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Abstract

The aim of this thesis is to study renormalization of Wick polynomials
of quantum Boson fields in locally covariant algebraic quantum field the-
ory in curved spacetime. Vector fields are described as sections of natural
vector bundles over globally hyperbolic spacetimes and quantized in a lo-
cally covariant framework through the known functorial machinery in terms
of local x-algebras. These quantized fields may be defined on spacetimes
with given classical background fields, also sections of natural vector bun-
dles: The most obvious one is the metric of the spacetime itself, but we
encompass also the case of generic spacetime tensors as background fields.
In our framework also physical quantities like the mass of the field or the
coupling to the curvature are viewed as background fields. Wick powers of
the quantized vector field are then axiomatically defined imposing in partic-
ular local covariance, scaling properties and smooth dependence on smooth
perturbation of the background fields. A general classification theorem is
established for finite renormalization terms (or counterterms) arising when
comparing different solutions satisfying the defining axioms of Wick pow-
ers. The result is then specialized to the case of spacetime tensor fields. In
particular, the case of a vector Klein-Gordon field and the case of a scalar
field renormalized together with its derivatives are discussed as examples. In
each case, a more precise statement about the structure of the counterterms
is proved. The finite renormalization terms turn out to be finite-order poly-
nomials tensorially and locally constructed with the backgrounds fields and
their covariant derivatives whose coefficients are locally smooth functions of
polynomial scalar invariants constructed from the so-called marginal subset
of the background fields. Our main technical tools are based on the Peetre-
Slovak theorem characterizing differential operators and on the classification
of smooth invariants on representations of reductive Lie groups.

This thesis is mostly based on the paper [KMMI7], which was submitted
to Annales Henri Poincaré for publication.






“Because in the end, you won’t remember the time you spent working in the
office or mowing your lawn. Climb that goddamn mountain”

—]Jack Kerouac
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Overview

This thesis presents some results about renormalization of Wick polynomials of Bo-
son fields in locally covariant algebraic quantum field theory in curved spacetime.
Wick polynomials and time-ordered products of Wick polynomial are the build-
ing blocks for perturbative renormalization of quantum fields, both in Minkowski
spacetime and in curved spacetime, where the metric is considered as a given ex-
ternal classical field. Taking the Klein-Gordon scalar field operator ¢(x) as an
example, the Wick powers ¢ (2) have the physical interpretation of products of &
factors ¢ evaluated at the same point x. But these products are not well-defined
in general because they correspond to products of distributions at a given point and
this notion is not well-defined. To overcome this problem, in Minkowskian QFT,
Wick polynomials are defined exploiting the standard normal ordering prescription:
Using Fourier transform, all quantum fields are written in term of creation and
annihilation operators, a* and a, and then normal ordered product of operators is

defined by
:aa™: = a*a, :a¥a:=a%a, :aa:=aa, :a*a’:=a*a”.

obviously extended to products of many operators (e.g. :aa*a: = a*aa). In
Minkowski spacetime the normal order prescription written in terms of creation
and annihilation operators is equivalent to the standard vacuum subtraction pro-
cedure, i.e.

p%(x): = lim @(@)p(y) — (Ol () (y)|0)]

extended to higher powers with the well-known Wick rule, where |0) is Minkowski

vacuum. But in a general curved spacetime we also do not have a proper vacuum
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Overview

state at our disposal. The best we can do is to replace the Poincaré vacuum |0)
with a generic Hadamard state w, i.e.
ip%(2): = lim p(2)e(y) — w(e(@)e(y))L.

This is a good definition because, using the language of Algebraic QFT (AQFT),
for any Hadamard state w, the singularity structure of (more precisely the wave-
front set of) w(yp(x)y(y)) is under sufficient control so that we can find a dis-
tribution H(z,y) that is independent of w (as long as it remains Hadamard)
such that the difference w(p(x)p(y)) — H(x,y) is regular enough to properly
define the Wick square by ¢?(x) := lim,_,, ¢(z)¢(y) — H(z,y)], and so on for
higher Wick powers (this is known as the Hadamard parametrix regularization
method [HWO01, HW02, BF0O]). In any case, even such a procedures do not lead
to a unique definition. The constructed Wick powers (or also more generally time
ordered products of Wick powers) may be still affected by (finite) ambiguities, pop-
ularly called finite-renormalization terms (or counterterms). Within the divergence
subtraction paradigm their nature is obvious: depending on how the regulariza-
tion is carried out, 00 — 0o could be any number. A given Wick product ¥ (x),
interpreted as a distributional kernel evaluated at x, can always be be redefined by
adding similar counter terms of lower order multiplied with coefficients depending
on z: oF(z) = 3, Ci(x)¢!(x). The structure of these coefficients C; can be
fixed by imposing some further physical constraints. The renormalization of Wick
powers of scalar fields has been studied in detail in [HWO01, KM16].

This work deals with the classification of Wick polynomials (study of the
renormalization counterterms) of a rather general locally covariant bosonic vector-
valued quantum field, in the presence of rather general classical background fields.
The constant parameters that usually defining a quantum field, like the mass and
coupling constants, are included in among the classical background fields (and
may be restricted to be constants).

Our general settings is the following: We consider a quantum field over a
time-oriented globally-hyperbolic spacetime (M, g) of dimension n. In general,
in addition to the quantum field, there are some classical assigned background
fields on M. They influence the evolution of the quantum field, for example
because they may be present in the equation of motion of the quantum field.
The first necessary background field is the metric itself g, however further tensor
fields may enter the theory. Background fields are described as sections b of

2



Overview

a suitable bundle BM — M (actually a natural bundle [KMS93] since we are
working with the locally covariant framework [BFV03] of AQFT and so we have to
deal with all bundles of background fields simultaneously and coherently for every
globally-hyperbolic spacetime). With (M, b) we denote a background geometry, i.e.
a spacetime M equipped with background fields b.

On the other hand, quantum fields, always in the framework of locally covariant
AQFT [BFV03], are viewed as as distribution valued in a suitable algebra of ob-
servables W(M,b), i.e. if 2(V*M) is the space of compactly supported smooth
section of the dual natural bundle V*M, A quantum V -field is an assignment
A(p,p) of an algebra-valued distribution

which respects the inclusions and isomorphisms induced by isometries. We also
have two further requirement regarding quantum fields: We assume a suitable
commutation relation between fields which characterize them as proper Boson fields
and we assume that quantum fields scale homogeneously under physical scaling,
i.e. under the dilatation of all background fields (possibly with different weights).

In this general settings we state a set of axioms that Wick powers have to sat-
isfy, namely behaviour of Low Powers, Scaling, Kinematic Completeness, Commutator
Expansion, and Smoothness. Starting form this set of axioms we proved our first
result: If we consider two families of Wick powers {Ak}k:LQ’m and {Ak}kzl,z,...
of the same quantum V'-field A the the following formula holds:

k—1
—_ — k
Abl o ‘Abk (x) = Abl o ‘Abk (x) + Z <Z>Ckl[M7 b](b1---bk4(m)Ab1 T Abz)(m)
=0

where {C},} =12, is family of smooth locally-covariant symmetric V -tensor fields
of order k. Moreover Cy, for k = 1,2,..., are differential operators of locally
bounded order. The last result is proved exploiting an important result of differential
geometry, the Peetre-Slovak theorem [Slo88]. This result was firstly used in [KM16]
in the study of renormalization of scalar fields and it permit to avoid analyticity
requirements previously used in [HWO01, HW02].

After this very general result we specialize a bit our model considering the
case when both the dynamical and background fields are spacetime tensors. In
this framework we proved the main result of this work. It precisely characterizes
the form of the differential operator coefficients Cj, in the general finite renormal-

ization formula. These coefficients must be linear combinations of tensor valued
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polynomials, covariantly constructed out of the curvature tensors, the background
field tensors and all of their covariant derivatives. The number of independent
terms and the degrees of these polynomials are a priori bounded, with the bound
determined by the scaling dimension of the Wick power and the ranks of the
tensors involved. The coefficients of these polynomials are locally (in a precise
sense) smooth functions (no longer just polynomial) of finitely many polynomial
scalars covariantly constructed out of the subset of the background fields. Cru-
cially these finiteness results hold only when all background fields are admissible.
Here a background tensor field is admissible if its physical scaling weight and its
tensor rank satisfy an inequality. Those background fields that saturate the in-
equality are called marginal and only they are allowed to appear non-polynomially
in the finite renormalization terms. We stress that, despite the admissibility is a
technical mathematical condition necessary in our proofs, all physical models of
major interest satisfies it (in particular some examples are discussed at the end of
Chapter 4). To achieve this result we used some important mathematical results:
the Thomas replacement theorem and results from the classical invariant theory of
the general linear and (Lorentzian) orthogonal groups (the notion of local smooth
dependence on a set of polynomial invariants was actually born out of the neces-
sity of dealing with the complicated orbit structure for the action of the orthogonal
group on background tensors).

It is remarkable that all these results are written to encompass the case in
which the bundle of dynamical fields is actually a direct sum of vector bundles:

This means that we can renormalize quantum fields that are actually n-tuples of
fields.

Finally, we use our main result in the study of some physically relevant models:
the vector Klein-Gordon field, also with a tensorial coupling to the scalar curvature,
and the scalar Klein-Gordon field with its first derivative.

Now that we have presented the main topics we are going to deal with, we
briefly summarized how the thesis is organized.

In Chapter 1 we introduce all geometric structure we need in the subsequent
parts of the thesis: We recall the notion of spacetime and in particular of globally
hyperbolic spcaetime. Then, just to fix notation, we introduce the concept of vector
bundle and of jet bundle, and important object that we use extensively in the whole
thesis. After that we outline the key properties of Green hyperbolic operators,
introducing also the notion of propagator. Finally, after a brief discussion on the
basic concept of category theory, we introduce the most important geometric object

4
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of this thesis: The background geometries.

In Chapter 2 we discuss the problem of normal ordering in Algebraic QFT. We
firstly present the problem of normal ordering al Minkowskian QFT and, after a
brief introduction of Algebraic QFT, we discuss the problem of ambiguities in the
definition of Wick polynomials in a general curved spacetime, motivating then the
whole work.

Chapter 3 is devoted to present all technical results that we use to study the
renormalization of quantum Boson fields: the most important one is surely the
Peetre-Slovak theorem: after having discussed it we prove some results about phys-
ical scaling, we present some results from the classical invariant theory of the
general linear and (Lorentzian) orthogonal groups and finally we introduce the
Thomas replacement theorem.

The Chapter 4 is the core of the thesis. We introduce Wick powers from an
axiomatic viewpoint and we prove the general renormalization formula. After that
we consider a tensor Boson field and we prove that the coefficients of the formula
are linear combinations of tensor valued polynomials, covariantly constructed out
of the curvature tensors, the background field tensors and all of their covariant
derivatives. Finally we consider three physically motivated applications of the

previous result.






Geometric structures

his chapter is devoted to introducing all geometric structures that we use
T in this work. In the first sections we briefly recall the notion of globally
hyperbolic spacetime and we introduce the notions of vector and jet bundles. Then,
after having recalled some basic ideas from category theory, we introduce the

concept of background geometries, one of our main building blocks.
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1.1 Spacetimes

11 Spacetimes

In this section we present our general geometric setting by recalling some well-
known notions about spacetimes.

In this thesis, a spacetime (M, g) is a Hausdorff, second countable, connected,
smooth n-dimensional manifold M endowed with a smooth Lorentzian metric g
with signature (— + ---+). With standard notation, 7'M and T*M denote the
tangent and cotangent bundle of M respectively (1, M and T; M denote the fibre
at p € M of TM and T*M respectively). For a spacetime (M, g) we also require
a key property, the global hyperbolicity, which is essential in the formulation of
physical theories (see for e.g. [BD15], [DMP17]). To properly define this concept we
recall some standard notions of Lorentzian geometry.

Definition 1.1. Given a spacetime (), g), we say that a vector v € T, M is
e timelike if and only if g(v,v) < 0,
e lightlike if and only if g(v,v) =0,
e spacelike if and only if g(v,v) > 0.

A vector is called causal if it is either timelike or lightlike.

For a fixed p € M it is possible to construct a two-folded light cone V), C T, M\ {0}
made of all causal vectors and we have the freedom to call future-directed the non-
zero vectors lying in one of the two-folds. If such choice can be made smoothly
varying p € M, we say that (M, g) is time orientable.

Definition 1.2. Let I be an interval. A piecewise smooth curve v : I — M is
timelike (lightlike, spacelike) if, for every ¢ € I, the tangent vector to the curve at
v(t) is timelike (respectively lightlike, spacelike). The curve -y is causal if, for every
t € I, the tangent vector to the curve at y(t) is causal and every tangent vector

has the same time orientation.

A curve, usually denoted by v, will be henceforth supposed to be piecewise
smooth. We can now define the causal structure of a spacetime (M, g). By I (p)
we denote the chronological future of a point p € M, i.e.

It (p) = {q € M | 3 future directed timelike curve s.t. 7(0) = p, v(1) = ¢},
while J T (p) denotes the causal future of a point p € M, i.e.

Jt(p) = {p}uU{q € M | 3 future directed causal curve s.t. 7(0) = p, v(1) = q} .

9



Chapter 1 - Geometric structures

Similarly, we define the chronological past 1~ (p) and the causal past J~(p) of a
point p € M by employing past directed timelike and causal curves, respectively.
These definitions can be extended to a general subset {2 C M by setting

) =Jrre), 7@ = 7 0);
peEQ peEQ
additionally, we define I(Q2) = IT(Q)U T (Q) and J(Q) = JT(Q) U J(Q). We
say that a subset  is achronal if I (Q) N Q = (), i.e. a set such that every timelike

curve meets it at most once. If € is a closed achronal subset, we define its future
domain of dependence as

DT(Q) = {p € M | every past inextensible causal curve through p intersects (2} .

Finally, we can define D~ () analogously and set D(Q2) = D (Q) U D~ (Q).
Above a past inextensible causal curve is a causal curve which cannot be extended

into a larger causal curve.

Definition 1.3. A Cauchy surface is a closed achronal set ¥ C M with D(X) = M.
A spacetime M is called globally hyperbolic if it contains a Cauchy surface.

It is possible to obtain a more practical characterization of globally hyperbolic
spacetimes establishing also the existence of smooth Cauchy surfaces [BD15, Thm.
3.1.4], [BSO5]:

Theorem 1.1. Let (M, g) be any time-oriented spacetime. The following two statements
are equivalent:

1. (M,g) is globally hyperbolic;

2. (M,g) is isometric to R X X with metric g = —(dt ® dt + hy, wheret € R,
B € C>(M) is strictly positive, whereas h; is a smooth Riemannian metric on ¥
depending smoothly on t. Furthermore each {t} x X is a smooth spacelike Cauchy
surface on M.

To conclude, in the following, with spacetime we always refer to a time-oriented

globally hyperbolic spacetime.
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1.2 Vector bundles and jets

Figure 1.1: Two smooth Cauchy surfaces.

1.2 Vector bundles and jets

In this sections we briefly recall some well-know notions of differential geometry,
concerning vector and jet bundles, with the main purpose to fix notations. We also
introduce the definition and useful identities for the symmetrized contraction of
sections of a vector bundle: This symmetrized contraction will be useful for giving
index-free versions of our results.

With VM — M (or simply with V' M) we denote a smooth real vector bundle
over a manifold M whose fibres V), are isomorphic to a given R®. We shall make
use of the auxiliary tensor bundles V®*M — M and V*®'M — M, which are
bundles of tensor products of k copies of the bundle VM and ! copies of the
dual bundle V*M respectively. In the following, we also consider two special sub-
bundles, namely those of the fully symmetrized contravariant and covariant tensor
products, defined by

VEEN S SV M = VO M VERIM S SWVEM = VEOILM

where we denoted with © the symmetrized tensor product. We recall [Pro07,
Lem.9.11] that fully symmetric tensors of order k are spanned by decomposable
tensors of the form v®*. We will take advantage of the following spaces of smooth
sections:

e &(X) :=T'(X) the space of smooth sections of the bundle X;

1



Chapter 1 - Geometric structures

e 7(X) the space of smooth and compactly supported sections of the bundle
X;

where X is a generic vector bundle. Obviously & (X) D Z(X).

Remark 11. In the following, we will consider bundles which are constructed as

direct sum, i.e.,
N

VM =@ WM
i=1
for some vector bundles W;M — M. We stress that, in this case, using the
distributivity of the tensor product with respect to the direct sum, we have

N N
VM = P QW M, S'VM =P Q) SWiM
|P|=Fk i=1 |P|=Fk i=1

where P = (p1,...,pn) is a multi-index and |P| = p; + - -+ + pn. It is straight-
forward to write the analogous decomposition for V*®! M and S'V* M. Moreover,
if the bundle V' M has the introduced direct sum structure, we will often take ad-
vantage of the identification: If &(V M) > f = @, fi we identify f; ~ @, ¥ fy.
With this identification we can substitute the direct sum with a standard sum:

fZZfi-

In the whole thesis, we always use remarks to specialize our results to the case of
a bundle constructed as a direct sum.

Remark 1.2. In the sequel, we sometimes write tensors in components. We use two
type of indices: We use the notation with Greek indices for sections of a generic
tensor bundle (for example, v#1#* denotes a section of V®* M) and Latin indices
for spacetime tensors, i.e., section of tensor products of TM and T"M bundles
(for example %1% denotes a section of T®¥ M),

We can now introduce the contraction product between symmetric tensor
fields. As we said, the following product is very useful to greatly simplify the

notation in our results.

Definition 1.4. The [-contraction product of symmetric sections
1 ESVIM) x E(SFVM) — (SFIV M) with k> 1,

12



1.2 Vector bundles and jets

is defined pointwise on decomposable tensors g®' € &(S'V* M), fO% € &(SFV M)
by

k _
(g@ y ka) = <l> (g, /)! fORL
and extended by linearity.

We can now prove some technical results, about the just introduced contraction
product, that will be very useful in the subsequent part.

Proposition 1.2. Let k,l,s > 0 be such thatl < k and s < k —1. For h €
E(S*V M), g€ ES'V*M) and f € E(SFV M) it holds

hs(glf):gl(hsf> (11)

Proof- 1t is immediate using the definition. It is sufficient to prove the result for

decomposable tensors and then use linearity to extend the proof to general tensors.

We consider h®* € &(S*V*M), ¢©' € &(S'V*M), fOF € &(S*¥V M). Thus
k
h@s s <g®l q f@k) — h@s s <<l> (g,f>l f@k—l)
k—1\(k
- ("0 et

(7)o gy s
g® <h®s y f@k) .

In the following, we often use the shorthand notation f* := f©F,

Proposition 1.3. Let g € &(V*M), fi € &(VM) andp; > 1 fori =1,...N. The
Jollowing relations hold

@ g1 (g7 e £F) =19 0 1,
N

(b)g'l( {’1®...®f§]f\’) :fol@...@(g.lflpl)@...@pr,
=1

© g (o0 /Y=

N
= Z (H (§Z>> (gl ‘I ( fl ® -..®f]qu)> f{n—m@...@f%zv—qN‘
Q=1 \i=1 "

qi<p;

13



Chapter 1 - Geometric structures

Moreover, if Q = (q1,...,qn) and P = (p1,...,pN) are multi-indices such that
Q| =|P| =119 €& (0N, S1W;M) and f; € &(W; M), then

@ he - (fP oo fRN)=0ifP+£Q.

Proof. Relation (a) follows immediately from the definition of contraction product.
We prove relation (). It is sufficient to prove the relation for the product fi © fo
and then the relation (3) follows immediately using the obtained result recursively.
Defining f = f1 + f2 we obtain

g'1f2:2<gvf>®f:2(<g7fl>+<gaf2>)®(f1+f2)
=g 1 i +2(9, /)0 f2+2(9. f2) O fi + g1 /3
=g fi+291M)Of+2g1f)Ofi+gf;

but we also have

g1 =91 (i +2h0f+f)=g1/i+291 (1O f)+g1f5
and then
g1 (fi0f))=@1f)O o+ fLo(g1f)

We now prove relation (¢). Applying recursively relation (@) and recalling that -1
acts as a derivation (relation (3)), we have, for ¢; < p;,

gl'l( fl@ ...@f]%N):
1

[—times

Z;Z()le g1 f)

‘Ql l q; —times

= Z @gqi ‘¢ fzpz

Q|=t i=1

(H < > qi ‘. f‘h) fl_lh o...0 f]]i]N_QN
|=i 1

1=

Ql=t <H< >>( (fl®...®f§’vN)) e o

=1

14



1.2 Vector bundles and jets

where the last equality holds because, if f =", f;,

gt = (Z@,m)l > (12) [Tio. 7 =3 < IQ ) I1o" » 7

|P|=l i |P|=l

but also

gl'zflzz<;>gl( SO R

|P=l

Finally, we have to prove relation (d). Define h = Y. h; and f = >, f; where
hi, fi € ng(WlM) Then

z
Wty ff = (Z<hi7fi>> = (é) [T¢ha £)7

i |P|=l i
= 30 5% sral ) Tl s
[Pl=t]Q|=l
but also
= > (j:)(é) (hfro--ohrf) (M o...0MRY).
[PI=l1Q|=l
Thus

(Mo onl) (M o...ofN)=0, fP£Q

and, since h¥ is a linear combination of h‘fl ® - ® hi we have concluded the
proof. O

Finally, we can introduce a geometric structure that we use extensively in this
work: jet bundles. We only recall some basic notions: A complete reference for this
subject is [KMS93]. Naively, given a bundle £ — M and a section f: M — E, the
jet of f at a point p € M collects the information about the coordinate derivatives
of f at p up to some order. The collection of all jets then forms the jet bundle
associated to F.

Definition 1.5. Consider a pair of smooth manifolds M, E and the class of smooth
functions f: M — FE, in particular £ may be a bundle with base M and in this
case the relevant set of functions f is that of smooth sections.

The germ of f at p € M is the equivalence class [f], of smooth functions (sections)

15



Chapter 1 - Geometric structures

M — E that are equal to f on some neighbourhood of p. The r-jet of f at
p € M, denoted by j; f, is the equivalence class [f]; of smooth functions (sections)
M — FE that have the same Taylor expansion at p as f to order r with respect
to fixed local coordinate systems in M and E (this property being independent
from the choice of the coordinate patch). When E — M is a smooth bundle,
J"E — M denotes the set of r-jets varying the point in the base, itself a smooth
bundle. Finally, if ) € I'(E) is a smooth section, the r-jet extension of v, denoted
with j"¢ € I'(J"E), is the section of J" E which collects the r—jets of 1) over each
point p € M.

