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Strain-gradient effects in the discrete/continuum transition via homogenization

by Gianluca RIZZI

A second-gradient elastic material has been identified as the equivalent homoge-
neous material of an hexagonal lattice made up of three different orders of linear
elastic bars (hinged at each junction). In particular, the material equivalent to the
lattice exhibits: (i.) non-locality, (ii.) non-centrosymmetry, and (iii.) anisotropy (even
if the hexagonal geometry leads to isotropy at first-order). A Cauchy elastic equiva-
lent solid is only recovered in the limit of vanishing length of the lattice’s bars. The
identification of the second-gradient elastic material is complemented by analyses
of positive definiteness and symmetry of the constitutive operators. Solutions of
specific mechanical problems in which the lattice response is compared to the corre-
sponding response of an equivalent boundary value problem for the homogeneous
second-gradient elastic material are presented. These comparisons show the efficacy
of the proposed identification procedure.
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Chapter 1

Introduction

An hexagonal lattice of linearly elastic bars with three different stiffnesses (as shown
in Fig. 1.1) is analyzed in the present thesis, with the aim of identifying an equiva-
lent, homogeneous elastic material.
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FIGURE 1.1: (Left) The considered planar lattice obtained as the peri-
odic repetition of an hexagonal unit cell (with side length `) made up
of linear elastic bars, characterized by three stiffnesses k (red bars),
k̂ (green bars), and k̃ (blue bars). Reference systems are also re-
ported. (Right) Explosion of the hexagonal lattice highlighting how

the perimeter nodes connect adjacent cells.

Research on the equivalence between spring networks and continuous bodies
initiates with Cauchy [18] and was refined by Born [16], to determine the elastic
properties of a crystalline solid subject to small strain. Here, the interactions between
atoms are treated as linear, so that the solid is modelled as a three-dimensional lin-
ear elastic lattice, where the elements are subject to purely axial deformation. This
is the so-called ‘Cauchy–Born Rule’, which yields the ‘rari-constant’ theory of elas-
ticity, relating the elastic property of a solid to the interactions between its atoms or
molecules.

Over the years, mechanical characteristics such as the Young modulus, Poisson’s
ratio and normal modes of vibration have been evaluated for a number of geomet-
rically different networks [21, 24, 25, 27, 35]. With reference to the hexagonal lattice
considered in the present thesis (Fig. 1.1), Day et al. [20, 40] have shown that the
overall behaviour of the lattice may be modelled as an equivalent isotropic Cauchy
linear elastic solid with elastic bulk and shear moduli, respectively K and and µ,
given by

K =
1√
12

(
k + k̂ + k̃

)
, µ =

√
27
16

(
1
k
+

1

k̂
+

1

k̃

)−1

(1.1)

where k, k̂ and k̃ are the stiffnesses of the three lattice bars.



2 Chapter 1. Introduction

Our goal is to generalize the theory developed by Day et al. [20, 40], to show that
at an higher-order of approximation the elastic material equivalent to the hexago-
nal lattice displays nonlocal effects that can be related to the properties of the bars
forming the lattice, which, in a sense, represents a micro-scale.

Phenomenological constitutive models, used to model materials of engineering
relevance, are usually local, or in other words, lack an internal characteristic length.
Mechanical behaviours at the micro- and nano-scale, shown as size-effects in exper-
iments [14, 17, 26, 44, 45] cannot be described by local constitutive models, so that
they fail when large strain gradient are involved, as when shear band are formed
[19, 22, 23, 30, 31, 34, 39].

Various authors [1, 2, 7, 8, 9, 10, 11, 12, 28, 36, 37, 38, 41, 43] have proposed non-
classical continuum model to describe the behaviour of non-simple lattice structures,
namely, involving beam-type interactions. The non-local effects in these models
emerge as the response to non simple interactions between material points, gen-
erated, for example when rotational springs are used [42].

The second gradient elastic (SGE) model proposed by Mindlin [32, 33] is pre-
sented in Chapter 2, introducing the constitutive equations, kinematic entities and
their static conjugate quantities. The balance equations and the boundary condi-
tions are derived via principle of virtual work, within a linear theory framework.
The constitutive law is definite through tensors C (local component), M (non-cen-
trosymmetric component), and A (purely curvature non-local component) and their
symmetry properties are addressed. These tensors are also represented in a matrix
form by using the Voigt notation.

In Chapter 3, the infinite hexagonal lattice shown in Fig. 1.1 is investigated. The
bars composing the unit cell are pinned to each other and characterised by three
different values of stiffness. Closed-form expressions are derived for the proper-
ties of an homogeneous second-gradient elastic material (SGE) equivalent to the lat-
tice. These are obtained through an energy match under boundary conditions repre-
senting a generic (but self-equilibrated) quadratic displacement field. As related to
the constraint of having a self-equilibrated boundary conditions, only a ‘condensed
form’ of the constitutive tensor is defined. It is noted that the ‘self-equilibrated’ con-
straint can be interpreted as a lack of a sufficient number of independent tests to
characterise a standard strain gradient elastic material.

The homogenization technique shows that the equivalent material displays non-
local behaviour, anisotropy and non-centrosymmetry, even if the first-order homog-
enization, leading to the constants Eqs. (1.1) play these effects. The equivalent mate-
rial is shown to lack of positive definiteness of the elastic energy for certain values of
the bar’s stiffnesses (k̂/k and k̃/k) and this lack of positive definiteness is analyzed
in detail. The developed elastic model always reduces to the isotropic Cauchy ma-
terial defined by the constants Eqs. (1.1) when the internal characteristic lengths are
set to zero.

In Chapter 4, the simplest approach is proposed to extrapolate from the ‘con-
densed form’ of the equivalent material a standard SGE material, which corresponds
to imposing from the beginning the equivalence between the elastic energies of the
lattice and of the equivalent material, thus neglecting the equilibrium constraint. The
proposed approach preserves the symmetry properties of the ‘condensed’ material
and leaves its positive definiteness domain unchanged.

In Chapter 5, a comparison is provided between lattice structures (subject to over-
all conditions of simple shear and uniaxial strain), which can be analytically solved
with Mathematica and their equivalent material counterparts, for which analytical
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solutions have been derived. It is shown that the lattice structures and their continu-
ous counterparts behave in excellent agreement, a result which provides a validation
to our homogenization technique.

Finally, conclusions of this thesis are drawn in Chapter 6.





5

Chapter 2

Strain gradient elasticity
formulation

The equilibrium equation for a strain gradient material can be obtained by using the
Principle of Virtual Work as shown in [32]. In Mindlin theory the work done by the

Pᵏ

W
Fᵏ

∂∂W

∂W Rᵏ

Eᵏ

FIGURE 2.1: Three-dimensional continuum body with volume Ω,
boundary ∂Ω and edge ∂∂Ω subjected to body forces (Fk), traction

(Pk), double-traction (Rk) and edge forces (Ek).

internal forces (W i) is a function of both the strain (εjk) and the curvature (χijk):

W i = W i (εjk, χijk
)

, (2.1)

where
εjk =

1
2
(
uk,j + uj,k

)
and χijk = uk,ij (Form I) . (2.2)

In the Form I the curvature is taken as the second gradient of the displacement. The
stress (σjk) and the double stress (τijk) are respectively conjugate with the strain and
the curvature as

σjk =
∂W i

∂εjk
and τijk =

∂W i

∂χijk
. (2.3)

The internal work and his first variation in a domain Ω are:

W i =
∫

Ω

(
σjkεjk + τijkχijk

)
dV, (2.4)

δW i =
∫

Ω

(
σjkδεjk + τijkδχijk

)
dV =

∫
Ω

(
σjkδuk,j + τijkδuk,ij

)
dV. (2.5)

It is possible to rewrite the two term on the right side of Eq. (2.5) as:

σjkδuk,j =
(
σjkδuk

)
,j − σjk,jδuk, (2.6)
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τijkδuk,ij =
(
τijkδuk,j

)
,i − τijk,iδuk,j. (2.7)

The second term on the right side of Eq. (2.7) can be written as:

τijk,iδuk,j =
(
τijk,iδuk

)
,j − τijk,ijδuk. (2.8)

It is now possible to rewrite the Eq. (2.5) as:

δW i =
∫

Ω

([(
σjk − τijk,i

)
δuk
]

,j −
(
σjk − τijk,i

)
,j δuk +

(
τijkδuk,j

)
,i

)
dV. (2.9)

n�

duk,j

∂W
n n duk,j� � (d -n n )duk,l�� � �

duk,j

FIGURE 2.2: (left) Normal to the surface and (right) decomposition of
the variation δuk,j towards the normal to the surface.

Applying directly the divergence theorem it is possible to rewrite the first and
the third term of the Eq. (2.9):

δW i =
∫

∂Ω
nj
(
σjk − τijk,i

)
δukdS−

∫
Ω

(
σjk − τijk

)
,j δukdV +

∫
∂Ω

niτijkδuk,jdS. (2.10)

The variation δuk,j in the latter term on the right of the Eq. (2.10) is not indepen-
dent of the virtual displacement δuk, but its normal component. The components of
δuk,j are:

δuk,j =
[
δuk,j − (n`δuk,`) nj

]
+ (n`δuk,`) nj =

(
δjl − njn`

)
δuk,` + njn`δuk,`. (2.11)

Calling
Dj (·) =

(
δjl − njn`

)
(·),` and D (·) = n` (·),` , (2.12)

it is possible to rewrite the latter term of the Eq. (2.10):

ni τijk δuk,j = ni τijk Dj (δuk) + ni τijk nj D (δuk) . (2.13)

The first term on the right side of the Eq. (2.13) can be written as:

ni τijk Dj (δuk) = Dj
(
ni τijk δuk

)
− ni Dj

(
τijk
)

δuk − Dj (ni) τijk δuk, (2.14)

and the first term on the right side of Eq. (2.14) can be written as:

Dj
(
ni τijk δuk

)
= D` (n`) nj ni τijk δuk + nq eqpm

(
emlj n` ni τijk δuk

)
,p . (2.15)
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The second term on the right side of Eq. (2.15), on ∂Ω, is zero if the surface ∂Ω is
smooth. If the surface ∂Ω has an edge ∂∂Ω, formed by the intersection of ∂Ω1 and
∂Ω2 (two portion of ∂Ω), then:∫

∂Ω
nq eqpm

(
emlj n` ni τijk δuk

)
, p dS =

∮
∂∂Ω

[[ni mj τijk]] δuk ds. (2.16)

The double brackets indicate that the enclosed quantity is the difference between
the value on ∂Ω1 and ∂Ω2.

Considering that:

nj τijk,i = nj Di
(
τijk
)
+ ni nj D

(
τijk
)

, (2.17)

it is finally possible to write:

δW i = −
∫

Ω

(
σjk − τijk,i

)
,j δukdV

+
∫

∂Ω

[
njσjk − ninjD

(
τijk
)
− 2njDi

(
τijk
)
+
(
ninjD`n` − Djni

)
τijk
]

δukdS

+
∫

∂Ω ninjτijkD (δuk)dS +
∮

∂∂ΩJnimjτijkKδukds,
(2.18)

where mj = emlj sm n` and sm in the unit vector tangent to ∂∂Ω
The work of external forces is accordingly:

δWe =
∫

Ω
Fk δuk dV +

∫
∂Ω

Pk δuk dS +
∫

∂Ω
Rk D (δuk) dS +

∮
∂∂Ω

Ek δuk ds, (2.19)

where

Fk = body forces per unit volume,
Pk = traction per unit area,
Rk = double traction per unit area,
Ek = line load along sharp edge.

