles with characteristic size of 10 µm, can be
also observed (figure 3.2b). The composition declared by the producer, reveals the presence of a small
contamination from MgO (approximately, 1.5wt% of MgO [138]), due to the process of calcination.

Figure 3.2: Micrographs of CaF2 pristine powder showing (a) the cubic and (b) the pseudo-spherical particles
that composes it. from [138]

Typical quantities extracted from a X-Ray powder diffraction pattern are information on crystallite size
and microstructure, e.g. in terms of dislocation content or stacking faults. It should be noted that the
term crystallite refers to a coherent scattering domain, i.e. an ensemble of atoms approximately on the
same crystal lattice, which often differs from particles observed by microscopy. Indeed, the latter are
typically aggregates of crystallites, e.g. separated by grain boundaries, as sketched in figure 3.3.

Figure 3.3: Sketch of particles and crystallites sizes. Adapted from [139]., courtesy of P. Scardi
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3.2. A multibody dynamics model of the planetary ball milling process

In this Thesis, the Whole Powder Pattern Modelling (WPPM) [140–142] is adopted to extract information
from powder diffraction patterns. This advanced analysis method is a perturbation approach which is
applied to an initially perfect crystal model in reciprocal-space. A convolution of effects originating from
the microstructure (i.e. any deviation from the ideal crystal) represents each peak composing the pow-
der pattern. In particular, each effect is accounted for by an analytical expression, function of physical
parameters. Among the available models, the crystallite size and shape, lattice distortions, dislocations
and stacking faults should be mentioned.

Following, the paper [91], Modeling of the planetary ball-milling process: The case study of ceramic
powders published in the Journal of the European Ceramic Society (Vol. 9, 2016) is reported, which
summarizes the most important steps in the development and validation of the model together with the
achieved results.

3.2.1 Modeling of the Planetary Ball-Milling process: the case study of Ceramic Powders

Authors: M. Broseghini, L. Gelisio, M. D’Incau, C. L. Azanza Ricardo, N. M. Pugno and P. Scardi.†Adapted
from [91].

Abstract

A numerical dynamic-mechanical model of a planetary ball-mill was developed to study the dependence
of process efficiency on milling parameters like ball size and number, jar geometry and velocity of the
revolving parts. Simulations provide evidence of the correlation between milling parameters and the
resulting microstructure of the ground material. In particular, maximum efficiency of the grinding process
is observed with the most disordered ball motion, which is obtained within a well-defined range of jar to
plate velocity ratios. As a significant case study in ceramic powder technology, the model is presented
and discussed for calcium fluoride (CaF2), ground under different conditions in a planetary mill, and then
characterized by X-ray powder diffraction and scanning electron microscopy.

Introduction

High-energy ball milling is commonly used for particle size reduction (comminution) down to the nanome-
ter scale [6, 8, 12]. Increased surface energy and defectivity lead to modified physical/chemical properties
and can promote structural transformations and/or chemical reactions (see e.g. [7]). Nearly all materials
can be processed, including metals [93, 99, 143], organics [94, 144, 145] and pharmaceuticals [146–148],
as well as composites [149, 150] or low-dimensional structures [15, 151–154].
Ceramic materials can be produced either (i) indirectly or (ii) directly [9] via ball milling. While the
former route promotes enhanced reactivity of starting materials (due to morphological, structural and/or
chemical modifications) [98] and/or their deagglomeration [99], therefore improving the consecutive ther-
mal treatment, the latter results in the direct manufacture of the desired end-product [100–103]. This is
usually nanostructured, characterized by a selected polymorph [104–106], and affected by defects which
are exploited to tune selected properties [10, 107]. Furthermore, ceramics can be incorporated into dif-
ferent matrices by ball milling, so to enhance mechanical properties [108]. Among high-energy ball mills,
the planetary is a mechanically simple and versatile device for efficient grinding.

†In this work MB developed the model, performed the simulations, analysed the results and wrote the major part of
the manuscript, LG and CLAR helped in data analysis and in drafting the manuscript, MDI conceived the idea, performed
experimental tests and analysed part of the experimental data, NMP conceived the idea and revised the manuscript, PS
conceived the idea, analysed experimental data and revised the manuscript.
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3.2. A multibody dynamics model of the planetary ball milling process

It is usually made of two or more jars, rotating at an angular velocity ω around their axis (see figure
4.11), installed on a disk rotating at angular velocity Ω.
Grinding occurs by impact among the milling media (balls and jars), driven by centrifugal and Coriolis
forces, with material particles typically covering balls and/or jar surfaces. The energy available for com-
minution and, in turn, the size of the ground particles and their defectivity, are determined by several
parameters, related both to geometry and to physical properties of jar and milling media. These include
size and shape of balls and jar, elasto-plastic properties and friction coefficients, but also angular veloci-
ties, grinding time and charge fraction. Products homogeneity and contamination from the vials are also
related to the above-defined parameters and must be properly accounted for.
The (i) straightforward approach to correlate milling parameters to end products is running the mill under
different conditions. The alternative to this brute-force, time consuming empirical approach is modelling
the process, either (ii) analytically [96, 111, 114] or (iii) numerically [18, 22, 83, 84, 116, 117]. The
main advantage of modelling over experimental testing is a better control over kinematic and dynamic
quantities, e.g. ball trajectories and kinetic energies, under all possible operating conditions. Analytical
models are elegant and informative, but most often limited by simplifying assumptions, like inelasticity of
collisions or approximate friction models. Numerical multibody models, although more computationally
demanding, can preserve the full complexity of the milling process and possibly provide more accurate
predictions. This work introduces a model belonging to the latter category, implemented within the
framework of a multibody dynamics software. The validity of the model has been verified considering
the case study of a typical ceramic material, calcium fluoride.

The model

Following, the model of a planetary ball mill Fritsch Pulverisette 4 (P4, [109]) ball mill is presented.
The solution of the equation of motion of the milling media is obtained, implementing a suitable model
for contacts and Lagrangian description, by the software MSC.Adams [81]. One of the most appealing
features of this multibody dynamics software is the aptitude for handling complicated mechanical systems,
therefore allowing a detailed description of different processing apparatuses. Due to its limited volume
fraction, powder charge has not been explicitly modeled but accounted for by a suitable choice of collision
contact parameters [83], as will be discussed later.

RP

RJ

 

RP








Top Section

Figure 3.4: Schematic representation of a planetary ball-mill. Right, three-dimensional view; middle and left,
definition of the jar radius Rj and the distance between axis of rotation (angular velocity ω) and revolution
(angular velocity Ω) Rp.

The Hilber-Hughes-Taylor (HHT, [155, 156]) integrator, with automatic step tuning, was adopted setting
a maximum numerical error of 10−8.
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3.2. A multibody dynamics model of the planetary ball milling process

The mill The angular velocities ω and Ω (see figure 4.11) were applied, respectively, to the two hinges
(features predefined in the MSC.Adams software) connecting (i) the jar (radius RJ) to the main disk
(radius RP = 125mm) and (ii) the latter to the ground reference frame.
Milling media were randomly placed inside the jar, in the gravitational field, and angular velocities
were gradually increased to the target values during the first second of simulation, which lasted overall
twenty-four seconds. To allow motion homogenization, the first four seconds were discarded during data
analysis.

Jar (AISI 304)
radius 32.5mm
volume 80cm3

density 8.03g/cm3

Young modulus 193GPa
Poisson ratio 0.29

Spheres (AISI C1020)
number 12
radius 6mm
density 7.85g/cm3

Young modulus 200GPa
Poisson ratio 0.29

Table 3.1: Geometrical and physical properties of jar and milling media for the presented case study.

Contact modeling The most critical ingredient in the model of a ball mill is the contact law.
Contact models belong either to the (i) discrete or (ii) continuous approach [25]. While (i) is based on
momentum balances, in (ii) a force-displacement law is added to the equation of motion, a combination
of a spring in parallel with a damper, causing energy dissipation, plus a friction element. The most
significant formulations are based on a combination of either linear or non-linear spring or damper but
more complicated schemes, such as those based on Mindlin’s work or on the introduction of plasticity,
have also been proposed [18, 25, 26, 62, 72].

The contact force is defined by the hard-coded impact function [81], based on the non-linear spring (Fk)
and linear damper scheme (Fd) proposed by Dubowsky and Freudenstein (impact pair model, [72]),

Fc = Fk + Fd = kun + cu̇, (3.1)

being u and u̇ the relative displacement and velocity of the colliding bodies, whereas k and c are the spring
stiffness and the damping coefficient. With respect to the above formulation, to prevent discontinuities,
the impact function defined within MSC.Adams implements a damping coefficient which depends on the
relative displacement of colliding bodies,

c = −cm

(u
d

)2(
3− 2

u

d

)
, (3.2)

and varies from zero to cm when the relative displacement is greater than or equal to d. With the exponent
n = 3/2, an estimate of k can be derived from the Hertzian theory of contact [26],

k =
4

3π

(
1

ηi + ηj

)√
RiRj

Ri +Rj
, (3.3)

for the contact between sphere i and j, with radius R, and

k =
4

3π

(
1

ηi + ηj

)√
Ri, (3.4)
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3.2. A multibody dynamics model of the planetary ball milling process

for the contact between sphere i and a plane (jar surface). The parameter ηi =
(
1− ν2i

)
/πEi accounts

for elastic properties of materials, being ν the Poisson ratio and E the Young modulus. The solution
of the classical problem of damped vibration of a mass spring system provides a guess of the damping
parameter [72],

cm = −2 ln(e)
√

1

ln2(e) + π2

√
mek∗, (3.5)

being e =
√
h/h0 the restitution coefficient, accounting for the difference from initial (h0) and final (h)

height in a drop test, 1/me = 1/mi + 1/mj and k∗ [61],

k∗ =

(
320

81
meu̇

2
n0E

4
eR

2
e

)1/5

. (3.6)

Geometrical and elastic properties are expressed, respectively, as 1/Re = 1/Ri + 1/Rj and 1/Ee =
1/Ei + 1/Ej whereas u̇n0 is the relative velocity during the collision, assumed to be an average value for
the discussed model.

sphere-sphere generalized contact stiffness, kss 252,146N/mm3/2 eq.3.3
sphere-plane generalized contact stiffness, ksp 350,236N/mm3/2 eq.3.4

restitution coefficient, e 0.516 drop test, e =
√
h∗/h0

relative impact velocity, u̇n0 3,309mm/s statistical analysis of velocities
sphere-sphere contact damping, cm,ss 10.1kg/s eq.3.5
sphere-plane contact damping, cm,sp 17.5kg/s eq.3.5
full damping penetration depth, d 0.211mm fit of experimental drop test results

Table 3.2: Values used for the contact model and method used for their derivation.

While calculations provide a reasonable first-order guess, experiments can account for simplifying as-
sumptions in theories. The most straightforward approach is comparing a simulation of a drop test (ball
impinging on a plane) against experimental results [84, 86], measuring the first rebound height (h) and
fitting d. This implies that some spread in the damping parameter is introduced depending on the com-
penetration. Even if more refined contact models exist, it is worth noting that physical insights can be
captured also from simpler (but more robust) schemes. Dealing with more complicated descriptions of
phenomena is conditioned to a rigorous and extended procedure of parameters fitting.

Among the possible schemes to account for friction at the contact location, the Coulomb model (hardcoded
in MSC.Adams) was implemented. In this case, parameters are the static (µs) and dynamic (µd) friction
coefficients. Again, to avoid discontinuities MSC.Adams expresses the friction coefficient as a function of
the slip velocity (v),

µ =


µs

(
v

vs

)2(
3− 2

v

vs

)
0 ≤ v < vs

µs − (µs − µd)

(
v − vs
vd − vs

)2(
3− 2

v − vs
vd − vs

)
vs ≤ v < vd,

µd v ≥ vd

(3.7)

therefore gradually varying from the static to the dynamic values.
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3.2. A multibody dynamics model of the planetary ball milling process

Steel-Steel Steel-Fluorite
µs 1.0 0.25 literature
µd 0.8 0.2 tribological test
vs 1mm/s 1mm/s statistical analysis of velocities
vd 10mm/s 10mm/s statistical analysis of velocities

Table 3.3: Friction coefficients, stiction (vs) and friction (vd) transition velocities used in the simulation. Pin-on-
disc tests were performed using CSM tribometer [51].

Results and discussion

Calcium fluoride (CaF2) was ground using the above-described mill under several operating conditions
(reported in the following paragraph) and ball milling effect was indirectly assessed by a rigorous char-
acterization of the processed material either by (i) Scanning Electron Microscopy (SEM) and (ii) X-ray
Powder Diffraction Line Profile Analysis (XRPD-LPA, [157, 158]). Concisely, the latter consists in ex-
tracting structural and microstructural information from the width and the shape of diffraction peaks
through suitable models. XRPD data were therefore analyzed by the Whole Powder Pattern Model-
ing approach (WPPM, [140–142]), so to provide the distribution of crystalline domains (assumed to be
spherical) sizes, in terms of average (⟨D⟩) and standard deviation of a lognormal size distribution, and
dislocation density (ρ), expected to increase as a result of the milling procedure [93, 159–164]. The more
the process is protracted in time, the more the average crystallite dimension decreases and the density of
defects increases.
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Figure 3.5: Average crystallite size (⟨D⟩) and dislocation density (ρ) as a function of the milling time presented
from the point of view of the Hall-Petch law (yield stress) and Taylor equation (work hardening) [165].
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3.2. A multibody dynamics model of the planetary ball milling process

Interestingly, 1/
√
⟨D⟩ is related to the yield stress (σy) through Hall-Petch law [166, 167] and √

ρ is
connected to the work-hardening through Taylor equation [168]: qualitatively, figure 4.12 illustrates the
increasing in yield stress and work-hardening as a function of milling time.

Analysis of results Computer simulations provide the complete set of dynamical variables for each
milling body as well as quantities associated to each contact event, therefore allowing an outright under-
standing of the the time evolution of the investigated system. Naturally, visual inspection of trajectories
provides information on (i) motion regimes and (ii) regions characterized by high impact frequency and/or
intensity, therefore potentially prone to significant wear. Moreover, each computed quantity can be bro-
ken down with respect to the local impact reference frame, therefore allowing to design the preferential
direction for stress exchange. For example, exfoliation of graphite can be enhanced if shear load is pref-
erentially transferred [15, 16, 152]. To quantitatively characterize each simulation, two parameters have
been used. First one, the specific impact energy (or impact power, EI/τ) computed in the impact refer-
ence frame [18, 22, 26, 82, 117, 136], provides an estimate of the amount of energy available for grinding
the mill charge

EI

τ
=

1

2τ

C∑
j=1

m1jm2j

m1j +m2j
u̇2j , (3.8)

where mi is the mass of the i-th colliding body, u̇ the relative velocity and C is the number of points
sampling collisions during the simulation time period (τ) with mean output step size of ≈ 1E-3 (resulting
from setting MSC. Adams software integrator parameters hmax = 1E-6 and step = 100). It should thus be
stressed that the absolute scale for the power, implicitly depends on the choice of the integrator parameters
and therefore it is arbitrary and not directly comparable with power available in a real apparatus [169] †.
The relative velocity, and in turn the specific energy, can be decomposed into a normal (u̇n) and a
tangential (u̇t) component with respect to the impact reference frame.
The second parameter provides a geometrical view of the simulation. Inspired by statistical mechanics,
given the number of milling media N and the jar volume V , the Cylindrical Distribution Function
(Cylindrical Distribution Function (CDF)),

g (r) =
1

2πhrΔr

V

N

⟨
N∑
i=1

δ (ri·r̂ − r)

⟩
τ

, (3.9)

expresses the time-averaged density of milling media as a function of the distance from the jar axis (ri·r̂
for the i-th body), i.e. the probability of a given cylindrical shell having width Δr of being occupied (δ (x)
is the Dirac’s delta function and ⟨⟩ indicates the time average over the period τ). For a cylindrical jar,
the more the CDF is uniform across the radius, the more the motion is random and the mean free path
is large. To condense the randomness of motion, i.e. the absence of strong localization of milling media,
in a single parameter, the reciprocal of the variance of the CDF histogram (1/σ) has been evaluated: the
more uniform is the g (r) the larger is 1/σ whereas, the more localized is the motion the smaller is 1/σ.