A fiber (J"E), at p € M is diffeomorphic to F), x R*" where E,, is the fiber of
E at p and s, is the number of all (symmetrized) partial derivatives up to order r
with respect to any local chart on the base around p. The notion of jet extension
gives rise to the definition of local adapted coordinates on jet bundles.

Definition 1.6. Let (2%, v") be a local adapted coordinate chart on a bundle £ —
M, where z¢ are local coordinates on an open domain U C M and (2%,v") are
trivializing coordinates on the fibers over the open domain Z C FE projecting
onto U. This charts extends to an adapted coordinates chart (z%,v",) on the
jet bundle J"E defined as follows. Its domain is Z" C J"E is diffeomorphic to
Z x R®". Moreover

0 0
 Orm Ox®

for any section v of the bundle £ and where A = a5 - - - ¢; is a multi-index of size

Al =lwithl=0,1,...,r.

vl (7Y (p)) = a0’ (7" (p)) v’ (570 (p))

1.3 Green hyperbolic operators

The dynamics of most important and physically relevant fields is ruled by wave-like
equations: Generally we have a partial differential equation and we want to solve an
initial value problem. We have already introduced globally hyperbolic spacetimes,
which have a geometric structure suitable to assign initial data, now we outline
the key properties of a class of partial differential equations which encompass all
physical models that we treat in the following. In this section we mainly follow
[BD15, Section 3.2].

Definition 1.7. Let F, F’ be two vector bundles of rank k and £/, with typical fiber
V and V’ respectively, over the same manifold M. A linear map L : I'(F') — T'(F”)

16



1.3 Green hyperbolic operators

is a linear partial differential operator of order at most s € Ny if for all p € M
there exist

* A coordinate neighbourhood (U, ¢) centred in p;
¢ Local trivializations (U, ) and (U,v’) of F' and F’ respectively;

* A collection of smooth maps A; : U — Hom(V,V’) labelled by multi-

indices;
for which, given any f € I'(F'), on U one have

Lf=)_ A0'f.

[I|<s

Notice that here we are implicitly using both the coordinate chart ¢ and the triv-
ialization 1), ¢/. Moreover, if I = (Iy,...,I,_1), we used the notation &/ =
Hz;(l) 8{1”, where 0, ...,0p—1 are the partial derivatives with respect to the coor-
dinates coming from the chart (U, ¢). Furthermore, L is of order s € Ny if it is of
order at most s, but not of order at most s — 1.

Since this definition is very general, we need to introduce a class of linear par-

tial differential operators more suitable to study initial value problems in quantum
field theory.

Definition 1.8. Let F, I’ be two vector bundles of rank k& and &’ over the same
manifold M andlet L : T'(F)) — I'(F’) be any linear partial differential operator of
order s. We call principal symbol of L the map o7, : T*M — Hom(F, F”) locally
defined as follows: For p € M, mimicking Definition 1.7, consider a coordinate
chart around p and local trivializations of /' and F” and, for all ¢ € Ty M, set

|T|=s

where ¢! = HZ;(I) Q{“ and ¢, are the components of ¢ with respect to the chosen
chart. Furthermore, given a Lorentzian manifold (), g), we call a second order
linear partial differential operator P : I'(F') — I'(F’) normally hyperbolic if
op(¢) = 9(¢,¢)idF, forall p € M and all ¢ € Ty M.

We can write a normally hyperbolic operator P in local coordinates to better
understand its structure. Let p € M and (U, ¢) be a chart centered in p where the
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vector bundle F is trivial. There exist both A and A,, u =0,...,n — 1, smooth
maps from U to End(V') (where V is the typical fiber of F) such that, for any
f €T(F), on U one has

Pf=g™idy 0.0pf + AOuf + Af. (1.2)

From this expression we can notice that normally hyperbolic operators provide
a generalization the usual d’Alembert operator constructed out with covariant
derivatives [z = ¢"”V,V,, since (L2) locally agrees, up to lower order terms
in the derivatives, with the local expression of d’Alembert operator. It is important
to recall that, over a globally hyperbolic spacetime, initial values problems for a
normally hyperbolic operator P admit unique solution [BD15, Prop. 3.2.9].

We are now in position to introduce Green operators, or propagators, some of
the most important objects in field theory, which permit to characterize the smooth
solutions of the equation Pf = 0 [BD15, Lemma 3.2.14]. Before that, we need an
auxiliary definition.

Definition 1.9. Let (M, g) be a globally hyperbolic spacetime. and F be a vector
bundle over M. We call

L T'y.(F) C I'(F) the subset of smooth and future compact sections of F, that
is f € Tye(F) if supp f N J*(p) is compact for all p € M;

2. I'yo(F) C I'(F) the subset of smooth and past compact sections of F, that is
f eTl(F)if supp f N J~(p) is compact for all p € M;

3. T'4e(F') = T (F)NT'pe(F) the space of smooth and timelike compact sections
of F'.

Definition 1.10. Let (M, g) be a globally hyperbolic spacetime and consider a
vector bundle F' over M. Furthermore, let L : I'(F) — I'(F') be a linear partial
differential operator. We call retarded (+) and advanced (—) Green operators

two linear maps
ET :Tpe(F) = T(F), E~ :T4.(F) = T(F)
Fulfilling the properties listed below

1. For any f € T'p.(F), it holds LETf = f = ETLf and supp (E*f) C
J*(supp f);

18
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2. For any f € T'p.(F), it holds LE~f = f = E~Lf and supp (E~ f) C
J ™ (supp f).

The operator £ = E~ — ET : T'4.(F) — T'(F) will be referred to as advanced-
minus-retarded operator or causal propagator. A linear partial differential oper-
ator admitting both £ and £~ will be called Green hyperbolic.

1.4 Category theory

The main purpose of this thesis is to investigate the renormalization of a quantum
Boson field in a generic curved spacetime. Defining a quantum field in a General
Relativity settings we have to take into account the diffeomorphism-invariance of
this theory and then we have to construct locally covariant quantum fields. A
modern and complete definition of locally covariant quantum field theory was
firstly given by the authors of [BFV03]. To give a precise mathematical meaning
to this definition of locally covariant quantum field theory, we need the language
of category theory, of which we recall the fundamental concepts. We recall only the
basic definitions that we use in the following, for further details the reader can
refers to the standard monograph [MLI8].

Definition 1.11. A category € consists of
1. A class of obj(€) of objects;

2. A class of morphism hom(C) between objects. Each morphism connects two
objects (a source object and a target object) together. If f is a morphism with
source object A and target object B, we write f : A — B;

3. A notion of composition of these morphisms. If g: A -+ Band f: B = C
are two morphisms, they can be composed, resulting in a morphism f o g :

A— C.

Composition of morphism is required to be associative, i.e. if g: A — B, f : B —
C and h : C'— D are three morphisms then

ho(fog)=(hof)og.

Moreover, it is required that for every object A, there exists a morphism id4 called
the identity morphism for A, such that for every morphism f : A — B and every
morphism g : C' — A, we have

idgog=g, and foidg=f
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which means that the identity morphism id 4 leaves all morphisms starting from A

invariant upon composition.

One of the most basic example of category is Get: Objects of Get are sets
while the morphism are maps between sets. In the subsequent part of this chapter
we will introduce other categories related to the geometry of the spacetime.

Definition 1.12. Given two categories € and D, a covariant functor F': € — D is
a map which maps objects to objects, A — F(A) € obj(®D) for every A € obj(¢),
and morphisms to morphisms, (f : A — B) — (F(f) : F(A) — F(B)) €
hom(®) for every morphism f : A — B in hom(€), such that:

L. For every object A in €, F'(ida) = idp(a);
2. For all morphisms f: A— Bandg: B — C, F(go f) = F(g) o F(f).

In other words, functors are structure-preserving maps between categories.

1.5 Background geometries

In the whole thesis, our general settings is the following: We consider a quantum
field over a time-oriented globally-hyperbolic spacetime (M, g) of dimension n. In
addition to the quantum field, there are some classical assigned background fields
on M. They influence the evolution of the quantum field, for example because
they may be present in the equation of motion of the quantum field. The first
necessary background field is the metric itself g, however further tensor fields may
enter the theory. Background fields are described as sections b of a suitable bundle
BM — M. In this section we introduce all mathematical structures we need to
appropriately describe background fields in a locally covariant framework [BFV03],
i.e. we have to deal with all bundles of background fields simultaneously and
coherently for every globally-hyperbolic spacetime. We will also take advantage of

the elementary notions of category theory introduced in the previous section.

Definition 1.13. A bundle £ — M is said to be dimensionful if it is equipped
with a smooth action of the multiplicative group R™ := (0, +0c0)

RT x E> (\e)—rey€E,

called scaling. It is assumed that every bundle diffeomorphism F¥ > e+ e\ €

leaves fixed each fiber of I (so that the A\-parametrized family of these restrictions
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1.5 Background geometries

to a given fiber defines a group representation of R* in terms of fiber diffeomor-
phisms).
A dimensionful bundle is said to be dimensionless if the action is chosen to be

everywhere trivial.

Remark 1.3. Every vector bundle or a cone sub-bundle of a vector bundle (a cone
is a subset of a vector space that is invariant under multiplication by positive real
numbers, e.g., the cone of metrics of Lorentzian signature in the vector space of
symmetric 2-tensors) can be viewed as dimensionful, since it can be equipped with
a well-defined multiplication by scalars with some fixed power p € R on its fibers:
t— APL.

Remark 1.4. The definition applies also when a scaling action is not defined. In this
case the standard scaling action is assumed to be the trivial one, i.e., the bundles
are supposed to be dimensionless.

We can now introduce some categories that we will use in the following:

o Man is a category of smooth manifolds. Here objects are connected smooth

manifolds M of fixed dimension n and morphisms are smooth embeddings
x: M — M.

e Bndl is a category of dimensionful smooth bundles. Here objects 7g: £ —
M are smooth bundles over a smooth base of fixed dimension n. Since a
smooth bundle is locally trivializable, its typical fiber is diffeomorphic to a
fixed manifold £’ with possibly some additional structures (e.g., a vector space
structure) compatible with the smooth structure. Morphisms are smooth
maps &: E — E’ that are both

(i) fiber preserving: g 0§ = x¢ o g for uniquely associated smooth maps
X¢: M — M’ and preserving the additional structure of the fiber if any,

(ii) equivariant with respect to scaling: £(e)y = £(ey) for A € RT and
ec€ k.

Definition 1.14. A natural (dimensionful) bundle is a functor H: Man — Bndl
such that, using the notation HM := H(M) for every M € 9an, a morphism
X: M — M’ has an associated morphism H,: HM — HM' with mgpp 0 Hy, =

X omyn and H,y is a local diffeomorphism (a diffeomorphism onto its image).

Given a morphism x: M — M’ and exploiting the fact that H, is a local dif-

feomorphism, it is possible to construct a pullback action on sections of the
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associated bundles

X't E(HM') — E(HM)

which is completely defined by requiring that
h'ox = H,o(x*h') forh' € &(HM'). (1.3)

Since the morphism H, is equivariant, the scaling commutes with the pull-back,
ie.,

x*(hy) = (x*h’), with A € RT.

Furthermore, exploiting the compactness of the support of the elements of Z(H M),
also a natural push-forward map x.: Z(HM) — 2(HM') arises immediately. It
is defined as follows

(xf) () = Hyly -1 fXH®)) (14)

for f € Z(HM) and p’ € x(M) and the right-hand side is extended to the zero
function for p’ & x(M). Finally, if H, H': Man — Bndl are natural bundles, the
duals H*, H"™, the direct sum H @ H’ and tensor product H ® H' also define
natural bundles.

Dealing with a general framework of relativistic quantum field theory, a relevant
natural bundle, denoted by B: 9tan — ‘Bndl, is!

K
BM = $°T*M P (T*®lﬂ' M) (L5)
j=1

where S2T*M C S2T*M is the bundle of Lorentzian metrics over M and some
choice of tensor powers /;. We will later use BM as the bundle of background
fields for a model of quantum fields. Scalar fields in particular are admitted when
ki=1;=0.

As previously observed, the bundles (1.5) are naturally dimensionful. The sec-
tions of these type of bundles represent the non-quantized fields of definite type
assigned in every spacetime simultaneously and coherently. Let us state a pair
of precise definitions adding some further relevant details concerning the effective
action of R™.

't is of course possible to add also tensor powers of tangent bundle without any changes in the
subsequent part.
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1.5 Background geometries

Physical scaling

Figure 1.2: Pictorial view of the action of physical scaling on metric tensor.

Definition 1.15. Let B: 9tan — Bndl be the natural bundle of the form (L5),
with fixed ;. A background field is a section b: M — BM. A pair (M,b) is
a background geometry, provided the section b = (g, t1,...,tx) is such that
(M, g) is a time-oriented globally hyperbolic spacetime. The action of R* on the
bundles of the form (1.5) is such that, for every background field,

(g,tl,...,t[{) — (A_2g,)\51t1,...,ASKtK) s ( 6)
L
(g, t1,...,tx) € &(BM) XeRT,

for given reals s; independent from the section and M. Each such transformation
is called physical scaling transformation.

Definition 1.16. Referring to the natural bundle B: 9tan — Bndl of the form (1.5),
we define the following associated categories:

(a) Btg® is the category of background geometries, having time-oriented
background geometries as objects and morphisms given by smooth embed-
dings x: M — M’ that preserve the background fields, y*b’ = b on M, the
time orientation, and causality (every causal curve between x(p) and x(q)
in M’ is the x-image of a causal curve between p and ¢ in M).

(b) Beg®™ is the category of oriented background geometries having ori-
ented and time-oriented background geometries as objects and morphisms
as in BEg®, but also required to preserve the spacetime orientation.

Remark 1.5. The group of physical scaling transformations acts on the above cat-
egories mapping (M,b) — (M,b)), for any A\ € RT. By equivariance of the
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pullback of background fields, physical scalings actually act as functors, Btg® —
Beg® and BegB ™ — BegB ™ respectively.

Finally, for future convenience, we introduce various local coordinates systems
on BM and J"BM together with the description of a particular class of diffeo-
morphisms called coordinate scalings. Let (z*) be local coordinates on the open set
U C M and let (2%, gap, - - - (tj)cu--.alj ,...) be corresponding adapted local coor-
dinates on Z C BM where by definition Z projects onto U and, more strongly,
each fiber BM is completely included in Z if z € U.

¢ Covariant coordinates. According to Definition 1.6, the chart (z%) on U
induces corresponding adapted local coordinates on J" BN called covariant
coordinates

(ma, Gab, A, (tj)al...azj ,A) on the afore-mentioned domain Z" C J"BM,

where only n(n + 1)/2 metric components are considered because g is a

symmetric tensor.

* Contravariant coordinates. Since Lorentzian metrics are non-degenerate,
they admit an inverse denoted, using a standard notation, with g“b. We
correspondingly obtain induced coordinates g% on jets of the inverse-metric
bundle. Using the notation g48 = g@bi...gub for |A| = |B| = I, we
define the following functions:

ai...ap .
1 lj

ceap A
ab,A AB _ab (tj)al ai, :gAB(tj)B ’

g = |det gap| g =g g%,

where we have chosen fully contravariant coordinates for tensor bundles. We
have then obtained the set of local contravariant coordinates

(xa7gab,A’ (tj)aL..al].,A) on 7" C J"BM.

* Rescaled contravariant coordinates. We can obtain another coordinate
set by a suitable rescaling of the previous one: We introduce a factor of the
form ¢g“, with o € R, to rescale the coordinates (n is the dimension of M):

22
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(ma»g,g_ngab,g"”A'g“b’A,g“?n*nA(tj)al"'al'wA) on Z" C J'BM.

It should be noticed that the coordinates g and g_% gaqp are functionally
So one of the co-

independent only up to the identity g~ = ‘det g
ordinates g_% gap is (implicitly) omitted and replaced by g. The relevance
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1.5 Background geometries

of the rescaled contravariant coordinates consists of the fact since s; is the

(physical) scaling degree of t; these coordinates without the coordinate g,

S

— Tt biysign vy A
<xa7g "gabag"+"|A|gab’A,gn+2n+n‘A|(tj)al al]7 >
are invariant under physical scaling.

Curvature coordinates. Since we have a Lorentzian metric g, we can al-
ways define the Levi-Civita connection V and the Riemann tensor R. By
well-known formulas, we can also regroup the second order jet coordinates
of the metric into the components of the Christoffel symbols I'}. and the
components of the fully covariant Riemann tensor Rgpeq. An alternative way
to regroup the components of the Riemann tensor is into the following fully
contravariant tensor S, with components
S«abcd — gaa’gbb’ Ra/ (c Y d)‘

We denote by I'j, , the components of the J4 coordinate derivatives of

@ by SecdA the components of the symmetrized contravariant V4 =
V(... v@) derivatives of S, with (fj)al"'ali’A the components of the sym-
metrized contravariant derivatives of (£;)*'"*J. It is possible to prove
that [AT94, AT96] that

(xa’ Gab, F‘(lqu)’ S’ab(CCLA), (fj)al”'ale)

defines a complete coordinate system on Z" C J"BM, which we call curva-
ture coordinates.

Rescaled curvature coordinates. Analogously to rescaled contravariant
coordinates, we can rescale the curvature coordinates obtaining a new coor-

dinate system

1 3,1 _ YGysjia _
_1 S4LliA b(cd, A 24 I42A ai...ap ., A
<xajg’g ngab’r‘?qu)?gn n| |Sa (C )7gn 2n n‘ |(t]) J ) .

As before, removing g form the set of rescaled curvature coordinates we find
a set of coordinates which is fixed under physical scaling (since s; is the
scaling degrees of t;).
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Definition 1.17. We call a diffeomorphism /M — M a coordinate scaling around
of p € M if, in a neighborhood of p whose closure is included in the domain
U C M of local coordinates (%) centered at p itself, it acts as

2 — 2% (a=1,...,n)

for some p+ > 0, and smoothly extends to the identity before reaching the boundary
of U. More precisely, defining ¢ := — In x, the class of coordinate scaling around
p is represented by the one-parameter group of diffeomorphisms {¢;}cr of the
whole M leaving p fixed generated by the globally defined vector field X* =
—hx-2-, where h € 2(M) vanishes before reaching the boundary of U and

Oxe
attains the constant value 1 in a neighborhood of p.

We stress that, unlike physical scaling, these transformation are induced by diffeo-

morphisms of M.
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Normal ordering and

AQFT

n this chapter we present the problem of normal ordering in AQFT. Firstly we
I show why the normal ordering procedure is necessary, analysing a brief example
from Minkowskian QFT. Then we show why there does not exists a unique normal
ordering prescription in curved spacetime, motivating then the whole thesis. In

the last section we introduce some further ideas of locally covariant AQFT.
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2.1 Normal ordering and Wick polynomials

2.1 Normal ordering and Wick polynomials

In general, in a quantum field theory, several physically relevant observables (like
the stress-energy tensor) are constructed with products of fields at the same space-
time point. For this reason, field powers and polynomials have to be defined
properly. We start analysing this problem in the standard (Minkowskian) theory of
quantum fields (see for e.g. [PS95]). We take a massive scalar Klein-Gordon field
¢(x) in a 4-dimensional (Minkowski) spacetime as an example to explain the prob-
lem, but also observables constructed with other kind of fields present the same
issue. First of all we recall that in standard Minkowskian QFT, quantum fields
are operators (more precisely operator valued distributions) on a suitable Hilbert
space. Exploiting spatial Fourier transform, the quantum field ¢(x) is then written
in terms of creation and annihilation operators, a and a*, which act on a Fock

o(x) = / (\j;l:)?) ;k‘o (ake_ik'm + al*{eik'”:) (2.)

where k is the 3-momentum of the field and where kg = vk2 + m? with m
the mass of the field. Then, we can naively try to define the most basic field

space, i.e.

polynomial, namely ©?, in the following way

0 (z) := lim p(x)p(y). (2.2)

Yy—x

But, with this definition, the squared field is not a well-defined object because its
vacuum expectation value "blow-up". Indeed, using (2.1), we obtain

p(x)p(y) =

_/ d3k dgk, 1 (a efik-x_"_a*eik-x) (CL efik’-y_i_a* eik’-y)
~ ) (V2m)d (Var)3 2\ fkokp N ¢ k . K

B’k K 1 Y b ik
= axawe T T Y 4 gyt e R TR Y
/ (v2m)3 (vV2m)® 2. /koks ( Kk KTk

+aiiak/eik'xe_ik/'y + al"(aﬁ,eik'”’:eik/'y)
(2.3)
and if we compute the expectation value of ©?(z) on the Minkowski vacuum |0)

3
0PI = [ 55—y —
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and the p?(x), defined with (2.2), is not a well-defined object. In Minkowskian
QFT this problem is solved exploiting the so-called normal ordering prescription: all
observables are written in term of creation and annihilation operators and then all
creation operators have to be written to the left of all annihilation operators. In
other words, the normal ordered product, denoted by :-:, of @ and a™ is defined by

:aa”: = a*a, :a*a:=a"a, :aa:=aa, :aa*a’:=a"a”. (2.4)

Using this prescription, there are no more divergences in the vacuum expectation
value of the squared field and the expectation value of such kind of objects is now

meaningful:

d?k d3k’ 1
(Va2r)? (vVar)? 2,/koky

7ik-xeik’-y

ele)ow): = [

—a . —q /.
(akak/e ihex g —ikly + ay,axe

o —
—l—al*(ak/elk Te—ikhy 4 aiial*(/elk @ik y)

(2.5)

and if we now define the normal ordered squared field as

1% (x): = lim :p(x)p(y):

Yy—x

we obtain

(0| :0%():]0) = 0.

This procedure can be obviously extended to define higher powers of ¢(z). From
this example we can therefore see how a prescription like normal ordering is es-

sential to properly define important observables of quantum field theories.
Remark 2.1. Since, in general, we are interested in theories defined in the general
framework of a curved spacetime and since, for this reason, we do not have the
global Fourier transform at our disposal, we have to re-write the normal ordering
prescription (2.4) in position space. Comparing equations (2.3) and (2.5) it is easy
to show that
d*k A3k 1 N
3 3 7 [CLk, ak/
V2m)3 (V2m)3 24/ koki,

where [+, ] is the standard commutator of operators. Since

7ik-xeik’-y

le

p(@)e(y): = (T)p(y) —/(

lax, ap/] = §(k — k')

32



2.2 Algebraic Quantum Field Theory

we have

Pk 1

etz
(2m)3 2ko

p(@)p(y): = p(x)p(y) — /

= o(x)p(y) — (0]p(z)p(y)|0)I

and we finally obtain the expression of the normal ordered product of fields in
position space
1% (x): = lim p(2)p(y) — (0] (2)e(y)|0)1

Yy—x

which is a meaningful object. As we have shown in this brief example, the standard
normal ordering prescription, in Minkowski spacetime, is equivalent to the well-
known divergence subtraction method [KM15, Sec. 5.3.1]. In the next sections, we
show how this divergence substraction method can be used in a generic curved

spacetime.