(2.20)

Since the internal work as to be equal to the external work on Ω, ∂Ω and ∂∂Ω in-
dependently and for every variation δuk and D (δuk), we obtain the following stress-
equation and the boundary condition: (

σjk − τijk,i
)

,j + Fk = 0 in V
σjk nj + ni nj D

(
τijk
)
− 2nj Di

(
τijk
)
+
(
ni nj D` (n`)− Dj (ni)

)
τijk = Pk on S

ni nj τijk = Rk on S
Jni mj τijkK = Ek on C

(2.21)

2.1 Constitutive equation

The strain energy is chosen to be a quadratic form written as

USGE (ε, χ) =
1
2

Eijklεijεkl +
1
2

Aijklmnχijkχlmn + Mijkmnχijkεmn (2.22)

where E is the classic constitutive 4th order tensor, A is a constitutive 6th order
tensor linked only to the curvature and M is a 5th order tensor which takes into
account the mixed energy (non-centrosymmetric) due to the coupling between the
strain and the curvature.
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The stress and the double stress can be expressed as:

σjk =
∂U (ε, χ)

∂εjk
= Eijklεij + Mijkmnχijk, (2.23)

τijk =
∂U (ε, χ)

∂χijk
= Aijklmnχijk + Mijkmnεmn. (2.24)

From these equations we can deduce the following symmetries

Eijkl = Ejikl = Eijlk = Eklij,
Aijklmn = Ajiklmn = Aijkmln = Almnijk,

Mijkmn = Mjikmn = Mijmkn.
(2.25)

2.2 Derivation of transformation matrices

Using the orthogonal matrix D to introduce a rotation or reflection of a reference
system, the transformations for the components of strain εij and curvature tensors
χijk are

ε#
ij = εklDikDjl , χ#

ijk = χlmnDilDjmDkn. (2.26)

and DDT = DTD = I. The reflection S and rotation R (θ) restricted to a two-
dimensional space are

S =

(
1 0
0 −1

)
, R =

(
c(θ) −s(θ)
s(θ) c(θ)

)
, (2.27)

with s(θ) = sin θ and c(θ) = cos θ. Condensing the transformation matrices into
higher-dimension tensors in Eqs. (2.26) it is possible to write

ε#
ij = εklD̃ikjl , χ#

ijk = χlmnD̂il jmkn. (2.28)

In order to obtain more manageable expressions, the two tensors D̃ and D̂ will
be expressed in a matrix form [3, 4]. In order to do that, it is necessary to collect the
strain and the curvature tensors in vectors as follow

p� =


ε11
ε22
ε12
ε12

 , q� =



χ111
χ221
χ112
χ222
χ211
χ122
χ211
χ122


. (2.29)

Giving the specific order of the strain and the curvature components in Eqs. (2.29),
the matrix form of D̃ and D̂ results to be
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D̃�=

D̃1111 D̃1212 D̃1112 D̃1211

D̃2121 D̃2222 D̃2122 D̃2221

D̃1121 D̃1222 D̃1122 D̃1221

D̃2111 D̃2212 D̃2112 D̃2211





D̂�=

D̂111111 D̂121211 D̂111112 D̂121212 D̂121111 D̂111212 D̂111211 D̂121112

D̂212111 D̂222211 D̂212112 D̂222212 D̂222111 D̂212212 D̂212211 D̂222112

D̂111121 D̂121221 D̂111122 D̂121222 D̂121121 D̂111222 D̂111221 D̂121122

D̂212121 D̂222221 D̂212122 D̂222222 D̂222121 D̂212222 D̂212221 D̂222122

D̂211111 D̂221211 D̂211112 D̂221212 D̂221111 D̂211212 D̂211211 D̂221112

D̂112121 D̂122221 D̂112122 D̂122222 D̂122121 D̂112222 D̂112221 D̂122122

D̂112111 D̂122211 D̂112112 D̂122212 D̂122111 D̂112212 D̂112211 D̂122112

D̂211121 D̂221221 D̂211122 D̂221222 D̂221121 D̂211222 D̂211221 D̂221122




and Eqs. (2.26) can be written in the following matrix form

p�
#

i = D̃�ijp
�
j , q�

#

i = D̂�ijq
�
j . (2.30)

Introducing now the Voigt notation, the vector p� and q� will be condensed as
follow

p =

 ε11
ε22

2ε12

 , q =



χ111
χ221
χ112
χ222

2χ211
2χ122

 (2.31)

while the matrices D̃� and D̂� are reduced as follow

D[p] =

 Ã�
B̃� + C̃�

2

D̃� + Ẽ�
F̃� + G̃� + H̃� + Ĩ�

2

, D[q] =

 Â�
B̂� + Ĉ�

2

D̂� + Ê�
F̂� + Ĝ� + Ĥ� + Î�

2

.

(2.32)
where the colours are introduced in order to explain in an easy and visual way how
to perform the contraction.

The dimensions of D[p] is 3x3 while that of D[q] is 6x6. These transformation
matrices will be taken in the following to coincide respectively with S[p] or R[p] and
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S[q] or R[q] defined as

S[p] =

 1 0 0
0 1 0
0 0 −1

 , S[q] =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1

 , R[p](θ) =

 c2(θ) s2(θ) −c(θ)s(θ)
s2(θ) c2(θ) c(θ)s(θ)
s(2θ) −2c(θ)s(θ) c(2θ)

 ,

R[q](θ) =



c3(θ) s2(θ)c(θ) −s(θ)c2(θ) −s3(θ) −s(θ)c2(θ) s2(θ)c(θ)
s2(θ)c(θ) c3(θ) −s3(θ) −s(θ)c2(θ) s(θ)c2(θ) −s2(θ)c(θ)
s(θ)c2(θ) s3(θ) c3(θ) s2(θ)c(θ) −s2(θ)c(θ) −s(θ)c2(θ)

s3(θ) s(θ)c2(θ) s2(θ)c(θ) c3(θ) s2(θ)c(θ) s(θ)c2(θ)
2s(θ)c2(θ) −2s(θ)c2(θ) −2s2(θ)c(θ) s(θ)s(2θ) (c(θ) + c(3θ))/2 (s(θ)− s(3θ))/2
s(θ)s(2θ) −2s2(θ)c(θ) 2s(θ)c2(θ) −2s(θ)c2(θ) s(θ)c(2θ) (c(θ) + c(3θ))/2.


(2.33)

namely, the reflection and rotation matrices, respectively.
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Chapter 3

Second-gradient material
equivalent to the lattice structure

An infinite hexagonal lattice is analyzed when subject to a linear and quadratic nodal
displacement field, with the final purpose of determining an equivalent elastic con-
tinuum.

3.1 Preliminaries: the periodic structure and its elastic equi-
librium

An infinite periodic lattice is considered as the repetition of an hexagonal unit cell
(as shown in Fig. 3.1 with reference to the orthonormal basis e1–e2), which will even-
tually be considered as representative volume element (RVE) of an equivalent con-
tinuum. The hexagonal cell is regular and has edge of length `, it is characterized by
linear elastic bars with three different values of axial stiffnesses k,̂k, and k̃, distributed
according to the scheme reported in Fig. 3.1. Within the lattice, each hinge node,
where three bars of different elastic stiffness converge, can be identified through
three indexes: the node index i and the cell indexes m and n.

There are three possible tessellations, equivalent from the geometric point of
view, the one is chosen in which the centre is defined by the convergence of the
bars of stiffness k̂ ad k̃, while the other bars of stiffness k are perimetric.

Each node of the cell is defined by an index i = {0, 1, 2, 3, 4, 5, 6} and each cell is
singled out by the integers {m, n} ∈ Z, which determine the cell position with ref-
erence respectively to the non-orthogonal direction e1 and eπ/3 = 1/2e1 +

√
3/2e2.

It follows that the position x(m,n|i) of the perimetral i-th node of the {m, n} cell can
be described with reference to the position x(m,n|0) of the cell’s central node (i = 0),
through the following expression

x(m,n|i) = x(m,n|0) + `g(i), (3.1)

where g(i) defines the direction spanning from the central node to the i-th node,

g(i) = (1− δi0)

{
− sin

[
π(i− 1)

3

]
e1 + cos

[
π(i− 1)

3

]
e2

}
, (3.2)

in which the index is not summed and δi0 is the Kronecker delta defined to include
the null index value, so that δ00 = 1 while δi0 = 0 for every i 6= 0. From the definition
expressed by Eq. (3.2), it follows that the vector g(i) has unit modulus for every i 6= 0,
while it vanishes when i = 0 (central node),

g(0) = 0, |g(i)| = 1, for i = 1, 2, 3, 4, 5, 6. (3.3)
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Furthermore, due to the RVE symmetry, the unit vectors g(i) satisfy the following
property

g(i) = −g(i+3), i = 1, 2, 3, (3.4)

and the following combination of the unit vectors g(1), g(5), and g(6) provides the
unit vectors e1 and eπ/3

e1 =
g(5) + g(6)
√

3
, eπ/3 =

g(1) + g(6)
√

3
. (3.5)

Considering the definition of the unit vector g(i), Eq. (3.2), the position x(m,n|0)

of the central node of the cell {m, n} can be expressed with reference to the position
x(0,0|0) of the central node of the cell {m, n} = {0, 0} as

x(m,n|0) = x(0,0|0) + `
[
m
(

g(5) + g(6)
)
+ n

(
g(1) + g(6)

)]
, (3.6)

so that the position x(m,n|i) of each node i of every {m, n} cell, expressed by Eq.(3.1),
can be finally reduced to

x(m,n|i) = x(0,0|0) + `
[
g(i) + m

(
g(5) + g(6)

)
+ n

(
g(1) + g(6)

)]
. (3.7)

x  (e )2 2

x  (e )1 1

1

3
4

5

6

0

2
4

6

1
35

n(e )p/3

m(e )1

[m,n+1][m,n+1][m-1,n+1][m-1,n+1]

[m-1,n][m-1,n]

[m,n-1][m,n-1] [m+1,n-1][m+1,n-1]

[m+1,n][m+1,n]1
3

35

26

2
4

6

FIGURE 3.1: Hexagonal lattice (left) and its exploded drawing, high-
lighting the definitions of the cells (right), which correspond to the
representative volume elements (RVEs) of an equivalent continuum.

The red, green and blue bars have stiffness k, k̂ and k̃, respectively.

It is also noted that all the perimetric nodes (i = {1, 2, 3, 4, 5, 6}) are shared
between three adjacent hexagonal cells (associated to three different pairs {m, n}),
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Fig. 3.1, so that the following relations hold

x(m,n|1) = x(m,n+1|3) = x(m−1,n+1|5),

x(m,n|2) = x(m−1,n+1|4) = x(m−1,n|6),

x(m,n|3) = x(m−1,n|5) = x(m,n−1|1),

x(m,n|4) = x(m,n−1|6) = x(m+1,n−1|2),

x(m,n|5) = x(m+1,n−1|1) = x(m+1,n|3),

x(m,n|6) = x(m+1,n|2) = x(m,n+1|4).