Simulations Within the wide set of parameters characterising the process, in this work the effect of
jar (ω) and plate (Ω) velocities on milling efficiency has been investigated. Following the approach by
Rosenkranz et al. [18], the mill feed was accounted for by modifying friction coefficients, µs and µd (see

†In the original printed version C was not correctly defined. The proper description of this quantity here reported can
be found in [169]
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3.2. A multibody dynamics model of the planetary ball milling process

table 3.3). The observation was derived from the analysis of camera images revealing the formation of
powder coating layers on balls and jar surfaces, strongly modifying friction conditions. It is also worth
noting that for the presented case the powder charge volume is much smaller than that of the milling
chamber and balls (volume fraction < 1%), so that the powder layer should not substantially affect
restitution and thus the damping coefficient. Therefore, two extreme conditions have been simulated,
namely characterized by (i) steel-steel and (ii) steel-fluorite friction coefficients. Moreover, to maximize
energy exchange, jar and plate were rotated counter-clockwise [82].
Figure 3.6 illustrates the outcome of selected simulations (ω = −320,−600,−800 rpm and Ω = 200
rpm), illustrating both trajectories and the CDF for different motion regimes. In the first column, above-
mentioned quantities are computed for a low jar velocity ω: as made apparent from the trajectories,
motion is not random and space regions of higher occupancy are present. Consequently, the CDF is
not uniform. With respect to the previous case, the motion described within the second column is more
random, with trajectories across the whole jar (longest mean free path), so that the observed CDF is
nearly uniform. The last case, corresponding to high jar velocity, as clearly shown by trajectories, is
characterized by balls chiefly sticking to the jar surfaces and consequently probability of crossing some
regions is far from being uniform.
The specific impact energy (or impact power, equation 3.8) for a set of simulations performed at differ-
ent fixed value of plate angular velocity Ω for the steel-steel interaction case is reported in figure 3.7a.
Interestingly, the effect of this parameter only affects the total amount of kinetic specific impact energy
involved in the process whereas it does not alter the location (in terms of ω/Ω + 1) of the maximum
energy exchange (corresponding to the central column in figure 3.6), therefore suggesting that for the
specific set of coefficients (representing the interaction between two specific materials) it is the geometry
of the system that determines the most efficient milling condition. Particularly, it exists a critical ratio of
angular velocities (expressed as ω/Ω+1) corresponding to the maximum energy transfer: with respect to
figure 3.6, ball motion is disordered, with trajectories across the whole jar, below this threshold (cascading
to cataracting regime), whereas, above it, balls tend to stick to the jar surfaces (rolling).
As anticipated, the specific impact energy can be separated into a normal and tangential component with
respect to the local impact reference frame. Figure 3.7b depicts equation 3.8 computed for the above-
described set of simulations performed at ω = 200 rpm. The contribution of the tangential component is
higher, but the two trends are qualitatively similar, with the maximum of energy exchange corresponding
to the same ω/Ω+1 abscissa of ≈ 2.6. The geometrical parameter, quantifying the randomness of motion
of the milling media inside the jar and, in turn, the mean free path, is reported in figure 3.8a. Again,
the location of the maximum is shared across simulations with different plate angular velocities and its
value does not show a significant dependency on Ω. A comparison between the energetic and geometrical
parameters is shown in 3.8b for the steel-steel interaction case at Ω = 200 rpm: the qualitative agreement
of the two demonstrates that the more random is the motion, the higher is the energy exchange.
So far, only the steel-steel interaction (no powder charge) has been considered. To validate the model, a
comparison of simulations and experimental results, i.e. grinding of calcium fluorite, was performed.
The effect of the presence of the ceramic powder in the milling system was taken into account by modifying
the parameters of the friction contact model (see Table 3.3): figure 4.17 illustrates the comparison between
the specific impact energy computed for simulations performed at Ω = 200 rpm using both coefficients
representing the no-feed (red) and the fluorite powder (grey) cases. As demonstrated in the plot, fluorite
presence is responsible for a shift of the maximum energy exchange condition, from ω/Ω + 1 ≈ −2.6 to
≈ −3.0, and an increasing amount of energy exchanged. The same figure also reports some interesting
experimental results for fluorite powder ball-milled in a P4 mill under the same nominal conditions as
in the simulations. Experimental data, as provided by LPA of the XRPD patterns, are proposed in
terms of average crystallite dimensions (sphere diameter) ⟨D⟩, and dislocation density, ρ. In particular
the Hall-Petch trend (1/

√
⟨D⟩) and the Taylor trend (√ρ), which are both relevant to plasticity and
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3.2. A multibody dynamics model of the planetary ball milling process

Figure 3.6: Top row, scheme of typical motion regime, from left to right (i) cascading, (ii) cataracting and (iii)
rolling. Second and third row, trajectories (lines) within the jar (ω = −320,−600,−800 rpm and Ω = 200 rpm),
polar coordinates (top) top view and (bottom) section. Bottom row, CDF (equation 3.9). Left to middle, the
uniformity of the histograms increases (random motion); middle to right, balls tend to stick to the jar surfaces.
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Figure 3.7: Specific impact energy for the steel-steel case as a function of the jar to plate angular velocities. Left,
effect of incrementing the plate velocity Ω: while the specific energy increases, interestingly the location of its
maximum is approximately not changing. Right, the specific energy of the curve with Ω = 200 rpm is broken down
into its normal (En) and tangential (Et) components (with respect to the local impact reference frame).
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Figure 3.9: Specific impact energy for Ω = 200 rpm and both steel-steel (red) and fluorite-fluorite (gray) interaction
coefficients. LPA from XRPD data of ball milled calcium fluoride are also reported. Particularly, the reciprocal
square root of the average crystallite size (green) and the square root of the dislocation density (blue), respectively
proportional to the Hall-Petch and Taylor trends.

in general to the powder comminution features, are illustrated. Impact kinetic energy computed from
simulations nicely maps the trend of the milling efficiency, thus providing a further validation of the
proposed approach to simulate the milling process.

Conclusions and further developments

In this work a computer model for the P4 planetary ball mill has been presented and the effect of plate and
jar velocity investigated. Two extreme conditions have been simulated, namely (i) steel-steel interaction
(no mill charge) and (ii) steel-fluorite, by changing friction coefficients. Both cases have been analyzed
from energetic and geometrical points of view. Results show that these, described by the specific kinetic
impact energy and motion randomness parameters, are strictly related. In particular, the maximum
value of the two parameters has been found to correspond to the same speed ratio, ω/Ω+1 (cataracting
motion regime), clearly indicating that the more the motion is complex the higher is the energy available
for grinding. Moreover, for each set of contact coefficients, representing one the two milling conditions
analyzed, results point out that the increment of plate angular velocity Ω, has an influence only on the
amount of energy involved and not on the maximum location, suggesting that the geometry of the system
dominates. The more efficient grinding condition was found to be at ω/Ω + 1 ≈ −2.6 for the case of
no steel-steel and at ω/Ω + 1 ≈ −3.0 for steel-fluorite. The shift of the maximum is therefore due to
the lowering of friction and indicates that, when fluorite is present, higher velocity ratios are required to
achieve the most efficient grinding. Simulation output were also indirectly compared with experimental
data from XRPD-LPA of ground fluorite. Particularly, average crystallite size and dislocation density
have been characterized and related to mechanical properties through Hall-Petch law (yield stress) and
Taylor equation (work hardening). In spite of the simplicity of the model used to simulate contacts, a good
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3.3. Remarks on impact energy calculations

agreement has been found within the two extreme conditions. The choice of a straightforward contact
scheme is due to the not trivial calculation and tuning of model coefficients, which are the key ingredient
for meaningful and reliable simulations: schemes depending on few parameters, easily estimable through
simple experiments, support quick predictions of more efficient milling conditions for a given material,
thus reducing and steering the experimental effort in fine-tuning the ball milling process.
As a further development, images of the milling process are going to be recorded through a high-speed
camera directly mounted on the jar, therefore allowing more precise coefficients (and complicated contact
models) to be retrieved via direct match of simulated and experimental trajectories. Guided by simulation
outputs, molecular dynamics calculations are currently running aimed at understanding defect formation
from an atomistic point of view. Finally, the power of simulations will be exploited to design more efficient
jars.
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3.3 Remarks on impact energy calculations

In the previous section the expression 3.8 (EI/τ)

EI

τ
=

1

2τ

C∑
j=1

m1jm2j

m1j +m2j
u̇2j ,

was used to estimate the maximum impact kinetic energy available within a second of simulation time
(impact power). This quantity refers to the so-called Stress Energy, (SE) [18, 135]

SE =
1

2

m1jm2j

m1j +m2j
u̇2j , (3.10)

defined as the maximum amount of energy that can be supplied to the mill charge in a single stress
event.
Equation 3.8 and slightly modified definitions (e.g. normalised over the mass of the mill charge rather
than over the simulation time), are reported by several works [18, 82, 117, 135, 136, 170]. In particular, in
many of these, the summation in 3.8 runs over the total number of ball-ball and ball-jar collisions, so that
the total amount of energy provided by the impacts occurring during the simulation time is effectively
computed. However, the number of impacts can not be easily estimated if a continuous approach is
used for modelling the collisions, as in the case of the software MSC.Adams as well as in many others
DEM softwares – e.g. LIGGGHTS [137]. Within this approach indeed, the description of each collision
is expressed by several calculation points, depending on the integrator settings. Since this can result in
a huge amount of data, a sampling procedure is necessary to produce exhaustive but, at the same time,
processable output files. As a consequence – for a process like the ball milling, involving a large number
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of collisions – some events can be sampled by more than a single calculation point in the output file
(oversampled collsions) whereas others can not be sampled at all. Therefore, in the previously reported
paper [169], the summation in expression 3.8 did not run over the number of collisions but instead over
the number of data points sampling the collisions, called C. The next sections however will show that
the presented results are not affected by the sampling procedure.

Figure 3.10: Left, trend of impact power (equation 3.8) for simulations performed at ω/Ω + 1 = -0.2, -2.6, -3.8,
for different values of step. The impact power was computed running the summation in equation 3.8 over the total
number of points sampling the collisions (crosses) and also over the estimated number of impacts (i.e. determined
by discarding the sampling points after the first in oversampled collisions). For both cases and for all the values
of step, curves approximately follow the same trend. Right, deviation (%) of each impact power point from the
corresponding average value. All the step curves show approximately the same variation except from the step=10000
case, at which the variation reduces.

Integrator and sampling parameters

In MSC.Adams simulations, the sampling procedure is ruled by the user-defined step parameter, gov-
erning the output frequency, i.e. the total number of times over a well defined simulation period the
simulator is required to provide an output information and to dump it to a file (e.g. , step=100 over 1
second simulation results in an dump time of 0.01 seconds). This variable is also closely connected to
the integrator time step being the latter equal to 1/ step unless a different value of the variable hmax

(defining the maximum time step the integrator is allowed to take) is specified (see section 2.2).
However, if contacts among modelled bodies are detected, the recipe presented above does not apply
anymore. Indeed, to better handle the contact dynamics, the software automatically reduces the integra-
tion time step and, proportionally, increases the number of output points describing each impact. These
feature can not be completely controlled by the user and depend on (i) the complexity of the event (e.g.
for a multiple or a two bodies collisions different time steps are used) and (ii) the required output step, in
order to avoid an excessive growth of the expected calculation time and output file size. Therefore, the
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number of output points sampling each collision can not be known a priori and C varies as a function of
the sampling procedure.

3.3.1 Analysis on the effect of the sampling procedure on impact power

Since in [91] C was used to compute equation 3.8 instead of the exact number of collisions, the assessment
of the independence of the proposed result on the sampling procedure is necessary.
Simulations of the planetary ball milling, lasting 6 seconds, were performed for three velocity ratios
(ω/Ω+1 = -0.2, -2.6, -3.8, i.e. corresponding respectively to the initial, the maximum and one of the last
points of the impact power curve reported in figure 3.7), with fixed hmax = 1 E-6 and increasing value
of the step variable (step = 50, 100, 500, 1000, 10000, where 100 was the value adopted in simulations
presented in [91]).
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Figure 3.11: Fraction of normal-to-total impact power (in percentage), reported as a function of the step parameter.
Maximum difference among reported data is around 2%, therefore indicating that the fraction of transferred energy
in normal and tangential directions is not influenced by sampling procedure. Therefore, for all the values of the
step parameter, the software provides the same description of the process dynamics.

For every simulation the impact power (equation 3.8) was computed and, the curves corresponding to
each tested step value, are shown in figure 3.10a. It should be noticed that 2 series of data are reported
(uncorrected– crosses– and corrected – circles), since, as will be better explained later, a procedure aimed
at removing the oversampling was applied to the output data. However, for both the series, it can be seen
that the variable step does not influence the trend of the impact power, since for all the curves, ω/Ω+ 1
= -2.6 corresponds to the maximum and ω/Ω+ 1 = -0.2 provides an amount of power smaller than -2.6
but larger than the ω/Ω + 1 = -3.8 condition. This was further confirmed by computing, for every i-th
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step set of simulations, the deviation from the average of each impact power value

EI,mean,stepi =
EI |ω/Ω+1=−0.2,stepi

+ EI |ω/Ω+1=−2.6,stepi
+ EI |ω/Ω+1=−3.8,stepi

3

variation%|ω/Ω+1=−0.2,stepi
= 100 ·

EI |ω/Ω+1=−0.2,stepi
− EI,mean,stepi

EI,mean,stepi

variation%|ω/Ω+1=−2.6,stepi
= 100 ·

EI |ω/Ω+1=−2.6,stepi
− EI,mean,stepi

EI,mean,stepi

...

(3.11)

No substantial differences among the trend of the resulting curves (and, in turn, in the impact power
trend) are highlighted in figure 3.10b. The only exception can be noted for step = 10000, a condition
exhibiting a less steeped curve, indicating a reduced difference among the impact power provided by the
three ω/Ω+ 1 tested conditions.
Also the ratio between normal and total impact power, reported in figure 3.11, does not evidence a strong
dependence on step (the maximum variation is approximately of the order of 2 %). The consistency of
the proportion between the fraction of energy provided in normal and tangential direction suggests that
the milling process dynamics is well and equally described independently form the configuration of the
sampling procedure.
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Figure 3.12: Impact power computed before (crosses) and after (points) the procedure for removing extra-points.
It can be seen that the correction significantly affects only the step = 10000 case.

These results confirm that speculations reported in [91] about the effect of the different milling conditions
on the grinding performance are reliable independently from the sampling procedure.
However, on the contrary, figure 3.10a highlights that the magnitude of the impact power is a function
of the step parameter. Since in the calculation of equation 3.8, it would be correct to consider only a
single point for each collision, an investigation on the effect of the oversampling on the computed impact
energy is proposed.
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In a system like the planetary ball mill, characterised by a large amount of (mainly multiple) collisions
simultaneously occurring, separating each pair-contact – therefore determining the exact number of colli-
sions – is not an easy task. To roughly estimate if more than one data point is sampling the same event
(extra points) the average duration of a two-body impact was used as a criterion to filter the output data.
Indeed, if subsequent data points are closer in time than this quantity, they should be part of the same
collision event.
Simulations of two spheres impacting at different angle and velocity (vrel,i = 10, 100, 1000, 2000 mm/s),
performed for fixed hmax = 1 E-6 and increasing step, provided the estimate of the average maximum
duration of a collision, Δmax = 3.7 E-4. Besides this quantity, also the number of output points given by
each simulation was registered and it is reported in 3.4 for the case of vrel = 100 mm/s. It can be seen
that, as expected, output points increase with step and particularly, for step less than 1000 only a single
point, corresponding to the beginning of the collision event, is provided. According to this observation,
being simulations presented in [91] performed with step = 100, a reduced number of extra points can be
reasonably expected.

step output points impact duration (Δ)
10 1 - inital point
50 1 - inital point
100 1 - inital point
500 1 - inital point
1000 1 - inital point
10000 4 8E-5 -
100000 38 9E-5 -
200000 61 9E-5 -

Table 3.4: Results of the simulations of a central impact between two spheres with relative initial velocity equal
to 100 mm/s. Simulations were performed with hmax = 1 E-6 and increasing parameter step so to investigate the
influence of the sampling procedure on the number of output points per collision. For each value of step, the table
reports the duration of the contact event (if more than an output point was given) and the number of output points.
If a single calculation point is given, also its position along the curve describing the evolution of the contact event,
is provided.

step OversampledCollisions

50 2
100 8
500 146
1000 482
10000 29900

Table 3.5: Estimated number of oversampled collisions for simulations corresponding to every step investigated.

However, to deeply investigate the effect of oversampling in planetary ball milling modelling results and
its dependence on the step variable, the above-mentioned simulations performed with different number of
step and ω/Ω+1 = -2.6 were exploited. An algorithm (i) computing the difference in time between each
output point and the prior one and (ii) evaluating if the difference is less than Δmax, was developed to
estimate the number of collisions sampled by more than one calculation point. Results are reported in
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table 3.5 and it can be seen that only for values of step greater then 1000 the oversampling is remarkable.
Anyway, all the calculation points after the first were removed from oversampled collisions, so to take
into account only the velocity at the beginning of each contact event in the calculation of equation 3.8,
as required by the definition of kinetic energy [87].
It should be noted that, assuming the proposed criterion to be sufficiently reliable, after this procedure
the parameter C should be approximately equal to the total number of detected impacts.
Figure 3.12 reports, as a function of step, the impact power computed after and before the removal of extra
points and it can be seen that, for both cases, this quantity does not converge to a common value but, on
the contrary, steadily grows with the parameter step. Therefore, a value suppling not over/undersampled
data can not be deduced and, it can be stated that, in terms of magnitude, the impact power strictly
depends on the sampling procedure and, as highlighted in [169], its absolute value results arbitrary and
not directly comparable with power available in a real apparatus.