An observable which is a polynomial in the field, with factors involving prod-
ucts of fields evaluated at the same spacetime point, is called Wick polynomial.
The most basic Wick polynomials are Wick powers, namely k-times product of
the field at the same point.

Now, we have to translate these ideas in the general framework of locally co-
variant algebraic quantum field theory (AQFT) on curved spacetimes. To do that,
we start introducing some general concepts of AQFT.

2.2 Algebraic Quantum Field Theory

In this section we introduce the general ideas of algebraic quantum field theory.
A complete and recent reference on this topic is [BDFY15]. In particular, in this
section we mainly refer to [KM15]. We start recalling a basic definition.

Definition 2.1. A collection A of elements is called a unital (associative) *-algebra
if A is endowed with a (associative) product operation endowing it with an alge-
bra structure and if there exists I € A such that al = Ia = a for all @ € A.
Furthermore it is also assigned * : 4 — A such that

L (a+Ab)* =a* +AXb* forall a,b € Aand for all A € C,
2. (ab)* =b*a* foralla,be A,

3. a** =qa forallac A
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A set G C A is said to generate the algebra A, and the elements of G are said
generators of A, if each element of A is a finite complex linear combination of

products of elements of G.

The algebraic formulation of quantum theories was first introduced by Haag in
[Haa96]. In this framework there is no preferred Hilbert space but observables are
viewed as abstract self-adjoint objects. These observables generate a *-algebra (or
a C*-algebra in some formulations). In other words, the *-algebra of observables
is not defined simply as some concrete set of operators on a Hilbert space, but
it is defined abstractly using more basic objects. In this very general framework,
also the notion of quantum state is generalized introducing the notion of quantum

algebraic state.

Definition 2.2. Given an unital *-algebra 4, an algebraic state w over A is a
C-linear map w : A — C which is positive and normalized, i.e.

w(a*a) >0 foralla € A, w() =1.

Given a *-algebra and an algebraic state on it, it is possible to recover the
standard interpretation of quantum theories via the Gelfand-Naimark-Segal (GNS)
construction. In the following, -2 (V') will denote the linear space of linear opera-

tors on the vector space V.

Definition 2.3. Let A be a complex algebra and let D be a dense linear subspace
of a Hilbert space H.

1. An algebra homomorphism 7 : A — Z(D) (i.e. a linear and product
preserving map) is called representation of A on H with domain D. If A is

furthermore unital, a representation is also required to satisfy 7(I) = I.

2. If finally A is a x-algebra, a *-representation of .4 on A with domain D is
a representation which satisfies

m(a)' [p=m(a*) VYae A
where T denotes the Hermitian adjoint operation in H.

Having a *-algebra and an algebraic state on it, the standard interpretation of

quantum theories can be recovered via the well-know GNS construction.

Theorem 2.1 (GNS construction). If A is a complex unital *-algebra andw : A — C
is a state, the following facts holds.
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1. There is a quadrupole (H,, Dy, 7o, Yyo,) where,:

(1) H., is a complex Hilbert space;

(it) D,, C H,, is a dense subspace;
(iii) 7, : A — L(D,,) a *-representation of A on H,, with domain D,,;
(iv) 7, (A)Vw = Hyys

() w(a) = (V,w|me(a)¥,w) for every a € A.

2. If(H.,,D.,,«,, V) satisfies (i)-(v), then there is U : H,, — H., surjective and

w?r W

isometric such that:

Uv, =%,  UD,=0D,, Unr,(a)U '=7l(a) ifacA.

Proof. See [KM15, Thm. 5.1.13]. O

After this brief abstract introduction about the basic concepts of AQFT, we
can define, as an example, a *-algebra A(M) which encodes the properties of a
massive vector Klein-Gordon field A on a globally hyperbolic spacetime M. We
recall that, classically, a (covariant) vector KG field is a vector field, i.e. a section of
2(T* M), which fulfils the equation of motion

PAu(z) = (=Og + m? + ER)Au(x) =0

where (g 1= g%V, V), and where £ € R is the coupling to the scalar curvature R.
We recall that the KG operator P is Green hyperbolic (Definition 1.10).

Definition 2.4 (CCR algebra). The CCR algebra of the quantum field A over
M is the unital *-algebra presented by the following generators and relations.
The generators consist of (smeared abstract) field operators, A(f), labelled by
functions f € Z(T*M) (the identity I is of course included in the construction of
the corresponding freely generated algebra). These generators satisfy the following

relations:
 R-linearity: A(af +bg) = aA(f) +bA(g) if f,g € Z(T*M) and a,b € R
o Hermiticity: A(f)* = A(f) for f € 2(T*M)
* Klein-Gordon: A ((—Og +m? + £(R)f) =0 for f € 2(T*M)

¢ Commutation relations: [A(f), A(g)] = iE(f,g)l for f,g € 2(T*M)
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where E(-,-) is the causal propagator (i.e. the advanced-minus-retarded funda-
mental solution defined in Def. 1.10).

The Hermitian elements of A(M) are the elementary observables of the free
theory of vector KG field A. However, this algebra is not sufficient to fully de-
scribe the physics of a quantum vector KG field: for example it does not include
observables like the stress-energy tensor of A or basic interaction terms, because
these observables involves products of fields evaluated at the same spacetime point
(i.e. Wick polynomials), like A,Ap(z) (interpreted as a symmetric tensor product
of fields). This observable, smeared with a test function f € Z(S*T*M), could be
formally defined as

A2(f) = /M A%(2) AP () fup()5 (2, ) dg (2.6)

but this object is not an element of the algebra A(M). So, since this algebra is
too small to describe important observables, we have to enlarge it, and, at the
same time, we aim to give a precise mathematical meaning to (2.6). To do this, we
have to properly define Wick polynomials generalizing the divergence subtraction
method outlined in Remark 2.1. The problem, if we want to develop a completely
covariant theory valid on generic curved spacetimes, is that, in general, it is not
possible to assign a physically distinguishable state to each spacetime (like the
Poincaré vacuum in Minkowski spacetime). The key observation to overcome this
problem is that it is possible to select a type of divergence in common with all
physically relevant states in every spacetime. These states which mimic the type of
divergence of Minkowski vacuum are called Hadamard states. A good reference
for Hadamard states of scalar fields is [KM15], while the vector fields case was
firstly studied in [SVOI]. We do not present a complete analysis on Hadamard
states, because it would be outside the aims of this work, but in the next section
we show the basic ideas behind extending the algebra using those kind of states

(or, more precisely, their singularity).

2.3 Normal ordering in AQFT

In this section we show how the Hadamard singularity can be used to properly
define Wick polynomials in AQFT on curved spacetime. To explain the procedure
we take as example a scalar Klein-Gordon field ¢ in a four dimensional spacetime,
but the same ideas are also applicable for a vector field. Since this is a well-known
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topic in AQFT, we summarize only the main ideas. For a detailed discussion on
this topic we refer to [KM15, Sec. 5.3.2] and the references therein. What we
are going to present is called Hadamard parametrix regularization method, firstly
studied in [HWO01, HW02, BF00].

We start recalling some basic notions of Lorentzian geometry, necessary to

properly introduce Hadamard states from a geometric viewpoint.

Definition 2.5. If (M, g) is a spacetime, an open set C' C M is said a normal
convex neighbourhood if there is an open set W C T'M with the form W =
{(q,v) | ¢ € C,v € Sy} where S, € T, M is a star-shaped open neighborhoodbof
the origin such that

exp lw : (4,v) = exp, v

is a diffeomorphism onto C' x C. Moreover, with o(z,y) we indicate the squared
geodesic distance of x from y. It is defined as

o(z,y) = g (exp; "y, expy ' y) -

The squared geodesic distance o(x,y) turns out to be smoothly defined on
C x C if C is a convex normal neighbourhood where we also have o(z,y) =
o(y,x).

In a convex neighbourhood C of a spacetime (M, g) it is possible to define a
local solution (up to smooth terms) of the Klein-Gordon equation, also known as a
parametrix. This function (or more precisely, class of functions) has essentially the
same short distance singularity of the two point function of Minkowski vacuum.
In a convex neighbourhood C' of a four dimensional spacetime the Hadamard
parametrix has the form

1 u(z,y) oe(2, y)
H = — 1 2.7
o) = g 0 ot (7 7)
where z,y € C, A > 0 is a length scale and 7’ is a local time coordinate increasing
towards the future such that

oc(x,y) = o(x,y) + 2ie (T(x) = T(y)) + >
The cut in the complex domain of the log function is assumed along the negative
axis in (2.7). The coefficients u, v are determined by recursive differential equations
(se for e.g. [Mor03, App. A]). This parametrix distributionally satisfies Klein-
Gordon equation in both argument up to jointly smooth functions of z and y.
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Remark 2.2. The Hadamard parametrix 2.7 is constructed using only local geomet-
ric data and the parameters defining the equation of motion but does not refers to
particular states, which are global objects.

Definition 2.6. If w : A(M) — C is a state, its n-point function is defined as

wn(fly--~7fn) :w((p<f1)90(fn))
where f1,..., fn € Z(M).

Definition 2.7. If (M,g) is a four dimensional spacetime, we say that a state w
on A(M) and its two-point function wy are Hadamard if wy € 2'(M x M) and

every point of M admits an open normal neighbourhood C where
wa(z,y) — Ho+ (x,y) = w(z,y) forsome w e &(C x ).
Here 01 indicates the standard weak distributional limit as € — 0.

We are now in position to define the expectation values of Wick powers :¢":( f)
with respect to Hadamard state w. As it should be clear from the previous anal-
ysis, all of that can be done simultaneously for all Hadamard state (i.e. without
considering a reference state) because the only important aspect is the singular-
ity, which is the same for all Hadamard states. First, define for smooth functions
fi,..., fx € Z(M) supported in a convex normal neighbourhood C'

o(f1) - o(fi)n = / o) - plan)a fi(wn) - filen) dglan, . . zp)

n

where the completely symmetrized formal kernels :p(z1) - - - p(x): g are defined
recursively by

where the element with = is removed. It is possible to show [KMI15, Sec. 5.3.2]
that the expectation value w(:¢(x1) - @(x):g) is smooth and thus we are in
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position to define the expectation values of Wick powers for f € Z(M) such that
its support is included in C

w (gokH(f)> = / : w (o) - p(er):m) f(x1)d(xy, ..., zk) dg(x, .. ., xk).

Now this is a good definition, but it is affected by several ambiguities due to
the construction of the parametrix H,., which means that there is not a unique
definition of Wick powers. The goal of the next chapters is to study and classify
these ambiguities (i.e. study the renormalization) for a generic boson quantum field
using a locally covariant framework.

Remark 2.3. Using the ideas discussed in this section and some tools from Microlo-
cal Analysis (see, for e.g. [KMI15, Sec 5.3.3)) it is possible to extend the original
algebra A(M) to an extended algebra W (M ) which includes also Wick polynomi-
als. In the rest of this thesis, we consider an extended algebra ¥ without regarding
how it has been constructed.

Remark 2.4. 1t is possible to perform the same analysis discussed in this section
also for vector fields. A good reference for Hadamard state for these kind of fields

is [SV01]. A more explicit construction of Hadamard parametrix for vector fields
can be found, for e.g., in [BF16].

2.4 Locally covariant AQFT

In the previous sections we worked in a fixed spacetime, but now we can remove
this constraint and show how the previous ideas can be set up in a locally covariant
framework [BFV03]. The introduced formalism permits us to describe the net of
algebras of local quantum observables on our background geometries (cf. Section
1.5). We explicitly only deal with Btg®, but everything we say can be trivially
re-adapted to Beg® ™.

Definition 2.8. A net of algebras (of local quantum observables) WV is an
assignment of a complex unital x-algebra YW(M, b) to every background geome-
try (M,b) in Beg® together with an assignment of an injective unital *-algebra
homomorphism ¢, : W(M,b) — W(M’,b’) to every morphism in Btg®, re-
specting compositions and associating identities to identities. In other words
W: Btg® — 2Alg is a functor from the category of background geometries into
the category of (complex) unital *-algebras whose morphisms are injective unital
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*-algebra homomorphisms. Further, we require that VV respects (i) scaling and (ii)
the time slice axiom, as described below.

(i) Physical scaling transformations (M, b) — (M, b)) are represented in terms
of x-algebra isomorphisms oy: W(M,b) — W(M,b),) such that o1 =
id and o) o o)y = oyy. Varying (M,b), scaling transformations must
commute with embeddings, i.e., they act as natural isomorphisms oy: W —
W, between the *-algebra valued functors V¥V and W), the latter defined by
Wi(M,b) = W(M, by).

(ii) Given a morphism x: M — M’ between the background geometries (M, b)
and (M’,b’), if the image x(M) C M’ contains a Cauchy surface for
(M',g’), then the induced *-homomorphism ¢, : W(M,b) — W(M',b')
is a *-isomorphism.

We refer to a similar functor WW: Btg& ' — 2lg with analogous properties as a
net of algebras as well.

Remark 2.5. The unit of every algebra W(M, b) will be simply denoted by 1 in
place of a cumbersome notation 1/ 1,)-

Remark 2.6. The scaling axiom is necessary because we will be required to com-
pare local algebras defined on a given manifold which are identified by scaling
transformations. These algebras must be viewed as distinct since their background
fields are different. Therefore to compare them we need to assume that there is an
isomorphism o) identifying them. In more physically minded presentations this

structure is not discussed and the said identification is hidden in the formalism.

The time slice axiom has a consequence which will play a fundamental role in
the sequel, in particular for the application of the Peetre-Slovak.

Proposition 2.2. Referring to Definition 2.8 consider (M, b), (M, b’) € Bg® (resp.
Beg® ™) such that b = b’ with identical temporal orientation outside a compact region
K C M. There exists a unital x-algebra isomorphism

7: W(M,b) = W(M,b')

such that |y (N p|y): W(N,b|n) = W(N,b|n) is the identity for every (N, b|n) €

Beg® (resp. Beg® ™) satisfying N N J(J]rwyb) (K)=0.
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Proof. J(Jng) (K) = J&,g/)(K) since these sets are made of the union of the
future-directed causal curves, defined with respect to the corresponding metrics,
emanating from K itself. These sets are therefore made of the union of K and
of the part external to K of all future-directed causal curves emanating from the
frontier K. However glsx = g'|sx because the metrics are smooth and co-
incide outside K, thus these curves do not depend on the chosen metric. In
globally hyperbolic spacetimes J("]'M’g) (K) is always closed for K compact, so
A= M)\ J("]'\/Lg)(K) =M\ J(';VLg,)(K) equipped with g|a = g|a is a smooth
spacetime. (A, g|a) is a (time-oriented with respect to the assigned temporal ori-
entation of (M, g)) globally-hyperbolic spacetime so that (A, b|a) € Beg® (resp.
Beg®B ™) : it is sufficient to observe that a Cauchy surface 3 of (M, g) in the
past of K with respect to a factorization M = R x X is a Cauchy surface for
(A, g|a). Let us denote by xa and x/y respectively the embeddings of A into
(M, g) and (M, g') Def.2.8 entails that they correspond to associated embeddings
of unital x-algebras 1, : W(A,b[a) — W(M,b) and 1, : W(A,b[a) —
W(M,b'). Since A includes Cauchy surfaces in the past of K which are also
simultaneously a Cauchy surfaces for (M, g) and (M, g’) respectively, in view of
(i) in Def2.8, 1y, and 1,/ must be unital x-algebra isomorphisms and hence
T =1, O A W(M,b) — W(M,b') is a well defined unital x-algebra iso-
morphism. Finally consider (N, b|y) € Btg® satisfying N N J M, )" (K) = 0.
Since b(z) = b'(x) if z € N, we have (N,b|y) = (IV,b’|n) (so that in partic-
ular W(N,b|y) = W(N,b’|y)) and thus the (co-domain restrictions of) space-
time embeddings xy : N — N C M and X/N : N =+ N C M are nothing
but the identity maps and consequently 2, = 1,/ = idy(np|y) due to (i) in
Def.2.8. On the other hand we know that xx = xa|n and Xy = X/A|~. Since
the overall assignment of injective unital *-algebra homomorphisms to spacetime
embeddings respects compositions and associates identities to identities, collect-
ing the obtained identities we also have 1, , [\Ww(nb|y) = txa = Idw(v,p|y) and
ZX’A|W(N,b’\N) = idX/M = idyy(n,b/|y) = 1w (n,b|y)- Inserting into the definition
of 7|y : W(N,b|n) = W(N,b'|x) = W(N, b|x) we have

o -1 _ - . .
TIWNblx) = Uy © tony = 1wvbly) 1w bly) = idw(vbly)

concluding the proof. O
Remark 2.7. There is an analogous but different unital *-algebra isomorphism
constructed relying upon J&v[,g)(K ) instead of J&,g)(K ). The results established
in this paper do not depend on the choice of one of these isomorphisms.
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Quantum fields

We have so far discussed all the mathematical structures we need to describe
background fields and the abstract notion of a net of quantum observables. At this
abstract level we may introduce the definition of quantum fields as special elements

of the algebras of observables W(M,b).

Definition 2.9. Fix a net of local quantum observables YV as in Definition 2.8
and a natural vector bundle V. A quantum V'-field is an assignment @5/}, of
an algebra-valued distribution

to each background geometry (M,b) € Btg®, where it is also supposed that
for all background geometry (M, b) and f € Z(V*M) the quantum field is self-
adjoint,

Q) (f) = Py (f)"

The given definition does not yet assume any particular relation between
®(arp) and @y gy when (M, b) and (M',b’) are connected by a morphism
x of Btg®. A quantum field ® is said to be locally covariant when each pair of
@ (rrp) and Py 1y is in fact connected according to a natural rule arising from
the definition of a natural bundle, translating into the mathematical language the

ideas of locality and general covariance.

Definition 2.10. A quantum V-field ® (Definition 2.9) with respect to the net of
local quantum observables W as in Definition 2.8 is said to be locally covariant
if satisfies the following identity for each morphism x: (M, b) — (M’,b’) where
b = x*b/,

b (P () = Par iy (X f) 5 Vfe2(V'M). (2.8)
where . is the push-forward with respect to a natural bundle, as in (1.4).

In the following, we require that the field ® has a definite scaling degree
de € R with respect to the action of physical scaling. However, when ® has
multiple components, different components of a V' -field can be grouped together
by their scaling degree, giving rise to the decomposition of the field bundle as
in Remark 11. Then the role of the scaling degree is played by a globally di-
agonalizable endomorphism dg: VM — VM, whose eigen-subspaces constitute
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the bundle decomposition VM = @i\il W;M and whose eigenvalues correspond
to the weights of these field sub-bundles. Alternatively, once this field bundle de-
composition is known, the endomorphism d¢ can be identified with its eigenvalues
(dg,,...,ds, ). Informally written, the relation between the scaling of background
fields and ® means that, for every (g,t) € I'(BM),

(g, t1,. .. tn) — (A28, Ay, ANVty) = D r— 0. (29)

To formulate a precise statement valid also for V-fields exploiting our formalism
we need a precise scaling procedure based on the isomorphism o) introduced in
Definition 2.8. If ® is a quantum V-field, we can define the rescaled quantum

V-field S)® as

(2®)(arp) () = 03 (@ (A f)), AERT, (2.10)

where n is the dimension of the spacetime M and o) is the algebra isomor-
phism introduced in Definition 2.8. It should be clear here that both ® /1,y and
(Sx®)(as,p) are element of the same algebra W(M, b) due to the presence of oyt
in the second case. The factor \" just compensates the scaling of the volume form
dg — A\""dg when g — A\~2g. A mathematically rigorous version of (2.9) is now

(@) () (f) = XDy (f),  (M,b) € BEgs, feP(VM), AeR'.

Remark 2.8. As usual, it is convenient to think of the algebra-valued distribution
® as a formal point-like field ®#(x) smeared with a test section f € Z(V*M). In
the sequel, we will make extensive use of the case when V is replaced by S¥V* M.

Then we may write the formal point-like field ®#1#k(z) smeared with a test
section f € 2(S*V*M) as

Do (f) = /M BHHE(2) forop () dg ()

where dg(x) is the volume form induced by the metric g on M.

Similarly, if C is any function that maps a background geometry b to a distribution
on a certain space of test functions Cpp): 2(S*V M) — R, it is heuristically
convenient to use the distributional notation

Ciup)(f) = /M O[M. B] ey () f11 15 () dg (), f € 2(SPVM), (2.1)

where the formal c-number field C[M,b|q,...q, (x) may not be smooth. Such a
function C will be named a c-number S*V-field. If the sections C[M,b] are
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smooth for every (M,b) (i.e, C[M,b] € &(S¥V*M)), C is said to be a smooth
c-number S*V -field. From now on we systematically identify C(a,p) (f) with the
corresponding trivial element, a so called c-number, Cpr1)(f)1 of W(M,b). In
this sense a c-number S¥V-field is a sub-case of a quantum S*V -field and, for
instance, the scaling action (2.10) applies to these particular quantum fields as well.
If in addition C satisfies the identity

Carav) () = Carr oy (X f) (2.12)

for every background morphism y: (M,b) — (M’,b’) (so b = x*b’) and every
test section f € Z(S*V*M), then C defines a locally covariant c-number S¥V -
field. Using the definitions of pull-back and push forward, i.e.

X' ESPFVIM) = E(SFVIM)  xe: 2(SFVM) — 2(SFV MY,

it is easy to prove that if C is described by C[M, b] € &(S*V* M) for every choice
of (M, b) by means of (2.11), then (2.12) is equivalent to

CIM, x*b'|(x) = (X*C[M’,b’]) (), (2.13)

for every background morphism y: (M,b) — (M',b’) (with b = x*b’) and
x € M.
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Technical results

n this chapter we introduce all technical tools that we need in our analysis. We
I aim to present all the results in the clearest possible way, without reporting some
cumbersome proofs, for which we refer to the literature. The chapter is divided
in four section: Firstly we introduce the most important result, the Peetre-Slovak
theorem. Then we prove some results about physical scaling and we present some

results of invariant theory and the Thomas replacement theorem.
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3.1 Peetre-Slovak theorem

3.1 Peetre-Slovak theorem

In this section we introduce the Peetre-Slovak theorem, an important result of dif-
ferential geometry which is also a key result for our analysis of renormalization of
Wick powers. We introduce only some basic concepts, namely differential operator
of (globally and locally) bounded order and compactly supported variation of sec-
tions, and then we state the Peetre-Slovak theorem. For further details the reader
can refer to the standard monographs [KMS93, Slo88].