(3.8)

Introducing u(m,n|i) as the small displacement of the i-th node belonging to the cell
{m, n}, which according to Eqs. (3.8) satisfies the following relations

u(m,n|1) = u(m,n+1|3) = u(m−1,n+1|5),

u(m,n|2) = u(m−1,n+1|4) = u(m−1,n|6),

u(m,n|3) = u(m−1,n|5) = u(m,n−1|1),

u(m,n|4) = u(m,n−1|6) = u(m+1,n−1|2),

u(m,n|5) = u(m+1,n−1|1) = u(m+1,n|3),

u(m,n|6) = u(m+1,n|2) = u(m,n+1|4).

(3.9)

the elongation E(m,n|i,j) of the bar connecting the nodes i and j (with i 6= j) is given
by

E(m,n|i,j) =
(

u(m,n|i) − u(m,n|j)
)
·
(

g(i) − g(j)
)

, i 6= j, (3.10)

showing that the permutation between the indexes i and j (referred to the involved
nodes) does not vary this measure,

E(m,n|i,j) = E(m,n|j,i). (3.11)

Considering a linear elastic response for the bars, the corresponding force F(m,n|i,j)

acting on the i-th node of the cell {m, n} is given by

F(m,n|i,j) = −k(i,j) E(m,n|i,j)
(

g(i) − g(j)
)

, (3.12)

while the respective force acting at the j-th node of the same cell, according to the
second Newton’s law, has reversed sign,

F(m,n|j,i) = −F(m,n|i,j). (3.13)

The usual convention is assumed that tensile forces are positive, while a negative
sign denotes compression. In Eq. (3.12), the stiffness k(i,j) is defined as (Fig. 3.1)

k(i,j) =


k, i 6= 0 and j 6= 0,
k̃, i = 0 and j even or i even and j = 0,
k̂, i = 0 and j odd or i odd and j = 0.

(3.14)
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The sum of all the forces F(m,n|i,j) applied to the node i (belonging to the cell
{m, n}) and generated by the elongation of all the jointed bars, provide the resultant
R(m,n|i). Considering properties expressed by Eq. (3.8), the resultant forces at all the
lattice nodes may be described through the three primary resultants R(m,n|0), R(m,n|1),
R(m,n|2) as

R(m,n|0) =
6
∑

j=1
F(m,n|0,j),

R(m,n|1) = F(m,n|1,0) + F(m,n|1,2) + F(m,n|1,6) + F(m,n+1|3,0) + F(m−1,n+1|5,6) + F(m−1,n+1|5,0),

R(m,n|2) = F(m,n|2,0) + F(m,n|2,1) + F(m,n|2,3) + F(m−1,n|6,0) + F(m−1,n+1|4,3) + F(m−1,n+1|4,0).
(3.15)

Assuming quasi-static response, Eqs. (3.8) imply that equilibrium is satisfied for
the whole lattice when the three primary resultants R(m,n|0), R(m,n|1), and R(m,n|2)

vanish for every cell {m, n}

R(m,n|0) = R(m,n|1) = R(m,n|2) = 0, ∀ {m, n} . (3.16)

The elastic energy stored in the cell {m, n} (that will be interpreted later as the mi-
crostructure of a continuum) is provided by

U
(m,n)
lat =

1
2

6

∑
i=1

k(i,0)
[

E(m,n|i,0)
]2

+
1
4

6

∑
i=1

k(i,i+1−6δi6)
[

E(m,n|i,i+1−6δi6)
]2

, (3.17)

where only one half of the energy accumulated within the perimetric bars has been
considered, so that the total energy of the infinite lattice is obtained by summing the
energy of each cell

Ulat = ∑
m,n∈A⊆Z

U
(m,n)
lat , (3.18)

where A is a mono-connected compact set of Z.

3.2 Definition of an average operator for the displacement
gradient

With reference to a generic field f(x1, x2) over a domain Ω of a continuous body, its
gradient and the related average are respectively given by

f j,k(x1, x2) =
∂ f j(x1, x2)

∂xk
, 〈 f j,k〉 =

1
||Ω||

∫
Ω

f j,kdΩ, (3.19)

where ||Ω|| is the measure of Ω. By means of the divergence theorem, the gradient
average can be rewritten as

〈 f j,k〉 =
1
||Ω||

∫
∂Ω

f jnkds, (3.20)

where only the evaluation of the field f(x1, x2) along the cell perimeter is needed. In
order to compute the displacement gradient average, the displacement field along
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the cell perimeter can be linearly interpolated as

u(s) = u(m,n|i) +
(

u(m,n|i+1−6δi6) − u(m,n|i)
) s
`

. (3.21)

where s is the curvilinear coordinate along the bar connecting the node i to node i +
1− 6δi6 and measuring the distance from the former. Considering this interpolating
field and identifying Ω with the hexagonal domain, the average of the displacement
gradient for the lattice structure (identified with the subscript ‘lat’ to highlight its
relation with the lattice, and not with the continuum) can be obtained by substituting
Eq. (3.21) into Eq. (3.20) as

〈uj,k〉
(m,n)
lat =

1
3
√

3`

6

∑
i=1

(
u(m,n|i)

j + u(m,n|i+1−6δi6)
j

)
n(i)

k , (3.22)

which, when the normal vectors n(i)
k are related to the unit vectors g(i)k , reduces to

〈uj,k〉
(m,n)
lat =

1
9`

6

∑
i=1

(
u(m,n|i)

j + u(m,n|i+1−6δi6)
j

) (
g(i)k + g(i+1−6δi6)

k

)
. (3.23)

More specifically, the four components of 〈uj,k〉
(m,n)
lat can be expressed in the reference

system e1–e2 as

〈∇u(x)〉(m,n)
lat =

1
`


−u(m,n|2)

1 − u(m,n|3)
1 + u(m,n|5)

1 + u(m,n|6)
1

2
√

3

2u(m,n|1)
1 + u(m,n|2)

1 − u(m,n|3)
1 − 2u(m,n|4)

1 − u(m,n|5)
1 + u(m,n|6)

1
6

−u(m,n|2)
2 − u(m,n|3)

2 + u(m,n|5)
2 + u(m,n|6)

2

2
√

3

2u(m,n|1)
2 + u(m,n|2)

2 − u(m,n|3)
2 − 2u(m,n|4)

2 − u(m,n|5)
2 + u(m,n|6)

2
6

.

(3.24)
An alternative but equivalent way to that described above to derive the average

of the displacement gradient, Eq. (3.24), can be obtained with reference to the piece-
wise description of the displacement field along each one of the six equilateral tri-
angles, subdomains of the hexagonal cells and enclosed by the three different bars.
Such a piecewise description of the displacement field u(m,n,j)(x) follows from the
linear interpolation of the displacements between the three nodes (0, j, j + 1− 6δj6,
with j = 1, ..., 6) which are the vertices of the triangles defining the {m, n} hexagonal
cell, as

u(m,n,j)(x) = A(m,n,j)x + c(m,n,j) with j = 1, ..., 6 m, n ∈ Z (3.25)

where matrix A(m,n,j) and the vector c(m,n,j) are

A(m,n,j)
11 =

2 cos
(

π j
3

)
(u(m,n|j)

1 − u(m,n|0)
1 ) + 2 cos

(
π(j−1)

3

)
(u(m,n|0)

1 − u(m,n|j+1)
1 )

√
3`

,

A(m,n,j)
12 =

2 cos
(

π j
3

)
(u(m,n|j)

2 − u(m,n|0)
2 ) + 2 cos

(
π(j−1)

3

)
(u(m,n|0)

2 − u(m,n|j+1)
2 )

√
3`

,
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A(m,n,j)
21 =

2 sin
(

π j
3

)
(u(m,n|j)

1 − u(m,n|0)
1 ) + 2 sin

(
π(i−1)

3

)
(u(m,n|0)

1 − u(m,n|j+1)
1 )

√
3`

,

A(m,n,j)
22 =

2 sin
(

π j
3

)
(u(m,n|j)

2 − u(m,n|0)
2 ) + 2 sin

(
π(j−1)

3

)
(u(m,n|0)

2 − u(m,n|j+1)
2 )

√
3`

,

c(m,n,j)
1 = u(m,n|0)

1 , c(m,n,j)
2 = u(m,n|0)

2 .
(3.26)

The average of the displacement gradient within the unit cell {m, n} follows from
Eq. (3.19) as

〈∇u(x)〉(m,n)
lat =

1
||Ω||

6

∑
j=1

∫
Ω(m,n,j)

∇u(m,n,j)(x)dΩ. (3.27)

Considering the piecewise description of displacement (3.25), Eq. (3.27) can be rewrit-
ten as

〈∇u(x)〉(m,n)
lat =

1
6

6

∑
j=0

A(m,n,j)
11 A(m,n,j)

12

A(m,n,j)
21 A(m,n,j)

22

 , (3.28)

which, recalling Eq. (3.26), reduces to the same expression given by Eq. (3.23).

3.3 Second-order displacement boundary condition

The key to the homogenization scheme that will be developed in the next Section is
the imposition to the infinite lattice of a linear and a quadratic nodal displacement
fields (as in [5], [6], [13], [15]), together with a ‘correction field’ ∆u(m,n|i), namely,

u(m,n|i)
r = αsrx(m,n|i)

s + βstrx(m,n|i)
s x(m,n|i)

t + ∆u(m,n|i)
r , with r, s, t = 1, 2 (3.29)

where αsr and βstr are tensors modulating the fields and satisfying the symmetry
properties αsr = αrs and βstr = βtsr. The presence of the correction term ∆u(m,n|i)

r is
necessary (as will be shown later) for the quasi-static equilibrium, to hold for every
αsr and βstr as defined by Eqs. (3.16). The displacement field expressed through
Eq. (3.29) can equivalently be written as

u(m,n|i) = αx(m,n|i) +
(

x(m,n|i) ⊗ x(m,n|i)
)

: β + ∆u(m,n|i), (3.30)

where the second-order tensor α and the third-order tensor β have components αsr =
(α)sr and βstr = (β)str. In Eq. (3.30), the dyadic product⊗ and double scalar product
: are introduced, respectively defined as (a⊗ b)st = asbt and (A :B)r = AstBstr.
With reference to the displacement field, Eq. (3.30), and using Eq. (3.10), the bars
elongations are computed as

E(m,n|i,j) =`
{

α
(

g(i) − g(j)
)
+ 2

[
x(m,n|0) ⊗

(
g(i) − g(j)

)]
: β

+`
[(

g(i) + g(j)
)
⊗
(

g(i) − g(j)
)]

: β
}
·
(

g(i) − g(j)
)
+ ∆E(m,n|i,j), i 6= j,

(3.31)
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from which Eq. (3.12) yields the corresponding force at the i-th node

F(m,n|i,j) =− k(i,j)` G(i,j)
{

α
(

g(i) − g(j)
)
+ 2

[
x(m,n|0) ⊗

(
g(i) − g(j)

)]
: β

+`
[(

g(i) + g(j)
)
⊗
(

g(i) − g(j)
)]

: β
}
+ ∆F(m,n|i,j), i 6= j,

(3.32)

with
∆E(m,n|i,j) =

(
∆u(m,n|i) − ∆u(m,n|j)

)
·
(

g(i) − g(j)
)

, i 6= j, (3.33)

∆F(m,n|i,j) = −k(i,j) ∆E(m,n|i,j)
(

g(i) − g(j)
)

, i 6= j. (3.34)

G(i,j) =
(

g(i) − g(j)
)
⊗
(

g(i) − g(j)
)

, (3.35)