Figure 3.13: Left, comparison of EI/τ and average SE computed from simulations performed with step = 100, for
different jar-to-plate velocity ratios. Interestingly, the two quantities share the same trend and therefore are both
reliable for speculations about the overall performance of the grinding process. Right, comparison of SE calculated
from simulations performed varying the step variable. The almost complete overlap of the resulting curves indicates
that the magnitude of this quantity is not dependent on the sampling procedure.

However, as already introduced, the amount of energy effectively involved in grinding relates not only to
the impacts but also on other several phenomena (e.g. heat transfer) hardly considerable in a multibody
numerical model. Therefore, the goal of this kind of simulations should not be the exact computation of
the amount of the available impact power but rather the description and the comparison of the effect of
different milling conditions, which can be deduced from the trend of a representative parameter, e.g. the
impact energy, computed for a common sampling procedure.
Anyway, in the next chapters, 3.8 is replaced by the weighted average of the probability distribution
of the Stress Energy (equation 3.10), calculated (after the removal procedure here proposed) for every
detected contact event. This quantity is much more immediately understandable than EI/τ , representing
the average kinetic energy supplied by a single event. Moreover, it exhibits the same trend of EI/τ , as
illustrated in figure 3.13 left for the 100 step case, and, interestingly, in terms of magnitude, is much less
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influenced by the sampling procedure. Indeed, as a difference with the EI/τ (see figure 3.10 left), figure
3.13 right, shows the average SE curves, obtained from simulations performed with a different number of
steps, to almost completely overlap, thus highlighting that the magnitude of this quantity does not vary
as a function of the sampling variables.

3.3.2 Analysis on the effect of simulation time on impact power

Data reported in [91] refer to simulations of the ball milling lasting 24 seconds, an amount of time
reasonable both in terms of statistics and amount of data to be processed.
In order to investigate the connection between the output of equation 3.8 and simulation time, τ , a 60
seconds simulation of the process was performed (ω/Ω + 1 = -2.2, step = 100) and divided into several
time intervals (time range, in figure 3.14). Equation 3.8 was computed for each interval, assuming C
equal to the number of points sampling the collision within the considered time range and τ = time
range. Figure 3.14, shows that the resulting total power and its components are stationary and therefore
not dependent on simulation time. This suggests also that (i) the motion regime, corresponding to the
investigated velocity ratio, develops already at the very beginning of the simulation and remains the same
for its entire duration; (ii) for all the simulation time, contacts are resolved in the same way in terms of
output and integration step; (iii) the amount of data provided by 24 seconds of simulation are statistically
sufficient to describe the motion dynamics.
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Figure 3.14: Impact power computed for the different time intervals in which a 60 seconds planetary ball milling
simulation was divided. The time-stability of this quantity highlights that it doesn’t depend on simulation time.
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Chapter 4

The effect of jar shape on process efficiency: simulations
and experiments

Chapter 3, presenting a multibody-dynamics model for the planetary ball milling process pointed out
that different balls motion regimes, discernible in terms of disorder (e.g. balls sliding or swirly crossing
the grinding chamber), can establish depending on the setup of the milling variables. In particular, it
was shown that the higher the motion complexity (i.e. the larger the mean free path of balls) the greater
the energy involved in impacts and the size reduction of the mill charge.
Therefore, it can be deduced that collisions direction and intensity and, consequently, the characteristics
of the end product, are determined by ball movement inside the jar which, in turn, depends on the mill
configuration.
While literature proposes several works analysing the influence of parameters such as the number and
dimension of balls [171–173], the angular velocities of revolving parts [18, 82, 117, 171], the balls filling
ratio [117] and friction [18], much less attention has been given to the shape of the jar, generally assumed
to be cylindrical. The following sections deal instead with the re-design of its internal profile, considered
an alternative and advantageous way to perturb the milling media dynamics so to enhance process effi-
ciency.
4 innovative designs (see figure 4.1) are proposed ‡, breaking the cylindrical symmetry of the standard
jar in different way but pursuing the same goal of disordering ball movement. Particularly, obstacles or
polygonal profiles were devised so to drive balls along ad hoc designed trajectories, especially promoting
impacts with high axial velocity component, deemed as the most effective in the comminution process of
brittle materials (such as fluorite, used here as testing material). Indeed, generally speaking, while shear
actions could produce plastic deformation, compressive forces exchanged in normal direction with respect
to the impact reference frame should promote size reduction of particles [1, 15, 174].
Investigations on the newly designed jars are carried out through different approaches. In particular,
the previously presented multibody dynamics model of the process is exploited and, consistently with
the prior example, results validation is accomplished by XRPD-LPA of ground CaF2. Moreover, model
validation is here further enforced by in operando video recordings, giving a quick insight on the real
grinding process. For the experimental testing, newly designed jars prototypes were produced at the
mechanical laboratory of the University of Trento.

The present chapter is divided into two sections and, while the first reports an overview of the results for
all the proposed new designs of the jar, the second focuses on the so-called Half-Moon one.

‡Designs were conceived by M. D’Incau and introduced in [138]
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4.1. Four new designs for the jar of the planetary ball mill

4.1 Four new designs for the jar of the planetary ball mill †

As already introduced, an alternative approach to modify and possibly improve the milling process could
be re-designing the internal shape of the jar. Figure 4.1 proposes 4 jar shapes that, in different way,
could in principle enhance the amount of impacts with high-normal-relative-velocity component and
therefore improve the comminution of the mill charge. Particularly, the 1-Lifter jar (1L) and the 3Lifters
(3L) designs (figure 4.1, center) were inspired by the tumbling ball mills (presenting a cylindrical lined
shell) and introduce respectively 1 and 3 obstacles (lifters) along the jar wall, shooting balls in different
directions, depending on impact angles and the velocities, therefore strongly disordering ball movement.
The number of the lifters was properly planned: in fact, a large number of lifters enhances the balls motion
complexity and the amount of collisions but, at the same time, reduces the internal volume of the jar and,
in turn, the maximum flight length and the velocity of balls. Also lifters shape and dimension deserved
specific attention and in particular, rounded profiles were preferred over sharp edges so to prevent the
formation of regions barely accessible by milling media where powder could accumulate (and therefore
would not be ground).
The Half-Moon (HM) shape (figure 4.1, left) was inspired by the theoretical analysis on the ideal trajectory
of a single ball in a standard cylindrical jar (CY), proposed in literature [111]. Theory suggests that a ball
should move as an integral whole with a point on the vial circumference until, by a given composition of the
inertial forces, it is launched against the opposite point, perpendicularly to the jar surface. This results in
a high velocity impact, transferring a large amount of energy especially along the axial direction. However,
in a real scenario, due to the interactions with many balls and the mill charge, this ideal trajectory hardly
takes place. Therefore, the HM design, introducing a flat surface halfway between the curved wall and
the axis of a CY jar, was conceived so to drive the balls along the above-described ideal path. Finally, the
Triangular jar (T) (figure 4.1, right) can be considered an amplification of the HM concept as it presents
3 flat surfaces therefore resulting in a polygonal shape.

Figure 4.1: New designs for the internal shape of the jar of the planetary ball mill. Top, parasolid models for the
multibody dynamic simulations. Bottom, prototypes of stainless steel jars.

†For the results reported in this section, my main contributions were developing the multibody-dynamics models, per-
forming the simulations and analysing the output data, executing the in operando camera recordings and part of the milling
experimental tests. In collaboration with L. Gelisio, I also designed and builded the apparatus for camera recordings. M.
D’Incau conceived the jars designs, performed part of the experimental tests and collected the XRPD data. P. Scardi
modelled the XRPD patterns. Images reporting XRPD data are courtesy of M. D’Incau and P. Scardi.
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4.1.1 Methods

Newly designed jars were investigated through experiments performed with the planetary ball mill Fritsch
Pulverisette 4 (P4, [109]) and numerical simulations. Jar-to-plate velocity ratio, expressed as ω/Ω + 1,
was varied between 0.0 and -4.0 (with fixed Ω and increasing ω) for each set of analyses.
12 carbon steel (AISI C1020) balls were placed inside the stainless steel jars (AISI 304), characterised
by the internal volumes reported in table 4.1. All the other geometrical and physical properties of the
milling process are listed in table 4.2.
Experimental tests were performed on CaF2, grinding 2.1 g of powder under different velocity ratios. For
CY and HM jars, samples were ground also for different milling time (1h, 4h, 8h, 16h, 32h and 64h) so
to investigate the effect of this variable.

Jars Internal Volume)
Cylindrical (CY) 72ml
Half Moon (HM) 60ml

1 Lifter (1L) 71ml
3 Lifters (3L) 69ml

Triangular (T) 51ml

Table 4.1: Internal volume of the newly designed jars.

Camera recordings - Experimental set-up

Balls motion inside the jars was monitored in operando by means of a high speed camera (Sony Action
Cam HDR-AS200V, 240 fps, 1280X720 pixel resolution). Since the camera was directly installed on the
jar through an expressly designed slot (see figure 4.2), the recorded balls trajectories refer to the vial
reference frame. The visibility of milling media was allowed by a transparent polycarbonate lid and 50
LEDs mounted on a ring (i.e. an automotive angel eye). A first group of recordings was taken without
the mill feed and then calcium fluoride was added for a new batch of observations. This way, the effect of
the mill charge was clearly highlighted. Both qualitative and quantitative information could, in principle,
be extracted from the camera recordings [175]. So far, only a qualitative analysis of ball movement and
its dependence on the jar shape and the velocity ratio is proposed but the determination of the trajectory
and velocity of the single balls is in progress.

Computer Simulations

The newly designed jars were tested through the multibody dynamics model described in detail in chapter
3. Since the same milling media and mill charge of the former example were adopted, parameters ruling
contacts as well as friction coefficients for the (i) steel-steel (no mill charge) and the (ii) steel-fluorite
interactions (i.e. jar or balls surface completely covered by fluorite) are reported in table 3.2 and 3.3.
It should be noticed that, beside providing more reliable suggestions about the milling process, the
simulation of these two extreme conditions allowed a direct comparison between simulated movies and
camera recordings for the steel-steel case and further speculations on the effect of the powder. In addition
to the quantities characterising the motion of each body, also deducible from camera recordings, modelling
granted access to the description of contact events and, in particular, in the following sections the relative
velocities of colliding bodies decomposed into normal (axial) and tangential components with respect to
the local impact reference frame are exploited, so to estimate the available average kinetic energy.
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Figure 4.2: Top left, slot used for mounting the high speed camera directly on the jar equipped with a transparent
lid; top right and bottom left, the slot mounted in the P4 planetary ball mill; bottom right, 3d model of the slot.

XRPD-LPA

The effect of grinding the calcium fluoride powder was assessed by XRPD-LPA [157, 158]). Data collection
was performed on a Rigaku PMG/VH diffractometer, using CuKα radiation monochromatized by a
pyrolytic graphite curved crystal in the diffracted beam. LPA was based on the WPPM approach, briefly
introduced in section 3.2 (more details can be found in e.g. [140–142]). As well as in the previous work,
the analysis provided the average size (⟨D⟩) of the crystalline domains – assumed to be spherical and
dispersed according to a lognormal distribution – and the average dislocation density (ρ), considering the
primary slip system and the elastic constants of fluorite. Particularly, the more efficient the process, the
more ⟨D⟩ is expected to decrease (higher comminution) whereas ρ, is supposed to grow [93, 159–164].
As will be better explained in section 4.2, the analysis was based on the presence of one or two fractions
of fluorite, depending on the efficiency of the specific grinding vial and milling conditions. In particular,
a single fluorite phase was considered when the end product was a homogeneous fine powder whereas an
additional phase was introduced to model a coarse (little or not ground) powder fraction, present in varied
percentages together with the fine fraction when the grinding process was not efficient or not sufficiently
long. Differently from the previous work, where the PM2K [176] computer program was used, in this case
the WPPM model was included as a macro within the software TOPAS (version 6, [177]), a powerful tool
for Rietveld refinement implementing the structural model of the present phases, acting as a constraint
adding robustness and reliability to the analysis. In particular, besides the number of fractions of fluorite
(respectively fine and coarse), the analysis also considered a minor fraction of MgO (contaminant phase
in the starting powder, around 0.5%), and the amount of steel contamination, modelled as ferritic iron.
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4.1.2 Effect of jar shape on balls motion, average impact kinetic energy and comminution

In a planetary ball mill, equipped with a standard cylindrical jar, generally 3 different balls motion
regimes (cascading, cataracting, rolling) tend to arise, as a function of the jar-to-plate velocity ratio [18,
82, 115, 175]. Particularly, for the mill configuration proposed in section 3.2 (and in [91]), for the steel-
steel interaction (no mill feed) the multibody dynamics simulations of the milling process showed that,
for the lower ω/Ω+1, balls move along the jar wall as a compact group into cascading motion. Then, at
increasing jar velocity, they detach from the group and collide against other balls or the jar wall, gradually
enhancing the motion disorder, till ω/Ω+1 = - 2.6, where the maximum complexity (cataracting regime)
is reached. Above this threshold, a sharp change occurs as balls stick to jar surface (rolling mode).
Owing to the larger number of high-velocity impacts, the cataracting mode was demonstrated to be the
most effective in transferring energy to the mill charge [91] and, therefore, jars here presented (HM, 1L,
3L, T, figure 4.1) were designed in order to promote this kind of motion. In operando monitoring of
the process, both with simulations and camera recordings, revealed that balls hitting the new profiles
disorder the motion already from the lower ω/Ω + 1. The beginning of the cataracting regime can be
fixed at approximately ω/Ω+ 1 = -1.8 and it extends till about -2.2, namely over a wider range than in
the CY jar therefore suggesting newly designed jars to be less sensitive to the milling parameters that
differ from jar shape.
A quick insight on motion modes detected for the CY and the 3L jars is reported in figure 4.3. The nice
agreement among camera recordings and simulations images should be noticed, both in terms of motion
regimes and their variation with ω/Ω+ 1, thus providing a further validation of the modelling results.
Beside the influence of the velocity ratio, both simulations and video recordings performed with different
Ω (but under the same ω/Ω+ 1 velocity ratios) showed this variable to affect the position of balls along
the vertical dimension (height) of the jar. Indeed, as illustrated in figure 4.4, regardless of jar shape, at
increasing Ω balls tend to dispose in multiple superimposed layers along the jar height whereas at lower
values (e.g. Ω = 50rpm) their motion is mainly confined to the bottom region of the vial.
Moreover, for low Ω, the above-mentioned typical 3 motion regimes are clearly identifiable in camera
images and for this reason both simulated and recorded images reported in figure 4.3 refer to Ω = 50rpm.
For higher Ω instead, the cascading and cataracting regimes become hardly distinguishable in camera
recordings. This probably relates to the increased amplitude of vibrations produced by engine operations
and, above all, to the contacts occurring between the highest layer of balls and the jar lid, made of
polycarbonate. In fact, the reduced stiffness and the increased damping, diminishing the impact kinetic
energy, as well as the lowered friction, tend to hinder the balls to fall down to the bottom of the vial,
consequently altering their motion.
On the contrary, for all the Ω the transition to the rolling regime is clearly visible and approximately

corresponds to the same ω/Ω + 1. Therefore, as already discussed in [91], it can be supposed that this
variable doesn’t significantly affect the motion regime which, all else being equal, mostly seems to depend
on the jar-to-plate velocity ratio. Moreover, in [91, 92] an increase of the amount of available impact
energy with Ω was suggested and it was confirmed by experimental milling of calcium fluoride (as reported
in [138]) showing Ω = 200rpm to give the best results in terms of comminution.
Simulations performed adopting the latter Ω provided with the relative velocities of colliding bodies, u̇,
which were also decomposed into the normal (u̇n) and tangential (u̇t) components with respect to the
impact reference frame. These quantities were exploited to compute, for each k-th impact, the Stress
Energy (SE), defined as the maximum kinetic energy that can be supplied to the mill charge in a single
collision event (see section 3.3 and [12, 18, 117, 135]),

SEk =
1

2

mimj

mi +mj
u̇2,
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ω/Ω 	1		-0.6	

ω/Ω 	1		-2.6	 max	disorder ω/Ω 	1		-1.8

ω/Ω 	1		-3.4

Figure 4.3: Comparison of ball movements in the CY and 3L jars from simulations and camera recordings for three
ω/Ω + 1 values (Ω = 50rpm), highlighting the development of three different motion regimes. A good agreement
between simulated and recorder images can be appreciated.