Let £ — M be a smooth bundle. We recall that the afore-mentioned r-jet
extension of sections acts as a map j": ['(E) 2 ¢ — j™¢ € I'(J"E).

Definition 3.1. Let £ — M and F' — M be smooth bundles over the same base
M. Consider a map D: I'(E) — I'(F).

1. D is a differential operator of globally bounded order if there exists an
integer r > 0, the order, and a smooth map

d: J'E — F,

which leaves fixed the base of the transformed point (7r o d = 7;-g) such
that for any section 1) € I'(E) we have an associated section of the form

Dyl =doj"y.

2. D is a differential operator of locally bounded order if it satisfies a similar
condition locally. Namely, if for every y € M and every ¢y € I'(E), there
exists

* a neighborhood U C M of y with compact closure;

* an integer 1 > 0;

* an open neighborhood Z" C J"(E) of j"1o(U) projecting onto U;
 a smooth function d: Z" — F' which leaves fixed the base of the trans-

formed point

such that
Dy)(z) = do j"(z)
for all x € U and all ¢ € T'(E) with j"¢(U) C Z".
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A differential operator D transforms sections 1 to sections D[t| with the con-
straint that the value D[¢](z) of the transformed section attained at a point
x € M depends only on the value of the initial section ¢ at the same point x
together with the values of its A -derivatives at x up to a certain order r, the jet
jutp evaluated at the said x. A natural question is how to characterize these type
of local transformations of sections among the whole class of maps I'(E) — I'(F).
An answer is provided by some results known as Peetre-Slovak’s theorem, of which
we state two versions (there is a third more complete version we do not consider
here [KMS93, Slo88]).

Theorem 3.1 (Linear Peetre’s Theorem). Let 2 — M and F' — M be vector bundles
over the same base M and V: I'(E) — I'(F') a map such that V[|(z) € F depends
only on the germ of 1 at x for every o) € I'(E) and x € M. If V is linear with
respect to the natural vector space structures of I'(E) and T'(F'), then U is a differential
operator of locally bounded order.

In other words, if U is linear, even if the values W[¢)](x) potentially depends on
the germ of v around every considered x € M, actually they only depend on
the jet of 1 at x as it is proper of differential operators. This noticeable result
for a function ¥: £ — F, can be made stronger keeping the requirement of
dependence on the germ but relaxing the linearity hypothesis (thus also dropping
the vector space structure of the fibers of £/ and F') and replacing linearity for
a suitable regularity condition. This alternate condition demands regularity of ¥
when it acts on certain smooth families of sections 1); parametrized by s € R"
we go to introduce with the help of an auxiliary bundle used to specify the joint-
smoothness of these families. Given a smooth bundle £ — M and the standard
projection m: R® x M > (s,z) — = € M, we define an associated smooth
bundle, called the pullback bundle, p: 7*E — R™ x M whose canonical fiber
is isomorphic to that of £ and the base is R" x M. As a set, 7"E = R" x E
with canonical projection onto its base given by p: 7*E > (s,e) — (s,mg(e)) €
R"™ x M. The smooth differentiable structure of 7*E is defined accordingly. The
smooth projection ¢: 7*E > (s,e) — e € E restricts to fiber diffeomorphisms
dlp-1(52): P (s, 2) = 7" (x). This way the following diagram is commutative,

q

E———> FE
P
R™ x M —2— M
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and can be used to abstractly define 7*E taking advantage of a certain universal
property of the triple (7*E, p, q). It is now clear that a smooth section o € I'(7*E)
uniquely defines a R"-parametrized jointly-smooth family of sections {1 }sern C
I'(E), where 14(x) := g o o(s,z) for (s,z) € R™ x M. This observation justifies
the following definition.

Definition 3.2. Given smooth bundle £ — M and the associated pullback bundle
m™E — R"x M, o € I'(7*E) is called smooth n-dimensional family of sections
of E. If furthermore there exists a compact subset X' C M such that o(s,z) =
o(s',z) if © ¢ K and s,s’ € R", then o is said to be a smooth compactly
supported n-dimensional variation.

We are in a position to state the relevant definition about the necessary regularity
required in Peetre-Slovak’s Theorem [KMS93, Slo88].

Definition 3.3. Given smooth bundles £ — M and F — M, amap ¥: I'(E) —
I'(F') is regular if it maps smooth n-dimensional families of sections to smooth
n-dimensional families of sections for every natural n. ¥ is weakly regular
(cf. [KM16, Apx.A]) if it maps smooth compactly supported n-dimensional vari-
ations to smooth compactly supported n-dimensional variations for every natural
n.

Finally, having introduced all definitions that we need, we are now able to state the
main result of this section.

Theorem 3.2 (Peetre-Slovak’s Theorem). Let E — M and F' — M be smooth
bundles over the same base M and V: T'(E) — T'(F) a map such that, V[¢)](z) € F
depends only on the germ of | at x for every iy € I'(E) and x € M. If'V is weakly
regular, then it is a differential operator of locally bounded order.

3.2 Some technical results about physical scaling

In this section we generalize some results from [KMI16, Sec.2.4] in order to consider
the case of a tensor valued function. Physical scaling will be used together with the
notion of homogeneous and almost homogeneous scaling degree. Since these notions
are quite abstract we can present them into a general inductive definition [KM16,
Def.2.3].
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Definition 3.4. Consider a linear representation p: R™ — GL(W) of the multi-

plicative group Rt on a vector space W whose action is indicated by W > F' —
F)\:=p(\)F € W, for every A\ € RT.

(a) An element I’ € W is said to have homogeneous degree £ € R if

F\=X'F forall A € RT.

(b) An element ' € W is said to have almost homogeneous degree £ € R
and order [ € N if [ > 0 is an integer such that (with the sum over j is
omitted when [ = 0)

l
Fyx=XNF+ XY (log! \) G, forall A € R,
j=1

and for some G; € W depending on F, which have respectively almost ho-
mogeneous degree k and order [—j. An element that is almost homogeneous

of order [ = 0 is homogeneous by definition.

We are now in position to present several technical results about physical scaling.
We prove all results except the next general lemma proved in [KMI16, Lem. 2.5].

Lemma 3.3. Referring to Definition 3.4, consider a pair of vector spaces W, W' en-
dowed with corresponding representations of RY. Concerning (b) below, assume also
that there exists a product W x W' — V such that (i) V admits a representation of
RT and (ii) the map W x W' — V is equivariant: F\F = (FF'), for F € W,
F' € W and X € R*. The following facts hold.

(a) A linear combination of two elements F, F' € W of almost homogeneous degree
k and order is of almost homogeneous degree k and order .

(b) A product of an element F' € W, of almost homogeneous degree k and order [,
and an element F' € W', of almost homogeneous degree k' and order ', has
almost homogeneous degree k + k' and order 1+ 1'.

We recall that in Section 1.5 we have defined the bundle of background fields as
K
BM =S*T"M o | 1M (3.1)
j=1
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and that the physical scaling transformation on the sections of I'(BM) is given by

BM > (p,g(p), t;(p)) — (p, A\ 2g(p), \t;(p)) € BM,

where A € RT defines the scaling transformation. This (globally defined) represen-
tation of the multiplicative group R™ can be written in local coordinates

% xa7 Gab >\_29aba (tj)m...alj = A% (tj)al...alj .
This transformation lifts to a transformation of the jet bundle J"BM. In local
coordinates

_92 )
%= xa’ Gab,A = A Gab, A (tj)al‘..alj VA2 A% (tj)a1...alj VA

We stress that, with respect to Definition 3.4, we are interested in the case W =
(Ohed (JTBM, SkV*M), as we will see in the next chapter. Moreover, since we
have to consider also smaller domains Z" C J"BM (with Z" not invariant under
physical scaling), it is more convenient to consider the infinitesimal version of these
transformations, which are effected by the following vector field!

b,A ap A
e = —anb,Aaa’ +Sj(tj)a1._,alj,,48a1 L ,

in the sense that the induced action on tensor functions on J"BM satisfies

d

— F\=L.F, 3.2
| B L (3:2)

where L. is the Lie derivative, F' € W and I\ € W is the transformation under

physical scaling of F'. We stress that, since the physical scaling transformation is
globally defined, the vector field e is globally defined on J"BM.

Lemma 3.4. 4 smooth function F: J"BM — S*V*M that has almost homogeneous
degree k and order | when the action I — F) is the one induced by physical scaling
transformations, satisfies

(Le — k)T F=0.

'We use the following notation

aab,A L 0 aal“‘a’j’A L 9]

o aga,b,A 8(tj)a1ma,,j,A

and an analogous one for contravariant coordinates.
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Proof If F' is an almost homogeneous function of degree k and order [, using
equation (3.2), we obtain

(Le—k)F =GUY),

where GU~1 is an almost homogeneous function of degree k and order [ — 1. If
we repeat this operation [ we obtain an homogeneous function G(©) of degree k:

(Lo — k) F =G0,

Since, for all homogeneous function B, we have (L. — k) B = 0 the proof is
concluded. O

Thanks to this result, we can give an infinitesimal definition of homogeneous
and almost homogeneous function. This definition is very useful since we have to
consider function defined on a subset Z” C J"BM which is not invariant under
physical scaling.

Definition 3.5. A smooth function F: Z” C J"BM — S*V*M, where Z" is
an open subset which may coincide with all of J"BM, is said to have almost
homogeneous degree £ € R and order [ € N (with [ > 0) under physical
scalings if it satisfies the identity

(Le— k)T F=0.
If I =0, F is said to have homogeneous degree k£ € R.

In the contravariant coordinates (%, g?»4, (¢;)* ’A), defined in Section 1.5,

finite and infinitesimal physical scalings take the form

a a

2% 2, g )\72ng7 gab,A — )\2+2\A|gab,A7

()" s NS H2Al (g yoranA

e = (2+2/A]) g Dupa + (55 + 21 A) (1) 0uy o) a (33)

where, as remarked previously, we use g as coordinate in place of one of the g.
Since e is everywhere non zero its integral curves form a foliation of J"BM and
hence of Z". Moreover, since Eegfﬁ = gfﬁ, g restricts to a global coordinate
on each orbit of e and then the level sets of g form another foliation of J"BM,
transverse to the integral curves of e. For this reason it is convenient to study the

structure of almost homogeneous function in rescaled coordinates:
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LyLiAl abA Siylig ai...ap. A
LAl gaba g4 ial (oA

(m“,g,g " Gabs g7

Note that each of these functions but g is invariant under physical scaling. In our
1

notation, we mean that the coordinates g and ¢~ » g, are functionally independent

only up to the identity g = |det gqp|.

Lemma 3.5. Suppose that Z" C J"BM is an open set equipped with any of the in-
troduced coordinate system in Section 1.5, and F: Z" — S*V*M is a smooth function
that has almost homogeneous degree k and order | with respect to physical scaling. Then
there exist uniquely defined homogeneous of degree 0 functions Bj: Z" — SKV*M
forj=0,1,...,1, such that

!
F = g*% Zlogj (g*ﬁ> B;.
j=0

In particular, using rescaled contravariant coordinates, each B; can be taken indepen-
dent of g and written in the form

Bj = B; < g ngb gn+ |A| ab,A gn 2n+iA(tj)a1...alj,A>.

Before proving this Lemma we need some technical results.

Lemma 3.6. In the hypotheses of Lemma 3.5, if we define, for [ > 0,

G:= Q%Fa : ﬁElG Gi_1=G-— <loglg*i) B,
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we have
(a) LG =0, (b)) LB =0, (¢) LLGi_1 =0

Proof. Proof of (a). Since F' is almost homogeneous of degree k and order | we
have

0= (Le— k)T F = (Lo — k)T g 3G = (Lo — k) (g—%ﬁea)
= (Le— k)" (L~ k) (97 LG) = - = g H LG
and we have concluded the proof of point (a).

Proof of (b). It follows immediately from point (a).
Proof of (c). First of all notice that £! log! g_ﬁ = l!. So, by direct computation,

£LGi = £1G — £l [1og! (977 ) By
= EleG — Ele_l [(ﬁe log! g_ﬁ> By + log' (g_ﬁ) EeBl]
—rlg -t [(ﬁ log! g*ﬁ) Bl]

= rlG - (Ue log! g—ﬁ) B,
=Lla-1'B
=0

and the proof is concluded. ]

Proof of Lemma 3.5. We can define G; = Q%F and proceed recursively using the

relation
1
I

where B is invariant under physical scaling as proved in Lemma 3.6. Proceeding

Gia=Gi—(log'g™27) B, Bi=LLG)

to the next step we find

1
Gi2a=G_1 — (10gl_1 9_2"> B

=G - <log’g’i) B - (logH g’ﬁ) B
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where B;_; is again invariant under physical scaling since, using again the Lemma

3.6, we have L£.B;_; = 0. We can go on until [ = 0 obtaining

G_1=G;— Zl:logj (g‘i) B;.

J=0

where Bj; is invariant under physical scaling for all j. But by definition G_; =
Go—By = 0: Thus Gj«¢ = Bj<o = 0 and the procedure stops. Using the definition
of G; we have

l
F = g*% Zlogj <g*ﬁ) B;
j=0

where all B; are invariant under physical scaling. In particular, if we use rescaled
coordinates (all invariant under physical scaling except g) we can take B; indepen-

dent form g and so we have concluded the proof. O

3.3 Invariant theory

The goal of this section is to state and prove the Equivariance Lemma 3.14, which
generalizes some results proven in [KM16, Sec.2.6]. This Lemma is used in the
proof of our main Theorem 4.3 to characterize all smooth GL(n)-equivariant
(resp. GL™ (n)-equivariant, if we restrict ourselves to transformations that preserve
spacetime orientation) tensor-valued maps that depend on a Lorentzian metric and
any number of tensorial arguments.

The main difference with the previous weaker [KM16, Lem.2.8] is the allowed
dependence on other tensors besides the metric. As a result of this generalization,
the final characterization is a bit more complicated. In particular, while any such

equivariant map is still polynomial in the metric g, its inverse g !

and possibly the
Levi-Civita tensor £(g), it may depend on the additional tensor arguments z in two
different ways. First, being tensor-valued, any such equivariant may be polynomially

1

and covariantly constructed from g, ¢~ ", €(g) and the tensor components of z, but

the coefficients in these polynomial will be allowed to depend in an essentially
arbitrary smooth way on invariant scalar polynomials built out of g, g=%, (g) and
of the tensor components of z.

The precise statements and proofs of these results depend on some fundamen-
tal notions and facts from classical invariant theory of the GL(n) and O(1,n — 1)

(resp. GLT(n) and SO(1,n — 1) in the oriented case) groups. Invariant theory,
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which studies invariants of linear representations of groups and other related top-
ics) is a highly developed subject (we will only mention [Pro07] and [GW0Y] as an
introduction to the literature), but the majority of the literature, especially at the
introductory level, focuses on polynomial invariants on representations of complex
algebraic groups. Thus, it is not always easy to locate some (even classical) results
in the context of real Lie groups and smooth (rather than polynomial) invariants.
For the convenience of the reader, we summarize the relevant notions and results
below and, when possible, try to provide reasonably concise and elementary proofs
that are not easy to extract from the literature. For some of the more technical
proofs, which are not strictly relevant to develop this thesis, we refer the reader
directly to [KMM]17].

In the following, we will use the one point space * = R? with the trivial action
of GL(n) of any of its subgroup thereon.

Definition 3.6. Let X and Y be spaces carrying actions of the group G, resp.
ng):X — X and pgy): Y - Y forue G. Amap f: X — Y is said to be

equivariant if it commutes with the action of G
fo pi(j,X) = ng) of, foreveryued.

In the special case Y = R carrying the trivial representation, an equivariant map
f: X — R is called a (scalar) invariant. We denote the space of all scalar
invariants by Sx. When X is a vector space, we denote the subspace of (scalar)
polynomial invariants by Px C Sx. The subspace 73§( C Px consists of all
homogeneous polynomials of degree k.

With the above definitions, it is easy to establish a relation between scalar
invariants and equivariant maps for linear group representations. We recall that if
Y is a finite dimensional vector space with a linear representation p of the group
G, the contragradient (dual) representation p* of G on the dual space Y* is defined
by pi; = p,_, for every u € G, where -* indicates the transposition operation.

Proposition 3.7. Let X and Y be finite dimensional vector spaces with linear rep-
resentations of the group G, and denote by Y™ the linear dual of 'Y equipped with
the contragradient representation of G. If f: X — Y is an equivariant map, then
[ (x,y*) :=y*- f(x) is a scalar invariant f*: X xY* - R. Ifh: X xY* — R is
a scalar invariant, then g—;

y=0: X — Y is an equivariant map. Moreover, for any

equivariant map f: X =Y, % vy =0 = f.
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3.3 Invariant theory

Proof: We denote with, for every u € G, piX, pY, p?j* the representation of G on
X, Y, Y* respectively (where p}f* is the dual representation). Then, if f: X — Y

is an equivariant map, we have

7 (oo 0) = W) F () = (00X @) = o F @) = ()
and f* is a scalar invariant. Moreover, if h: X X Y* — R is a scalar invariant, i.e.

h (pfw,pf*y*> = h(z,y")

then we have

« Oh
Y
Pu dy*

and using the definition of contragradient representation

oh X y Oh
Y u L) = Pu * T
ol o (paz)=p 99 y*:o( )

oh
(pu'w) =

= 3% (z)
v =0 oy

y*=0

which means that the function %ﬂy*:of X —Y is an equivariant map. O

Definition 3.7. Let M}, be the space of p-multilinear forms on R" and consider
the natural linear action of GL(n) thereon. Denote by M}" the dual of M}, with
the contragradient GL(n) representation on it. Let 7" be a finite-dimensional real
vector space carrying a representation of GL(n).

1. If T, with respect to some linear embedding 1" — MP ® Mf-]L*, is invariant
under the action of GL(n), and if (the representation carried by) 7T is the
restriction of the action of GL(n) on ME® M;%*, then 7' is called tensor
representation of GL(n). We call (p,q) the (covariant, contravariant)
tensor rank of 7" and p + ¢ the total tensor rank of 7.

2. If T is as in 1, but the action of GL(n) > u + p(u) on T is given by
a tensor representation up to a multiplication by |det u|’, then T is called
tensor density representation of GL(n). We call s the tensor weight of 7.

3. Denote by n € M? is the standard Minkowski metric (signature (—+ - - - +)),
and by € € M)} the standard antisymmetric Levi-Civita tensor. The orthog-
onal subgroup O(1,n — 1) C GL(n) (resp. SO(1,n — 1) C GL™(n)) is the
stabilizer subgroup of i under the action on M?2. A tensor (density) representa-
tion of the orthogonal group is a restriction of a tensor density representation

of the general linear group.
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Remark 3.1. Clearly, since for any v € O(1,n — 1), |detu| = 1 and (v 1T =
nun~! in the fundamental representation, the restriction of any two tensor density
representations of GL(n) to O(1,n — 1) or SO(1,n — 1) are linearly equivalent
as long as their total tensor rank is the same. So it is sufficient to talk only about
tensor (rather than fensor density) representations of these subgroups.

Remark 3.2. Below, some results about a group G and its representations require
as a hypothesis that G be reductive. There are several different flavors of reduc-
tive groups (cf. [Pro07, Sec.7.3]), not all of them being equivalent, with different
ones serving as natural hypotheses for different results. The general property that
they share is that each representation from a certain class is completely reducible
(i.e., no reducible but indecomposable representations may occur). For the sake
of uniformity, we specialize all results stated below to linearly reductive groups,
even if the original result could be stated under looser hypotheses. First, note that
a real (complex) algebraic group is a subgroup of GL(n;R) (GL(n;C)), for some
n, that is also a real (complex) algebraic subvariety (it is defined by polynomial
equations). A real (complex) linearly reductive group G is a real (complex) algebraic
group such that each real (complex) finite dimensional rational representation of
G is completely reducible. Here polynomial and rational mean with respect to the
matrix elements of the embedding of G into GL(n;R) (GL(n;C)). Obviously,
any real algebraic group gives rise to a complex algebraic group, its complexi-
fication, simply by extending the defining polynomial equations from GL(n;R)
to GL(n;C). A priori, the property of being reductive is different for a real al-
gebraic group and its complexification. Fortunately, we only need to appeal to
such hypotheses for the real orthogonal groups O(1,n — 1) := O(1,n — 1;R) and
SO(1,n—1) := SO(1,n—1;R), both of which are known to be linearly reductive,
and so are their complexifications O(1,n — 1;C) and SO(1,n — 1;C) (see [Pro07,
Sec.7.3.2], [RS90, Sec.5.2]). Unless explicitly mentioned, below we always refer to
real groups and their representations on real vector spaces.

Definition 3.8. Let L,, C M2 denote the space of Lorentzian bilinear forms
(non-degenerate, with signature (—+ - --+)), and let it inherit the natural action
of GL(n) (resp. GL™(n)). Let Z = P, Z; and T = P, T} be finite sums of
tensor density representations of GL(n) (resp. GL™ (n)). We will refer to a smooth

equivariant map
T:Lp,xZ—=T (3.4)

as a GL(n)-equivariant tensor density (resp. GL'(n)-equivariant tensor den-

sities). The space of GL(n)-equivariant tensor densities will be denoted by £z 7.
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3.3 Invariant theory

The space of GLT (n)-equivariant tensor densities will be denoted by ENZ’T. In the
special case when 7' = R carries the trivial representation, we call Sz = £z
(resp. Sz := £z ) the space of scalar invariants.

Definition 3.9. Let Z = (P, Z; and T' = (P, T} be finite sums of tensor represen-
tations of O(1,n — 1) (resp. SO(1,n — 1)). We will refer to a smooth equivariant
map

T: 4 =T (3.5)

as the space of O(1,n — 1)-isotropic tensors (resp. SO(1,n — 1)-isotropic ten-
sors). The space of O(1,n — 1)-isotropic tensors will be denoted by Z; 7. The
space of SO(1,n — 1)-isotropic tensors will be denoted by Zy .