In combination with Eqs. (3.32) and (3.34), Eqs. (3.15) allows to write the resultant
acting on the node i of the cell {m, n} as

R(m,n|0) =
(

k̂− k̃
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i) +

(
k̂ + k̃

)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̂− k̃
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)

+
6

∑
j=1

k(0,j)G(0,j)
(

∆u(m,n|0) − ∆u(m,n|j)
)

,

(3.36)

R(m,n|1) =
(

k− k̂
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i)

+
(

k + k̂
)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k− k̂
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k− k̂
)
`2 ∑

i=1,3,5

[(
g(1) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ k
[
G(1,0)

(
∆u(m,n|1) − ∆u(m,n|0)

)
+ G(5,0)

(
∆u(m,n|1) − ∆u(m−1,n+1|0)

)
+ G(3,0)

(
∆u(m,n|1) − ∆u(m,n+1|0)

)]
− k̂

[
G(3,0)

(
∆u(m,n|1) − ∆u(m,n|2)

)
+ G(5,0)

(
∆u(m,n|1) − ∆u(m,n|6)

)
+ G(1,0)

(
∆u(m,n|1) − ∆u(m,n+1|2)

)]
,

(3.37)
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R(m,n|2) =
(

k̃− k
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i)

+
(

k̃ + k
)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̃− k
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̃− k
)
`2 ∑

i=1,3,5

[(
g(2) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ k̃
[
G(2,0)

(
∆u(m,n|2) − ∆u(m,n|0)

)
+ G(4,0)

(
∆u(m,n|2) − ∆u(m−1,n+1|0)

)
+ G(6,0)

(
∆u(m,n|2) − ∆u(m−1,n|0)

)]
− k

[
G(4,0)

(
∆u(m,n|2) − ∆u(m,n|3)

)
+G(6,0)

(
∆u(m,n|2) − ∆u(m,n|1)

)
+ G(2,0)

(
∆u(m,n|2) − ∆u(m−1,n|1)

)]
.

(3.38)

Due to the fact that the resultant forces R(m,n|i) are linear expressions with re-
spect x(m,n|0) it follows that they may be annihilated only when the correction field
∆u(m,n|i) has a linear expression, which under the constraint of satisfying equations
(3.9), Fig. 3.2, is given by the general form

∆u(m,n|i) =


∆a(m,n|0) = Zx(m,n|0) + z,

∆b(m,n|i) = Vx(m,n|i) + v, i odd,

∆c(m,n|i) = Wx(m,n|i) + w, i 6= 0 and even.

(3.39)

and implying that the mean value (3.23) of the gradient of the second-order displace-
ment field is

〈∇u〉(m,n)
lat = α + `β ·

[ √
3(2m + n)

3n

]
+

V + W
2

. (3.40)

(m,n|0)R

(m,n|6)R(m,n|2)R

(m,n|4)R

(m,n|3)R

(m,n|5)R

(m,n|1)R

(m,n|0)
Da

(m,n|1)Db

(m,n|5)Db

(m,n|6)Dc
(m,n|2)Dc

(m,n|3)Db
(m,n|4)Dc

FIGURE 3.2: Resultant forces R(m,n|i) (left) and corrective displace-
ments ∆u(m,n|i) (right) associated with the node i beloging to the cell
{m, n} within the lattice drawn in its undeformed configuration.
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Substituting such a correction field into Eqs. (3.36)–(3.38), the resultant forces at
the three nodes reduce to

R(m,n|0) =
(

k̂− k̃
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i) +

(
k̂ + k̃

)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̂− k̃
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)+

+ ∑
i=1,3,5

(
g(i) ⊗ g(i)

) [
k̂
(
`Vg(i) + (V− Z) x(m,n|0) + v− z

)
+k̃
(
−`Wg(i) + (W− Z) x(m,n|0) + w− z

)]
,

(3.41)

R(m,n|1) =
(

k− k̂
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i) +

(
k + k̂

)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k− k̂
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k− k̂
)
`2 ∑

i=1,3,5

[(
g(1) ⊗ g(i)

)
: β · g(i)

]
g(i)+

+ ∑
i=1,3,5

(
g(i) ⊗ g(i)

) [
k̂
(
−`Vg(1) + (Z−V) x(m,n|0)

+`Z
(

g(1) − g(i)
)
+ z− v

)
+k
(
−`Vg(1) + (W−V) x(m,n|0) + `W

(
g(i) + g(1)

)
+ w− v

)]
,

(3.42)

R(m,n|2) =
(

k̃− k
)
` ∑

i=1,3,5

(
g(i) · αg(i)

)
g(i) +

(
k̃ + k

)
`2 ∑

i=1,3,5

[(
g(i) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̃− k
)
` ∑

i=1,3,5

[(
x(m,n|0) ⊗ g(i)

)
: β · g(i)

]
g(i)

+ 2
(

k̃− k
)
`2 ∑

i=1,3,5

[(
g(2) ⊗ g(i)

)
: β · g(i)

]
g(i)+

+ ∑
i=1,3,5

(
g(i) ⊗ g(i)

) [
k̃
(
−`Wg(2) + (Z−W) x(m,n|0)

+`Z
(

g(i) + g(2)
)
+ z−w

)
+k
(
−`Wg(2) + (V−W) x(m,n|0) − `V

(
g(i) − g(2)

)
+ v−w

)]
.

(3.43)

The annihilation of the three resultant forces R(m,n|0), R(m,n|1), and R(m,n|2) for
every unit cell {m, n} is equivalent to a system of 30 linear equations in the 18 un-
known components of the vectors v, w, and z, and of the matrices V, W, and Z (Eqs.
(3.39)). Solving this system leads to two results, namely, (i.) the determination of
12 out of the 18 additional field components, which depend on the components of z
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and Z assumed as free parameters as

v = K[1]


[

α12
α11 − α22

2

]
+

Z12 + Z12

2
Z11 − Z22

2


 `

+

{
K[3]

[
β111 + β122
β222 + β211

]
+K[5]

[
β221 − β122
β112 − β211

]}
`2 + z,

w = K[2]


[

α12
α11 − α22

2

]
+

Z12 + Z12

2
Z11 − Z22

2


 `

+

{
K[4]

[
β111 + β122
β222 + β211

]
+K[6]

[
β221 − β122
β112 − β211

]}
`2 + z,

(3.44)

V = K[1]

β112 + β211 β122 + β221

β111 − β122 β211 − β222

 `+ Z,

W = K[2]

β112 + β211 β122 + β221

β111 − β122 β211 − β222

 `+ Z,

(3.45)

and (ii.) two linear equations for the six components of β.
It follows from these two equations that tensor β is constrained to have only four

independent components and will be henceforth referred as βlat, a symbol defining
the set of generic quadratic amplitude tensors β, for which the lattice structure is in
equilibrium in the absence of external nodal forces. Considering β111, β221, β112, β222
as the four independent components, tensor βlat is defined by the six components
β111, β221, β112, β222, βlat

211, and βlat
122, where the last two are[

βlat
211

βlat
122

]
= −

(
1 +

9I[3]
2I[1] I[2]

)[
β222
β111

]
−

9I[3]
2I[1] I[2]

[
β112
β221

]
. (3.46)

The superscript ‘lat’ is introduced to highlight that these two components are con-
strained in order to satisfy the equilibrium in the lattice material. Henceforth, when
referred to the lattice material, the generic tensor β is considered as the subset βlat,
satisfying Eq. (3.46). In Eqs. (3.44)-(3.45) and (3.46), the coefficients K[j] (j = 1, ..., 6)
and I[j] (j = 1, 2, 3) are introduced, the former are given by

K[1] =
k(k̂− k̃) + k̃(k̂− k)

I[2]
, K[2] =

k̂(k− k̃) + k(k̂− k̃)
I[2]

, K[3] =
3k̂(k + k̃) + 4k(k + 2k̃)

4I[2]
,

K[4] =
3k̃(k + k̂) + 4k(k + 2k̂)

4I[2]
, K[5] =

I[2] + 3kk̃
4I[2]

, K[6] =
I[2] + 3kk̂

4I[2]
,

(3.47)
while the latter are the three invariants of the diagonal matrix K

K =

 k 0 0
0 k̂ 0
0 0 k̃

 , (3.48)
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so that
I[1] = trK = k + k̂ + k̃,

I[2] =
1
2

[
(trK)2 − trK2

]
= k k̂ + k k̃ + k̂ k̃,

I[3] = det(K) = k k̂ k̃.

(3.49)

Imposing that the correction field ∆u does not affect the mean value of the dis-
placement gradient 〈∇u〉(m,n)

lat , Eq. (3.40), leads to the condition

V + W = 0, (3.50)

which, considering their expressions given in Eq. (3.45), is equivalent to the follow-
ing value of Z

Z = −K[1] +K[2]

2

β112 + βlat
211 βlat

122 + β221

β111 − βlat
122 βlat

211 − β222

`. (3.51)

Note that vector z appearing in Eqs. (3.44) is not present in the above equations, so
that it remains indeterminate because it only produces a rigid-body translation.

It is worth noting that:

• in the case of springs with same stiffness (k = k̃ = k̂), enforcing Eqs.(3.46)
automatically provides the equilibrium Eqs.(3.41)–(3.43) for the generic purely
quadratic displacement field augmented by a rigid translation z,

k̄ = k̃ = k̂ =⇒
{

v = w = z
V = W = Z = 0

(3.52)

so that in this case the correction field is null.

• in the case β = 0, it follows that V = W = Z = 0 but the correction field
is in general non-null when two over the three stiffnesses are different from
each other. Indeed, the correction field is annihilated only when g(1) · αg(1) =
g(3) · αg(3) = g(5) · αg(5) (or equivalently, α11 = α22 and α12 = 0), except in the
particular case of springs with same stiffness (k = k̃ = k̂) when the correction
field is always null.

• with the permutation of the three stiffnesses κ1, κ2, and κ3, the second-order
tensors V, W, and Z of the correction field have the following properties

V (κ1, κ2, κ3) = V (κ1, κ3, κ2) , W (κ1, κ2, κ3) = W (κ1, κ3, κ2) ,

Z (κ1, κ2, κ3) = −Z (κ1, κ3, κ2) ,
(3.53)

In the case β = 0, the above equations are also complemented by following
properties for the vectors v, w of the correction field

v (κ1, κ2, κ3) = v (κ3, κ2, κ1) , w (κ1, κ2, κ3) = w (κ2, κ1, κ3) , when β = 0.
(3.54)

At this stage, the additional field ∆u(m,n|i), Eq. (3.39), results completely defined
through Eqs. (3.44), (3.45), (3.46), and (3.51). With the purpose of highlighting the
contribution of the additional field ∆u to the considered second-order displacement,
Eq. (3.29), three deformed configurations of the lattice are shown in Fig. 3.3.
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Looking to the upper row of the figure, the first image on the left shows the
displacement produced by a purely linear (β = 0) didplacement, while the second
image depicts the corresponding additional field only. Finally the image on the right
is the composition of the two. The lower row shows respectively a purely quadratic
(α = 0) displacement, its additional field ∆u(m,n|i), and the composition of the two.
In the figure, the following stiffnesses of the lattice have been considered: k = k̂ =

10k̃.