being mi , mj the masses of the i-th and j-th impacting bodies (for ball-jar contacts mjar = ∞ as
mjar ≫ mball). Since simulations provide a continuous description of impacts, data were filtered in order
to take into account only the velocities at the beginning of each contact event. As better explained in
section 3.3, this was accomplished by estimating a reasonable maximum duration of a two-body collision
from simulations of two spheres impacting at different angle and velocity, and discarding from calculations
data closer than this minimum time period.
For each tested ω/Ω + 1 the weighted average of the probability distributions of the SE was computed,
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Figure 4.4: Influence of plate velocity on position of balls inside the jar during milling, showed both by simulations
(left, Ω = 50, 200, 400rpm and ω/Ω+ 1 = -2.6) and camera recordings (right, Ω = 50 and 200rpm and ω/Ω+ 1 =
-2.6). With the increase of Ω, milling media tend to assemble in superimposed layers along jar height.

both for the normal and the tangential components of relative velocity, and normalised over the internal
volume (V ) of the jars (see table 4.1) in order to account for the different limitation in ball movement and
velocity. This quantity, estimating the average stress energy density involved in an impact, is reported in
figure 4.5, both for the steel-steel (upper part) and the steel-fluorite (lower part) interactions, since real
grinding is expected to fall in-between these two boundary conditions. For the steel-steel case, both the
normal and the tangential impact average energy components present a maximum peaked at ω/Ω+ 1 =
-2.6 for the CY and a range of almost comparable maximum values extended from approximately ω/Ω+1
= -1.8 to -2.2 for the other jars. These ranges of velocity ratios, optimal in terms of stress energy density,
nicely agree with the conditions of the most disordered balls motion revealed by camera recordings, thus
further supporting the close relation between balls motion and available energy, pointed out in section
3.2. Moreover, section 3.2 showed that for the CY jar the reduction of friction due to the presence of
fluorite promotes an increase of the average impact energy, especially in the tangential direction, and
a shift to more negative ω/Ω + 1 of the maximum value. However, these effects are much less evident
for the newly designed jars, suggesting that the process is more affected by jar shape than by the other
milling variables, including the characteristics of the mill charge.
What is even more important to notice is that the average stress energy density in normal direction (figure
4.5, left) is larger for the newly designed jars than for the CY, starting from the very first ω/Ω+1 and till
approximately ω/Ω+1 = −2.6, where the rolling begins. This relates to the greater complexity of motion
modes establishing in the newly designed jars, particularly increasing the number of impacts with high
normal relative velocity component with respect to the CY one, as highlighted in the left part of figure 4.6.
On the contrary, the right part of the same figure, reporting the probability distribution of impact relative
velocities in tangential direction, shows that larger values are overall provided by the CY. However, this
velocity component mainly relates to the slip among colliding bodies and the corresponding stress energy
(see figure 4.5, right) was shown to promote especially processes like exfoliation and/or incorporation of
defects [1, 15, 16, 174, 178]. The normal component of exchanged energy is instead generally supposed
to be more effective for the comminution of brittle materials [1, 15, 174] and therefore the new jars,
providing with a larger fraction of significative events along this direction, are expected to give better
results in terms of end product size reduction than the CY. Validation of this prediction was addressed
by WPPM analysis of experimental XRPD patterns collected on fluorite samples ground for 32 hours
under different velocity ratios, suppling the average crystallite dimensions (⟨D⟩) of the end products.

52



4.1. Four new designs for the jar of the planetary ball mill

0.0 -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 -4.0

ω/Ω + 1

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
N

or
m

al
A

ve
ra

ge
S

tr
es

s
E

n
er

gy
D

en
si

ty
,

10
−

5
m

J
/m

m
3 cy

hm

1l

3l

t

0.0 -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 -4.0

ω/Ω + 1

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

T
an

ge
n
ti

al
A

ve
ra

ge
S

tr
es

s
E

n
er

gy
D

en
si

ty
,

10
−

5
m

J
/m

m
3

cy

hm

1l

3l

t

0.0 -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 -4.0

ω/Ω + 1

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

N
or

m
al

A
ve

ra
ge

S
tr

es
s

E
n

er
gy

D
en

si
ty

,
10
−

5
m

J
/m

m
3 cy

hm

1l

3l

t

0.0 -0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -3.5 -4.0

ω/Ω + 1

0

1

2

3

4

5

6
T

an
ge

n
ti

al
A

ve
ra

ge
S

tr
es

s
E

n
er

gy
D

en
si

ty
,

10
−

5
m

J
/m

m
3

cy

hm

1l

3l

t

Figure 4.5: Average stress energy density of impacts in normal (left) and tangential direction (right) as a function
of ω/Ω+1. These quantities are shown for the the steel-steel and for the steel-fluorite interactions, respectively, in
the upper and in the lower part of the picture.

As anticipated in subsection 4.1.1, in case of barely efficient grinding conditions, the resulting powder is
not homogeneous, showing the coexistence of a ground (fine) and a less-to-not ground (coarse) fractions,
requiring a bimodal distribution of sizes to properly modelling the XRPD data. For every tested condition,
XRPD-LPA provided with an estimate of the percentage of the two fractions, the ratio of which is
reported in figure 4.7. Interestingly, almost in line with simulations results, best grinding performance
– i.e. providing with a homogeneous and finely ground end product, modelled by a single distribution
(ratio in figure 4.7 equal to 1) – range from approximately ω/Ω + 1 = -1.8 to -3.0 for the CY, whereas
correspond to lower velocity ratios (from about -0.6 to -2.2) for the other jars. It is worth noting that,
the 1L seems to behave differently from the other newly designed jars since a larger fraction of coarser
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4.1. Four new designs for the jar of the planetary ball mill

Figure 4.6: Probability distributions of normal (left) and tangential (right) components of the relative velocities of
colliding bodies. In normal direction, especially at high velocity, the new jars exhibits a larger number of impacts
than the CY till ω/Ω+ 1 = -1.8 (Ω = 200rpm). In tangential direction instead the CY jar, more or less markedly,
exceeds the others.
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powder can be detected for the lower velocity ratios (from ω/Ω+1 = -0.6 to -1.4). However, LPA revealed
that this fraction can not be actually considered as coarse, exhibiting smaller ⟨D⟩ (nanometer range) with
respect to the coarse fraction produced by the CY. It can therefore be stated that, although a slightly
reduced homogeneity of the end product with respect to the other newly designed jars, at low velocity
ratios also the 1L performs well and, above all, better than the CY in terms of comminution of the mill
charge.
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Figure 4.7: Ratio of fine and coarse fractions of calcium fluoride ground for 32h, under different velocity ratios and
Ω=200rpm. The presence of the coarse fraction implies not efficient grinding, while a uniform and finely ground
end product indicates that proper milling conditions were adopted. Best milling conditions range approximately
from ω/Ω+ 1 = -1.8 to -3.0 for the CY and from about ω/Ω+ 1 =-0.6 to -2.2 for the others jar.

4.1.3 Effect of jar shape on milling time

Above reported experimental data were inferred from samples ground in all the jars for 32h, a milling
time that previous studies (see [138]) demonstrated to be optimal for the CY to produce a sufficiently
homogeneous end product. However, this amount of time could be an upper bound for the newly designed
jars, showing higher efficiency in comminution than the CY.
To validate this hypothesis, the CY and the HM jars (the latter chosen as representative of all the newly
designed jars) were experimentally tested under six different milling times (1h, 4h, 8h, 16h, 32h and 64h).
Experiments with fluorite were performed for two velocity ratios, namely ω/Ω+1 = -1.0 and ω/Ω+1 =
-2.6, the former being within the range of ideal milling conditions for the HM and the latter favourable
to the CY. XRPD-LPA results are reported in figure 4.8 in terms of (a) mean domain size, ⟨D⟩, (b)
percentage of fine fluorite fraction, (c) iron contamination percentage and (d) average dislocation density,
ρ.
The a, b left part of figure 4.8 (ω/Ω+1 = -1.0) demonstrates that for milling time shorter than or equal
to 32 hours, the CY jar gives a non-homogeneous end product, with a relevant coarse fraction of several
hundred nanometres of mean domain size. On the contrary, with the HM jar, a single fluorite phase,
uniformly and finely ground, is obtained even after short milling time (e.g. 1 hour).
At ω/Ω+1 = -2.6 (figure 4.8, right a and b) the rolling regime establishes in the HM jar and this reflects
in an end product with a fraction of coarse grains also for prolonged milling time (e.g. 64h). A more
uniform fine powder is instead delivered by the CY, operating under best milling conditions, although
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4.1. Four new designs for the jar of the planetary ball mill

for a grinding time not shorter than 16 hours.
It should therefore be highlighted that, when operating under favourable mill configuration, the HM jar
(and more likely also the other newly designed ones) requires much shorter milling time than the CY to
produce a well-ground end product. It can thus be suggested that the design of new shapes for the jar
of the planetary ball mill could represent an alternative way for diminishing the grinding process overall
duration, allowing to save time and energy.
Besides size reduction, XRPD-LPA provided information on the dislocation density (ρ) produced by

the two jars, reported in figure 4.8d. It can be seen that at ω/Ω + 1 = -1.0, the HM jar immediately
engenders a certain dislocation density which is then constant as a function of milling time, whereas for
the CY it increases with time. For ω/Ω + 1 = -2.6 instead, for both jars this quantity steeply grows in
the first 1-8 hours.
Figure 4.8c also highlights the influence of milling time on iron contamination from the grinding media
of the end product. Although more hints about this phenomenon will be reported in the next subsection,
it should be noticed that the iron content is larger for powders produced with the HM than with the CY,
especially if jar-to-plate velocity ratio is high and outside to the best milling conditions range (e.g. ω/Ω+1
= -2.6, right side of figure 4.8). However, what is more important to notice is that iron contamination
closely relates to milling time and for the HM in particular, it is shown to reach approximately the 15%
of the sampled powder for the longest milling time whereas for 1h milling it is almost absent, long enough
for HM to work properly. Therefore, for the newly designed jars contamination can be controlled by
properly choosing the milling time.

4.1.4 Effect of jar shape on wear

During the grinding process, wear of milling media and/or jar (depending on their mutual composition
and surface hardness) is inevitably engendered by mutual friction and collisions. Debris are mixed with
the charge, leading to the contamination of the end product [8, 12, 110]. While in a few cases wear has
been demonstrated to play a positive role by introducing reagents or catalysts [110, 179], it generally
deteriorates the quality of the end-product, to the point that sometimes contaminants must be removed
in a post-process step [170, 180]. As a general tendency, wear increases with milling time and angular
velocities (as suggested also by figure 4.8d) while it is reduced by high mill charge adhesion [12, 181] and
it is also strongly affected by number and diameter of balls, ruling the amount of collisions [170, 181].
In order to assess the influence of jar shape on this phenomenon, the Fe content of samples, ground in all
the presented jars for 32h under different velocity ratios, was estimated through XRPD-LPA of collected
patterns. Results are reported in figure 4.9 as a function of ω/Ω+1, and, with respect to the CY, higher
Fe contamination is immediately observable for the the newly designed jars, especially for the T and 3L.
All milling variables except from jar shape being equal, a plausible explanation of the increase of wear
could relate to the obstacles introduced for the design of the new profiles, driving balls along trajectories
that could promote the development of regions with higher impact density and magnitude, in principle
more wear prone. This hypothesis is supported by figure 4.10 depicting, for Ω = 200rpm and ω/Ω+ 1 =
-1.8, the maps of the balls-jar contact events and their magnitude in terms of normal relative velocity (see
the color scale) obtained from simulations. Beside indicating an increase in the number of high normal
velocity impacts for the newly-designed jars, maps also reveal a not uniform distribution of collisions
density, with a concentration of high-velocity events near the corners. On the contrary, in the CY jar
this kind of collisions is randomly distributed along the whole internal profile.
It can be concluded that, in addition to the performance in comminution, the influence on wear has to
be properly considered while choosing the most suitable jar shape for each grinding operation. Anyway,
many strategies can be adopted to limit or even avoid this phenomenon. The most immediate and crucial
is the careful selection of jar and balls materials [12, 182] and particularly, it should be noticed that using
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Figure 4.8: LPA data for calcium fluoride milled in the CY and the HM jars for different milling times and
ω/Ω + 1 = -1.0 (left), -2.6 (right) velocity ratios. Data reported as a function of milling time are (a) the mean
domain size ⟨D⟩, (1 or 2 distinct distributions of sizes were necessary to properly model the data depending on the
inhomogeneity of the powders), (b) percentage of fine fraction, (c) iron contamination percentage and (d) average
dislocation density, ρ.
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Figure 4.9: Percentage of Fe content in calcium fluoride samples ground in all the investigated jars for 32h under
different velocity ratios. Higher contamination can be observed for the newly designed jars.

– when possible – the same material for the milling media and the mill feed allows to eliminate cross-
contamination. Velocity ratio also plays a crucial role and, being newly designed jars efficient also at low
velocity ratio, these conditions should be preferred. Finally, as introduced in the previous section, the set
up of the proper milling time could provide a well ground end product as well as reduced contamination.
Particularly, results reported in figure 4.8c, show that the milling time required to produce a finely ground
powder are quite short when HM operates at optimal velocity ratio (e.g. ω/Ω + 1 = -1.0), and in this
condition contamination is almost absent or comparable with that developed by grinding the same powder
in a CY jar for 32h. It can therefore be concluded that adopting the new design jars is a viable solution to
produce finely comminuted and homogeneous powders with limited contamination, with the advantage
of a process time much shorter than required by conventional ball milling jars.

4.1.5 Conclusive remarks

At the aim of enhancing the comminution efficiency of the ball milling process, 4 new designs for the
internal shape of the jar (HM, 1L, 3L, T), introducing different kind of obstacles along the perimeter of
the standard CY vial, were proposed. The newly designed jars were tested through multibody dynamics
simulations and in operando video recordings of the milling process for different ω/Ω+ 1 velocity ratios.
Visual inspection of simulations and camera movies showed that the new designs promote the detachment
of the balls from jar walls, augmenting the complexity of balls motion with respect to the CY jar. Sim-
ulations pointed out that this reflects in an increase (i) of the number of high-normal-velocity impacts,
especially effective for the comminution of brittle materials, and (ii) of the average normal stress energy
available, for velocity ratios ranging from ω/Ω+1 = -0.0 to -2.6, where balls start to roll along jar walls.
XRPD-LPA, giving insights on the average crystallite size of the end product, were performed on ground
calcium fluoride and confirmed simulations predictions. Indeed, starting from the lower velocity ratios
and for a broader range than the standard CY, newly designed jars showed higher efficiency, providing
a finer and more homogeneous end product.
Finally, the effect of milling time was investigated for the CY and the HM jars, the latter chosen as
representative of all the other new designs. LPA of calcium fluoride milled for different times, pointed
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Figure 4.10: Maps of balls-jar contact events from simulations (ω/Ω + 1 = -1.8, steel-steel interaction). The
normal component of the relative impact velocity during each collision defines the color scale and the radius of each
point.
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out that new designs produce a well ground end product even for milling time as short as 1 hour, whereas
the traditional CY requires at least 16 hours to give a similar result even if best operating conditions
are used. Jar shape is therefore a crucial variable for the reduction of time and energy required by the
milling process. The only downside of these jars is the contamination of the end product from milling
media, that can however be almost completely avoided through a proper setup of milling variables (e.g.
jar and balls materials) and milling time.
Given the different behaviour of the presented jars, a particular shape should therefore be selected de-
pending on the required milling results, e.g. in terms of normal to tangential force ratio, available power
and achieved contamination.

4.2 Cylindrical and Half-Moon jars: a direct comparison

• ◦ • ◦ • Part of this section has been adapted from [92, 183].
In this section a more detailed comparison between the CY and the HM jar is presented. The latter was
selected among the other newly-designed jars owing to the good performance demonstrated both in terms
of comminution and level of contamination of the end-product.
Part of the results reported hereafter was already introduced in section 4.1 but more specific information
are added, especially for microstructural properties of ground fluorite.
The first subsection reports the paper Effect of jar shape on high-energy planetary ball milling efficiency:
Simulations and experiments, published in the Material and Design journal [92], resuming and comparing
the experimental and modelling investigations carried out for the CY and the HM jars. It should be
underlined that, despite the outcomes of the analyses on milling time and wear evidenced in section 4.1,
and being contamination not relevant to this work, experimental tests lasted 32 h for both jars, so to
allow the CY to operate under optimal conditions.
The second subsection explores the influence of milling time on the microstructural changes in ground
CaF2, focusing particularly on the crystallite size distribution. Presented results are published in the
data article Homogeneity of ball milled ceramic powders: effect of jar shape and milling conditions, in
the Data in Brief journal [183].