Proposition 3.8. With the notation of Definitions 3.8 and 3.9, the space of equivariant
tensor densities Ez 1 (resp. Ez,1) is isomorphic to the space of isotropic tensors Ly T
(resp. L Z,T ).

Proof. Let n € L, = GL(n)/O(1,n — 1) 2 GL*(n)/SO(1,n — 1), where the
orthogonal group is interpreted as the stabilizer subgroup of 7. The equivariance
of 7: Ly, x Z — T implies that 7(n,uz) = ur(n, z), whenever v € GL(n) and
u-n = 7, meaning that 7(n,—): Z — T is O(1,n — 1) (resp. SO(1,n — 1))
equivariant. On the other hand, since any L,, 3 g = ug - 1) for some u, € GL(n),
the knowledge of 7(7, —) uniquely determines the equivariant extension 7(g, 2) :

n
ugT(n,u, ' z). Clearly, this correspondence is bijective. O

For the fundamental representations of O(1,n — 1) and SO(1,n — 1), homo-
geneous polynomials, invariant linear functionals and isotropic tensors all have a
very explicit description. We give this description below in several different ver-
sions, related as follows. Any polynomial on a vector space that is invariant under
the action of a linear representation can be written as a sum of invariant homo-
geneous polynomials. Any invariant homogeneous polynomial of degree p is also
naturally a linear functional on a p-fold symmetric tensor product of the original
representation and vice-versa. By duality, the adjoint of a linear functional on a
p-fold tensor product representation defines an equivariant map from * to the dual

of the p-fold tensor product representation.

Proposition 3.9. Let MY and 1 be as in Definition 3.9, let VP = (R™)? be the space
of (v1,...,vp) of p-copies of vectors in the fundamental representation of O(1,n — 1)
(0r SO(1,n—1)), and let T = €D, T} be a finite sum of tensor representations of ranks
p; of O(1,n —1) (or SO(1,n — 1)).
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1. Polynomials p(vi,--- ,vp,) € Pyr invariant under the simultaneous action of
O(1,n — 1) on its arguments are generated by the contractions nabva?, with
,7=1,...,p.

Polynomials p(vi,--- ,vp,) € Py invariant under the simultaneous action of

SO(1,n — 1) on its arguments are generated by the contractions nabva;’ and

al

ap . o e _
€arapUy) " Vs withi,j,ip=1,...,p.

2. The isotropic tensors L, are linear combinations of tensor products of copies of Ny,
with arbitrarily permuted indices.
The isotropic tensors I are spanned by tensor products of Ny, and q,...q, with
arbitrarily permuted indices.

3. All O(1,n — 1)-invariant linear functionals on MY are spanned by arbitrary
complete contractions of a tensor tq,...q, € ME with copies of 0, in an arbitrary
order of indices.

All SO(1,n — 1)-invariant linear functionals on MY, are spanned by arbitrary
complete contractions of a tensor to,...q, € MY with copies of 1°° and €™, in
an arbitrary order of indices.

4. All degree k homogeneous polynomial scalar O(1,n — 1)-invariants p(t) € Pk
on T are spanned by complete contractions of tensor products

(tjl)aimal, e (tjk)a’f---ak (36)

Pjq Pj,

with copies of N, when t = D,

All degree k homogeneous polynomial scalar SO(1,n — 1)-invariants p(t) € Pk
on T are spanned by complete contractions of tensor products (3.6) with copies of

N and e

Proof. See [KMM17, App. C, Prop. C.3] O

Before stating and proving our Equivariance Lemma 3.14, we need the following

fundamental results from invariant theory.

Proposition 3.10 (Hilbert [Pro07, Sec.14.1], [Mic08, §7.2]). Let G be a linearly reduc-
tive group with a rational representation on a finite dimensional vector space Z. Then
the algebra of polynomial scalar G-invariants on Z is finitely generated.

Definition 3.10. Let G be a linearly reductive group with a rational representation

on a finite dimensional vector space Z and let p; € C*°(Z), i =1,...,Nz, be a
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generating set for the algebra of polynomial scalar G-invariants (Proposition 3.10).
A smooth function 0 € C*°(Z) is said to be stably G-invariant if it is constant
along each joint level set of the invariant polynomials p;, 7 = 1,... Nz.

Clearly, any function that is stably G-invariant is also G-invariant, but the con-
verse is not always true. Also, it is easy to see that the definition is independent
of the choice of the generating polynomials p;. The stability in this definition is
meant with respect to complexification, since upon replacing G with its complexi-
fication the orbits become larger, while the invariant polynomials remain the same,
in a way that invariant polynomials do completely separate all closed orbits, which
erases the difference between G-invariant and stably G-invariant functions. In
Section 4.2.2, we discuss the action of O(1,n — 1) on the subspace of symmetric
forms in M2 (in this case, the action coincides with that of SO(1,n — 1)). There,
we give an explicit list of a generating set of scalar invariant polynomials and also
discuss the structure of the orbits. That case also gives an explicit example of the
difference between G-invariant and stably G-invariant functions, because invariant
polynomials do not separate closed orbits on symmetric bilinear forms.

The following results seem to be close to the state of the art in characterizing
the smooth scalar invariants that apply to our cases of interest. Unfortunately,
we actually require a somewhat strengthened version of these results (though see
also [Sto08] for more recent work), which we state below in Proposition 3.13, but
whose proof we do not discuss (Remark 3.3).

Proposition 3.11 (Luna [Lun76], [Mic08, §7.14] [KMS93, §26.3]). Let G be a linearly
reductive group with a rational representation on a finite dimensional vector space Z
and let p; € Pz, i = 1,...,Nz, be a generating set for the algebra of polynomial
scalar G-invariants (Proposition 3.10). Then a smooth stably G-invariant function
o € C®(Z) can always be written as 0 = X(p1,...,pN,) where ¥ is a smooth
Sfunction of its arguments.

Though, as indicated above, the statement of Luna’s theorem can be found in
several references, as far as we know, a proof is available only in the original refer-
ence [Lun76], written in French. However, the more recent result on the structure
of invariants of finite C'* differentiability [Rum98] does use a proof that is logically

similar to Luna’s.

Proposition 3.12 (Richardson [Ric73, Thms.2.3,4.1]). Let G' be a linearly reductive
group with a linearly reductive complexification and a rational representation on a fi-
nite dimensional vector space Z. Let p; € C®(Z), i = 1,..., Nz, be homogeneous
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polynomials generating the algebra of polynomial scalar G-invariants on Z (Proposi-
tion 3.10). Then, there exists a py = P(p1,...,pn,) polynomial in its arguments and,
with Z° = py1(0), a partition Z\ Z° = U; Z; into finite union of disjoint connected
open subsets (Z;) where each Z; is stable under the action of G and, for each j and for
any two points z1, zo € Z; the stabilizer subgroups G, , G, C G are conjugate in G.

The following definition is rather technical, but is necessary to precisely capture
the difference between the behavior of smooth invariants and polynomial invariants

(or analytic, or even stable smooth invariants).

Definition 3.11. Let Z be a finite dimensional vector space, p; € C*(Z2), i
1,..., Nz, be a set of homogeneous polynomials on Z, and py = P(p1,...,pN,

~—

a polynomial in its arguments. With Z° = p;'(0), consider a partition Z \ Z°
U§i1 Z; into pairwise disjoint open sets Z;, for some 7z < co. We say that a
function o € C*°(Z) is locally a smooth function of the polynomials p; with
respect to the partition (Z;) if there exist ©; € C°(RN2), j = 1,... 7z, such
that 0 = 3;(p1,...,pn,) on Z;. We say that o is a function of the p; (globally)
if we can choose ¥; = %;, for i, = 1,...,rz. We write 0 = [X]|z(p1,...,PN,)-

Proposition 3.13 (extended Luna-Richardson). Let G be a linearly reductive group
with a linearly reductive complexification and a rational representation on a finite
dimensional vector space Z. Also, let p; € Pz, 1 = 1,...,Nz, be homogeneous
polynomials generating the algebra of polynomial scalar G-invariants on Z (Proposi-
tion 3.10). Then, there exists a po = P(p1,...,pn,) polynomial in its arguments
and, with Z° = py*(0), a partition Z \ Z° = UjZ1 Z;j into pairwise disjoint open
G -invariant sets, such that any G-invariant function o € C*°(Z) is locally a smooth
Sunction o = [3|z(p1,...,pN,) of the polynomials p; with respect to the partition
(Z;) (Definition 3.71).

Remark 3.3. The proof of Proposition 3.13 follows from combining the details of
the proofs of Propositions 3.11 and 3.12, which can be found in the original refer-
ences [Lun76] and [Ric73] respectively. Discussing a complete proof goes beyond
the scope of the current work and will be discussed elsewhere.

Combining the results presented so far allows us to finally formulate the main

Equivariance Lemma that is needed in the proof of our main Theorem 4.3.

Lemma 3.14 (Equivariance). Consider finite sums of tensor density representations
Z =@;Zj and T = D, T; of GL(n) (resp. GL™(n)), and its natural action
on L,. Recall also (Definitions 3.8, 3.9) the notion of invariant scalars (Sz,Sz C
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C*®(L,, X Z)), equivariant tensors (Ez,T,SNZ’T C C®(L, x Z;T)) and isotropic
tensors Lz, Lyr C C(Z;T)), as well as their characterizations (Propositions 3.7,
3.8 and 3.9)

1. There exist diagonalizable intertwiners sz: Z — Z and s7: T — T such that
(u,2) = |detu| 2 (u - 2) and (u,t) — |detu| *T (u - t), for u € GL(n),
z € Z andt € T, define tensor representations (i.e., with density weight zero)
on Z and T'. Denoting these tensor representations by Z' and T', we have E; 1 =

gZ’,T’ (res[). gZ,T = gZ’,T’)-

2. When Z carries a tensor representation and p € Sz (resp. SZ) such that p(g, z)
is polynomial in z, then p is a covariantly constructed scalar that is polynomial
in the tensor components of g, g~' and z (resp. of g, g1, €(g) and z).

3. There is a finite number of invariants p; € Sz (resp. SZ), 1=1,...,Ng, such
that each p;(g, 2) is a homogeneous polynomial in = and each o € Sz (resp. Sz)
is locally a smooth function o = [3]z(p1,...,pN,) of the invariant polynomials
iyt =1,..., Nz, as in Proposition 3.13.

4. There is a finite number of equivariant tensors q; € Ez 1 (resp. iZ7T), j =

1,..., Nz 1, whose components are homogeneous polynomials on Z, such that
each 7 € Ly (resp. (C:’Z’T) is of the form T = Z;V:Zl’T quj with o € Sy
(resp. Sz).

Proof. After we establish point 1, we can without loss of generality assume that Z
and 7T consist of direct sums of only tensor representations.

1. By hypotheses, both Z and T reduce to a sum of tensor density represen-
tations. This means that there exist diagonalizable intertwiners sz: Z — Z and
sp: T — T such that (u,z) — |detu| * (u - 2) and (u,t) — |detu|™° (u - t),
for u € GL(n), z € Z and t € T, define tensor representations on Z and 7'. Let
us refer to the corresponding representations as Z’ and T". If 7: L,, x Z — T is
an equivariant map with respect to the tensor density representations on Z and 7T,
then

7'(g,2') = |det g|”*" (g, |det g|** 2) (3.7)

defines an equivariant map 7': L, x Z' — T’ with respect to the corresponding
tensor representations. Clearly, this operation can be reversed.

2. Recall that, in our notation, Sz = £z R (resp. S~Z = ((:‘Z’R) where R car-
ries the trivial representation. Then, by Proposition 3.8, we have the isomorphism
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Sz = IzR (resp. Sy = iZ,]R)' Under this isomorphism, an invariant p(g, z) is
polynomial in z iff the corresponding p,(2) = p(g = 0, 2) is polynomial. More-
over, by the classification Proposition 3.9, any such polynomial p,(2) consists of a
complete contraction of products of the tensor components of z with copies of 7
(and also € in the oriented case). Recalling the details of the restriction of tensor
representations to the orthogonal subgroup (Remark 3.1), the invariant extension
p(g, z) of p,(z) clearly constitutes the same complete contraction of products of
the tensor components of z, but with every occurrence of 7 replaced by either g
(when contracting two contravariant indices), g% (when contracting two covariant
indices) or Ota’ (when contracting a covariant and a contravariant index). Respec-
tively, a contraction with € is replaced by a contraction with £(g) with its indices
appropriately raised or lowered by g. Thus, we arrive at the desired conclusion
about the polynomiality of p(g, 2) in g, g~ ! (and resp. £(g)).

3. Recall the isomorphism Sz = Iz R (resp. SZ = jZ,lR) from point 2. Then,
the desired conclusion follows from Proposition 3.13, noting that O(1,n — 1)
(resp. SO(1,n — 1)) is a linearly reductive Lie group (and so is its complexifica-
tion, cf. Remark 3.2) and any tensor representation (Definition 3.7) is obviously
rational. The finiteness of the number of generating invariant polynomials p; ul-
timately follows from Hilbert’s theorem (Proposition 3.10), which can obviously be
chosen to be homogeneous.

4. Tt follows from Proposition 3.7 that any equivariant 7 € £z (resp. £ 7.T)s
Y for some invariant
0 € Szx7+ (resp. Szx7+) that is linear in the ¢t* arguments. On the other hand,

can be written as a gradient 7(g,z) = %O’(Q,Z,t*)
point 3 implies that

0= [E]ZXT*(plu R 7pNzaQ17 .- '7QNZ,T)

is locally a smooth function of the invariants polynomial on Z x T, split into the
p; that do not depend on the 7™, and the (); that depend on the 7™ only linearly.
By combining the chain rule with the notion of local dependence on polynomials
(Definition 3.11), we get

0
T(g,Z) = ot [E]Z(ph cee apNZ7Q11 .. QNZ)

t*=0

Nz
1o ] 9Q;
= E % (pla"'va7Q17"'7QN) ¥
j=1 |:8Q] z z szo at =0
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and thus
Nz
T(gv Z) = Z U](gv Z)QJ(Q, Z)7
j=1
with the obvious definitions for 0/ and ¢;. This concludes the proof. O

3.4 Thomas replacement theorem

In this section we present a version of the Thomas Replacement Theorem 3.15,
which basically states that any non-linear differential operator that depends on a
Lorentzian (or pseudo-Riemannian) metric and a finite number of any kind of other
tensor fields while itself transforming as a tensor field under diffeomorphisms must
be expressible as a function of the covariant derivatives of the Riemann curvature
and the other tensor arguments. This is a rather old result, with versions of it
going back to the work of Thomas [Tho34] and in some form even to earlier
works of Christoffel [Chr69]. However, it has since then taken on a folk nature,
making it difficult to find precise references that state the result in a form most
convenient for our applications, give a complete proof, with modern notation and
terminology, that is concise and without an overabundance of formalism. If one
omits at least some of the above conditions, the result of Theorem 3.15 can be
found in [Schb4, §IIL.7], [KMS93, §§28.14,33.10], and [Slo92, Thm.3]. Thus, in this
section we present a modern version of Thomas Replacement Theorem, using our
notations. For the details about this technical result, and also for the proof, we
refer to [KMMI7] (since the proof is not strictly relevant in the development of this
thesis).
Let BM — M be a natural bundle of the form

BM = S*T*"M @ T®*"" M @ - - - @ TN M, (3.8)

where T®* M is the bundle of (k,0)-tensors?. Consider the curvature coordinates
introduced in Section 1.5 on J"BM,

(a:a7 Gabs F?bc A Sab(cd,A)’tal---akl ,A7 o tal"'akN’A> 7 (3‘9)

where the multi-indices A = a; - - - a|4| range through the sizes [A| = 1,...,r. All
coordinates, other than (z%, F?bc A))’ correspond to components of tensor densities
(Definition 3.7) transforming under GL(n), where GL(n) is interpreted as the

It is possible to consider the bundle of (k, I)-tensors without changes in the result.
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quotient of Diff (M), the subgroup of diffeomorphisms fixing the point x € M,
by the subgroup of diffeomorphisms with vanishing Jacobian at .

Theorem 3.15. Let F: Z!" C J"'BM — T*®'M be a smooth bundle map that is
defined on a Diff (M) -invariant domain Z!" and is Diff (M) -equivariant, given by

Fopap=Fayoq,(z,9,T,S,t) (3.10)

in adapted coordinates (3.9) on a chart Z!, C Z!". That is, given a diffeomorphism
X: M — M, we have x* o F = F o p"x*, where on the left x* is the pullback
along X acting on the tensor bundle T**' M, while on the right p"x* is the r-jet
prolongation of the pullback along x acting on the bundle BM of background fields.
Then, when restricted to a chart Z\, C Z!" covered by adapted coordinates (3.9), F' must
be expressible as

Fayoay = Gayay (9,5, 1), (3.11)

where the function G is equivariant with respect to the action of GL(n) on its arguments
and the action of GL(n) on the fibers of T*®' M.

Proof. See [KMMI17, App. B]. O

To conclude this section, we present an easy example to explain the idea exploited
in the proof of the previous theorem. In the hypothesis of Theorem 3.15, consider
a function Fy,..4 (2% T') which depends only on coordinates (z®) and on some
other tensors T' (we do not write the indices for simplicity). If we consider the
translations subset of Diff (M), i.e. if we consider the class of diffeomorphism

% = %+t

for some vectors t* (such that % 4-t* is still in the domain of the local chart). Since
the Jacobian matrix of these transformation is the identity matrix, the Diff (M )-

equivariance of F' becomes
Fopog)(2® +t°T) = Fooq, (2, T)

for every vector ¢, which mean that the function /' cannot depend on the coor-
dinates (z®). The same procedure, with a different choice of the relevant class of
diffeomorphisms, can be re-adapted to prove that coordinates I' disappear from
the functional form of F'.
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Wick powers of Boson
fields and their

renormalization

his chapter is the real core of this thesis: We study the renormalization of
Wick powers of boson fields. Firstly we develop a very general model: We
prove a renormalization formula for a generic Boson field and then we show that
the coefficients in this formula are polynomials when we consider generic space-
time tensors as background fields. In the last section we present three physically

motivated models.
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4.1 Wick powers of quantum Boson fields

We are now in position to discuss the core of the present thesis: In this section
we study the renormalization Wick powers of a generic quantum Boson field. To
begin, we outline the general setting in which we study the problem.

General settings. Our general setting is the following:

1. We start with a bundle V M which is constructed as a direct sum of vector

bundles
N

VM =P w;M. (4.1)
=1

2. We consider a locally covariant quantum V -field

and we characterize it as a quantum Boson field in the following way. We
assume that the commutator of two V-fields [A (/b (f), A(ar,p)(9)] is a c-

number, i.e.,

[Arw) (f), Ay (9)] = Carpy (f @ 9)1, (4.2)

where C(yp) € Z'(VM x VM) is a distribution with some suitable prop-
erties (e.g., for Boson fields it vanishes for spacelike separated arguments).
Thus, Schwartz’ kernel theorem implies that a unique continuous linear map
Arpy: 2(VM) — 2'(V M) exists such that [Ay75)(9)](f) = Clarp) (f®
g). We require moreover that A/ p(g) is regular in the sense that

Aprpy: 2(VM) = E(V*M), (4.3)

where we used the fact that &(V*M) C 2'(VM). There are many ways to
implement this requirement in practical cases, for example our assumption
holds when the dynamics of the field A is ruled by any hyperbolic field equa-
tion in view of the theorem of propagation of singularities. More generally it
holds when some microlocal spectrum (cf. [KM15], [BF09, Ch.4]) hypothesis
on the wavefront set of n-point functions is assumed with respect to relevant

classes of states even in the absence of a field equationl.

'Using the language of Microlocal Analysis, (4.3) is valid when WF(Carp)) Z (2,9, P2, y)
with either p, = 0 or p, = 0 and this is guaranteed as soon as some standard microlocal spectrum
condition on C(s,p) is valid, in particular if C(5s,p) is a bisolution of a hyperbolic field equation.
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Chapter 4 - Wick powers of Boson fields and their renormalization

If we use explicitly the decomposition (4.1) the map A,/ ) can be seen as a
direct sum of maps

N N
y
Aorw) =D D Adupy:
I=1 j=1

where AZ(J]'V[’b) : 9(WiM) — EWFM).

3. Since we assumed a bundle constructed as in (4.1), the V-field A/ 1, can be
written as a N-tuple of W;-fields

Ay = (A1) (bys - - (AN) (arw)) -

We assume that each W;-field (A;) () scales homogeneously under physi-
cal scaling with degree d, € R, i.e, for every A € R

(SxAD) (arp) (F) = M4 (A) ) (), (M, b) € Btgs,  f e Z(W;M).
We will say that the V-field Ay ) scales homogeneously with degree

RY 5da = (da,,...day)
under physical scaling.

4. We then consider the Wick powers A* of A. These quantum fields A* have
the physical interpretation of products of k factors A evaluated at the same
point z. Formally, assuming a geometric background (M, b) has been fixed,

Ay (@) = (Apy - Ay, ) ()

H1---poi

It is worth stressing that these quantum fields are not elements of the sub
unital x-algebra generated by 1 and by elements A(f) since these elements
are associated with kernels formally evaluated at different points of space-
time, i.e., they are linear combinations of objects A, (1) - - A, (zx). Thus
Wick powers need a specific definition which, as is well-known, involves some
renormalization procedure.

Finally, we stress that, using the decomposition introduced in Remark 1.1, the
Wick powers AF can be written as a sum

AN =) (;i)A’“( 7o o fyY)

|P|=k
= @)AP( P RN (4.4)
|P|=k
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BM

.

bg

P
>

K M

Figure 4.1: We consider compactly supported variations of background fields.

_ , By _ K
where P = (p1,...,pn) is a multi-index and (P) RSP The last
equality is intended as a definition.

We assume an axiomatic viewpoint stating five axioms regarding Wick pow-
ers. These do not determine them, but determine the degrees of freedom due to
the different possible choice of renormalization procedures and classify the finite
renormalization counterterms. Regarding the 5th requirement in the definition
below, for clarity we recall the notion of a compactly supported variation from
Definition 3.2. If (M,b) is a background geometry, the jointly smooth function
B = bs(z) with s € R™ and x € M defines a smooth m-dimensional (m > 0
integer) family of smooth compactly supported variations of b if bs(z) = b(x) for
x € M and bs(z) = by(x) for s,s' € R" and x ¢ K for a fixed compact K C M
depending on the family. According to Proposition 2.2, we can identify each al-
gebra W(M,b,) with W(M,b) by means of the unital *-algebra isomorphism

Ts: W(M,b) — W(M,by), (4.5)

which reduces to the identity on every spacetime (N, gs|y) if NN J (K) = 0.