=

=+

+

Quadratic displacement Second-order displacement

First-order displacementLinear displacement Correction for 
linear displacement

quadratic displacement
Correction for

FIGURE 3.3: (Upper part) Deformed configuration for a lattice with
bars of stiffness k = k̂ = 10k̃ subject to (left) a purely linear displace-
ment condition with {α11, α22, α12} = {0, 0, 1/5}, (center) its correc-
tive field, and (right) the sum of these two. (Lower part) As in the
upper part, but for a purely quadratic displacement condition with
{β111, β221, β112, β222, βlat211, βlat122} = {−1, 1, 1,−1, 1, 1}1/(80`).

3.4 Identification of the higher-order solid equivalent to the
lattice structure

Considering the second-order displacement field Eq. (3.29) defined by the tensors
α and βlat Eqs. (3.46) and by the ‘additional field’ ∆u(m,n|i), Eqs. (3.44), (3.45), and
Eq. (3.51), the elastic energy stored within the lattice cell {m, n} is computed. This
elastic energy is shown to display the same mathematical structure of the elastic en-
ergy stored within a unit cell made up of an homogeneous elastic strain-gradient
solid (SGE) when subject to a quadratic displacement field, defined by the tensors α
and βSGE (note that βSGE defines the coefficients of all quadratic fields which gener-
ate equilibrated stresses in a second-gradient elastic material without body forces).
Therefore, imposing the elastic energy matching between the lattice and the SGE
solid leads to βlat = βSGE and allows the identification of the constitutive parame-
ters of the elastic solid equivalent to the lattice structure.
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It is instrumental to represent the components of the tensors α and β(·) (where
the superscript (·) denotes either (lat) or (SGE)) using a vectorial notation through
the vectors a and b(·) as

a =

 α11
α22

2α12

 , b(·) =



β111
β221
β112
β222

2β211
2β122

 . (3.55)

and to collect the four components of β(·) not constrained by the equilibrium Eq. (3.46)
in the vector b∗

b∗ =


β111
β221
β112
β222

 , (3.56)

so that vector b(·) can be obtained as

b(·) = T(·)b∗ (3.57)

where matrix T(·) is the transformation matrix providing the equilibrium conditions
in the lattice (in which case will be denoted as Tlat) or in the strain-gradient elastic
solid (in which case will be denoted as TSGE).

3.5 Energy stored in the lattice structure

Considering the second-order displacement field Eq. (3.29) defined by the tensors
α and βlat Eqs. (3.46) and by the ‘additional field’ ∆u(m,n|i), Eqs. (3.44), (3.45), and
Eq. (3.51), the elastic energy stored within the lattice cell {m, n} is computed. This
elastic energy is shown to display the same mathematical structure of the elastic en-
ergy stored within a unit cell made up of an homogeneous elastic strain-gradient
solid (SGE) when subject to a quadratic displacement field, defined by the tensors α
and βSGE (note that βSGE defines the coefficients of all quadratic fields which gener-
ate equilibrated stresses in a second-gradient elastic material without body forces).
Therefore, imposing the elastic energy matching between the lattice and the SGE
solid leads to βlat = βSGE and allows the identification of the constitutive parame-
ters of the elastic solid equivalent to the lattice structure.

It is instrumental to represent the components of the tensors α and β(·) (where
the superscript (·) denotes either (lat) or (SGE)) using a vectorial notation through
the vectors a and b(·) as

U
(m,n)
lat

(
α, βlat

)
= U

(m,n)
lat

(
a,blat

)
= U

(m,n)
lat (a,b∗) , (3.58)



24 Chapter 3. Second-gradient material equivalent to the lattice structure

where blat = Tlatb∗ with

Tlat =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 − 9I[3]

I[1] I[2]
− 9I[3]

I[1] I[2]
− 2

− 9I[3]
I[1] I[2]

− 2 − 9I[3]
I[1] I[2]

0 0


. (3.59)

The energy U
(m,n)
lat (a,b∗) is given by the following quadratic form of a and b∗

U
(m,n)
lat (a,b∗) = `2

{
a ·H[1]

(
k, k̂, k̃

)
a+ 2`a ·

[
mH[2]

(
k, k̂, k̃

)
+ nH[3]

(
k, k̂, k̃

)
+H[4]

(
k, k̂, k̃

) ]
b∗

+`2b∗ ·
[
m2H[5]

(
k, k̂, k̃

)
+ n2H[6]

(
k, k̂, k̃

)
+ m nH[7]

(
k, k̂, k̃

)
+ mH[8]

(
k, k̂, k̃

)
+

+nH[9]
(

k, k̂, k̃
)
+H[10]

(
k, k̂, k̃

) ]
b∗
}

,

(3.60)
where the matrices H[r] (r = 1, ..., 10) depend on the values of the three stiffnesses
k, k̂, and k̃. These matrixes have different dimensions (3 × 3 for r = 1, 3 × 4 for
r = 2, 3, 4, and 4× 4 in the other cases) and their components H

[r]
ij are reported in

Appendix A. From Eq. (3.60) it is evident that the strain energy depends on the cell
position whenever b∗ 6= 0, so that it becomes independent of indexes m and n only
when b∗ = 0, a condition corresponding to blat = 0 and also implying βlat = 0.

3.6 Energy stored in a second-gradient elastic solid

With reference to the ‘form I’ introduced by Mindlin [32, 33], a second-gradient elas-
tic (SGE) solid has a quadratic strain energy density USGE in the strain ε and curva-
ture χ, which can be derived from the displacement field u as

εij =
ui,j + uj,i

2
, χijk = uk,ij, (3.61)

displaying the symmetry properties εij = εji and χijk = χjik as shown in Chapter 2.
The quadratic strain energy density USGE can be decomposed as

USGE (ε, χ) = UC (ε) +UM (ε, χ) +UA (χ) , (3.62)

where UC (ε) is a ‘purely local’ (Cauchy) energy term and UA (χ) a ‘completely non-
local’ energy term, while the mutual energy term UM (ε, χ) expresses the coupling
between strain and curvature,

UC (ε) =
1
2

Cijklεijεkl , UM (ε, χ) = Mijklmχijkεlm, UA (χ) =
1
2

Aijklmnχijkχlmn,
(3.63)

being C, A, and M, the fourth-, sixth-, and fifth-order constitutive tensors, respec-
tively, with the symmetries Eqs. (2.25) reported in Chapter 2.

The work-conjugate quantities of the fundamental kinematic fields ε and χ are
respectively the stress σ and double stress τ, given by

σij = Cijlmεlm + Mijlmnχlmn, τkji = Akjilmnχlmn + Mlmkjiεlm, (3.64)
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The stresses have to satisfy the equilibrium equations in the absence of body-forces

σij,j − τkji,jk = 0, (3.65)

A vectorial representation of the components of the strain ε and the curvature χ
tensors as strain p and curvature q vectors is introduced (recalling Eqs. (2.31))

p =

 ε11
ε22

2ε12

 , q =



χ111
χ221
χ112
χ222

2χ211
2χ122

 , (3.66)

so that the elastic energy terms (3.63) can be rewritten as

UC (ε) = UC (p) , UM (ε, χ) = UM (p,q) , UA (χ) = UA (q) , (3.67)

where

UC (p) =
1
2
Cijpipj, UM (p,q) = Mjkpjqk, UA (q) =

1
2
Aklqkql ,

{
i, j = 1, 2, 3
k, l = 1, ..., 6

. (3.68)

The matrices Cij, Mjk, and Akl represent a Voigt notation for the constitutive tensors
C, M, and A, respectively [3, 4]. Note that matrices Cij and Ajk are symmetric and
square (the former of order 3 and the latter of order 6), while Mjk is a 3×6 rectangular
matrix.

Introducing the strain energy density USGE (p,q) = UC (p)+UM (p,q)+UA (q),
the strain energy can be given in the two equivalent forms

USGE (ε, χ) = USGE (p (ε) ,q (χ)) . (3.69)

It is assumed now that the second-gradient elastic material is subject to remote
quadratic displacement boundary conditions provided by the second-order displace-
ment field, Eq. (3.29), in the absence of the additional field (∆u(m,n|i) = 0, see also
Sect. 3.7),

u(x) = αx + (x⊗ x) : β. (3.70)

The quadratic displacement field (3.70) is restricted, at first order, by equilibrium,

Cl jkh β jkh = 0, (3.71)

an equation which introduces two relationships between the coefficients βijk, so that
the independent coefficients remain 4, while the remaining 2 are dependent. Collec-
tively, the coefficients βijk are re-assembled in the vector βSGE, so that

u(x) = αx + (x⊗ x) : βSGE, (3.72)

where
βSGE

111 = β111, βSGE
221 = β221, βSGE

112 = β112, βSGE
222 = β222

βSGE
211 = β111D1 + β221D2 + β112D3 + β222D4,

βSGE
122 = β111D5 + β221D6 + β112D7 + β222D8,

(3.73)
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in which

D1 =
2C2

13 − C11(C12 + C33)

(C12 + C33)2 − 4C13C23
, D2 =

2C13C23 − C33(C12 + C33)

(C12 + C33)2 − 4C13C23
, D3 =

C13(C33 − C12)

(C12 + C33)2 − 4C13C23
,

D4 =
2C13C22 − C23(C12 + C33)

(C12 + C33)2 − 4C13C23
, D5 =

2C11C23 − C13(C12 + C33)

(C12 + C33)2 − 4C13C23
, D6 =

C23(C12 − C33)

4C13C23 − (C12 + C33)2 ,

D7 =
C33(C12 + C33)− 2C13C23

4C13C23 − (C12 + C33)2 , D8 =
2C2

23 − C22(C12 + C33)

(C12 + C33)2 − 4C13C23
.

(3.74)
From now on the constrained tensor β, due to Eqs.(3.73), will be denoted by βSGE.

It follows that the strain p and curvature q vectors can be rewritten as

p(ε) = p
(
a,bSGE

)
, q(χ) = q

(
bSGE

)
, (3.75)

where

bSGE = TSGEb∗, with TSGE =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2D5 2D6 2D7 2D8
2D1 2D2 2D3 2D4

 , (3.76)

so that the two above vectors reduce to
pSGE (a,b∗) = a+ 2

(
P[1]x(m,n)

1 +P[2]x(m,n)
2

)
b∗

qSGE (b∗) = 2TSGEb∗,
(3.77)

with

P[1] =

 1 0 0 0
D1 D2 D3 D4
D5 D6 D7 + 1 D8

 , P[2] =

 D5 D6 D7 D8
0 0 0 1
D1 D2 + 1 D3 D4

 . (3.78)

From Eqs.(3.73) and introducing q∗ = 2b∗, the energy densities, Eqs.(3.68), can
be rewritten as follow

UC

(
pSGE

)
=

1
2
Cijp

SGE
i pSGEj ,

UM

(
pSGE,q∗

)
= M∗jkp

SGE
j q∗k , i, j = 1, 2, 3 k, l = 1, ..., 4

UA (q∗) =
1
2
A∗klq

∗
kq
∗
l ,

(3.79)

which implies that

USGE

(
pSGE (a,b∗) ,qSGE (b∗)

)
= USGE (a,b∗) . (3.80)

In the energy expression Eq. (3.68) a condensed representation for the matrixes M
and A has been introduced through matrixes A∗kl and M∗jk, which have reduced di-
mensions (the former is a rectangular 3 × 4 matrix and the latter is a symmetric
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square matrices of order 4)

M∗ij =

 M∗11 M∗12 M∗13 M∗14
M∗21 M∗22 M∗23 M∗24
M∗31 M∗32 M∗33 M∗34

 , A∗ij =


A∗11 A∗12 A∗13 A∗14
A∗12 A∗22 A∗23 A∗24
A∗13 A∗23 A∗33 A∗34
A∗14 A∗24 A∗34 A∗44

 , (3.81)

and are related to each other through

M∗ = MTSGE, A∗ =
(
TSGE

)T
ATSGE. (3.82)

The elastic energy stored in an hexagonal element made up of second-gradient
elastic continuum (with the same shape and location of the unit cell {m, n} of the
lattice) is obtained through integration of the strain energy density

U
(m,n)
SGE (a,b∗) =

∫
Ω(m,n)

U
(m,n)
SGE (a,b∗) dΩ =

= h`2
{
a ·G[1](Cij

)
a+ 2`a ·

[
mG[2](Cij

)
+ nG[3](Cij

)
+G[4]

(
M∗ij

)]
b∗

+`2b∗ ·
[
m2G[5](Cij

)
+ n2G[6](Cij

)
+ m nG[7](Cij

)
+ mG[8]

(
M∗ij

)
+

+nG[9]
(
M∗ij

)
+G[10]

(
Cij,A∗ij

)]
b∗
}

,
(3.83)

where the coefficients of the matrixes G[r] (r = 1, ..., 10) are reported in Appendix A.