4.2.1 Effect of jar shape on high-energy planetary ball milling efficiency: Simulations and
experiments

Authors: M. Broseghini, M. D’Incau, L. Gelisio, N.M. Pugno and P. Scardi†. Adapted from [92].

Abstract

Enhanced comminution in a planetary ball mill was achieved by suitably re-designing the jar shape.
Compared with a traditional cylindrical vial of circular cross-section, the new jar was modified internally
to have a flat wall portion resulting in a half moon cross-section. Results from simulations, using a
multibody dynamics software, suggest that this geometry increases the number of high-velocity collisions
with energy exchange along the axial direction, deemed as more effective in the comminution process. X-
ray diffraction line profiles of calcium fluoride (CaF2) ground in the two jars under equivalent conditions
were used to obtain information on the microstructure resulting from the milling process and validate

†In this work MB developed the models, performed the simulations, analysed the results and wrote the manuscript, MDI
conceived the idea, performed the experimental tests and analysed part of the experimental data, LG helped in simulations
data analysis and in drafting the manuscript, NMP revised the manuscript, PS conceived the idea, analysed experimental
data and revised the manuscript.
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the modelling results. A better homogeneity and a faster reduction of crystallite size was achieved
using the new design compared to that using the standard cylindrical vial design. Optimal operating
conditions, in terms of jar-to-plate angular velocity ratio, are correlated and discussed according to the
model predictions.

Introduction

Planetary ball milling is a widespread and versatile technique for the structural and microstructural prop-
erty tuning of almost any kind of material. It is often used to grind materials down to the nanoscale,
generally providing both comminution and incorporation of defects by extensive plastic deformation, thus
supplying the conditions for mechanical activation [6, 7]. Remarkable examples being the mechanical al-
loying of metals as well as the direct and indirect synthesis of ceramics [8–10]. The method has also
proved to be effective in the mechanical exfoliation of bulk systems, for the large-scale production of two-
dimensional nanostructured materials - such as graphene and boron nitride nanosheets [15, 16], nowadays
of utmost scientific and technological interest. Although rather simple in terms of geometry and working
principles (see figure 4.11 and e.g. [12]), the versatility and efficiency of the planetary ball mill depend
very much on the appropriate tuning of a multitude of milling variables. Among the others, the number
and size of the balls, the jar geometry and the velocity of revolving parts should certainly be mentioned.
The setup parameters strongly influence the ball trajectories, which in turn, influence the nature and
magnitude of the impulsive forces transferred by milling media collisions. These forces can be divided
into normal and shear components: the former should promote fracture while shear components induce
plastic deformation [1, 15, 174].

Figure 4.11: Planetary ball mill installing the Half Moon jar and definition of rotation (ω) and revolution (Ω)
angular velocities. The design of the new half-moon shaped jar is also reported.

As an alternative to extensive experimental testing, deemed as expensive and time-consuming to the
point of being most often unfeasible, a dynamic-mechanical model of planetary ball milling was adopted
[91] to fine-tune milling parameters and establish correlations with the end-product. This model, based
on a simple contact scheme depending on a few easily estimable parameters, supplies quick and accurate
predictions of system efficiency under different operating conditions and is, in principle, valid for any
material of interest. The effect of jar (ω) and plate (Ω) velocities was investigated, providing a detailed
picture of the kinematics and dynamics of the milling bodies, together with a description of contact
events, supporting an outright understanding of ball motion regimes. An assessment of the kinetic
energy available, both along normal and tangential directions, was obtained and results validated against
experimental data. In particular, best milling conditions, corresponding to the highest impact energy,
were found to correlate with the most disordered ball motion, which develops within a well-defined range
of jar-to-plate velocity ratios (ω/Ω+ 1).
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Beyond the influence of plate and jar angular velocities, the present work investigates the effect of jar
shape on the process efficiency. Particularly, the ratio of normal-to-shear transferred loads is considered
to be an essential parameter in the design of end product characteristics, in terms of structure and
microstructure. To increase the number of collisions with high-normal-velocity component, a new type
of jar was designed. Simulation results, obtained using the above-mentioned multibody dynamics model,
were analysed in terms of kinetic energy, balls trajectories and probability distribution of velocities, in
both the normal and tangential directions. The experimental validation was supported by X-ray Powder
Diffraction Line Profile Analysis (XRPD-LPA) of ground calcium fluoride (CaF2).

Methods

Planetary ball mills consist of two or more jars rotating both around its own axis and the line of symmetry
of the supporting plate (radius RP = 125mm, see figure 4.11). The motion of the milling media (balls)
inside the vial, which is driven by the resulting field of two centrifugal forces and the Coriolis force, causes
impacts that transfer compressive and shear forces to the powder charge. These forces lead to structural
and microstructural alterations and/or mechanochemical effects [184, 185].
As shown by Burgio et al. [111], at optimum milling conditions the trajectory ideal for a single ball
follows a point on the vial circumference until the resulting field of forces acts to carry the ball across
the jar to the opposite point, perpendicularly to the jar surface. In a real scenario, trajectories depend
on the interactions between many balls. In which case, forces are exchanged in every possible direction
with respect to the impact reference frame.
To enhance the normal component, a Half-Moon shaped jar (HM) is proposed, with a design based on
a flat surface halfway between the original curved wall and the vial axis. This way, when balls rolling
along jar wall approach the flat surface, they are forced to follow the ideal path, therefore increasing the
amount of energy along impact axis and thus causing a more intense comminution effect.

Computer Simulations Computer simulations are a useful tool to explore thoroughly and characterise
the milling process, providing insights into kinematic and dynamic quantities, mostly inaccessible to ex-
periments. In this study, the Fritsch Pulverisette 4 (P4 [109]) planetary ball mill, equipped with either the
Cylindrical (CY) or the HM jar, was modelled using the multibody dynamics software MSC.Adams [81],
as reported in [91]. Twelve steel balls (radius 6 mm) were placed randomly inside each jar and angular
velocities ω and Ω were applied to the two cylindrical shafts connecting the revolving parts (physical prop-
erties of the milling media and jars are reported in table 4.2). Owing to the intrinsic multibody nature
of the system, the solution of the Lagrangian equations of motion of the milling media was determined
using the Hilbert-Hughes-Taylor (HHT, [155, 156]) integrator, with automatic step tuning and maximum
numerical error of 10−8. Simulations lasted 24 seconds but, to allow motion homogenisation after media
insertion, the first 4 seconds were discarded during data analysis. It is worth noting that the powder
charge, typically a few percent volume of the milling media, was not explicitly modelled but accounted for
by a suitable selection of contact parameters and friction properties. This choice was based on the work
by Rosenkranz et al. [18] who, by inspecting camera images revealing the formation of powder coatings
on balls and jar surfaces, concluded that the presence of the mill feed strongly affects friction coefficients
while not substantially influencing restitution and therefore damping properties. To account for friction
within the MSC.Adams model, the force prescribed by the (hard-coded) Coulomb model was added to the
equation of motion with the friction coefficient, expressed as a function of slip velocity, smoothly varying
from the static (µs) to the dynamic (µd) value. These parameters can be experimentally determined, for
example by pin-on-disc tribological tests [51], for each couple of analysed materials.

The contact scheme plays a crucial role, as it rules the interactions among rigid bodies. The hard-coded
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CY, HM Jars (AISI 304)
density 8.03g/cm3

Young modulus 193GPa
Poisson ratio 0.29

Spheres (AISI C1020)
density 7.85g/cm3

Young modulus 200GPa
Poisson ratio 0.29

Table 4.2: Physical properties of the milling media, the cylindrical and the half-moon jars for the presented case
study.

MSC.Adams impact function, belonging to the continuous approach [25], adds a force-displacement law
to the equation of motion, including the contribution of a non-linear spring, Fk, and a linear damper, Fd,
(Dubowsky and Freudenstein impact pair model [72]),

Fc = Fk + Fd = kun + cu̇,

where u and u̇ are the relative displacement and velocity of colliding bodies, whereas k and c are the spring
generalised stiffness and the damping coefficient, respectively. To prevent discontinuities, c varies from 0
to a maximum value, cmax, depending on the relative displacement of colliding bodies. An estimate of
cmax was determined from the classical solution of the damped vibration of a mass spring system [72],
starting from the experimental measurement of the coefficient of restitution (ball-against-plane drop test
[88]), e. Then, a parametric numerical analysis provided the u value at which cmax has to be applied. For
the spring component, fixing n = 3/2, an estimate of k was derived from the Hertzian theory of contacts
[26], applied both to the ball-ball and to the ball-plane (approximating the jar surface) impacts. Values
of parameters introduced in contact and friction schemes in this study, are reported in table 4.3.
The typical simulation output consists of a complete set of dynamic variables for milling media as well as
quantities pertaining to each contact event, thus allowing for a full understanding of the evolution of the
investigated system. Moreover, each computed quantity can be decomposed into normal and tangential
components with respect to the local impact reference frame, thus highlighting preferential directions for
energy exchange between milling media and mill feed. The most intuitive quantities to investigate are
the trajectories of milling media, offering a quick understanding of the complexity of the motion, directly
related to the energy transfer mechanism (see [91]).
To compare the efficiency of the different jars, it is also useful to calculate the impact kinetic energy of
the system (EI), normalised over jar internal volume (V ) and simulation time (τ), i.e. the impact power
density. This quantity is computed in the impact reference frame to provide an upper bound estimate of
the energy available for grinding the mill charge [18, 22, 82, 117, 136],

EI

(τ V )
=

1

2τV

C∑
j=1

m1jm2j

m1j +m2j
u̇2j , (4.1)

where mi is the mass of the i-th colliding body (the mass of the jar is assumed to be infinity) and u̇
the relative velocity. The summation runs over C, which is the number of points sampling collisions
during the simulation time period (τ) with mean output step size of ≈ 3E-3 (integrator parameters are
hmax = 1E-6 and step = 100). It must thus be stressed that the absolute scale for the power impact
density implicitly depends on the choice of these parameters and therefore is arbitrary and not directly
comparable with power available in a real apparatus.
The normalisation factor V accounts for the different internal volume of the jars, respectively 72mm3 (CY)
and 62 mm3 (HM), limiting the space for ball motion and thus the transferred energy. By introducing
the components of the relative velocity along (u̇n) or perpendicular (u̇t) to the impact axis, this quantity
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can be decomposed into its normal and tangential components, thus highlighting the preferential mode
of energy exchange. Finally, an additional view of the energy exchange mechanism, completing the
comparison between CY and HM jars, is provided by the probability distribution of the relative velocities
of colliding bodies during impacts.

sphere-sphere generalized contact stiffness, kss 252,146N/mm3/2 Hertz Theory
sphere-plane generalized contact stiffness, ksp 350,236N/mm3/2 Hertz Theory

restitution coefficient, e 0.516 drop test, e =
√
h/h0

sphere-sphere contact damping, cm,ss 10.1kg/s Damped Mass-Spring system Sol.
sphere-plane contact damping, cm,sp 17.5kg/s Damped Mass-Spring system Sol.

Steel-Steel µs 1.00 literature
Steel-Steel µd 0.80 tribological test

Steel-Fluorite µs 0.25 literature
Steel-Fluorite µd 0.20 tribological test

Table 4.3: Values introduced in contact and friction models and methods used for their derivation.
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Figure 4.12: XRPD pattern of (coarse-grained) pristine fluorite powder (a); same powder after ball-milling in
Half-Moon jar, for 32h at ω/Ω + 1 = -2.2 (b). Experimental data (red circle) are shown with the WPPM profile
(blue line), and their difference (residual, green line below). The inset shows the same data in log scale to highlight
details and profile modelling quality: some of the weak peaks (*) are from MgO, present as impurity phase and
also included in the WPPM.
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Experimental techniques X-Ray Powder Diffraction (XRPD) was employed to characterize the struc-
ture and microstructure of the end product, in order to assess the effect of grinding conditions and validate
the model. XRPD patterns were collected using CuKα radiation and a Rigaku PMG/VH diffractometer
with a set of optical components (slits and bent graphite analyzer crystal) producing a narrow and sym-
metrical instrumental line profile across a wide angular region. The instrumental response was assessed
by measuring a NIST SRM sample (660a LaB6, [186]), modelled by pseudoVoigt functions and param-
eterized to be used in following analyses of the powder pattern [140]. Ball milled fluorite samples were
analysed under the same experimental conditions: details can be found in [91, 138]. The powder patterns
were analysed by Whole Powder Pattern Modelling (WPPM, [140–142]), assuming a lognormal distribu-
tion of spherical nanocrystalline domains and dislocations generated by the grinding process [165, 187].
Besides information on mean size (⟨D⟩) and dispersion of the scattering domains, the WPPM analysis
provides data on the inhomogeneous strain distribution, which can be related to the dislocation density
(ρ) according to the theory of Krivolgalz and Wilkens (see [140] and references therein). As an example
of WPPM analysis, XRPD experimental data and modelling results for pristine and ground fluorite (HM
jar, ω/Ω+ 1 = -2.2) are reported in figure 4.12.

Figure 4.13: Impact power density (equation 4.1) for the steel-steel interaction, for the cylindrical (left) and
the half moon (right) jars. Curves are computed for different plate velocities (Ω). The typical ball trajectories
corresponding to the different conditions are also sketched.

65



4.2. Cylindrical and Half-Moon jars: a direct comparison

Results and Discussion

The main purpose of this work was to investigate the different grinding actions of the CY and HM jars
and the dependence of the process efficiency on the plate (Ω) and jar (ω) velocities. To properly account
for mill charge and to compare numerical and experimental data collected on ground fluorite samples,
two extreme conditions were simulated, namely the (i) steel-steel (i.e. milling media only, no mill charge)
and the (ii) steel-fluorite interactions (i.e. jar surface completely covered by fluorite). The experimental
case was expected to fall between these two boundary conditions. As previously discussed, no parameters
were changed apart from the friction coefficients (Table 4.3) to simulate the two cases.
Figure 4.13 illustrates the impact power density (equation 4.1) for steel-steel interaction for sets of
simulations performed at different fixed angular plate velocities Ω and increasing ω. Interestingly, Ω
strongly affects the amount of energy exchanged in the process, whereas it moderately alters the location,
in terms of ω/Ω + 1, of the maximum of the curve, corresponding to the maximum overall efficiency of
the process. While the CY jar transfers the larger power at approximately ω/Ω+ 1 = -2.6, the optimal
condition of the HM jar, although less energetic than its CY counterpart, extends over a wider range,
from ω/Ω + 1 = -1.8 to -2.2. The HM jar, therefore, has a more robust grinding action, being less
sensitive to variations in milling parameters. Moreover, it should be noted that the volume and the
longest free path for ball motion is smaller for the HM than for the CY jar, thus resulting in reduced
acceleration, velocity and kinetic energy transfer from the milling media to the powder. The analysis of
ball trajectories reveals a correlation between motion regimes and energetic efficiency (see figure 4.13).
In particular, by decreasing the angular velocity ratio, both jars demonstrate an increasingly disordered
cascading motion, until it turns into a cataracting regime, providing the best milling conditions (see [91]).
Above a threshold value of angular velocity ratio, balls tend to roll on (CY) or stitch to (HM) the jar
surface, therefore strongly limiting the amount of transferred energy.
Figure 4.14 reports the ball-ball (a) and ball-jar (b) components of the impact kinetic energy calculated
for Ω = 200rpm, further divided into normal and tangential components with respect to the local impact
reference frame. In both cases, contacts among balls clearly play the major role and the largest amount
of energy is exchanged in the tangential direction. However, it is interesting to notice that the ratio of
energy transferred in the normal direction to the total energy (EI(normal/tangential)) is larger for the
HM than for the CY jar: this information is crucial to design a milling process exchanging energy along
a specific direction.
The probability distribution of the relative velocities of colliding bodies is reported in Figure 4.15 for
both jars. Even if the overall efficiency, as already pointed out, is higher for CY than for HM jar, the
comparison of relative velocities offers insights into the typical ranges of exchanged energies. Before and
at the angular velocity ratio ω/Ω + 1 = -1.8, corresponding to the HM jar optimal milling conditions
(upper part of figure 4.15), for the tangential component the CY jar exhibits a larger number of high-
relative-velocity events (say, > 500 mm/s). Turning to the normal velocity, by contrast, the HM jar
performs better. Although the relative frequency of high-velocity impacts is tiny, it should be noticed
that this type of impact exchanges the highest amount of energy, and is, therefore, the most effective event
in the comminution process. In fact, fragmentation and related phenomena (e.g. work-hardening) are
strictly nonlinear, so the sum of energy released by low-relative-velocity contacts may not be as significant
as that associated to a single high-relative-velocity event [178]. In particular, impacts along the normal
direction are supposed to fracture brittle powders more efficiently than impacts with a strong tangential
component [1, 15, 174]; therefore, as the fraction of significant events along the normal direction is higher
in HM than in the CY jar, the former is expected to be more effective in size reduction of brittle materials
such as fluorite.
Figure 4.16 depicts the map of the balls-jar contact events and their magnitude in terms of relative
velocity in normal direction for ω/Ω + 1 = -1.8. While in the CY jar the collision density is uniform,
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Figure 4.14: Impact power density (equation 4.1) for the steel-steel interaction, for the cylindrical (left) and
the half moon (right) jar computed for Ω = 200rpm and divided into ball-ball and ball-jar contacts contribu-
tions. These quantities are also broken down into its normal and tangential components (with respect to the
local impact reference frame). The yellow line depicts the fraction of energy exchanged along the impact axis
(EI(normal/tangential)).
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Figure 4.15: Probability distribution of normal (penetration, left) and tangential (slip, right) components of the
relative velocity of colliding bodies for both ω/Ω+1 = -1.8 and -2.6 (being Ω = 200rpm), respectively corresponding
to the highest-efficiency condition for the CY and HM jars. The insets report, in linear scale, the difference between
HM and CY probability distributions.

this is not true for the HM jar, where regions with higher impact density/magnitude exist, particularly
concentrated near the upper corner. In agreement with ω and Ω rotation wise, this indicates an increase
in number of balls following the ideal trajectory of high-energy exchange in the normal direction for the
HM jar, as expected at the design stage.
For an angular velocity ratio ω/Ω+ 1= -2.6, the efficiency of the CY jar becomes the highest, while HM
exchanges markedly less energy (see figure 4.15). Beyond this value, a ball-rolling mode establishes in
both jars and high-relative-velocity impacts almost vanish. CY jar efficiency is still higher than HM’s
but, as discussed later, experimental data demonstrate that this condition is generally not so effective.
The right side of figure 4.15 reports the tangential (slip) component of the relative velocities of colliding
bodies: for higher-relative-velocity events, CY always exceeds the HM jar.
So far, only the steel-steel case (i.e. no powder charge) has been discussed. To validate model predictions,
a comparison of simulations and experimental XRPD data was performed for calcium fluoride (milled at
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Figure 4.16: Map of balls-jar contact events in the CY (left) and HM (right) jar at Ω = 200rpm and ω/Ω+ 1 =
-1.8, for the steel-steel interaction case. The relative velocities during each collision define the color scale and the
radius of each point. HM jar clearly shows a concentration of events in the upper corner.