(M,g)

Definition 4.1 (Wick powers for general Boson fields). Consider a net of algebras
W on the category of background geometries BEg® (resp. BEg& ™) and a locally-
covariant quantum V-field A (Definition 2.10) with A(ps): (VM) — W(M,b)
for every (M, b) € Btg® (resp. Begd™).

A class of Wick powers {A*} of A, for k = 0,1,2,... is a family of symmetric
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locally-covariant quantum SkV -fields, so that each k defines an assignment of

algebra-valued distribution

Afrrpy: 2(S*VM) = W(M,b)

to every (M,b) € Beg® (resp. BEg®™) respecting (2.8), satisfying the following

requirements.

1.

2.

Low powers. A% = 1, the unit c-number field, A! = A, the V-field.

Scaling. With respect to the decomposition (4.4), each component A" of

the Wick power A* is almost homogeneous of degree (P,ds) = p1da, +
--pNday, with respect to the action of physical scalings Sy in (2.10); that

is, there exists an integer [ > 0 and quantum k-tensor fields B; such that

l
S,\AP _ )\(PdA AP—i-)\ (Pda) Z IOg])\
7=1
where each Bj is itself almost homogeneous of degree (P,d) and order
[ — j. (Every degree is supposed to be independent from the choice of the
background geometry).

. Kinematic completeness. For any (M, b), an element a € W(M, b) satis-

fies
[a, Aupy(f)] =0 for every f € (VM)

iff a = a1, with @ € C and 1 the unit element of the algebra.

Commutator expansion. Each Wick power A* also satisfies the following

properties?: For every f € 2(S¥VM),g € 2(VM)

A?M,b)(f)a Avp) (g)] = Z‘A]E:A}?b)(A(M,b) (9)1 1), (4.6)

where Ay p): Z(VM) — &(V*M) is a given map.

. Smoothness. If (M,b) € BEg® (resp. BEg® ™), we require that there exist

a class of states Sy ) on W(M, b) such that if w € S(jy ), the expectation
values w o 7! (Abes)(f)) (with f € 2(S*V M)) can be written as

w07 (A (1) = [ @ (5.0) 4 (@) dg (o),

2We recall that there is a factor k hidden in the contraction product.
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for some jointly smooth kernels
R™ x M 3 (s,2) = Wy (5,2) €R,

for every smooth m-parameter family of compactly supported variations b,
of b on M and 7,: W(M,b) — W(M,by) defined as in (4.5) and every

integer m > 0.

Remark 4.1. While the first four axioms are standard requirements, we would like
to comment briefly the last axiom. We require that any Wick powers has smooth
expectation value both with respect to x, the coordinate on spacetime manifold,
and s, the parameter that labels the variations of b. The smoothness with respect
to x reflect the physical idea that a renormalized observable is smooth since we
have removed all singularities in the renormalization procedure. The joint smooth-
ness in (x, s) is a version of the parametrized microlocal spectrum condition that was
introduced in [KM16, Def.3.5(iv)], as a substitute for the old analyticity condition
of Hollands and Wald [HWO1].

Remark 4.2. In components, i.e., with respect to equation (4.4), the commutator

expansion axiom, for j € 1,..., N and a multi-index P, becomes
(AT AR (- SRY) - As(95)] =
; - D1 pi—1 PN [ £P1 lj i DN (+7)
ZZAl”'Az "'AN<1""7(A (95) 1 l)’...’N).
=1

To show this, fixing a background geometry (M, b), consider g; € (W*M); and
f=> i fi with f; € W, M, where we have used the identification introduced in
Remark 11, i.e, gj = (0,...,9;,...,0) and f; = (0,..., f;,...,0). We recall that

AP ARN (P ) = AR (e o fRY),
then, using Proposition 1.3,
[T AR ARY) A4(99)] =

_ [Ak( P @...@f]’\’[N),A(gj)]
N

_ i (z A (gj) 1 (0 @fva>>
=1

N
= iZAkil (f{’l -0 (Alj(gj) ‘q flpl> ®"‘@f]I<7N> ,
=1
which by definition is equal to (4.7).
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General renormalization formula for Wick products of Boson fields

We are now ready to prove a general renormalization formula for Wick powers of
Boson fields. If {flk}k:l’gym and {Ak}k:m,m are two families of Wick powers of
the same quantum V'-field A, our task is now to find a formula relating these two
pairs of Wick powers relying on the fact that both classes satisfy the above set of
general axioms. The following theorem is a generalization of [KM16, Lem.3.3]

Theorem 4.1. Let {flk}k:l,gw and {Ak}k:mw be two families of Wick powers
(Definition 4.7) of the same locally-covariant quantum V -field A (Definition 2.10) of
homogeneous scaling degree Ao € RN. Then there exists a family of smooth locally-

goee

1,2,...,

k—1
Ay (F) = Afary (1) + > Al (Coa[Mb] 4y f) (4.8)
=0

where (M, b) € Beg® (resp. BEg® ™) and f € 2(S¥V*M). In components equation
(4.8) turns out to be

Al (- 1Y)
Ay (5 1Y)
+ (4.9)
k—1 N »
i P -
Z <H (%’))A?va) ((C’C—ZQ{M’b] w1 fF Q) FAR J‘{,N)
1=0 |Q|=l \i=1
qi<pi

where QQ = (q1,...,q9n), P = (p1,...,pN) are multi-indices and Cj, = Z|Q|:k C,?.
Finally, for every fixed M < 9tan,

(i) the map
[(BM) 3 b — Ci[M,b] € &(SV*M)

is a differential operator of locally bounded order. Regarding components of the
coefficients C’,? [M,b] € g(@fil SEWIM);

(ii) each C’,? [M, b scales almost homogeneously of degree (Q, d A) under the physical
scaling transformation on b.
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Proof. In the first part of the proof we write A(f) in place of Ay p)(f) and we
adopt similar notations for the other involved fields, for the sake of notational
simplicity. For all %, the difference

AR(f) = AR(f) = Di(f),  fe2(SFVM)

defines, by construction, a symmetric locally-covariant quantum V®*-field of order
k, in particular is self-adjoint. Using the commutator expansion (4.6) in Axiom 4,
it is easy to show that

[Dr(f), Al9)] = iDp—1 (A(g) 1 f)- (4.10)

Dy(f) is an element of the algebra W(M,b) and we go to prove that it can be
expanded as a linear combination of element of the form A'.

We proceed by induction in k. The thesis holds for £ = 1 and C; = 0 since,
using again the first axiom, D;(f) = 0 for all f € Z(V*M). Suppose now that
(4.8) holds for k — 1 with respect to some functions C;: ['(BM) — &(S*V*M),
it =1,2,...,k — 1, that satisfy all the desired properties. We intend to establish
the validity of the thesis also for i = k. Consider the Wick polynomial, for f €

D(SFV M),
k—1

Wi(f) = AYCra[M,b] -y f).
=1
We stress that the sections Cy_1[M,b],Cx—2[M,b],...,Ci[M,b] appearing in
the sum, by hypotheses are smooth and have all the desired properties stated in
the theorem. Writing C._1 in place of Cx_1[M, b], we have:

[Di(f)— Wi(f), Alg)] =

k-1
= ka_l(A(g) 1 f) - [Al(ck—l k-l f)v A(g)}
k—2 - k-1
= iZAl (Cr—1-1 k-1-1A(9) 1 f) — ZiAl_l(A(g) 1 Cret k=1 f)
1=0 =1
k-1
= iZAl_l (Coet k1 A(g) 1 f) — A7 (A(9) 1 Ot k-t f) =0,
=1

where we have used Proposition 1.2. Thus, we can conclude that [Dy(f) —
Wi(f),A(g)] = 0 for any test function g. Due to Axiom 3 we must therefore

have

Di(f) = Wi(f) = Cr()1, (4.17)
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where Cy(f) is real and must define a locally-covariant c-number S¥V -field since
it is difference of that type of fields. Using the smoothness axiom we have

w (Di(f) = Wi(f)) = Cr(f)

where the left-hand side is a distribution with smooth kernel. Therefore there
is a corresponding smooth section Cj,[M,b] € &(S¥V*M) generating the right-
hand side. The covariance requirement immediately implies that the value of the
smooth section Ci[M, b] at any point € M depends only on the germ around x
for every fixed manifold M, using smaller and smaller neighborhoods M’ > z with
M’ C M viewed as background geometries on their own right when equipped with
the restriction of b to M’ and using the inclusion map x: M’ 3 2/ — 2’ € M as
embeddings. More strongly, if we consider any m-parameter family of compactly
supported smooth deformation B = bg(z) of b = by, then the same argument
tells us that Cy[M, bs](x) is also jointly smooth in (s, z). Thus the map Ci[M, ] is
weakly regular and Peetre-Slovak theorem implies that I'(BM) > b — Cy[M,b] €
&(S*V*M) is a differential operator of locally bounded order. Summing up, we
have proved that

k-1

AF(f) = AF(f) = Dr(f) = Wi(f) + Cu())1 =Y A (Cri ki ),

=0

where all coefficients Cj[M,b] from | = 0 to [ = k have all properties stated in
the thesis, but the scaling property which must be still established for Cj, only.
Choosing as test function f = f* © -+ © f}" and using relation (¢) and (@) from
Proposition 1.3, we obtain immediately the formula (4.9).

Thanks to the scaling property of A” and AT, C,? is a linear combination of
products of terms with almost homogeneous degree that add up to (@), d ). Thus,
by Lemma 3.3, C’E itself has almost homogeneous degree ((),d 4), and thus

l
SACP1L = M@0 P14 \@Qda) ™ (1ol \) BY,
j=1

where S) is the action of physical scalings on fields here applied to a c-number
field, with B]-Q some other quantum fields of almost homogeneous degree (Q,d 4).

Using again the kinematic completeness of A, we find that B]-Q = Fle are also
c-number fields. Now, exploiting the definition of Sy as in (2.10), we find that
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5’,\01?1 = C,?l, and similarly for the F]-Q. Therefore, we find that for every
reM,

l
CR[M, by (z) = MDA M, b](z) + A @941 D™ (log? A) FP[M, b] (=),
7j=1

is an almost homogeneous element of degree (), d 4) of the vector space of maps
[(BM) — &(©X.,S%W*M) under the action F[M,b] — F[M,b,]. The proof
is concluded. O

We have finally obtained a general formula, (4.8), that classifies all finite renormal-
izations counter-terms of Wick powers of a generic locally-covariant Boson vector
field A, where the coefficients C,[M, b] depend on the type of vector bundle V M
and the nature of background fields b of the field A. For this reason, in order to
study in detail these coefficients, we have to consider physically relevant models.

4.2 Tensor fields and renormalization of Wick powers

In this section we consider a class of physically relevant models and we study in
detail the renormalization counter-terms C introduced in the last section. We
choose as bundles

N K
VM =@ 1M,  BM=STMe |PTeiM
i=1 j=1

which means that we are considering as fields an N-tuple of tensor fields with
different tensor ranks

A= (Ay,...,Ay) A (T M) — W(M,Db) (4.12)

and we will say that A has tensor rank k = (k1,...,kn). As background fields we

consider the metric g together with other (covariant) tensor fields t; of rank /;
(8 t1,...,t), ge &S M), t; € &(T*CM).
Regarding physical scaling, we assume the most general situation, i.e.,
A; — N A, (g, t1, ... tr) — (A28, ATy, ..., A t) AeRT

under physical scaling transformation, where s; € R for j = 1,..., K. We require

also another property of the background fields, encoded in the following
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Definition 4.2. A background field t; is called admissible if its rank /; and its
degree under physical scaling s; fulfill the following condition

l; +s; > 0.

If the above relation is an equality, then we also call t; marginal. By convention,
let us order the background fields such that each t; for j = 1,..., Ky < K is
marginal and collectively denote them by z = (ti1,...,tx,). To emphasize their
distinction from other background fields, we will also use the notation z; = t;.

Remark 4.3. We have chosen to all dynamical and background tensor fields to
be purely covariant, i.e., to be sections of powers of the cotangent bundle 7™ M.
This choice is motivated purely by convenience and the desire not to complicated
our notation even further. Our main results, Theorems 4.1 and 4.3, hold in easily
adapted forms also for contravariant or mixed tensors, as well as for tensors of
symmetric, antisymmetric, or any other symmetry type. One does have to note
that, in the definition of admissible and marginal background fields (Definition 4.2),
the tensor rank /; must be taken to be the number of covariant tensor indices minus
the number of contravariant indices of t;.

Lemma 4.2. Consider an admissible background field t;. Then all its rescaled coor-
dinates have positive or null scaling weight under coordinate scaling. In particular the
rescaled coordinates scale as

lj S5 1 _ lj S 1 _
+-14114 ai...a;. A Li+s;+|Al L+L4+2]|A ai...ap;,A
gn 2n n| |<t]) J — Iu] J | lgn 2n nl ‘(t]) J

Proof. Under coordinate scaling we have the following rescaling
(t—j)al--~azj,A N M—lj—|A\(t—j)a1-~alj7A g M2ng'
Then the result follows immediately. O

We are finally ready to state and prove our main result, which generalizes
Theorem 3.1 of [KM16].

Theorem 4.3. Let {flk}kzl’gw and {Ak}k:m,m be two families of Wick powers
(Definition 4.1) of the same locally-covariant quantum V -field A of homogeneous scaling
degree dy € RY and tensor rank k (same as in Theorem 4.1), where the natural
vector bundle V. = @fil W; is the N -tuple introduced in (4.12). Assume also that
all background fields b, sections of the bundle BM (Definition 1.15), are admissible
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(Definition 4.2). Recall also from Theorem 4.1 the renormalization coefficients Cy,
k=1,2,... (with Cu = 0) appearing in (4.8) when comparing two families of Wick
powers of A. Finally, recall the notation R,pcq for the Riemann tensor, ¥V, for the
Levi-Civita connection of gap, and € for the associated Levi-Civita tensor.

Then following facts hold:

@ IfQ = (q1,-..,qn) is a multi-index with |Q| = k such that (Q,ds + k) =
Zf\il qi(da, + k;) <0, then the corresponding component C,? of the renormal-
ization coefficient C}, vanishes.

(b) If A is locally covariant with respect to the category Bg® (Definition 1.16), then
for every background geometry (M,b), every x € M and each k = 1,2,...,
the renormalization coefficients Cy, are given by differential operators of globally
bounded order

ClM,b](w) = Cr (@), Rapea(@), -+, Vey -+ Ve Rapea(®)s
Earar, (@), Ve Ve (o, (@), )

where Cy,(- - -) is a tensor field covariantly constructed from its arguments, whose
structure is described in more detail below.

(c) If A is locally covariant with respect to the category Beg®™t (Definition 116),
then for every background geometry (M, b), everyx € M and eachk =1,2, ..,

the renormalization coefficients C, are given by differential operators of globally
bounded order

Ci[M, b](z) = Ci (9(2), &, Rapeal®), ., Ver ++ Ve Rapeal2), -
e (area, (@), Ve Ve (@), )

where Cy, (- - -) is a tensor field covariantly constructed from its arguments, whose
structure is described in more detail below.

In both (b) and (c), by covariantly constructed we mean that the C} are equivari-
ant functions of their tensorial arguments, at each x € M, in the sense of Lemma 3.74.
That is, each Cy(. ..) is a linear combination of finitely many covariantly constructed
 and the rest of the tensorial arguments, with
scalar coefficients that are smooth functions depending locally (Definition 3.71) on finitely

many polynomial scalars covariantly constructed from the tensor fields z, which consist

tensors that are polynomial in g, g
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Chapter 4 - Wick powers of Boson fields and their renormalization

of those background tensors t; that are marginal according to Definition 4.2. Moreover,
the functional form of the Cy(- - -) does not depend on (M, b).
Finally, each Cy, can be written as C}, = Z|Q\=k CkQ with respect to the multi-

plet decomposition V = @z]\il Wi, where () is a multi-index and where each C’,? is
homogeneous degree under physical scaling. More precisely, it scales as

P = AQ@da @
when its arguments are rescaled according to
(tj)ar"az]- = A% (tj)a1~~~azj ;g e A2,
U iy XM Ropeq = A~ Rabed

(the covariant derivatives are fixed under rescaling). These scaling properties fix the
upper bound on the differential and polynomial order ofC',?.

Remark 4.4. Before going on to the proof, how it resembles and differs from the
proof of Theorem 3.1 of [KM16], which proved a similar result but only for scalar
dynamical and background fields. Generally speaking, the structure of the two
proofs are similar, which are broken down into roughly the same number of steps,
roughly in the same sequence. In both cases, we start out by knowing that the
renormalization coefficients Ci[M, b are differential operators of locally bounded
order. Hence, each C} is given by a smooth function defined on the jet bundle
J"BM of the background fields, at least when applied to sections b whose jets fall
into some open neighborhood in the jet bundle. The remaining steps gradually fix
the structure of the Cj, more and more rigidly, while also expanding its domain
of definition on J"BM, ultimately extending it to the entire jet bundle and thus
showing that it is of globally bounded differential order. The structure of C}, is
first restricted by appealing to its properties under physical scaling, using results
from Section 3.2. One immediate difference in the new proof is the need to keep
track of different (both physical and coordinate) scaling weights for the different
components of the Cj. Next, the structure of the C}, is further restricted by its
local covariance, meaning that it commutes with difftomorphisms. The results
from Section 3.4, provide the necessary tools for that, which essentially consist of
a strengthened version of the Thomas Replacement Theorem reported in [KMI6,
Prop.2.6]. Finally, local covariance is once again used to fix the final form of the
C, by using the results of Section 3.3, which essentially strengthen the classifi-
cation of equivariant and isotropic tensors reported in [KM16, Prop.2.7, Lem.2.8|.
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4.2 Tensor fields and renormalization of Wick powers

These supporting results needed to be strengthened, compared to the ones used
in [KM16], because of the transition from only scalar dynamical and background
fields to tensorial ones.

Proof. We already know that, from the Peetre-Slovak theorem (see Section 3.1), the
coefficients C,? define a differential operator

N N
[(BM)3bw CZ[M,b] e & [ () suT*hin | T | () S#T*ekim
=1 i=1

of locally bounded order as established in Theorem 4.1. The rest of the proof is
broken down into five steps, which are described in more detail below.

1. Physical scaling. We now take advantage from almost homogeneity under
physical scaling of the components of the coefficients C’,? to find their functional
form. Consider a Lorentzian manifold M endowed with a metric gg, as well as
a point y € M and an open neighborhood of U of y with compact closure. We
also assume that g restricted to U is flat. Consider also a coordinate system
(%) on U centered at 3. These coordinates induce adapted local coordinates on
Z" C J"BM, which we write as

(xa’ g, gabgab,A’ (tl)al"'all’A, s (tK)al“'alK’A) '

Recall that the coordinates (g, g?°) are functionally independent up to the identity
|det gqp| = g. We already know that b — C ,? [M,Db](x) is a differential operator
of locally bounded order, thus for gy, ¥ and U (defined as above), there exists and
integer r > 0 such that C’,? is a differential operator on U of local order  when
acting on sections of BM close to by := (go, t; = 0)3. In other words, there exists
a neighbourhood Z7 C Z" C J"BM of j, by, projecting onto U, and a function

B2 2] — (0, %75 1)

(ﬂ:’a,g’ g, (tJ‘)al'"alj’A) — B (x“, 9,9, ()" ’A) :

We stress that the flatness assumption on g is not a strong requirement because the flat metric
is only the section with respect to which we consider variations. At the moment we can consider
only metrics in a neighbourhood of go but we will gradually enlarge it to the whole set of Lorentzian
metrics. A similar argument is also valid for all t;, which at the moment have to be close to the
sections t; = 0.
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Chapter 4 - Wick powers of Boson fields and their renormalization

such that
CPIM,b)(x) = F2 (j"b(x)), (413)

for any section b € I'(BM]|) such that j"b(U) C Z]. Without loss of generality,
but possibly shrinking the domain of F}, we chose it such that

2 ~Ux Wi

LN

(2%) (g,9°4, (1) ")

At the moment, we are very far from arguing that Z] = J"BM especially because,
using the Peetre-Slovak theorem we only know that the order of the differential op-
erator C}, is locally bounded and a finite global bound may not exist. During the
proof we will gradually enlarge the domain Z7 to eventually cover all of J"BM
while maintaining the identity (4.13). The differential order r of C’I? may increase
in the process, but will remain finite. These extensions will be labeled by an in-
creasing index j in Z;. Presently j = 1.

Theorem 4.1 implies that CkQ and hence the function F kQ scales almost homoge-
neously with degree (), d 4) under physical scaling of the background fields. Thus,
thanks to Lemma 3.4 and Lemma 3.5, there exists an integer [ > 0 and function
Bj on Z7, for h =0, ..., such that

Fk? =g o logh <97%> By, (4-.14-)
h=0

where each By, is invariant under the action of physical scaling. Therefore, adopt-
ing rescaled coordinates (which are invariant under physical scaling), B} cannot
depend on g and can be written as

d -1 1.114| abA ] 2iglipg ai...ap;,A
By, = By, <$»9 " Gap, gn Tl AlgmbA g te Rl Al g A )

We now extend the domain Z7 to a larger domain Z5 C J"BM. We define Z; to
be the smallest domain invariant under physical scaling and containing Z7. That

is, we can write it as

Zy~ Rt x U x W3

bl N

—% Tte LS S R § ap, A
(9) (xd) (9 ”gabvg"Jr"lAlgab’A,gri*zfﬂfn\A\(tj)al ai;, )
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4.2 Tensor fields and renormalization of Wick powers

Up to now, we know that the identity (4.13) holds only when the germ of bat z € M
projects onto one of the jets in the domain Z] € J"BM, but the function F, kQ , via
formula (4.14), has a unique extension to Z; that scales almost homogeneously
and agrees with F l? on Z{. The identity (4.13) must remain valid also for germs
at = that projects onto Z} since any element of b’ € ZJ, using the action of
physical scaling, can be brought back to b € Z], i, b’ = by for some A > 0.
Since C’,? [M,b] scales almost homogeneously and is already defined on Zj, we
conclude that it must coincide there with the unique extension of F’ k? .