3.7 The equivalent second-gradient material

An energy matching can now be imposed between the lattice, Eq. (3.60), and an
effective second-gradient material, Eq. (3.83), for every unit cell {m, n} and every
vectors a and b∗

U
(m,n)
lat (a,b∗) = U

(m,n)
SGE (a,b∗) , ∀ m, n, a,b∗, (3.84)

so that, using the representations (3.60) and (3.83), the following homogenization
result is obtained

G[r] = H[r] ∀ r ∈ [1, 10]. (3.85)

It is highlighted that the energy equivalence, Eq.(3.84), implies at first-order

G[1] = H[1], (3.86)

which directly defines all the coefficients of the matrix Cij as

C11 = C22 =
2I[1] I[2] + 9I[3]

4
√

3I[2]
, C12 =

2I[1] I[2] − 9I[3]
4
√

3I[2]
,

C13 = C23 = 0, C33 =
C11 − C12

2
=

9I[3]
4
√

3I[2]
,

(3.87)

which values (coincide with those obtained in [20, 40] through a different identifica-
tion technique) show that the two transformation matrices are the same for both the
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lattice and the equivalent material,

Tlat = TSGE (3.88)

so that blat = bSGE and therefore βlat(b∗) = βSGE(b∗) (see Sec. (3.8) for more details).
Finally, from Eq. (3.85) the ten components of the matrix A∗ij are identified as

A∗13 = 0, A∗14 = 0, A∗23 = 0, A∗24 = 0,

A∗11 =

√
3I[3]`2

64I2
[1] I

4
[2]

[
−50k

5
(k̂ + k̃)3 − k

4
(k̂ + k̃)2

(
100k̂2 + 359k̂k̃ + 100k̃2

)
+

−k
3
(k̂ + k̃)

(
50k̂4 + 419k̂3k̃ + 339k̂2k̃2 + 419k̂k̃3 + 50k̃4

)
+

+2k
2
k̂k̃
(

24k̂4 + 459k̂3k̃ + 1853k̂2k̃2 + 459k̂k̃3 + 24k̃4
)
+

+kk̂2k̃2(k̂ + k̃)
(

219k̂2 + 1283k̂k̃ + 219k̃2
)
+ 121k̂3k̃3(k̂ + k̃)2

]
,

A∗12 =

√
3I[3]`2

64I2
[1] I

4
[2]

[
10k

5
(k̂ + k̃)3 + 5k

4
(k̂ + k̃)2

(
4k̂2 + 5k̂k̃ + 4k̃2

)
+

+k
3
(k̂ + k̃)

(
10k̂4 − 71k̂3k̃− 303k̂2k̃2 − 71k̂k̃3 + 10k̃4

)
+

+2k
2
k̂k̃
(

6k̂4 − 9k̂3k̃ + 641k̂2k̃2 − 9k̂k̃3 + 6k̃4
)
+

−kk̂2k̃2(k̂ + k̃)
(

33k̂2 + k̂k̃ + 33k̃2
)
− 35k̂3k̃3(k̂ + k̃)2

]
,

A∗22 =

√
3I[3]`2

64I2
[1] I

4
[2]

[
−10k

5
(k̂ + k̃)3 − k

4
(k̂ + k̃)2

(
20k̂2 − 137k̂k̃ + 20k̃2

)
+

−k
3
(k̂ + k̃)

(
10k̂4 − 53k̂3k̃ + 219k̂2k̃2 − 53k̂k̃3 + 10k̃4

)
+

+2k
2
k̂k̃
(

12k̂4 − 45k̂3k̃ + 349k̂2k̃2 − 45k̂k̃3 + 12k̃4
)
+

+kk̂2k̃2(k̂ + k̃)
(

51k̂2 − 197k̂k̃ + 51k̃2
)
+ 17k̂3k̃3(k̂ + k̃)2

]
,

A∗33 =

√
3`2

192I2
[1] I

4
[2]

[
2k

6
(k̂ + k̃)3

(
4k̂2 − 7k̂k̃ + 4k̃2

)
+

+k
5
(k̂ + k̃)2

(
16k̂4 − 132k̂3k̃ + 181k̂2k̃2 − 132k̂k̃3 + 16k̃4

)
+

+k
4
(k̂ + k̃)

(
8k̂6 − 110k̂5k̃ + 301k̂4k̃2 + 667k̂3k̃3 + 301k̂2k̃4 − 110k̂k̃5 + 8k̃6

)
+

+2k
3
k̂k̃
(

4k̂6 + 27k̂5k̃− 101k̂4k̃2 − 587k̂3k̃3 − 101k̂2k̃4 + 27k̂k̃5 + 4k̃6
)
+

−k
2
k̂2k̃2(k̂ + k̃)

(
6k̂4 − 121k̂3k̃− 349k̂2k̃2 − 121k̂k̃3 + 6k̃4

)
+

−kk̂3k̃3(k̂ + k̃)2
(

4k̂2 + 43k̂k̃ + 4k̃2
)
+ 2k̂4k̃4(k̂ + k̃)3

]
(3.89)
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A∗34 =

√
3`2

64I2
[1] I

4
[2]

[
−2k

6
(k̂ + k̃)3

(
4k̂2 + 3k̂k̃ + 4k̃2

)
+

−k
5
(k̂ + k̃)2

(
16k̂4 + 4k̂3k̃− 63k̂2k̃2 + 4k̂k̃3 + 16k̃4

)
+

−k
4
(k̂ + k̃)

(
8k̂6 + 6k̂5k̃− 267k̂4k̃2 − 173k̂3k̃3 − 267k̂2k̃4 + 6k̂k̃5 + 8k̃6

)
+

−2k
3
k̂k̃
(

4k̂6 − 15k̂5k̃ + 115k̂4k̃2 + 461k̂3k̃3 + 115k̂2k̃4 − 15k̂k̃5 + 4k̃6
)
+

+k
2
k̂2k̃2(k̂ + k̃)

(
6k̂4 + 71k̂3k̃ + 43k̂2k̃2 + 71k̂k̃3 + 6k̃4

)
+

+kk̂3k̃3(k̂ + k̃)2
(

4k̂2 + 35k̂k̃ + 4k̃2
)
− 2k̂4k̃4(k̂ + k̃)3

]
,

A∗44 =

√
3`2

64I2
[1] I

4
[2]

[
2k

6
(k̂ + k̃)3

(
12k̂2 − k̂k̃ + 12k̃2

)
+

+k
5
(k̂ + k̃)2

(
48k̂4 + 260k̂3k̃ + 103k̂2k̃2 + 260k̂k̃3 + 48k̃4

)
+

+k
4
(k̂ + k̃)

(
24k̂6 + 286k̂5k̃ + 583k̂4k̃2 − 255k̂3k̃3 + 583k̂2k̃4 + 286k̂k̃5 + 24k̃6

)
+

+2k
3
k̂k̃
(

12k̂6 − 3k̂5k̃− 735k̂4k̃2 − 1753k̂3k̃3 − 735k̂2k̃4 − 3k̂k̃5 + 12k̃6
)
+

−k
2
k̂2k̃2(k̂ + k̃)

(
18k̂4 + 309k̂3k̃ + 937k̂2k̃2 + 309k̂k̃3 + 18k̃4

)
+

−kk̂3k̃3(k̂ + k̃)2
(

12k̂2 + 17k̂k̃ + 12k̃2
)
+ 6k̂4k̃4(k̂ + k̃)3

]
.

while the twelve components of the matrix M∗ij as

M∗11 = M∗12 = M∗21 = M∗22 = M∗31 = M∗32 = M∗33 = M∗34 = 0,

M∗13 = M∗23 =
(k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))

8
√

3I[1] I2
[2]

`,

M∗14 = M∗24 = −
3(k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))

8
√

3I[1] I2
[2]

`.

(3.90)

The result provided by Eqs. (3.87)–(3.90) shows that

the mechanical response of an hexagonal lattice made of three different orders of
linear elastic bars exhibits (i.) non-locality, (ii.) non-centrosymmetry, and (iii.)
anisotropy. The effective response approaches that of a Cauchy elastic material
in the limit of vanishing length of the lattice’s bars, ` −→ 0, a condition for
which Mij = Aij = 0.

Furthermore, the elastic coefficient matrices are invariant with respect the following
permutation of {k, k̂, k̃}:

C (κ1, κ2, κ3) = C (κ1, κ3, κ2) = C (κ2, κ1, κ3) = C (κ2, κ3, κ1) = C (κ3, κ1, κ2) = C (κ3, κ2, κ1)
A∗ (κ1, κ2, κ3) = A∗ (κ1, κ3, κ2) , M∗ (κ1, κ2, κ3) = −M∗ (κ1, κ3, κ2)

(3.91)
From Eqs. (3.87)–(3.90) it is evident that the stiffness ratio between the bars may

have a dramatic effect on the equivalent solid response, that will be further discussed
in the following chapters of this thesis.

3.8 A note on the quadratic displacement condition.

It is remarked that, although βSGE = βlat, the displacement fields imposed to the
lattice differs from that imposed to the equivalent solid due to the presence of the
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additional field ∆u(m,n|i) in the former.
From the practical point of view, the amplitude of such an additional field does

not play an important role when compared to the amplitude of the quadratic part, so
that the deformed configuration of the solid very well represents that of the lattice,
even if in the latter the additional field is present.