Ω = 200rpm for 32 hours). As already stated, the effect of the milling charge in simulations has been
accounted for by modifying the friction parameters (µs and µd, see table 4.3).
For the HM jar, figure 4.17a illustrates the comparison between the impact power density computed for
plate velocity Ω= 200rpm, both for the steel-steel (no feed) and the steel-fluorite interaction cases.

As shown for the CY jar in [91], the presence of a fluorite charge reduces friction and (i) shifts the ω/Ω+1
position of the maximum efficiency to more negative values and (ii) increases the absolute value of the
exchanged power density in the HM jar too. In particular, the broad plateau centered at ω/Ω+1 = -1.8
found for the steel-steel interaction is replaced by a sharp maximum at ω/Ω+ 1 = -2.2. The same figure
also reports results of the WPPM analysis of experimental XRPD patterns collected on fluorite samples
ground in the HM jar under the same conditions as those considered in the simulations. Microstructural
data are proposed in terms of (i) average size (⟨D⟩) of spherical crystallites (i.e. coherent scattering
domains) and (ii) dislocation density (ρ). In particular, the more efficient the process, the more ⟨D⟩ is
expected to decrease (better comminution) whereas ρ, which broadly includes a large variety of defects,
is supposed to increase [93, 159–164]. These quantities can be also related to the mechanical properties of
the end product, by means of two expressions describing the microstructure effect of the milling process;
namely, (i) the Hall-Petch relation [166, 167],

σy = σi +
ky√
⟨D⟩

, (4.2)

where σy is the yield stress, σi the starting stress for dislocations movement and ky the strengthening
coefficient of the material; and (ii) the Taylor equation of work hardening [168],

σy = σi + αGb
√
ρ, (4.3)

where G is the shear modulus, b the magnitude of Burgers vector and α a correction factor specific to
the material. From these two relations it can be deduced that, the smaller the grain size, the greater is
σy and the higher is ρ, the more hardened becomes the material. Interestingly, figure 4.17a shows that
the impact power density computed from simulations nicely maps the Hall-Petch trend of experimental
data, lying in between the steel-steel and steel-fluorite cases, thus validating the simulations and the
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speculations on HM jar efficiency. The same applies, to a certain extent, to the dislocation density which
however shows a steep increase around ω/Ω+ 1 = -0.6 and a broad plateau below this value.
A comparison of experimental results of fluorite milled in HM and CY jars is shown in figure 4.17b. Two
points should be noticed: (i) a smaller crystallite size is obtained in the HM jar than in the CY, whereas
(ii) the maximum dislocation density is comparable but more peaked for the CY than for the HM one. A
possible explanation for the former observation, perfectly compatible with computer simulations, lies in
the larger fraction of collisions along impact axis (compression), which are more efficient to comminute
the brittle powder charge [1, 15, 174]. On the contrary, the cylindrical jar exhibits a relatively larger
amount of dislocations at its best performance, owing to the higher energy exchange in the tangential
mode, which better supports shear deformation components.
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Figure 4.17: Left (a), comparison of simulated and experimental data collected for calcium fluoride ground in
the HM jar. Impact power density computed from simulations for the steel-steel (EI,Steel, blue pentagons) and
the steel-fluorite (EI,CaF2

, grey triangles) interactions nicely maps the trend of experimental data expressed as the
reciprocal of the square root of the average crystallite size (1/

√
⟨D⟩, green diamonds), calculated from the X-Ray

powder diffraction pattern of milled calcium fluoride. The dislocation density (√ρ, violet circles) is also reported,
expressing the deviation from the corresponding ideal structure. Right (b), the same experimental data for the CY
and HM jars are compared, illustrating the difference between the two jar shapes, in terms of crystallite size and
dislocation densities characterising the end-product at each velocity ratio. Interestingly, while the maximum of
these two quantities coincides for the CY case, it is different for the HM jar. Both for experimental and computed
data, Ω = 200rpm

In terms of overall performance, it is worth stressing that the HM jar exhibits a wider range of optimal
conditions than the CY, thus allowing more robust control of the milling process, reflected on the homo-
geneity of the resulting powder in terms of domain (crystallite) size. Indeed, as observed in [187, 188],
traditional CY jars mostly produce inhomogeneous powders, with a ground fraction (fine) coexisting with
less-to-not ground powder (coarse). This information for the discussed case study is revealed in figure
4.18, depicting the distribution of crystallite sizes of calcium fluoride powders ground in the CY and HM
jars at increasing velocity ratios, ω/Ω+1. XRPD data modelling were obtained by WPPM analysis [140]
by imposing two lognormal distributions, corresponding respectively to the fine and the coarse fluorite
fractions. The existence of these two fractions was also supported by Scanning Electron Microscopy im-
ages (see supplementary information in [183]) and confirmed by solid state NMR studies [187, 188]. As
shown in figure 4.18, powder ground inside the HM jar is homogeneous (namely a single lognormal curve
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is enough to model data) across a relatively broader range of ω/Ω + 1 velocity ratios than the CY. A
more detailed discussion, including the effect of milling time, is reported in [183].
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Figure 4.18: WPPM models of crystalline domain size probability distribution of fluorite ground in CY (red) and
HM (blue) jars for 32 hours at increasing velocity ratios, ω/Ω+ 1. HM jar produces an homogeneous powder (one
lognormal curve) for a wider range of ω/Ω+ 1 than CY.

Conclusions

In this work, an innovative jar design for planetary ball milling has been proposed. The aim of the design
was to enhance comminution of the mill charge by providing an increased fraction of energy exchange
along the impact axis, with respect to a traditional cylindrical vial. To pursue this goal, a flat wall portion
was inserted halfway between the original curved wall and the vial axis, resulting in an half-moon cross
section. A rigorous investigation of the HM jar and a comparison with the CY jar has been presented,
employing both a dynamic-mechanical multibody model and X-ray powder diffraction data. Specifically,
the effect of jar and plate angular velocities on vials efficiency has been discussed in terms of impact
power density and the probability distribution of relative velocities of colliding bodies, both divided into
normal and perpendicular components with respect to the impact axis. Although globally exchanging
less energy than the CY jar, the normal fraction is higher for the HM vial which also provides a larger
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amount of high-normal-relative-velocity impacts, supposed to the most effective in the fracture process
of brittle powders (calcium fluoride in this study). Moreover, the range of jar-to-plate velocity ratio,
corresponding to the highest efficiency (and most disordered ball motion), is wider for the HM ( ω/Ω+1
from -1.8 to -2.2) than for the CY jar (peaked at ω/Ω + 1 = -2.6). Therefore, being less sensitive to
milling parameters, the HM jar provides more robust grinding. Modelling predictions are supported and
validated by X-Ray Powder Diffraction Line Profile Analysis, giving insights into average crystallite size
and defect content of the ground powder. While the CY jar produces a larger amount of defects and
homogeneous ground powder only at best milling condition, the HM gives a more uniform and finer end
product across a broader range of jar-to-plate velocity ratios. This ongoing research proceeds with the
study of different jar geometries, to enhance either the normal or the perpendicular fraction of exchanged
energy allowing for the tailoring of the end product characteristics.

Acknowledgements

The present work was partly supported by Fondazione Caritro, under project No 2013-0247 ”Mechanical
activation to improve bio- availability and reduce adverse effects of drugs in the therapy of chronic dis-
eases”. The authors are especially grateful to Dr. D. Catelani (MSC Software) for precious collaboration
and support to the research work. NMP is supported by the European Research Council (ERC StG Ideas
2011 BIHSNAM n.279985, ERC PoC 2015 SILKENE nr. 693670) and by the European Commission
under the Graphene Flagship (WP14 Poly- mer Composites, no. 696656).

Remarks

Unlike in section 4.1, in the reported paper not the average SE (see equation 3.10) but rather the EI/τ
(see equation 3.8) is used to estimate the energy involved in the process. However, section 3.3 showed
these two expression to share approximately the same trend, as confirmed by figure 4.19 reporting, as
an example, the normal component of both these quantities. Therefore the presented speculations about
the jars performance apply regardless from the formulation adopted for energy.

EI/τV Average SE/V

Figure 4.19: Trend of normal component of impact power (EI/τ , left) and average stress energy (SE, right) for
the CY and the newly-designed jars. It is worth noting that the two quantities share the same trend.
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Another difference with the analysis reported in section 4.1 is the use of the computer program PM2K
[176] instead of TOPAS [177] for the modelling of the XRPD patterns of ground fluorite.

4.2.2 Homogeneity of ball milled ceramic powders: effect of jar shape and milling condi-
tions

Authors: M. Broseghini, M. D’Incau, L. Gelisio, N.M. Pugno and P. Scardi. Adapted from [183].
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Figure 4.20: XRPD pattern of CaF2 ball-milled in the Half-Moon (HM) jar for 32h and with jar-to-plate velocity
ratio ω/Ω + 1 = -3.8. Experimental data (red circle) are shown together with the WPPM profile (blue line) and
their difference (residual, green line below). The contribution of a coarse-grained (black line) and a fine-grained
(purple line) fluorite fraction to the model is also accentuated in the insets (a, b, c).

Abstract

This article contains data and supporting information of and complementary to the research article
entitled Effect of jar shape on high-energy planetary ball milling efficiency: simulations and experiments
[92]. Calcium fluoride (CaF2) was ground using two jars of different shape (cylindrical and half-moon)
installed on a planetary ball-mill, exploring different operating conditions (jar-to-plate angular velocity
ratio and milling time). Scanning Electron Microscopy (SEM) images and X-Ray Powder Diffraction data
(XRPD) were collected to assess the effect of milling conditions on the end-product crystallite size. Due
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to the inhomogeneity of the end product, the Whole Powder Pattern Model (WPPM, [140]) analysis of
XRPD data required the hypothesis of a bimodal distribution of sizes - respectively ground (fine fraction)
and less-to-not ground (coarse fraction) - confirmed by SEM images and suggested by previous literature
[187, 188]. Predominance of fine fraction clearly indicates optimal milling conditions.

Figure 4.21: SEM micrographs of pristine powder (top) ball-milled with the cylindrical (CY, bottom left) and
half-moon (HM, bottom right) jars for 8 hours and with velocity ratio of ω/Ω+ 1 = -1.0.

Value of the data

• The planetary ball-milling process is ubiquitous in the production of nanostructured materials and
modification of their properties. The choice of optimal operating conditions defines end product
characteristics. Data reported in this manuscript guide the understanding of the effect of two milling
parameters (jar-to-plate angular velocity ratio and milling time) on the dimensional characteristics
of the end product.

• The assessment of the milling behaviour (e.g. coexistence of fine and coarse fractions and their
distributions) of a new jar design and the comparison with the standard cylindrical one can be
drawn from reported data and clearly show the importance of the vial shape on the end product
properties and on comminution efficiency.

Data

Data here reported aim at shedding some light on the effect of the milling process in terms of mill charge
comminution.
During grinding, fluorite pristine powder, exhibiting crystallite sizes of approximately a few hundreds
of nm, undergoes a overall size reduction but, as already pointed out in [92], depending on operating
conditions, the end product could be not homogeneous. Under scarcely efficient conditions in particular,

74



4.2. Cylindrical and Half-Moon jars: a direct comparison

the ground powder tends to develop a bimodal distribution of sizes, with a more or less pronounced
fraction of powder ground to nanometer scale (fine fraction) coexisting with a second fraction of less or
totally not ground fluorite crystals (coarse fraction). This is shown by the WPPM analyses, requiring two
lognormal distributions of crystalline domains, describing respectively the coarse and the fine fractions,
for the optimal modelling of XRPD data, as illustrated in figure 4.20.
The validity of this hypothesis is further demonstrated by SEM pictures (selected cases reported in figure
4.21), clearly showing the coexistence of grains characterised by considerably different sizes.

Figure 4.22: Crystallite domain size probability distribution for CaF2 ground with the CY (red) and HM (blue)
jars for increasing milling time and at ω/Ω+ 1 = -1.0. Two lognormal size distributions, representing respectively
the finer and the coarser (less or totally not ground crystals) fractions of the end product, were required to properly
model XRPD data. The powder homogeneity increases with milling time and strongly depends on the vial shape,
the HM jar being more effective and faster in producing a more uniform sample.

The lack of homogeneity of the end product can be significantly reduced by carefully tailoring the pro-
cess and, in particular, a more uniform fluorite powder exhibiting nanometric crystalline domains, was
produced by increasing the milling time [138, 187]. However, the amount of time required to reach this
result closely relates on the jar design and the HM jar was revealed to be much more effective and faster,
as illustrated in figure 4.22 comparing end product size distributions obtained by the WPPM analyses
of patterns from samples milled with the CY and the HM jars for different milling times. SEM micro-
graphs in figure 4.21 support this results. Indeed, cubic particles typical of the pristine material (figure
4.21,top) are still clearly recognizable in the end product of the CY jar (figure 4.21, bottom left) while
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almost absent after milling with the HM vial (figure 4.21, bottom right), demonstrating the enhanced
comminution efficiency of the HM jar under the adopted operating conditions (8 hours, ω/Ω + 1 = -1).
Also the creation of agglomerates covered by a large amount of fine particulate (below one micron) can
be observed for the latter jar shape.

Experimental Design, Materials and Methods

Materials Calcium fluoride from CARLO ERBA Reagents S.r.l..

Milling Samples were milled in a Fritsch Pulverisette 4 (P4 [109]) planetary ball-mill under different
operative conditions (jar-to-plate angular velocity ratio and milling time). Twelve balls were inserted in
a cylindrical and in a half-moon jar (physical and geometrical properties reported in [91, 92]), designed
by the authors and produced at the University of Trento (Italy).

Data acquisition A ESEM FEI XL 30 was employed to acquire SEM images while XRPD data were
collected using a Rigaku PMG/VH diffractometer according to the procedure reported in [92, 138].

XRPD data analysis WPPM analyses [140] were performed using the software PM2K [176] and
details are reported in [92].
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Chapter 5

Some relevant case studies

While in chapter 4 the multibody dynamics model of the planetary ball mill (introduced in chapter 3)
was employed to investigate the effect of the jar shape on the milling performance, in this chapter two
case studies requiring different mechanical actions – i.e. mostly along the collision axis and perpendicular
to it – are discussed.
In particular, a strategy for the optimisation of milling parameters for (i) the production of two-dimensional
materials by exfoliation – mostly requiring tangential action – and (ii) the size-reduction – or comminution,
especially requiring normal action – of the anti-HIV drug Efavirenz aimed at improving its dissolution
properties, are tackled through the proposed modelling approach.