2. Diffeomorphism covariance. We consider now the covariance properties of
the coefficient C,? under diffeomorphisms. In the previous paragraph, we fixed a
point y € M and a fixed background geometry by. But, since that choice was
arbitrary, all the same results are also valid for any other choice of y' € M, open
neighborhood U’ C M of y' and background geometry by, so long as b, = x*by
on U’, where

X: M — M is some diffeomorphism such that x(3') = y.

The Peetre-Slovak theorem gives us a differential operator of order 7’ on a domain
Zgl C J" BM. The diffeomorphism covariance of C’,? then implies that the order
may be chosen the same, r = 7’

We now extend the domain Zj to a larger domain Z5 C J"BM. We define Z3
to be the smallest domain invariant under Diff(}/) and containing Z5. Since the
coefficient C’]? is Diff (M )-covariant, the function FkQ is itself Diff (M )-covariant
on Z5. The case of orientation preserving diffeomorphisms Diff ™ (M) is strictly
analogous.

Now we can use Thomas replacement theorem (Theorem 3.15) in order to remove
the dependence of F,? on some of the coordinates on Z3. We apply Theorem 3.15
separately to the various functions B}, appearing in (4.14), obtaining

(Q.d4) _1 Lo11A gbA Y45 1141, ar..a,A
g = By (»’v“,g w Gap, g Al g A gt ot lAl gy

9

_{Qdy) 1 34 1A Gab(ed,A) G420y LA 5 \a1ar A
=g o Gy (g " Gapy g ISR gtz Al gyt

(Q,da)
where each g~ e G; is equivariant under the action of GL(n) (respectively

GL*(n)). In particular, G, does not depend on the coordinates () and (F((zbc,A))'
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Chapter 4 - Wick powers of Boson fields and their renormalization

Since Z4 is Diff (M )y-invariant it has the structure:

Z3~ U x L, x RY x W3

LN

_ ;i s; _

The second factor describes the metrics at a fixed point p € U and coincides
with the full set L,, of non-degenerate bilinear forms on R" with Lorentzian signa-
ture. This is because the fiber action of the subgroup of Diff (M) which leaves
p fixed is the action of the whole GL(n) which, in turn, acts transitively on

+2 | Al Gab(cd,A)

3
Ly. W3 contains at least the point with all components g» and

l; s, 1 _
g+ Rl o, A
invariant under the said natural action of the whole GL(n). The same argument

applies to Diff " (M) and GL(n)*.

vanishing (in particular because gy is flat on U). W3 is

3. Covariance under coordinate scaling. Now we use the equivariance of the
function F,? under the action of a subgroup of GL(n) (respectively GL™(n)),
the subgroup of coordinate scaling. We can rewrite the set of coordinates over
L,, x W3 (the remaining coordinates % and F‘(lbc, A) of Z3 do not appear in the

explicit form of F; ,? as already established) as

(g,g_%gab, zj,qi)

Here the coordinates are grouped together along with the following idea: The coor-
dinates (g_%gab, zj) have weight 0 under coordinate scaling (i.e., 2,5=1,...,ma,
are precisely the rescaled components of those undifferentiated coordinates of the
background fields t; satisfying I; + s; = 0, or precisely the components of the
marginal background fields z, Definition 4.2), g transforms as g — p?"g and all
remaining coordinates, here denoted by ¢’, i = 1,...,m,, have positive weight
(d; > 0) under coordinate scalings. There are no coordinates with negative weight
(Lemma 4.2).

Let us recall that F) kQ isa (@f\il S%T*®Fi M )-valued function and that the vector
k = (ki1,...,kn) is constructed with the tensor ranks k;. Then the general dif-
feomorphism equivariance of the function F, kQ specialized to coordinate scalings

“This part of the proof is analogous to part 4. of the proof of Theorem 3.1 in [KM16]. Unfortu-
nately, that earlier argument contained an error when eliminating logarithmic terms from Fj. This
error has been corrected in the current argument, which should also be considered retroactively
inserted into the proof given in [KMI6].
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4.2 Tensor fields and renormalization of Wick powers

(centered at some base point (z%), which could be arbitrary within the domain of
definition of F; ]? ), implies the identity

F? (g,g " Gaby 2, q) =
_ _1 ; g
=y~ (@R (/f”g,g ngab,zj,ud’q’)

-1
_{Q,dy) _ 1 . o
=g Yy pQdatkiegh (u g 2n>Gh( ngab,zj,ud’qz)
h=0

(4.15)

for any point in Z3 and any ;1 > 0. As we mentioned in the previous part, the
limit (gfigab, 27,0) of the argument of the functions G, as i« — 0, belongs to the
domain of the function G}, which is smooth there. Therefore we have the Taylor

expansions
Gh (g ngab,z],qz) = Y Gus (g ”gab7zj> ¢' +0(¢"),
]<Ng

1 . . . . . . .
around (g, 9~ " gap, 27, 0), where I = iy - - iz, is a multi-index with respect to the
coordinates (qi), the coefficients G, ; are smooth, and N, > 0 is an integer such
that

Zd ij > (Q,da +k) forall I such that |I| > N,.

This choice guarantees that each error term O(¢N4) is mapped to O (p(@dat+ki+1)
under the substitution ¢* — u%q* as  — 0. Thus we obtain

1 g
FP (g,g "gaan])qZ) =

-1
_(Qdy) _ 1 -1 _1 ; L
=g 2y p(@datiogh (M lg 2")Gh (g ngab,%udlql)
h=0

(QdA) 1 .
=g Z > pldl=@dati) jogh (u g 2”>Ghl( ngab,zj)ql
h=0|I|<Nq

+ p@datlp <H<Q,dA+k>+1> _
(4.16)

Now, if we take the limit ;© — 0, the left-hand side of (4.16) does not change,

being independent of f, and in particular remains bounded. Hence, for equality
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Chapter 4 - Wick powers of Boson fields and their renormalization

to hold, any term on the right-hand side of (4.16) that independently goes to oo as
@ — 0 must vanish. That is, the coefficient of each uP log" w term with p < 0 or
p = 0,h > 0 must be zero. Actually taking the ;x — O limit on the right-hand side
of (4.16) we obtain the identity

FP (979_%9ab,2jaqi> = > g_@éiA)Go,I (g_%gab,zj) ¢ (@41)
(d.1)=(Q,da+k)

All terms (d, I) > (Q,da + k) were set to zero by the limit, which by consistency
means that they had zero coefficients to being with. Notice that this identity
implies that the function F, kQ scales homogeneously with degree (Q),d4) (that is, it
has almost homogeneous order zero). This sum could conceivably be empty, if it
happens that (@, d4 + k) < 0 (recall that d; > 0), which can only happen if some
of the combinations d4, + k; < 0. In that case, I, “ — 0 and the corresponding
component CkQ of the renormalization coefficient C}, vanishes, which proves part
(a) of the theorem.

We can now enlarge again the domain of the function F kQ along the fibers,
where the identity (4.13) holds, from Z5 to Z; C J"BM. The new domain is
isomorphic to

2y~ U X Lp x Wy X RY XR™4

bl N

. _ 1 s _
(:L.a) (g*%gab)(zj) (F‘(le,A)> (g%+%|A|Sab(cd,A),gTZ+2*fL+%|A|(tj)a1...alj,A)

Li+s;42|A|>0

The function F| kQ extends uniquely to Z as a covariant function under coordinate
scaling. Essentially we have enlarged the factor W3 to W4 x R™s. We can do that
because all the (¢') coordinates have positive weight under coordinate scaling, so
that their domain can be extended to all of R™a. The range of the (/) coordinates
is limited to W, C R™= because these coordinates are invariant under coordinate
scaling. Note that the dependence of F) kQ on the R? factor in Z is polynomial and
remember that F; kQ does not depend on the factor U x R7 (see previous part).

4. Global definition. It is now the moment to expand the domain Z} to all

J"BM, for an appropriate choice of r. In (4.17), a generic q" is of the form

H (gab(cd,A))P&w ((fj)al-.-alj,B>Pj,\B\7

AL B
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4.2 Tensor fields and renormalization of Wick powers

where all the p-exponents are non-negative integer numbers and p;o = 0 if [; +
sj = 0. The constraint (d,I) = (Q,d4 + k) in (4.17) can be written explicitly as

(Q,da+k)= Y (2+|AD)ps,a + (sj + 1 + |B))pj 5/
|AL|B]

By the admissibility of the background fields (Definition 4.2), we have s; +1; >
0. Hence, the coefficients of the p-exponents are non-negative and grow linearly
with |A| and |B. Thus, there exists a bound on the maximum values of |A|, | B]
with non-zero p-exponents. Let r; be the maximum number of derivatives of the
curvature or background tensors for which the p-exponents are non-zero. Note
that r; depends only on the structure of the bundle BM and k, and not on the
chosen domain Zj. Then we can set 7 = ry, in all the previous parts of the proof,

i.e., we end up with a domain
Zp CJ*BM,  Z}F =U x Ly, x Wy x R°,

We can now extend one last time the domain Z;* keeping the order of F}; glob-
ally bounded. The factor L,, is already maximal since it contains all Lorentzian
metrics. At the beginning of the proof we chose as the initial domain Z] a neigh-
bourhood of the point j;(go,t; = 0) € J"BM. Recall that we later split the
coordinates on J"BM into two groups, the g-coordinates, identified by positive
scaling weights (s; +{; > 0), and the z-coordinates, identified by zero scaling
weights (s; +[; = 0), the components of the marginal tensor fields z (Defini-
tion 4.2). What was essential for the subsequent arguments was that, for each
allowed value of the z-coordinates, (z,¢q = 0) was also contained in Z], because
q © j, (8o, t; = 0) = 0. However, the condition z(y) = 2 o jy(go, t; = 0) = 0 did
not play a significant role. Thus, the entire proof would work without any changes
had we chosen different background fields t; such that still g o j;(gg, t;) = 0, but
z(y) = z 0 j;(go,t;) assuming an arbitrary value. Then, having a priori fixed
r = 7}, the functions Fj, on different Z] domains would necessarily agree on
overlaps (since they are merely local expressions of the globally defined differential
operator C}) and the union of all the Z] domains would cover arbitrary values of
the z-coordinates. Thus, having already performed the extension of the domain
into the g-coordinates, we can set W4 = R™a in Z]. In other words we can set

7y =7 =71 (U) (4.18)
for some open neighborhood U C M of y € M, where w: J"* BM — M.
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The union of all those open sets U, when y varies in M, completely covers
M. Thus, the corresponding domains Z] completely cover J"*BM. Thus, the
globally defined differential operator CY, is of globally bounded order at most 7

and its components C’,?: J"*BM — ®i\;1 S%T*®Fi M have the form (4.13) when
restricted to a domain of the form Z;* with the functions F kQ satisfying (4.17).

5. GL(n)-equivariance. In this last point, we intend to give a precise form of the
function F, kQ exploiting their GL(n)-equivariance. From the previous discussion
we know that the function F, l? satisfying (4.13), is defined on the domain Z;* ~
U x RY x Zy, but it depends only on the coordinates corresponding to the factor
Zy = Ly x R™2 x R™a. We also know the following:

1. the dependence is polynomial with respect to the standard coordinates on
the R™4 factor;

(Q.da) .
9. the coefficients g~ 21 G()’[(g_%gab, 27) of these polynomials depend only

on L, x R™=,

Each factor in Z carries a tensor density representation of GL(n) (resp. GL™ (n))
arising from the action of the subgroup of Diff(M) (resp. Diff T (M )) which leaves
fixed a given point of U. More precisely, if u € GL(n):

1. on L,, the action is given by (u,g) — |det u|_% u®?g;

2. on R™=, which corresponds to the rescaled components g% ﬁ(f )y

j =1,..., Koy, of the marginal background tensor fields z = ..tKO)

L, s,
(Definition 4.2), the action is given by (u,t;) — |det u|%+ﬁ u®lﬂ tj;

3. on R™4, which corresponds to the components gn +2n+ ‘A|( )" ’A, for

l;+sj+2|Al >0, and gn+n‘A‘Sab(0d A for |A] > 0, also decomposes into

a direct sum of corresponding tensor density representations
R = D Ro
e}

where R, carries a tensor density representation of rank n,;

4. the fibers of the bundle where the functions F,?: Zy — ®Zj\i1 SaT*®ki N
take their values also carry a representation of GL(n) (resp. GL™(n)), which
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4.2 Tensor fields and renormalization of Wick powers

obviously decomposes into a direct sum of tensor density representations,

T=D7Ts
E

which we will denote by

where 73 has rank ng.

Note also that, the homogeneous polynomials P° of degree § on R carry the

representation
uP .= P (u"'p), foranyue GL(n), PP’ pecR™.
P P y P

This representation on polynomials is made up of direct sums of symmetric tensor
powers of R™¢ and hence itself also decomposes into a direct sum of tensor density

P =Ps)
v

representations

where Sf; has rank nﬁsy

From the above remarks, it is easy to see that the equivariance of the functions
F, ,? (see Proposition 3.7 for the relation between invariant and equivariant func-
tions) and the linear independence of the monomials g’ on R™a implies that the
polynomial coefficients in (4.17) are themselves smooth equivariant maps

Go: Ly x R™ = T @ P@N = (B T3 @ S{@M. (4.19)
By

Indeed, in the third part of the proof we have reduced the function FkQ in the
form (4.17): The coefficients Gy, evaluated at (g_%gab, ) € L, x R™:, give a
polynomial which is then evaluated at ¢ € R™4. But, in view of the above remarks,

we have
de

_kap _l . ~ B
g 2 Gy (g ngab,z]) = E G (Gabs 27),
By

Gt Ln x R™ — T3 @ SIOK

and thus we can write
Fl? (g " Jab, 2]7 ql> = Z Gﬁ,"/(galn ZJ)(QZ)
Byy
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Since the function F| kQ is equivariant under the action of GL(n) the maps éﬁﬁ
must be equivariant. Indeed, for any (gup, 27, ¢') € Z4 we have

F (ugay, uz’ ug') =" G o (ugap, uz’) (ug’)
Byy
(Q,k)\ ~ . .
=3 (u © =) G gun, ) (ua)
Byy

= u®" Gy (ga, ) (u" ug’)
By

= | P | F2(gar, 7', ¢
B

= u® QR EL (g, 27, ')

where we have denoted symbolically with u the action of GL(n) on the arguments
of I kQ .

Now, since the components G 3,y are equivariant tensor densities (Definition 3.8),
we can invoke the classification Lemma 3.14 to conclude that each égﬁ is, up to
an overall power of g = |det gq/|, a tensor of appropriate rank built covariantly out

aj .
of gap, g%, €219 (g) and the tensor components of z, tjl l], for j=1,..., K.

To be more precise, each éﬁﬁ is a finite linear combination of 7 ® Sﬂg@’m terms,

each built from a tensor product of finitely many aforementioned ingredients (pos-
sibly repeating) followed by any number of index contractions or permutations,
with coefficients being smooth functions of all possible polynomial scalar invariants
covariantly constructed from the same ingredients,

~ ai---aj .
G,B,’y :gaﬁwzcgffy(gabagal an(g)v"'at]’ ]7'-')
m ai--ay.
Py (gav, €™ a"(g),...,tj ).

Lemma 3.14 also tells us that, in each case, there are only finitely many algebraically
independent polynomial scalar invariants that the coefficients cj3'. can depend on
and there are only finitely many tensor valued polynomials Pj" that are linearly
independent up to a redefinition of the ¢jj' coefficients. The dependence on e(g)
is allowed only in the GL(n)" case. Also, note that for the contractions Gg sq’
to remain equivariant, all the explicit appearances of powers of g = |det g45| must

cancel.
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4.2 Tensor fields and renormalization of Wick powers

Finally, combining the above conclusions with (4.17), we can say that

F]? = F]? (gab7 Jab, 6a1---an (9)7 ceey (Zj)a1~~-alj ye e ;gabv

€T (g), L Saptea )y (g, Ao ) . (4.20)

where the dependence on the second group of arguments is purely polynomial,
while the dependence on first group of arguments is smooth with respect to finite
set of algebraically independent scalar polynomial invariants that can be formed
from them by tensor products and contractions. Recall that we have used the
notation z; = t;, for j = 1,..., Ky, that is for those background tensor fields
such that are marginal, satisfying s; + [; = 0. This completes the proof. O

After the proof of this very general model, we can move on to some more
physically relevant models.

421 Vector Klein-Gordon field

We now consider a specific quantum vector field in order to investigate in detail
the form of the coefficients C}; in (4.8): We focus on the vector Klein-Gordon
field. The classical configurations of the vector KG field over an oriented globally
hyperbolic spacetime (M, g) are smooth 1-forms, i.e, sections of the cotangent
bundle 7% M, namely A € &(T*M). The vector KG equation, where we include
also a coupling term with the curvature R, reads

~OgA+m?A+E(RA =0 (4.21)

where m? and ¢ are here smooth real-valued functions on M (they can be constant
functions, but in general we admit that m? and ¢ can vary on the spacetime). When
passing to the quantum formulation, the locally-covariant quantum vector KG
field, indicated by the same symbol A, is defined as in Definition 2.10 with k¥ =1

and VM = T* M. Moreover we have the following requirements.

(a) The net of local quantum observables )V including the vector KG field is as
in Definition 2.8 is fixed according to equation (4.21), which suggests that the
natural bundle of background fields is the one completely defined by

BM = S’T*M & R & R, (4.22)
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so that the sections M — BM are triples b = (g, m?,¢). (The metric g
affects the theory because it enters [lg, R (also derived) and even the Levi-
Civita tensor € in case one deals with the category of background geometries

Beg®™ instead of Beg®).
The natural vector bundle is completely fixed by requiring
VM =T"M

and the morphism V,, whose associated pushforward on test sections is ex-
ploited to define the notion of local covariance as in Definition 2.10, is noth-
ing but the natural lift of the embeddings y: M — M’ to the corresponding
tangent bundles.

To fix the physical scaling of background fields, i.e. to fix d4, s,,2, s¢ such
that
Ay = XA, m? = Mm2m?, £ N%E

under physical scaling, we consider the lagrangian density of vector KG field,
ie

Za == (VoAp — VpA,) (VOA" — VP AY) + (m? + €R) ApA°.

N |

where we supposed i = ¢ = 1 and we require that the action of vector
KG field is a physically dimensionless quantity, which mean that it must
be invariant under physical scaling. Recalling that, under physical scaling,
dg — A7"dg where n is the spacetime dimension, we obtain the following

system of equation

2ds+4—-n=0 dy = 52
2dg+ 82 +2—n=0 = Sm2 = 2
2dA+55+4—n:0 85:0

which means that

Ay — )\nT%Aa

when g — A 72g, m? — A\2m? and £ — ¢ according to (1.6). We recall that
the presence of covariant derivatives do not change this rescaling behaviour

as the coordinates are dimensionless.
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4.2 Tensor fields and renormalization of Wick powers

(d) We stress that all background fields of this model are scalars of non-negative
physical scaling weight and hence are admissible according to Definition 4.2.

Remark 4.5.
(1) The quantum vector KG field, in addition to the requirements in Defini-
tion 2.10, it is also supposed to verify (4.21) in a distributional sense for every

background geometry
Aarp) (FOg+m* +ER)f) =0 Vfe P(T*M). (4.23)

Though this fact does not play any role in our work, it implies several relevant
facts which are mentioned in the some of subsequent remarks. Moreover, exactly as
does the Klein-Gordon equation for the scalar field, this equation of motion plays a
crucial role in the construction of an explicit algebra of Wick polynomials [HWO01].

(2) It is well-known [BD15, Sec.3.3.1] that the KG operator P = —J+m?+¢R
is Green hyperbolic (Definition 1.10) for every choices of the involved given smooth
functions (m? may attain non-positive values in particular) and thus the retarded
and advanced Green operators of P exist. In particular the function Ay y,) dis-
cussed in (4) Remark 4.2 in this case is the causal propagator of the KG equa-
tion [BD15, Sec.3.3.1]. As a consequence of the standard properties of the causal
propagator, we also have that [A(ys1)(f), Am,p)(9)] = 0 when the supports of f
and g are causally disjoint.

(3) As is well-known, exactly as for the scalar field (e.g.,, see [BD15, Sec.3.3.1]),
the statement of the time-slice axiom for the locally covariant vector field A can
be sharpened, based on the properties of the causal propagator of equation of
motion (4.23). Namely, if O is an open neighborhood of any Cauchy surface
of (M,g) and f € Z(T"M), then Aprp)(f) = A(arp)(h) for a suitable h €
2(T*M), depending on f, whose support is contained in O.

(4) When defining the Wick products AIEM,b)( f), the class of states Sy p)
appearing in the smoothness requirement in Definition 4.1 should be naturally in-
terpreted as consisting of the extensions of Hadamard states [SV01] from the unital
*-subalgebra Wy (1) C Wiarp) to the whole ambient algebra, where Wy (yy ) is
generated by 1 and products of elements A(y; 1) (f)-

Remark 4.6. We would like to stress why we do not analyse in detail the most
obvious example of vector field, namely the Proca field. It is possible to show that
the propagator of Proca equation is nof continuous in the limit m? — 0 [SS17, Cor.

3.3]. The propagator is used to construct the map 75 of Axiom 5 (Definition 4.1),
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Chapter 4 - Wick powers of Boson fields and their renormalization

where we require smooth dependence on background fields for arbitrary compactly
supported variations (i.e. the mass can vanish): The construction can be done with
the same techniques used in [Wal94, Chapter 3] for KG field. The zero-mass limit
problem of the propagator is an evidence that the Proca field case is delicate and
it deserves particular attention: For this reason we preferred not to include it in
this thesis and we decided to study it in a dedicated future work.