To analyze the influence of the additional field on the kinematics of the lattice
and of the equivalent solid, a rectangular domain (having sides 25

√
3` × 37`) is

considered, occupied in one case by the lattice, which is shown on the left of Fig. 3.4,
(625 hexagonal unit cells, namely, 25 along each axis of the rectangle) and in the other
case by the equivalent continuum (not reported in Fig. 3.4). The solid is subject to a
displacement field characterized by tensors α and βSGE, while the lattice is subject to
the same α and to βlat, plus the additional field ∆u{m,n|i}. In particular, the following
values have been selected to produce the figure α11 = 0.018, α22 = 0.02, α12 =
0.02 and βSGE

111 = βlat
111 = 0.0029, βSGE

221 = βlat
221 = 0.00286, βSGE

112 = βlat
112 = 0.003,

βSGE
222 = βlat

222 = 0.004. Moreover, having selected the following bars’ stiffness ratios
k̂/k = 2 and k̃/k = 3, the remaining components βSGE

211 = βlat
211 = −0.007, βSGE

122 =
βlat

122 = −0.0052 have been calculated from Eq. (3.46) and (3.73). The additional field
∆u{m,n|i} applied to the lattice has been calculated with the given values of α and βlat

through Eq. (3.44), (3.45), and (3.51).
The deformed domains for the equivalent solid and the lattice are sketched on the

right of Fig. 3.4, where the displacements of the lattice’s nodes are reported as dots
and the displacements of the equivalent solid as lines. The fact that the dots lie on the
lines demonstrates that the additional field affects only marginally the displacement
field of the lattice, in which the linear and quadratic displacement fields prevail.
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FIGURE 3.4: Nonlocal constitutive parameters M∗13 (left) and M∗14
(right) as functions of the bar stiffness ratios k̂/k and k̃/k. The red
lines represent the stiffness ratios pairs for which a centrosymmetric
response is attained, while in all the other cases the solid equivalent to
the hexagonal bars’ lattice displays a non-centrosymmetric mechani-

cal behaviour.

As an example, the higher-order constitutive parameters M∗13 and M∗14 ruling the
non-centrosymmetric behaviour (and made dimensionless through division by k`)
are portrayed in Fig. 3.5 when two stiffness ratios k̂/k and k̃/k are varied. The
red lines highlight the condition for which both parameters are annihilated, so that,
correspondingly, centrosymmetric response is retrieved.
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4

FIGURE 3.5: Nonlocal constitutive parameters M∗13 (left) and M∗14
(right) as functions of the bar stiffness ratios k̂/k and k̃/k. The red
lines represent the stiffness ratios pairs for which a centrosymmetric
response is attained, while in all the other cases the solid equivalent to
the hexagonal bars’ lattice displays a non-centrosymmetric mechani-

cal behaviour.
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Chapter 4

Derivation of the constitutive law
for the equivalent SGE

4.1 The equivalent second-gradient elastic material

The three constitutive matrices, which will be derived in the following Chapter from
the ‘condensed’ constitutive material identified in Chapter 3 of this thesis, C

(
k, k̂, k̃

)
,

M
(

k, k̂, k̃
)

, and A
(

k, k̂, k̃
)

are here presented

C
(

k, k̂, k̃
)

=


λ′ + 2µ λ′ 0

λ′ λ′ + 2µ 0

0 0 µ

 ,

M
(

k, k̂, k̃
)

= m13`

 0 0 1 −1 1 0
0 0 1 −1 1 0
0 0 0 0 0 0

 ,

A
(

k, k̂, k̃
)
= `2



a11 a12 0 0 0 a16

a12 a22 0 0 0 a26

0 0 a33 a34 a35 0

0 0 a34 a44 a45 0

0 0 a35 a45 a55 0

a16 a26 0 0 0 a66


,

(4.1)

where a22 = a11 − 2(a16 + a26), a33 = a11 + a12 − 2(a16 + a26)− a34, a35 = a12 + a26 −
a34, a44 = a11 + a12− a34, a45 = −a12 + a16 + a34, a55 = (a11 + a12 − a16 − a26 − 2a34) /2,
and a66 = (a11 − a12 − a16 − a26) /2.

The constitutive matrices C
(

k, k̂, k̃
)

, M
(

k, k̂, k̃
)

, and A
(

k, k̂, k̃
)

are seen to be-
long, respectively, to the following symmetry classes O(2) (Isotropy), Z3 (2/3π with-
out reflection symmetry) and D6 (π/3 with reflection symmetry). The constants of
the equivalent material are given by

λ′ =
2I[1] I[2] − 9I[3]

4
√

3I[2]
, µ =

9I[3]
4
√

3I[2]
, (4.2)
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for the Cauchy part of the equivalent elastic material, which are now expressed using
the Lamé constants,

m13 =
(k̂− k̃)(k̂k̃− 2k(k̂ + k̃))

8
√

3I[2]
,

(4.3)

for the only one non-centrosymmetric part of the equivalent elastic material

a11 =

√
3

576I3
[2]

[
48k

5
(k̂ + k̃)2 + 4k

4
(k̂ + k̃)

(
31k̂2 + 194k̂k̃ + 31k̃2

)
+k

3
(

28k̂4 + 814k̂3k̃ + 3024k̂2k̃2 + 814k̂k̃3 + 28k̃4
)

+6I[3]k(k̂ + k̃)
(

14k̂2 + 263k̂k̃ + 14k̃2
)

+I[3] k̂k̃
(

84k̂2 + 757k̂k̃ + 84k̃2
)
+ 28k̂3k̃3(k̂ + k̃)

]
,

a12 =
3
√

3I[3]
64I3

[2]

[
8k

3
(k̂ + k̃) + k

2
(

8k̂2 + 60k̂k̃ + 8k̃2
)
+ 20I[3](k̂ + k̃) + 3k̂2k̃2

]
,

a16 =

√
3

576I2
[2]

[
24k

4
(k̂ + k̃) + k

3
(

62k̂2 + 256k̂k̃ + 62k̃2
)

+k
2
(k̂ + k̃)

(
14k̂2 + 299k̂k̃ + 14k̃2

)
.

+4I[3]
(

7k̂2 + 19k̂k̃ + 7k̃2
)
+ 14k̂2k̃2(k̂ + k̃)

]
,

a26 =

√
3I[3]

64I2
[2]

[
12k

2
+ 7k(k̂ + k̃) + 22k̂k̃

]
,

a34 =

√
3

192I3
[2]

[
72I[3]k

3
(k̂ + k̃) + k

3
(
−8k̂4 + 40k̂3k̃ + 492k̂2k̃2 + 40k̂k̃3 − 8k̃4

)
+234I2

[3](k̂ + k̃) + 3I[3] k̂k̃
(

2k̂2 + 31k̂k̃ + 2k̃2
)
− 2k̂3k̃3(k̂ + k̃)

]
(4.4)

for the curvature part of the equivalent elastic material, and where h is the thickness
of the lattice, I[1] = k + k̂ + k̃, I[2] = kk̂ + kk̃ + k̃k̂, I[3] = kk̂k̃, and λ′ is λ for a plane

strain problem while
2λµ

λ + 2µ
for a plane stress problem.

4.2 From the solid in the ‘condensed form’ to the full SGE:
symmetries and positive definiteness

Based on a generic quadratic displacement field, the hexagonal lattice (only subject
to axial forces) shown in Fig. 4.1 (left, characterized by three values of axial stiffness{

k, k̂, k̃
}

) was found (in Chapter 3) to be energetically equivalent to a homogeneous
solid modelled as a second-gradient elastic material (SGE),

USGE (p,q∗) =
1
2
pSGE

T
C
(

k, k̃, k̂
)
pSGE︸ ︷︷ ︸

UC(pSGE)

+ pSGE
T
M∗

(
k, k̃, k̂

)
q∗︸ ︷︷ ︸

UM∗ (p
SGE,q∗)

+
1
2
q∗

T
A∗
(

k, k̃, k̂
)
q∗︸ ︷︷ ︸

UA∗ (q
∗)

,

(4.5)
where vectors pSGE and q∗ respectively collect the ‘condensed’ components of the
deformation ε and curvature χ tensors as pSGE = [ε11, ε22, 2ε12]

T and q∗ =[ χ111, χ221,
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χ112, χ222 ]T and the three matrices C
(

k, k̂, k̃
)

, M∗
(

k, k̂, k̃
)

, and A∗
(

k, k̂, k̃
)

assume
the following expressions

C =

 C12 + 2C33 C12 0
C12 C12 + 2C33 0
0 0 C33

 , M∗ =
(k̂− k̃)(k̂k̃− 2k(k̂ + k̃))`

8
√

3I[1] I2
[2]

 0 0 m∗13 m∗14
0 0 m∗13 m∗14
0 0 0 0

 ,

A∗ =

√
3I[3]`2

64I2
[1] I

4
[2]


a∗11 a∗12 0 0
a∗12 a∗22 0 0
0 0 a∗33 a∗34
0 0 a∗34 a∗44

 .

(4.6)

* *
C,M ,A= C,M,A

FIGURE 4.1: The second-gradient elastic material in the ‘condensed
form’ (center) characterized by the matrices C, M∗, and A∗ (identi-
fied in Part I of this study) as the solid energetically equivalent to the
hexagonal lattice microstructure (left) with elastic bars characterized
by the three values of axial stiffness k, k̃ and k̂ (distinguished through
different colours). The second-gradient elastic material (right) char-
acterized by matrices C, M, and A obtained from a relaxation of the

solid in the ‘condensed form’.

The coefficients involved in the matrix C were found (in Part I of this study) to
be

C12 =
2I[1] I[2] − 9I[3]

4
√

3I[2]
, C33 =

9I[3]
4
√

3I[2]
, (4.7)

while matrix M∗ is characterized by

m∗13 = I[1] I[2] − 9I[3], m∗14 = −3(I[1] I[2] + 3I[3]), (4.8)

while matrix A∗ is (in an alternative, but equivalent expression, to that given in
Chapter 3)

a∗12 =

[
10k

5
(

k̂ + k̃
)3

+ 5k
4
(

k̂ + k̃
)2 (

4k̂2 + 5k̂k̃ + 4k̃2
)

+k
3
(

k̂ + k̃
) (

10k̂4 − 71k̂3k̃− 303k̂2k̃2 − 71k̂k̃3 + 10k̃4
)

+2k
2
k̂k̃
(

6k̂4 − 9k̂3k̃ + 641k̂2k̃2 − 9k̂k̃3 + 6k̃4
)

−kk̂2k̃2
(

k̂ + k̃
) (

33k̂2 + k̂k̃ + 33k̃2
)
− 35k̂3k̃3

(
k̂ + k̃

)2
]

,
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a∗12 − a∗11 = 12I[1] I[2]
[(

5k
(

k̂ + k̃
)
− 13k̂k̃

) (
k

2
(

k̂ + k̃
)

+k
(

k̂2 + 6k̂k̃ + k̃2
)
+ k̂k̃

(
k̂ + k̃

))]
,

a∗11 − a∗22 = 8I[1] I[2]
[(

13k̂k̃− 5k
(

k̂ + k̃
)) (

k
2
(

k̂ + k̃
)

+k
(

k̂2 + 12k̂k̃ + k̃2
)
+ k̂k̃

(
k̂ + k̃

))]
,

a∗33 − a∗22 =
2

3I[3]

[(
k

2
(

k̂ + k̃
)
+ k

(
k̂2 − 6k̂k̃ + k̃2

)
+ k̂k̃

(
k̂ + k̃

))2
(

4k
2
(

k̂ + k̃
)3

−I[3]
(

4k̂2 + 35k̂k̃ + 4k̃2
)
+ k̂2k̃2

(
k̂ + k̃

))]
,

a∗33 − a∗34 =
4I[1] I[2]

3I[3]

[(
k

2
(

k̂ + k̃
)
+ k

(
k̂2 − 6k̂k̃ + k̃2

)
+k̂k̃

(
k̂ + k̃

)) (
k

2
(k̂ + k̃)

(
8k̂2 + k̂k̃ + 8k̃2

)
−I[3]

(
8k̂2 + 31k̂k̃ + 8k̃2

)
+ 2k̂2k̃2

(
k̂ + k̃

))]
,

a∗44 − a∗33 =
8I[1] I[2]

3I[3]

[(
k

2
(

k̂ + k̃
)
+ k

(
k̂2 + 12k̂k̃ + k̃2

)
+k̂k̃

(
k̂ + k̃

)) (
k

2
(

k̂ + k̃
) (

8k̂2 + k̂k̃ + 8k̃2
)

−I[3]
(

8k̂2 + 31k̂k̃ + 8k̃2
)
+ 2k̂2k̃2

(
k̂ + k̃

))]
,

(4.9)
The expression of the elastic energy for a ‘standard SGE’ material is the following

one
USGE (p,q) =

1
2
pTCp+ pTMq+

1
2
qTAq. (4.10)

When the ‘standard SGE’ is subjected to a quadratic and self-equilibrated dis-
placement field Eqs. (3.71), the elastic energy that it stores Eq. (4.10) must be equal
to the energy Eq. (4.5), i.e.