5.1 Planetary ball milling for the production of 2D nanostructured materials

The mechanical exfoliation of 3D-bulk systems leading to the production of 2D-nanostructured materials
has been demonstrated to mainly require shear actions [15, 154, 189]. Among the possible approaches,
the planetary ball milling is one of the most suitable top-down techniques being able to transfer a larger
amount of energy in tangential direction than other grinding methods [15, 152, 190]. Simulations are
here employed to investigate mill configurations maximising tangential mechanical action, particularly
focusing on the effect of the number of balls and the jar-to-plate velocity ratio. The material considered
in this example is graphite, characterised by extremely low friction coefficients, allowing to speculate also
on the influence of this variable on the modelling results.
It should be pointed out that, while the case study of the milling of the Efavirenz is discussed in more
detail and complemented with experimental data, the present discussion is only aimed at providing some
hints and a possible optimisation procedure but further investigations would be required.

5.1.1 Introduction

In the last decades, two-dimensional (2D) materials such as graphene and boron nitride nanosheets,
triggered intensive research worldwide [191, 192] due to their intriguing electrical [193], thermal [194],
optical [195], magnetic [196] and mechanical [197] properties.
In particular, since the report of the first graphene layer isolated from graphite [198], this material –
either as a single layer or as an aggregate of a few layers – has been proposed and investigated for a wide
range of potential applications, ranging from energy production and storage to electronic industry, as
well as to materials engineering e.g. to create nanocomposites [152, 192, 199, 200].
Graphene was first obtained by mechanical cleavage using Scotch tape [198], a technique still often used
in laboratories since it provides high-quality samples [154]. However, the yield of this method is very low,
excellent for lab-scale but certainly not sufficient for the development of graphene-based technologies,
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requiring a large-scale and low-cost production method [154, 199, 201].
Literature provides several alternatives fulfilling this request, either following a bottom-up or a top-down
route [152, 189, 192, 202]. While the former category mainly includes chemical methods, such as vapor
deposition, epitaxial growth or solvothermal synthesis [203–205], the latter consists in the exfoliation of
3D bulk graphite, mostly via sonication or by mechanical action [206–208]. Ball milling – which falls
into the second class of methods – is often employed (see e.g. [152, 189, 190, 199, 201, 202, 209, 210])
due to the low operational cost and the possibility of processing a relatively large amount of material.
Among the various ball mill apparatuses, the planetary one demonstrated the highest attitude [152, 154]
generally being able to transfer a larger amount of shear action with respect to the other devices. Indeed,
the process efficiency was shown to be strongly influenced by the shock or shear nature of the impulsive
stress transferred by the impacts [15, 211–213]. A prevalence of intense shock loads was noticed to mostly
destroy or disorder the graphite in-plane crystal structure even leading to amorphous phases [15, 154, 189,
214]. On the contrary, graphene sheets exhibiting low defect content and well preserved crystal structure
were obtained with a dominant shear component of stresses [15, 154, 189, 214]. The proficiency of the
shear action was further confirmed by the high quality end product obtained by Antisari [15], introducing
a newly designed milling device, exploiting the sliding between a rotating pestle and jar to transfer pure
shear to the mill charge. Anyway, this milling condition can be approximately reproduced by a planetary
ball mill by carefully tailoring the milling parameters so to control the arising balls motion mode [154,
189, 215]. Among the works highlighting the fundamental role of parameters assessment in maximising
exfoliation efficiency, the one of Deepika [215], presenting an experimental systematic investigation on
the effect of milling time, filling ratio, mill velocities and balls size on the production of boron-nitride
nanosheets should certainly be mentioned.
As a possible process optimisation procedure, alternative to experiments, the application of multibody
dynamics computer simulations is here proposed for the case study of the milling of graphite. This
method provides insights on the milling dynamics, therefore allowing to speculate on configurations
mainly transferring energy in tangential direction and reducing or even avoiding violent impacts.

5.1.2 Methods

The multibody dynamics model presented in chapter 3 is employed here to simulate the milling of graphite.
Steel jar and balls exhibiting the previously listed geometrical and physical characteristics (see table 4.2)
are adopted and therefore the contact model parameters reported in table 3.2 are applied.
Also in this case the powder charge is not explicitly modelled, but its effect is simulated through suitable
friction parameters and both the (i) steel-steel and (ii) steel-graphite interaction cases are investigated,
as experimental grinding is expected to fall in-between them. It is worth underlying that the latter (ii)
case is characterised by extremely low friction and, as suggested by literature [216, 217], µs = 0.1 and µd

= 0.08 are adopted in the Coulomb friction scheme (MSC.Adams formulation, see chapter 3).
Integrator parameters reported in subsection 3.2.1 are maintained and simulation time equals 24 seconds.
The effect of the number of balls (6, 12, 24) and jar-to-plate velocity ratio (ω/Ω+ 1 ranging from 0.0 to
-3.4) are investigated and simulations results are analysed in terms of average SE, probability distribution
of impact velocities and balls trajectories.

5.1.3 Results

Figure 5.1 reports the average SE computed from simulations as a function of jar-to-plate velocity ratio
(ω/Ω+ 1), both for the steel-steel (green) and the steel-graphite (red) interactions and for an increasing
number of balls inside the jar. In particular, for the steel-steel case this quantity exhibits a maximum
shifting towards less negative velocity ratios while increasing the number of balls. As already pointed out
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Figure 5.1: Average SE for the steel-steel (green) and the steel-graphite (red) interactions as a function of number
of balls (6, 12, 24) and ω/Ω + 1. Typical balls trajectories are also sketched. The inset reports the average SE
computed for 12 spheres for the steel-steel, the steel-fluorite (lightblue) and the steel-graphite cases, highlighting
the effect of the lowering of friction (µd = 0.8, 0.2, 0.08 respectively).

in the previous chapters (where simulations were performed with 12 balls), the average SE is proportional
to balls motion complexity, with cascading (a), cataracting (b) and rolling (c) regimes arising by varying
ω/Ω + 1 as sketched in figure 5.1. Particularly, cataracting regime, providing with the maximum SE,
shows the most disordered balls movements and the larger number of high velocity impacts, as can
be deduced by comparing the a, b and c cases of figure 5.2, reporting the trajectories of 12 spheres
and the corresponding probability distributions of normal and tangential components of contact relative
velocity, transferring respectively shock and shear actions. According to the above-mentioned literature
the cataracting regime, giving to the most complex motion, should be the worst for graphene production,
probably damaging its atomic structure [15, 154, 189, 214].

Looking at the steel-graphite case, the average SE computed with 6 and 12 balls does not demonstrate a
maximum – or, in other words, a modification of the motion regime depending on the velocity ratio – and
this can be related to the very low friction parameters characterising this interaction. Indeed, the inset of
figure 5.1 reporting the average SE computed for steel-steel, steel-fluorite and steel-graphite interactions
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Figure 5.2: Selected trajectories and probability distributions of relative contact velocities for the steel-steel (green)
and steel-graphite (red) interactions corresponding to the velocity ratios sketched and indicated with a,b,c,d in figure
5.1. The normal and tangential velocities components are presented in a,b,c for the two simulated interactions,
whereas d highlights the effect of the different number of balls for the steel-graphite case.
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(respectively characterised by µd = 0.8, 0.2, 0.08) shows that the lowering of friction shifts the maximum
of the SE to more negative values, till the limit of curves being monotonically increasing.
In terms of motion regime, for all the ω/Ω + 1 the reduced friction leads milling media to cluster and
slide along the vial surface (d). Consequently, the balls crossing the jar and colliding at high velocity
are only a small fraction, or even none, as shown by trajectories in figure 5.2d. This implies a normal
component of contact relative velocities much lower than in the steel-steel case but, most importantly,
a noticeably larger tangential one (see figure 5.2,a,b,c), resulting in a higher exchange of shear actions,
as required for best exfoliation of graphite [15, 154, 189, 214]. However this applies until the number of
balls is sufficiently low. In fact, interactions among balls generally increase with their number, therefore
promoting the detachment from the jar surface, causing a modification of the motion regime also for
the steel-graphite pair as suggested by the 24 spheres curve of figure 5.1. Consequently, an increase in
the normal relative velocity component and a decrease in the tangential one can be observed (see figure
5.2,d).
Recalling that real grinding is expected to fall in-between the steel-steel and steel-graphite boundary
interactions, the analyses here reported suggest that milling configurations providing with the higher
shear action exchange are likely to require a relatively reduced jar filling ratio. Furthermore, in terms
of jar and plate velocities, either the lowest or the highest ratios (i.e. sufficiently far from the maxima
of SE curves) seem to be more favourable. However, being the magnitude of the average available SE a
function of ω/Ω + 1, correlations with experimental results would be necessary to assess the condition
leading to the most efficient graphene sheets production. Experiments would also provide a validation of
simulations results, allowing to further exploit the modelling for predicting the effect of the other milling
variables.

5.2 Planetary ball milling of the Anti-HIV drug Efavirenz

In this section, the processing of the Anti-HIV drug Efavirenz in the planetary ball mill is investigated. In
terms of required mechanical action, this problem is opposite to the exfoliation of graphite since, as will
be better explained, normal forces and low energy are fundamental to achieve the goal of enhancing the
dissolution properties of this organic compound. Furthermore, differently from the previously presented
cases, not steel but rather zirconium oxide milling media are adopted so to avoid the contamination of
the end product. Also the size of both jar and balls is different since samples consist of a smaller amount
of powder.

5.2.1 Introduction

The latest report of the Joint United Nations Program on HIV/AIDS (UNIDAS) [218] estimates that
until 2015 the number of people living with AIDS world-wide was about 36.7 million. However, from 2010
the access to anti-retroviral treatments has more than doubled (from 7.5 from 17.0 million people) and
this is regarded to be largely responsible of a 26 % reduction of AIDS-related deaths. Greater financial
and human investments are currently running both in clinical experience and research so to achieve the
ambitious targets to extend the therapy coverage to at least the 90% of HIV-positive within 2020 and to
end the epidemic by 2030 [218].
Among the mostly prescribed anti-retroviral drugs, Efavirenz (EFV) belongs to the class-II (low solubil-
ity, high permeability) under the Biopharmaceutics Classification System (BCS) [219], exhibiting poor
aqueous solubility and low dissolution rate. This leads to limited drug bioavailability † (since these kinds
of compounds tend to be eliminated by the body before the dissolution and absorption into the systemic

†Bioavailability of a drug is defined as the fraction of the administered dose of a drug that enters the systemic circulation,
thereby accessing the site of action [220]

81



5.2. Planetary ball milling of the Anti-HIV drug Efavirenz

circulation processes are completed), requiring an increased dosage to achieve therapeutic levels in the
body, often implying adverse effects for the patient [221–223].
Nowadays, almost the 70 % of newly developed drugs show low solubility and therefore the enhance-
ment of dissolution is one of the most considerable challenges in pharmaceutical industry [222, 224, 225].
Several strategies have been adopted to overcome this limitation both involving chemical and physical
modification of the compounds. While the former route implies the design of new polymorphs often
followed by undesirable alterations of the biological effect, the latter keeps it unchanged, requiring conse-
quently a smaller amount of in vitro and in vivo testing procedures. One of the most exploited physical
method to enhance drug solubility, is particle size reduction [11, 226, 227]. This yields to the increase of
the surface area in contact with the dissolution medium, S, which is proportional to the dissolution rate,
dC/dt, as stated by the Nernst-Brunner equation [228]

dC

dt
=

DS

V h
(CS − C), (5.1)

where D is the diffusion coefficient, V the volume of the dissolution medium, h the thickness of the
diffusion layer, Cs the saturation solubility and C the instantaneous concentration at time t.
Many technologies are available for the production of ultrafine particles [229, 230] and micronization
has been for years the most widely used, employing in particular air jet mills (see e.g. [11, 223, 231]).
However, nowadays many pharmaceuticals are so poorly soluble that going down to the nanorange is
essential to affect dissolution and, for this task, planetary ball mills are frequently adopted [11–14].
Apart from size reduction, milling induces many other alterations of the drug particles (e.g. shape, rough-
ness, structural disorder and defect content) that have a considerable impact on dissolution, as revealed
by some literature works [11, 222, 232, 233]. Therefore, to completely understand the phenomenon,
the connections not only with particle size but also with many other parameters should be investigated.
With this in mind, a recent study proposes the analysis of the effect of drug microstructural properties
on the biopharmaceutical performance [139]. These properties, very often exploited in Materials Sci-
ence to explain the behaviour of materials like ceramics and metals, are not properly considered in the
pharmaceutical science [139]. Nevertheless, the above-mentioned work, focusing on crystallite domains,
evidenced this quantity to better correlate with dissolution than particle size † for the EFV produced
by micronization (raw material). Indeed, smaller crystalline domain sizes were found to correspond to
higher dissolution values also for batches with comparable particle sizes.
In the study here proposed, at the aim of enhance the dissolution rate, the EFV raw material is ground in
the planetary ball mill and the crystallite domain size is adopted as a parameter to compare the effect of
the milling process performed under different conditions. Since the end-product characteristics strongly
relate to milling parameters, as already shown in previous chapters, the application of the planetary
ball mill multibody dynamics model, supported also by camera recordings of the process, was crucial
to quickly predict the mill configuration providing with the larger reduction of crystallite size, possibly
leading to the higher dissolution.

5.2.2 Methods

EFV raw material, produced by micronization, was kindly donated by the Brazilian governmental phar-
maceutical laboratory Farmanguinhos-FIOCRUZ.
Unlike the previous examples reported in this thesis, for processing the EFV in the P4 planetary ball
mill, zirconium oxide (or zirconia) balls and jar were used. This material was chosen since it offers at

†Particles are localized objects exhibiting well-defined contours; crystallite domains constitute the internal structure of
each particle and are regions coherently scattering. See section 3.2 for more detailed informations.
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the same time high grinding efficiency (due to the high density) and great wear resistance, satisfying the
requirement of preventing sample contamination, fundamental for the milling of a pharmaceutical.
Experiments were performed adopting a 45 ml volume jar (whereas in the previous case studies it was 80
ml), filled with 20 balls of 3 mm diameter and 800 mg of EFV powder. The complete set of geometrical
and physical properties of milling media is reported in table 5.1. Different plate velocities and jar-to-plate
velocity ratios were tested through both computer simulations and experiments.

Jar and Spheres (Zirconium Oxide)
jar radius 20mm
jar volume 45cm3

jar height 40mm
spheres radius 3mm

density 5.7 g/cm3

Young modulus 205GPa
Poisson ratio 0.23

Table 5.1: Geometrical and physical properties of jar and milling media for the case study of EFV grinding.

The model

The multibody dynamics model was built following the procedure explained in section 3.2 but, being
materials and dimensions of milling body different from previous examples, both the geometry and the
contact laws were redesigned.
Contact and friction schemes coefficients as well as integrator parameters (HHT integrator, hmax = 10−6,
error = 10−6, step = 200/sec) were estimated according to the method defined in section 2.1. Also in this
case the mill charge was not explicitly modelled but accounted for through the friction coefficients. All
the values of parameters adopted for the for the zirconia-zirconia and zirconia-EFV interactions, resulting
from the experiments reported in subsection 2.1.1 can be found in table 5.2.
Simulations lasting 24 seconds were performed for both cases and results in terms of relative velocity were
exploited to compute the average stress energy (equation 3.10). Trajectories of balls were also investigated
and compared with camera recordings.

Camera recordings

The motion of the balls was monitored in operando, both with and without the EFV mill charge, by
installing the equipment described in subsection 4.1.1. Camera recordings allowed a qualitative compre-
hension of balls movements and their dependence on milling parameters set up.

XRPD-LPA

The XRPD patterns of EFV reported in the following section were recorded by a Thermo-ARL XT́RA
diffractometer with MoKa radiation generated at 50 kV and 40 mA, with a scanning rate of 0.4◦/min
over the 1.5-12◦ 2θ range. Measurements were performed in Bragg-Brentano geometry.
The analysis of each powder pattern under the WPPM approach [140–142], provided with the correspond-
ing Full Width at Half Maximum (FWHM) which is inversely proportional to the size of the crystalline
domains (for more information see section 3.2 and e.g. [234]).
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Contact model parameters
sphere-sphere generalized contact stiffness, kss 176,730N/mm3/2 eq.3.3
sphere-plane generalized contact stiffness, ksp 249,935N/mm3/2 eq.3.4

restitution coefficient, e 0.9 drop test, e =
√
h∗/h0

relative impact velocity, u̇n0 3,3mm/s statistical analysis of velocities
sphere-sphere contact damping, cm,ss 0.33kg/s eq.3.5
sphere-plane contact damping, cm,sp 0.57kg/s eq.3.5
full damping penetration depth, d 0.114mm fit of experimental drop test results

Friction parameters
static friction, zirconia-zirconia µs 0.8 literature

dynamic friction, zirconia-zirconia µd 0.67 tribological test
static friction, zirconia-EFV µs 0.48 literature

dynamic friction, zirconia-EFV µd 0.4 tribological test
stiction transition velocity, vs 1mm/s statistical analysis of velocities
friction transition velocity, vd 10mm/s statistical analysis of velocities

Table 5.2: Values used for the contact and the friction models and method used for their derivation.