Remark 4.7. 1t is worth stressing that the case of vanishing mass m = 0, even if
the spacetime is Minkowski one, does nof correspond to the quantization of the
electromagnetic field (within Lorenz-gauge choice). Indeed, we are dealing here
with the algebraic approach and, in a given spacetime, the (Weyl) *-algebra of
vector KG field is well defined for every choice of the function m? which may
also attain negative values, because its definition only relies on the fact that the
spacetime is globally hyperbolic and on the nature of the operator P = —[] +
m? + R which is Green hyperbolic. The existence of Hadamard states playing
a role in requirement 5 can be proved with a standard deformation argument even
in Minkowski spacetime for m2 <0 constantly: It is enough smoothly change
the function m? in the past of a Cauchy surface ¥ until it becomes a constant
function with value m2 > 0 in the past a second Cauchy surface ¥’ in the past
of 3 in Minkowski spacetime. Next, in the past of ¥’ one may construct the
standard Poincaré-invariant vacuum for (constant) squared mass mZ > 0 and spin-
1 particles. This state can be viewed as a state over the algebra in the future of
3} when taking advantage of time slice axiom and it remains Hadamard in view
of the known singularity propagation property of Hadamard states. Obviously, for
the algebra of fields in the future of ¥, the constructed state is not the Poincaré-
invariant vacuum which cannot be defined if m? < 0 (constantly) and the problem
with negative-norm states would immediately arise for m? = 0 (usually removed by
means of the Gupta-Bleuler treatment which also lower to 2 the physical degrees
of freedom of particles associated to the field from the 3 degrees of freedom of
massive spin-1 particles). This way also the m? < 0 theory in Minkowski spacetime
admits Hadamard states, but none of them is a Poincaré-invariant vacuum. In
other words, for m? = 0, our vector KG field field does not describe photons. In
the algebraic approach, photons are described by including gauge invariance into
the algebra of fields from scratch which is a more complicated procedure than the
one we are discussing [Hol08, FR12]. Using some delicate adiabatic changes of
mass procedures similar to the ones pointed out above it is however possible, at

least for the scalar field, transform vacua states into vacua states with different
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4.2 Tensor fields and renormalization of Wick powers

masses [DHP17, DD16, DG17].

Remark 4.8. It is worth commenting on the existence of prescriptions of Wick
polynomials that are smooth in m?, including at m? = 0. For that, it is important
to recall the precise form of the smoothness axiom (Definition 4.1, Axiom 5) and
that the main candidate for such a construction is point splitting regularized with
a Hadamard parametrix. That is, in the simplest £k = 2 case, what we must check
is the joint smoothness of the integral kernel w,;(s, =) in the expression

gigglcw o7y ! (Aa (b0 (@) Ab (1,6 (¥) — Hap (ar,b.) (,9)) = wan(s, 2),  (4.24)
where Hy, (a1 b,)(7,y) is the Hadamard parametrix and w is any Hadamard state
on the algebra W(M, by), with by = (go, m? = m2,& = &) and by a compactly
supported variation thereof. It is well-known that, already on (even dimensional)
Minkowski space with m? = m% constant, the Hadamard parametrix contains
terms proportional to log(u?0(x,y)), where o(x,vy) is the squared geodesic dis-
tance and 42 is an arbitrary dimensionful constant. On the other hand, the Wight-
man 2-point function w,,2(A,(z)Ay(y)), where w,,2 is the Fock vacuum, also
contains terms proportional to log(m?c(x,%)). Thus, we expect the point split

regularization

lim w,, 2 (Aq(2)Ap(y) — Hap(,y)) (4.25)

y—x my

to exist, because of the cancellation of singular o(x,y)-dependent terms, and to
contain terms proportional to logm3/u?. Thus, at first glance, it might seem
that the desired smoothness property in (4.24) would not hold because of a log-

2 varies from m% to 0 as a function of

arithmic singularity encountered as m
s. However, a careful comparison of (4.24) and (4.25) reveals that they are not
analogous expressions. In particular, one can never represent the family w,,> of
Fock vacua as Wiz © Ty ! for some fixed constant m32 and an s-dependent com-

2

pactly supported variation thereof, because the difference m? — m3 would not

be compactly supported. In reality, with w fixed in (4.24), the difference between
Au (Mbo) (%) A (M,bo) (y) and 5 1 (Aq (M,b,) (@) Ap (a1,b,)(y)) can be expressed us-
ing advanced and retarded propagators for the vector KG operators on (M, by)
and (M, b;), with the latter depending smoothly on the difference m?*(s, x) — m2,
as we argue briefly in the following paragraph. The conclusion of the above dis-
cussion is casually implied in the discussion of Section 5.2 of [HWO02].

To argue that the retarded propagator with mass m?(s, z) has smooth depen-

dence on the difference m?(s,r) — m2, when it has compact support, we will
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refer to some results from [DHP17]. More precisely, we can express the retarded
propagator Afﬂ in terms of the retarded propagator Aig and an operator ng
(Lemma 3.10 in [DHP17]), where ng =1+ Afig (m? —m2)]~! (Proposition 3.8
in [DHP17]). This comes down to the perturbative expression, cf. Equation (43)
in [DHP17],
AR, = Z [—Aig (m* — mg)r Aﬁg :
n>0

Lemma B.1 of [DHP17] uses the support properties of Aﬁg to show that the above
series, together with all of its functional derivatives with respect to the difference
m? — m3, converges when m2 = 0 and the background spacetime is Minkowski.
It is plausible that the same proof generalizes to more general globally hyperbolic

spacetimes, and even when m? — m3 is not compactly supported.

Explicit form of counterterms. With the concrete case of the vector KG field,
Theorem 4.1 can be sharpened to give a more explicit expression for the renormal-
ization coefficients C. In terms of algebra valued distributions, equation (4.8) can

be rewritten as

k—1
—_— — k
Aiy 7 Ay 0) = A A @)+ 3 (§ ) ot Bl )+ A )
=0

(4.26)
with Cy,[M, bly, .., (v) € (T})®FM fully symmetric. Using Theorem 4.3 we can
immediately obtain a precise form of the symmetric covariant k-tensor fields

Ci[M,b]. For example, if we choose n = 4 and k& = 2 we obtain for all
f € 2(S*°T*M)

1 ((y1m’g + yaRg + ysRic + yaég + y5 V€ + y6g(VE)? + y7(VE)“?) -5 f)

which can be written in terms of distributional fields, omitting for simplicity explicit
x-dependence, as

AaAb = AaAb + (ylgabm2 + y29ab R + y3 Rap
+ Y49 + Y5V (o Vi€ + Y69 VEVE + 7V €V E)
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4.2 Tensor fields and renormalization of Wick powers

where y;(z) = Y;({(x)) and Y}, for j = 1,...,7, are dimensionless smooth
functions which do not depend on the chosen spacetime. Obviously, in concrete
physical theories the final values of some background fields like m? and ¢ are taken
to be everywhere constant. In this case all derivatives of these fields disappear. In

particular
AaAb = AaAb + (ylgabm2 + y2gap R + ySRab) ’
where the y; := Yj(£) turn out to be true renormalization constants independent

form the chosen spacetime.

4.2.2 Vector Klein-Gordon field with tensor curvature coupling

It is possible to complicate a bit the previous example by adding a non-trivial
background field. We consider a tensorial coupling to the scalar curvature in the
vector KG equation, i.e.,

—Og Ay +m?A, + REA, = 0. (4.27)

Lowering the upper index of the coupling tensor, {,; = gac§;, we have a fully
covariant background 2-tensor field. We will take £,; to be symmetric, both for
simplicity and because only symmetric tensorial coefficients are compatible with
the existence of a Lagrangian density for (4.27). Then, the bundle of background
field is now completely defined by

BM = S’°T*M & R & S*T*M (4.28)

and the sections M — BM are triples b = (g, m?, €). The background field & is
marginal5 since the tensor index [j; = 2 and the physical scaling weight s); = —2,
hence satisfying [yr + spsr = 0. Clearly, &, is the only marginal background field.
All other hypotheses remain invariant with respect to the previous example.

To apply our main Theorem 4.3, we first need to analyze the structure of the
scalar polynomial invariants on the fibers of S?7* M under the action of O(1,n —
1) (or SO(1,n — 1)) and the separability of closed orbits by these invariants. As is
well known [Pro(07, Sec.11.8], a generating set of the polynomial invariants is given
by the contractions

(re =g tre? = ehey,. . trgm = gugir-€ol) (4.29)

*In the Lagrangian density, the curvature coupling term becomes Rg*?g*€,. Ay Agr/—g.
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which, as indicated, can be interpreted as traces of successive powers of 52, in-
terpreted as n-dimensional endomorphisms (or 7 X n matrices). All higher order
contractions are algebraically dependent due to the Cayley-Hamilton identity. The
result obtained in Theorem 4.3 applied to this case when, for example, we choose
n =4 and k = 2 gives, omitting the z-dependence for simplicity,

AgAp = AuAy + (y19a0m® + Y2gar R + ysRap + yam*Eap + ysan R + Be)
with all terms that vanish when the background fields are constant collected in

Be = Y69ab085 + Y7V (o Vi) & + Y89ab VEGV G + Y99eaV (€ Vi) €S
+ 510 (Vo Viyea) €%+ y11V (Vi Eea + y129ab (Oea) €
+ 113906V €ae Vel + y14€ab0ES + 115 VETV LS + y1608a
+ y17€ab (O€ca) £ + 118806V ae Vel ™ + 11980V (06 Vi) 5
+ y20€edbesV (o€ Vi)Y,

where the y; are locally smooth functions of our invariant scalars (4.29) in the sense
of Definition 3.11 and Proposition 3.13.

Now, we analyse in detail the structure of the coefficients y;. In general, illus-
trating the phenomenon discussed in Section 3.3, our invariant polynomials do not

separate the closed orbits of O(1,n — 1) (or SO(1,n — 1)) acting on the fibers of
0

S2T*M. For instance, given an orthonormal basis v?, ..., v3 with v timelike and
the rest spacelike, the following symmetric tensors with distinct A, ..., A4 cannot

be distinguished by invariant polynomials

1,1

€ = — 2020 + Mvlv} + Mv2v? + \zvv)
1,1 :

g = — M%) + Movlof + XovZe? + Asvdvd

even though they belong to different orbits. The orbits are distinct because any
linear transformation mapping £ to & must exchange the \o- and \; -eigenvectors,
hence exchanging a spacelike vector with a timelike vector, which cannot be
done by any element of O(1,n — 1). Other examples of this kind can be con-
structed by looking at the complete classification of the orbit types of symmetric
2-tensors [SKM 03, Sec.5.1]. On the other hand, invariant polynomials do distin-
guish the orbit of £ from the orbit of any other point in a sufficiently small neigh-
borhood, because the case of distinct eigenvalues allows us to choose the eigenvec-
tors smoothly under small variations, and small variations of timelike (spacelike)
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4.2 Tensor fields and renormalization of Wick powers

vectors remain timelike (spacelike). Thus, the subsets where invariant polynomials
can locally distinguish orbits must be separated by a “barrier” (the Z° subset of
Proposition 3.13). Since any continuous path from & to £ must pass through some
tensor with degenerate eigenvalues, we can take Z° to consist of all tensors with
at least two equal eigenvalues. The open sets Z; of Proposition 3.13 can then be
identified with the connected components of Z \ Zj, where Z is a generic fiber of
S*T*M.

The reason why the set Z° C Z and the partition Z\ Z° = U, Z;j is consistent
with Proposition 3.13 is that Z9 is actually the zero-set of an invariant polynomial
po(&) = disc(€), known as the matrix discriminant. It is defined by requiring
that, for diagonalizable tensors with eigenvalues \;, it takes the value

dise (§) = [[ v = \)?
i<j

which can be shown to coincide with the polynomial disc (§) = det (tr gt _2)
[Par02, Lem.]]. In the n = 4 case, it has the explicit form

i.j=1

trl tré tré? trég’
tré tre? tred tret
tré? tred tret trgd |’
tréd tret tred treh

disc (&) = det

where we recall that tr &7, tr €% are algebraically dependent on lower order con-
tractions due to the Cayley-Hamilton identity. Thus, the coefficients y; are locally
smooth functions (Definition 3.11) of the scalar polynomials invariants (4.29), i.e.,

vi(x) = [Yilsaren (tr €(a), tr €(2), tr €(2), tr €'(2))

for i = 1,...,20, with respect to the partition Z \ Z° = U, Z; indicated above,
with Z a generic fiber of S?T* M.

4.2.3 Scalar field with derivative

We now consider the renormalization of Wick powers of a scalar field with its
first derivative. The classical configurations of the scalar KG field over an ori-
ented globally hyperbolic spacetime (M, g) are smooth real-valued functions, i.e.,
sections of the bundle T**9M = M x R, namely ¢ € &(T*®°M) = C>(M).

Similarly to the previous case we have the following equation of motion
—Ogp +m*p + {Rp =0, (4.30)

103



Chapter 4 - Wick powers of Boson fields and their renormalization

where m? and ¢ are smooth real-valued functions on M (they can be constant

functions, but in general we admit that m? and & can vary on the spacetime).

Since we want to consider renormalization of a scalar field with its first derivative,

we construct the field ® as the pair of fields

D= (¢, Vap).

When passing to the quantum formulation, the locally-covariant quantum field ®,

denoted by the same symbol ®, is defined as in Definition 2.10, with the following
details.

(2)

As in the previous case, the net of local quantum observables WV including
the scalar field, as in Definition 2.8, is fixed according to equation (4.30),
which suggests that the natural bundle of background fields is the one com-
pletely defined by

BM = S?T*M & (M x R) & (M x R), (4.31)
so that the sections M — BM are triples b = (g, m?, £).
The natural vector bundle is completely fixed by requiring
VM =(MxR)yeT*M

and the morphism V,, whose associated pushforward on test sections is ex-
ploited to define the notion of local covariance as in Definition 2.10, is noth-
ing but the natural lift of the embeddings x: M — M’ to the corresponding
tangent bundles.

To fix physical scaling of background fields it is possible to proceed with the
same strategy of Section 4.2.1. Therefore, according to its mass dimension®,
the physical scaling degree of the field ® is

n—2 n—2
de =
P < 2 ' 9 > )
when g — A 72g, m? — A\?m? and ¢ — £ according to (1.6). We recall that
the presence of covariant derivatives do not change this rescaling behaviour

as the coordinates are dimensionless.

%E.g., assuming that both the terms summed in the Lagrangian density of the scalar field m? @2\/5

and V*¢V,p,/g are dimensionless in natural i = ¢ = 1 units.
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4.2 Tensor fields and renormalization of Wick powers

(d) We stress that all background fields of this model are scalars of non-negative
physical scaling weight and hence are admissible according to Definition 4.2.

For this specific model, using Theorem 4.1 and Theorem 4.3, we can immedi-
ately obtain a renormalization formula and a precise form of the renormalization
counter-terms. For example, if we choose n = 4 and k = 2 we obtain, in terms
algebra valued distributions and for brevity omitting the all dependence on the
spacetime point z,

2
~ arm® + aaR + Ag 2
@2 (pz &
— B1VeR + Bg,mQ
¢Vap | = | ¢¥Vap | + . ) )
v/—\v/ v v gab(yl(m) +’72mR+73R)
(P VH)P @Y o¥ + (74m2 + 755) Ray + C&mz

where all a-, 8-, and ~-coefficients are smooth functions of £ and
Aem2 = a3V € + ayldE

Be 2 = B2V am? + B3sm?V o€ + BiRV ol + B5Rap V¢
+ Bs(VPEVLE) Vo€ + BrOEV L + BsVPEV 3V o€ + BoValIE

Cemz =16V (aEVpym? +37m°V (o6 Vi€ + 18RV aE Vi + 19 Rap VEV £
+ M0Re(aV)EVE + 190 VEVem® + Y12gapm”VEV £
+ Y139 RV EV € + 1149ab R VbEV e + 7115V (o Viyym”
+716m*V (Vi€ + 1706V (o Vi€ + 18RV (Vi€ + 119 Rap0E
+ 7209ab0m + 721 9abm*0E + ¥22905(3€) + 23906 ROE
+ 724V (@€ VO + 725V (o Viy D€ + 126906 VEVE + v279a5007¢

are terms which depend on covariant derivatives of ¢ and m?. Thus, if we choose
constant values for m? and ¢:

P? p?
©Vap | =] ¥Vap

V(:g;V/b)go VaVyp
arm? + aoR
+ B1VaR
gap (11(M?)? +72m?R + 13R?) + (yam? + 450) Rap
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Also, if we wanted to maintain the Leibniz rule V,p? = 29V, ¢ (cf. [HW05]),
we would have to require 237 = a9, with the further requirements 28y = ay,
283 = o, 204 = b, 205 = o, 207 = afj, 203 = 2a3 and 259 = a4 (where ’
denotes d%) for other coefficients in the case of non-constant m?* and ¢.

Remark 4.9. Following the same ideas of this section, it is possible to renormalize
a scalar field with derivatives of arbitrary order. If we construct the (m + 1)-tuple

(907 Vm% Valvc@(p, SRR va1 T v“m(p) )

i.e., if we choose as bundle of dynamical fields

m
VM =@ T M,
1=0
we can use Theorem 4.1 and Theorem 4.3 as we did in this section to obtain a
renormalization formula with all renormalization counter-terms. With the same
idea it is possible to renormalize any tensor fields with an arbitrary number of

derivatives.
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Conclusions

In this thesis, we studied in detail Wick powers renormalization of Boson fields
in the framework of locally covariant algebraic quantum field theory in globally
hyperbolic curved spacetimes. The obtained result is very general and satisfactory,
since it simultaneously encompasses a relevant number of physical cases.

We defined a general Boson field as a section of an arbitrary natural vector
bundle of a spacetime (where naturality means the existence of a well defined
transformation law of the fibers induced from diffeomorphisms of the spacetime).
Besides the metric, the spacetime is also allowed to carry some arbitrary classi-
cal background fields (pictured as sections of natural vector bundles as well). In
particular, the mass and other parameters have been viewed as such background
fields.

We defined Wick powers axiomatically (Definition 4.1). Our list of axioms
simply generalizes the axioms exploited for the scalar field in [KMI16] which, in
turn, descend from those introduced in [HWOI] (with the crucial difference that the
"analytic dependence” axiom in [HWO0I] was here replaced by a weaker "smooth
dependence” axiom).

Our main result consists of a classification of all possible finite renormalization
counterterms of Wick powers, which refer to the ambiguities in their axiomatic
definition. As a matter of fact, the result provides a first rigorous and complete
classification for non-scalar Boson fields. Part of our main result (Theorem 4.1), by
an application of the Peetre-Slovak theorem, reduces finite renormalization terms
of a k-th Wick power to a linear combination of Wick powers of lower order with
coefficients C}; that result to be differential operators locally depending on the
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background fields of fixed physical scaling weight and transform covariantly under
diffeomorphisms. The rest of our main result (Theorem 4.3) is specialized to the
case where both the dynamical and background fields are spacetime tensors by an
application of a generalized version of Thomas Replacement theorem (Section 3.4)
and some fundamental results from smooth classical invariant theory of the or-
thogonal group O(1;n—1) or SO(1;n—1) (Section 3.3). This way, the coefficients
C'k, turn out to be linear combinations of finitely many tensor polynomials covari-
antly constructed out of the curvature, the background tensor fields, and all of their
covariant derivatives. This finiteness result crucially depends on an admissibility
criterion for all the background fields (Definition 4.2), which relates the physical
scaling weight of a background field with its tensor rank by means of a certain in-
equality. The structure of these tensor polynomials is controlled by their physical
scaling weights. It is possible that, for a given tensor type and scaling weight, the
list of such polynomials is empty, meaning that the corresponding component of
C'k vanishes. This is the result (a) of Theorem 4.3, which, in the simplest cases, tell
us that a vector field A of tensor rank 1 with scaling degree d4 < —1 (or a scalar
field with scaling degree less then 0) does not admit renormalization counterterms
(all of them are identically zero). This result can be viewed as the counterpart for
dynamical fields of the admissibility condition of background fields: Wick powers
have non-vanishing renormalization counterterms only if the sum of the scaling
degree of the quantum field and of its tensor rank is greater or equal to zero, i.e.
da + k > 0. The case of a n-tuple of fields is a bit more complicated but it is
explained by the precise statement (a) of Theorem 4.3, as we already said.

The strongest departure from the results of [KM16] is in the structure of the co-
efficients in front of these polynomial terms. These coefficients are actually allowed
to depend smoothly (and not just polynomially as in [KMI16]) on the background
fields, but into a quite restricted way. In practice, they are permitted to locally
be smooth functions only of a finite number of scalar polynomial invariants con-
structed covariantly from the subset of marginal background fields (those that satu-
rate the admissibility inequality). The notion of local smooth dependence on these
scalar invariants (cf. Definition 3.11 and Proposition 3.13) can be made precise only
by looking at the structure of the orbits of the action of O(1;n—1) or SO(1;n—1)
on the marginal background tensor fields. In the scalar Klein-Gordon case consid-
ered [KM16], the only marginal background field was the scalar curvature coupling
§. We next illustrated our results in detail with two physically relevant examples,
checking in particular that they satisfy all the admissibility hypotheses: the vector
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Klein-Gordon field A, (Section 4.2.1), possibly coupled to the curvature through a
tensor background field £,; (Section 4.2.2), and the case of Klein Gordon scalar
field ¢ accompanied by its spacetime derivative V,¢ (Section 4.2.3).

A number of open issues remains. A theorem of existence for Wick polynomials
should be established: We did not prove that there exist a prescription to define
them that satisfies our axioms. This task should be accomplished using existing
tools and results, since the standard Hadamard parametrix regularization method
[HWO02] is suitable for vector fields too, as discussed in Section 4.2.1. The main
problem is to check that our "smooth dependence” axiom is actually satisfied by
this method. Moreover, the constructed formalism should be so enlarged to cover
the more delicate case of the Proca field. Here, the main problem is that the zero

mass limit m?2

— 0 is known not to be smooth (see [SS17] for a careful recent
discussion), whereas one of our axioms for Wick powers requires regularity exactly
at the zero value of the mass. Some related remarks about subtleties with regular
mass dependence appear in Remark 4.8.

The last, and probably more important, open issue concerns the generaliza-
tion of our results to more general kinds of fields: other kinds of Boson fields (for
instance non-tensorial fields like connections) but also to fermionic fields (for in-
stance Dirac spinor fields). The latter is probably the most important and urgent
case: a strategy to study this case seems to be very similar to the one of this thesis.
First, one needs to introduce an additional geometric structure, the spin structure,
to properly describe spinors on a general curved spacetime in the framework of
locally covariant AQFT (see for e.g. [San08]). Then, using an antisymmetric ver-
sion of the contraction product defined in Def. 1.4, should be possible to establish
a spinorial version of Theorem 4.3. After that, to generalize Theorem 4.3 to, for
example, Dirac spinor fields, an intermediate step is an extension of Thomas re-
placement theorem to spinors. With these remarks we just intend to suggest to
the reader that, on the one hand, extensions of our results to other quantum fields
are possible by building on the ground work that we have already laid, on the
other hand they would deserve an entire new work. A different and much more
difficult extension would regard the renormalization of time ordered products (of
Wick powers), relying on existing well-established results [HWO01, HW02, HWO05],
which are however currently available only for the scalar case. Another difficult
but interesting problem is the extension of our formalism to gauge fields: This is an
almost entire new problem (for example gauge fields are described using a graded
algebra) which for sure deserves attention.
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