Figure 5.3: The apparatuses for dissolution testing: the dissolutor (on the left) and the spectrophotometer (on
the right)

Dissolution Tests

In vitro dissolution tests are used in pharmaceutical industry as a surrogate of in vivo human studies to
assess the release properties of the drugs so to predict required oral dosage and in vivo bioavailability
[235–237].
Tests are performed in a dissolutor, an apparatus made of a transparent vessel and a rotating paddle
(USP Apparatus 2 [236, 238], see figure 5.3). The vessel contains a liquid (the dissolution medium),
kept at constant human-body temperature (i.e. approximately 37◦ C), and the drug sample in granular
(powder) or tablet form. For the tests here presented, an Erweka DT-626 dissolutor was used, with the
paddle rotating at 50 rpm and the vessel filled with 900 mL of methanol solution (40% V/V) at 37◦ C ±
0.5◦ C and 0.1 g of ground EFV. The drug release in the dissolution medium was real-time measured by
an UV-VIS Spectrophotometer (Perkin Elmer Lambda 650, wavelength 248 nm wavelength) connected
by a 40 µm cannula filter to the dissolutor (see figure 5.3), allowing to collect and analyse samples in
continuous [232, 233].
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5.2.3 Results †

A first series of preliminary experimental tests was performed by milling the EFV for 30 minutes under
conditions typical for ceramics materials and metals, namely Ω=200rpm and ω/Ω + 1 between -1 and
-3.4. However, XRPD-LPA on the end-products, revealed that the process did not have any effect on
crystallite domain size. Indeed, as reported in figure 5.4 top-left for ω/Ω+1 = -1 and -3.4, with respect

Figure 5.4: Results of milling of Efavirenz with Ω=200rpm and ω/Ω + 1 = -1 and -3.4. Top-left, XRPD-LPA
patterns; top-right, dissolution tests; bottom left, average stress energy computed from simulations; bottom-right,
simulated and recorded images of the milling process for the two tested velocity ratios.

to the raw material (black line) no broadening of the peaks can be observed for the ground samples and
the FWHM is almost unaltered. Moreover, for longer milling time, the works [232] and [233] showed
this conditions to be too energetic, to the point of causing the recrystallization of the material, leading

†In this work I carried out the simulations, the in operando camera recordings and part of the experimental milling. The
major part of the experimental milling, the XRPD measures together with the LPA were executed by E. Cappelletto and M.
D’Incau. Dissolution test were performed by E. Cappelletto. XRPD patterns and dissolution profiles reported in the figures
of this section are courtesy of E. Cappelletto and M. D’Incau.
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to morphology alterations. Also in terms of dissolution, no improvement but rather a worsening with
respect to the raw material, was given by the milled samples, as reported in figure 5.4 top-right.
So to investigate the reasons of ineffectiveness of the adopted milling process configuration, the appli-
cation of multibody dynamics simulation and in operando video recording was helpful. In fact, results
of simulations performed under the same milling conditions of the above-mentioned experiments and
presented in figure 5.4, bottom right, showed that, due to the high velocities, the balls tend to gather
together and stick along the height of the jar. The group of spheres rolls and slides over the powder, also
covering the jar surface but, in contrast with the exfoliation process, this kind of motion is not effective in
comminution, since this process seems to especially require the transfer of forces in normal direction [91,
92]. Prevalence of rolling motion was found to arise (both from camera recordings and trajectories of balls
in simulations) for every tested velocity ratio. Nevertheless, the average Stress Energy (SE) computed
from simulations (see figure 5.4,bottom right) shows a trend but this is due to the sporadic detachment
of some balls at the highest velocity ratios, resulting in a larger number of high velocity impacts and, in
turn, augmented average energy.
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Figure 5.5: Average stress energy for zirconia-zirconia and zirconia-EFV interactions as a function of the jar
to plate angular velocities, computed from simulations performed at Ω= 60 (solid line) and 80rpm (dashed line).
For both the plate velocities and interactions, the location of the maximum is comprised approximately between
ω/Ω+ 1=-3.0 and -3.8.

Giving useful support in the comprehension of the milling process, both the model and camera recordings
were further exploited to setup more suitable milling conditions, possibly leading to effective crystallite
size reduction, shown to be one of the parameters influencing the dissolution enhancement [139].
As a first step, energy reduction was pursued in order to avoid the side effects evidenced in [232, 233]
and, referring to the previously reported results (see chapters 3 and 4) highlighting the dependence of
this quantity on plate angular velocity, Ω was reduced. Ω = 60rpm and Ω = 80rpm were tested and,
both for the zirconium-zirconium and zirconium-EFV interactions, simulations were performed varying
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the ω/Ω + 1 velocity ratio between 0 and -4.6. Besides a global remarkable reduction of the magnitude
of the average SE with respect to Ω = 200rpm, figure 5.5 shows the maximum of this quantity to be
comprised between approximately ω/Ω+ 1=-3.0 and -3.8 for both the tested Ω.
Furthermore, it can be noted that the ω/Ω+1 maximum location keeps almost the same for the zirconium-
zirconium and the zirconium-EFV interactions since friction characteristics, pointed out by the tribolog-
ical tests, are very similar.

Figure 5.6: Top and middle, comparison of camera and simulated images of milling media motion inside the jar
for, respectively, Ω = 60 and 80 rpm and ω/Ω+1=-1.0 (left), -3.4 (center) and -4.2 (right). The maximum disorder
of the motion corresponds to ω/Ω+ 1=-3.4. Bottom, camera images recorded with EFV powder inside the jar for
Ω = 60rpm and under the above-mentioned velocity ratios. Balls can be seen to occupy the bottom part of the jar,
therefore almost fully involving the powder in grinding.

According to the results presented for the fluorite case of study (see chapters 3 and 4), the ω/Ω+1 range
of higher energy values should indicate the best milling condition for a material like EFV, requiring size
reduction. Indeed, it was shown that the maximum energy corresponds to the higher disorder of balls
motion, also providing with the larger amount of high normal velocity impacts, deemed as the more
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effective in comminution [91, 92].
The maximum complexity of balls movements was confirmed to arise around ω/Ω + 1=-3.4 by visual
inspection of balls trajectories both in simulations and camera recordings, as reported in figure 5.6,
pointing out also a good agreement between images obtained from these two techniques. However, it
should be underlined that, the three motion regimes (cascading, cataracting, rolling) clearly recognisable
in the previous case studies, are not so markedly different for this mill configuration, probably due to jar
and balls different geometry.
In addition, in contrast to the Ω=200rpm case, Ω=60 and 80rpm balls were revealed to move mainly in
the lower part of the jar. In particular, camera images recorded with the EFV for Ω=60rpm and reported
in figure 5.6 bottom, show balls to occupy the very bottom part of the jar, where also the powder lies.
As a consequence, powder is much more involved in milling than in the other cases, in which it is mainly
pushed along jar wall. Better comminution and higher end-product homogeneity were therefore expected
for this Ω condition.
Driven by simulation predictions, EFV was ground for 30 minutes at ω/Ω+1 = -1, -3.4, -4.2, with Ω=60
and 80rpm so to test three different conditions in terms of motion regime and energy. XRPD-LPA results,
reported in figure 5.7, highlight that for Ω=60rpm (left part of figure 5.7) ω/Ω+1 = -3.4 provides with the
maximum crystallite size reduction, as expected from simulations and camera investigations. This does
not apply instead to Ω=80rpm (right part of figure 5.7), where smaller crystallites are produced under
ω/Ω + 1 = -1.0. However, a similarity among these two conditions can be noticed in resulting FWHM
(0.32 for ω/Ω + 1 = -3.4, Ω = 60rpm; 0.33 for ω/Ω + 1 = -1.0, Ω = 80rpm, see figure 5.7), amorphous
component (apparently larger than for the other ratios, see figure 5.7) and even in terms of total amount
of average SE (approximately around 0.01 mJ, see figure 5.5). This could suggest this value to represent
a some kind of upper bound of energy efficiently involved in comminution and that the energy exceeding
it could be involved in the development of other processes.

Figure 5.7: XRPD patterns of EFV milled at Ω= 60 (left) and 80rpm (right). For Ω= 60rpm, results of LPA
indicates ω/Ω + 1=-3.4 to provide with the maximum broadening of the peaks and higher FWHM, namely with
the smaller crystallite sizes. For Ω= 80rpm the same results is given by ω/Ω+ 1=-1.0.

Figure 5.8 reports the dissolution profiles of the samples milled at ω/Ω + 1 = -3.4, with Ω = 60, 80,
200rpm and it clearly reveals both the Ω = 60 and 80rpm milling conditions to give an improvement
of dissolution rate with respect to the raw material as well as Ω = 200rpm, supporting the previously
highlighted request of energy reduction. In particular, the sample corresponding to the less energetic
configuration (Ω = 60rpm) provides the best result, exhibiting an amount of dissolved drug larger than
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the others at every instant of time. Furthermore, for these Ω conditions, a correlation between crystallite
dimensions and dissolution can be supposed since the smaller the crystallites the higher is the dissolution.

Figure 5.8: Dissolution profiles of EFV raw material and milled at ω/Ω + 1=-3.4, with Ω = 60, 80 and 200rpm.
Samples produced with Ω = 60 and 80rpm give an improvement of dissolution rate with respect to the raw
material and the Ω = 200rpm condition, thus validating the suggestion about efficient milling conditions provided
by simulations.

Figure 5.9: Dissolution profiles of EFV raw material and milled at ω/Ω + 1=-1.0, -3.4, -4.2, with Ω = 60 (left)
and 80rpm (right). For both Ω, for all the tested velocity ratios an enhancement of dissolution rate with respect
to raw material can be noticed and samples milled ω/Ω+ 1= -4.2 are shown to give the best results.

The same can not be asserted, however, for the dissolution profiles of samples milled under the same Ω
but at different velocity ratios. Indeed, as shown in figure 5.9, for both Ω = 60 and 80rpm, the dissolution
is slightly higher for the samples ground at ω/Ω + 1 = -4.2, a ratio not among those indicated as most
favourable by simulations and providing with larger crystallites than e.g. -3.4. This results, can relate
to other effects of the milling process e.g. agglomeration of particles or alterations of morphology, not
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investigated in this work but strongly influencing the dissolution mechanisms [232, 233]. It can therefore
be concluded that, the modelling of the process together with the in operando recordings, allowed a
better understanding of the milling process dynamics and provided suggestions to move towards in the
setup of milling conditions leading to an efficient reduction of crystallite size and an enhancement of EFV
dissolution. However, dissolution is a complex phenomenon and further analyses, also going beyond the
milling process, are required for its full comprehension.
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Chapter 6

Conclusions

The main focus of this Thesis has been the development of a numerical model of the planetary ball mill,
one of the most flexible and widely employed high-energy grinding devices. This multibody dynamics
model, typically corroborated by a structural and microstructural characterisation of the ground mill
charge, has been exploited to investigate and tune several milling variables, which define operating con-
ditions that determine the characteristics of the end product. Simulations outcomes – consisting in the
kinematic and dynamic quantities at each timestep – shed light on several fundamental aspects of the
process e.g. balls motion regimes and collision velocities, in turn related to the available power and the
preferential direction of impact energy exchange with respect to the collision axis (normal-to-tangential
ratio).
When compared to typical experimental characterisation of the milling result, this numerical tool reduces
the effort – as well as the cost – of parameters assessment and provide quantities e.g. contact forces which
are not accessible by experiments. The validity of the model has been successfully assessed (i) against a
size-strain analysis – in terms of crystallite dimensions and dislocation densities – of X-ray powder diffrac-
tion data collected on ground calcium fluorite, where size reduction and increased defectiveness have been
correlated to the device effectiveness, and (ii) directly against video recorded in operando conditions.
Among the investigated variables, it is worth mentioning the jar-to-plate velocity ratio which has been
shown to strongly affect the balls motion regime, in turn demonstrated to correlate to the amount of
energy available for grinding by comparing the statistical occupation of the jar volume and the available
energy estimated from simulations. Particularly it has been demonstrated that, the more the motion is
complex, the higher is the impact energy.
The model was further exploited to analyse the effect of the jar shape, a parameter usually neglected by
the literature. Four innovative designs have been proposed, aimed at breaking the cylindrical symmetry
of the standard cylindrical jar in different way but pursuing the same goal of disordering balls movements.
Obstacles or polygonal profiles were introduced so to drive balls along trajectories promoting impacts with
high axial velocity component, deemed as the most effective in the comminution process. Simulations
output – analysed in terms of average available energy, balls trajectories and velocity probability distri-
bution, both in normal and tangential direction – are rather promising, suggesting the newly designed
jars to provide with an increased amount of available energy in the contact direction with respect to the
standard cylindrical vial. Moreover, the range of jar-to-plate velocity ratio corresponding to the most
disordered ball motion and, in turn, to the most efficient grinding conditions has been revealed to be
more extended for the new jars. Being less sensitive to milling parameters, the new vials were therefore
supposed to give more robust grinding. To conclude, newly designed jars were also experimentally shown
to require shorter milling time than the cylindrical design to achieve the same results in terms of mill
charge comminution, reducing therefore the overall process duration with consequent time and energy
saving.
The flexibility and simplicity of the model developed in this Thesis allowed and will allow a detailed com-
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prehension and tuning of milling parameters for specific cases, e.g. requiring mostly tangential – this is,
for example, the case of the exfoliation from a bulk of two-dimensional materials – or normal mechanical
actions, exploitable e.g. for the reduction of crystallite size of poorly soluble drugs, possibly contributing
in the challenge of bioavailability enhancement.
Further directions of research will include the understanding of the role of variables such as size and
volume fraction of milling media on the process efficiency. Moreover, a deeper comprehension of the
fracture of the mill charge could be achieved by coupling the outcome of the presented model – in terms
of velocity, direction and duration of collision – with theoretical models of dynamic fracture and atomistic
simulations of the contact event, shedding light on the formation and amount of structural defects.
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Abbreviations

Glossary

CAE Computer Aided Engineering
DEM Discrete Element Method
CaF2 Calcium fluoride
XRPD X-Ray powder diffraction
LPA Line profile analysis
XRPD-LPAX-Ray powder diffraction line profile analysis
WPPM Whole Powder Pattern Modeling
FWHM Full Width at Half Maximum
SEM Scanning Electron Microscopy
CDF Cylindrical Distribution Function
EI/τ Impact Power (or specific impact energy)
SE Stress Energy
CY Cylindrical jar
HM Half-Moon jar
1L 1-Lifter jar
3L 3-Lifters jar
T Triangular jar
EFV Efavirenz
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Symbols
ω jar angular velocity

Ω main disk (plate) angular velocity

ω/Ω+ 1 Ratio of jar to plate angular velocity

u̇ Relative velocity of colliding bodies

u Relative displacement of colliding bodies, or compenetration

k Generalised contact stiffness

c Contact damping

µs Static friction coefficient

µd Dynamic friction coefficient

σy Yield stress

⟨D⟩ Average crystallite dimensions

ρ Dislocation density
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The comminution and tuning of several structural parameters of materials is 
often accomplished following a top-down route by high-energy grinding. The 
reduced size of the particles constituting the end product and the 
incorporation of defects cause modified materials properties and increased 
solid-state chemical reactivity. Among grinding devices, the planetary ball mill 
features high efficiency and versatility, being suitable for processing almost 
any kind of material, from metals and ceramics to organic compounds and 
pharmaceuticals. While its design and working principle are rather simple, 
since grinding occurs by impacts between milling media (balls and jar) and 
mill charge, the characteristics of the end product strongly depend on a 
moltitude of variables, determining balls trajectories and velocities and, in 
turn, the nature of impulsive forces exchanged during collisions.
Numerical models can enourmously contribute to shed light on the process by 
providing the time evolution of kinematic and dynamic properties of milling 
media as well as quantities involved in contact events, permitting to
understand the role of each milling variable and to design the characteristics 
of the end product. This Thesis chiefly proposes the implementation of a 
multibody dynamics model of the planetary ball milling process, its direct and 
indirect validation – respectively against movie collected in-operando and 
properties of the end product revealed by the analysis of X-ray powder 
diffraction data –, the evaluation of the effect of selected milling variables and 
the investigation of innovative solutions defining specific collision features, 
obtained by the re-design of the jar shape. 
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