USGE

(
pSGE,qSGE

)
= USGE (p,q∗) , (4.11)

where

USGE

(
pSGE,qSGE

)
=

1
2
pSGE

T
CpSGE + pSGE

T
MqSGE +

1
2
qSGE

T
AqSGE. (4.12)

The matrices M and A, and the curvature vector qSGE = [χ111, χ221, χ112, χ222, χSGE
211 , χSGE

122 ]T

are connected to matrices M∗ and A∗ of the condensed model, and the curvature vec-
tor q∗ through the following relations

M∗ = MTSGE, A∗ = TSGET
ATSGE, qSGE = TSGEq∗, (4.13)
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where

TSGE =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

0 0 − 2C33

C12 + C33

2C12

C12 + C33
− 4

2C12

C12 + C33
− 4 − 2C33

C12 + C33
0 0


. (4.14)

According to Eqs. (4.13), the matrices M and A can be obtained from the identi-
fied matrices M∗ and A∗, and the vector q∗ can be related to the vector qSGE through
the following linear relations

M = M∗Q+ ∆M, A = QTA∗Q+ ∆A and q∗ = QqSGE, (4.15)

where ∆M and ∆A are additional constitutive matrices (the latter symmetric) yet to
be identified, while Q is a rectangular 4× 6 transformation matrix, with the proper-
ties

QTSGE = I, ∆MTSGE = 0, ∆ATSGE = 0, (4.16)

(being I the identity 4×4 matrix) so that the energy matching imposed for the con-
densed material implies that for the not condensed one, Eq. (4.11). It is noted that
the constraint provided by Eqs. (4.16) does not completely define the matrices Q,
∆M and ∆A. Indeed, eight over the twenty-four coefficients of the transformation
matrix Q, six over the eighteen coefficients of ∆M and three over the twenty-one
independent coefficient of ∆A remain still undetermined after imposing Eqs. (4.16).

The matrix Q, ∆M, and ∆A are

Q = −Z


Q16 0 0 Q15 0 0

Q26 0 0 Q25 0 0

Q36 0 0 Q35 0 0

Q46 0 0 Q45 0 0

− Y


0 Q16 Q15 0 0 0

0 Q26 Q25 0 0 0

0 Q36 Q35 0 0 0

0 Q46 Q45 0 0 0

+


1 0 0 0 Q15 Q16

0 1 0 0 Q25 Q26

0 0 1 0 Q35 Q36

0 0 0 1 Q45 Q46

,

∆M =

 −∆M16Z −∆M16Y −∆M15Y −∆M15Z ∆M15 ∆M16
−∆M26Z −∆M26Y −∆M25Y −∆M25Z ∆M25 ∆M26
−∆M36Z −∆M36Y −∆M35Y −∆M35Z ∆M35 ∆M36

 ,

∆A =



∆A11
∆A11Y

Z
−∆A15Y −∆A15Z ∆A15 −∆A11

Z
∆A11Y

Z

∆A11Y
2

Z2 −∆A15Y
2

Z
−∆A15Y

∆A15Y

Z
−∆A11Y

Z2

−∆A15Y −∆A15Y
2

Z
−∆A35Y −∆A35Z ∆A35

∆A15Y

Z

−∆A15Z −∆A15Y −∆A35Z −∆A35Z
2

Y

∆A35Z

Y
∆A15

∆A15
∆A15Y

Z
∆A35

∆A35Z

Y
−∆A35

Y
−∆A15

Z

−∆A11

Z
−∆A11Y

Z2
∆A15Y

Z
∆A15 −∆A15

Z

∆A11

Z2


.

(4.17)

where Y = − 2C33

C12 + C33
and Z = −2(C12 + 2C33)

C12 + C33
.
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In this Chapter it is first shown that the three identified matrices C
(

k, k̂, k̃
)

, M∗
(

k, k̂, k̃
)

,

and A∗
(

k, k̂, k̃
)

respectively belong to the following symmetry classes: O(2) (isotropy),
Z3 (2/3π without reflection symmetry) and D6 (π/3 with reflection symmetry), then
the symmetry properties are going to be used to further constraint the undetermined
coefficients of the matrices Q, ∆M, and ∆A. The domain of positive definiteness of
the equivalent (condensed and un-condensed) material is then investigated, and re-
quired to be the same, at varying of the two independent stiffness ratios of the lattice.
Finally, a way is proposed to define the remaining undetermined parameters in the
constitutive equations.

4.3 Anisotropy characterization

Recalling the transformation matrices S[p], R[p] (θ), S[q] and, R[q] (θ) seen in Chapter 2
to introduce a rotation or reflection of a reference system, it is possible to investigate
the anisotropy of the elastic coefficients matrix Cij.

4.3.1 Isotropy of the first-order equivalent material C

The material is said to be symmetric with respect to the rotation θ when

RT
[p](θ)CR[p](θ) = C, (4.18)

and mirror symmetric with respect to the reflection S[p] when

ST
[p]CS[p] = C. (4.19)

When condition (4.18) holds true for all θ ∈ [0, 2π] and condition (4.19) is also
verified, the material is isotropic and centrosymmetric, as is the case of the effective
first-order material C, Eq. (4.6)1.

4.3.2 The condensed transformation matrix and the characterization of
M∗ and A∗

In a reference system denoted with symbol # the following relations hold

qSGE
#
= TSGE#

q∗
#
, q∗

#
= Q#qSGE

#
, (4.20)

so that the analogous of Eq. (4.16) can now be written as

Q#TSGE#
= I, (4.21)

while the non condensed vector qSGE transforms as

qSGE
#
= D[q]q

SGE, (4.22)

and the condensed vector q∗ transforms with the rule

q∗
#
= D∗[q∗]q

∗, (4.23)

where D∗[q∗] is the condensed version of D[q] and can be found as follows.
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It is important to underline that the above equations simplify because the first
order material is isotropic, so that

TSGE#
= TSGE, Q = Q#. (4.24)

Substituting Eq. (4.13)3 into Eq. (4.22)1 and pre-multiplying the results by the
transformation matrix Q it follows

QqSGE
#
= QD[q]T

SGEq∗, (4.25)

so that the left side of Eq. (4.25) is the transformed contracted curvature vector q∗
#
,

Eq. (4.20)2, which compared with Eq. (4.23), yields

D∗[q∗] = QD[q]T
SGE, (4.26)

providing the relation between D∗[q∗] and D[q].
A replacement of D[q] by the rotation R[q] or by the reflection S[q] in the law (4.26)

provides the condensed rotation R∗[q∗] and reflection S∗[q∗] as

R∗[q∗](θ) =

(
R1 R2
R3 R4

)
, S∗[q∗] =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (4.27)

where

R1 =


c(θ)((3C12 + 5C33)c(2θ)− C12 − 3C33)

2(C12 + C33)

(C12 − C33)s2(θ)c(θ)
C12 + C33

(3C12 + 5C33)s2(θ)c(θ)
C12 + C33

c(θ)((C12 − C33)c(2θ) + C12 + 3C33)

2(C12 + C33)

 (4.28a)

R2 =


(C33 − C12)s(θ)c2(θ)

C12 + C33

s(θ)((3C12 + 5C33)c(2θ) + C12 + 3C33)

2(C12 + C33)
s(θ)((C12 − C33)c(2θ)− C12 − 3C33)

2(C12 + C33)
− (3C12 + 5C33)s(θ)c2(θ)

C12 + C33

 (4.28b)

R3 =


(3C12 + 5C33)s(θ)c2(θ)

C12 + C33

s(θ)((C33 − C12)c(2θ) + C12 + 3C33)

2(C12 + C33)

− s(θ)((3C12 + 5C33)c(2θ) + C12 + 3C33)

2(C12 + C33)

(C12 − C33)s(θ)c2(θ)

C12 + C33

 (4.28c)

R4 =


c(θ)((C12 − C33)c(2θ) + C12 + 3C33)

2(C12 + C33)

(3C12 + 5C33)s2(θ)c(θ)
C12 + C33

(C12 − C33)s2(θ)c(θ)
C12 + C33

c(θ)((3C12 + 5C33)c(2θ)− C12 − 3C33)

2(C12 + C33)

 (4.28d)

Note that both R∗[q∗](θ) and S∗[q∗] do not depend on the coefficients of Q, a prop-
erty which follows from the isotropy of the first-order effective material C.

4.3.3 Anisotropy characterization of M∗

The material is said to be symmetric with respect to the rotation θ when

R[p]
T(θ)M∗R[q∗]

∗(θ) = M∗, (4.29)

and mirror symmetric with respect to the reflection S[p] when

S[p]
TM∗S[q∗]

∗ = M∗. (4.30)
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For the elastic equivalent material defined by matrix M∗ the condition (4.29) is
verified when θ = 2/3π, so that the material belongs to Z3 class of symmetry. More-
over, condition (4.30) is never verified, so that the material is never centrosymmetric.

There is only an exception to the above rules, which occurs when M∗ = 0, which
is achieved when

(k̂− k̃)(k̂k̃− 2k(k̂ + k̃))`
8
√

3I[1] I2
[2]

= 0. (4.31)

in which case the material is centrosymmetric and matrix M∗ = 0 does not impose
restrictions on the anisotropy. Note that Eq. (4.31) leads to the following constraints
on the stiffnesses k, k̂, and k̃

k̂ = k̃ or k =
k̂k̃

2(k̂ + k̃)
. (4.32)

4.3.4 Anisotropy characterization of A∗

The material is said to be symmetric with respect to the rotation θ when

R∗
T

[q∗](θ)A
∗R∗[q∗](θ) = A∗, (4.33)

and mirror symmetric with respect to the reflection S[p] when

S[q∗]
∗T
A∗S[q∗]

∗ = A∗. (4.34)

For the elastic equivalent material defined by matrix A∗ the condition (4.33) is
verified when θ = π/3 and the condition (4.34) it always is, so that the material
belongs to D6 class of symmetry. To annihilate the anisotropic component of the
matrix A∗ and reduce it to an isotropic one, it is necessary to have the following
constrain on k, k̂, and k̃

k =
k̂k̃
(

4k̂2 + 35k̂k̃ + 4k̃2
)
± 3
√

3
√

k̂3k̃3
(

8k̂2 + 43k̂k̃ + 8k̃2
)

8(k̂ + k̃)3
. (4.35)

4.3.5 Isotropic and centrosymmetric second-gradient equivalent material

The only possibility of obtaining a second-gradient elastic material characterized by
an isotropic (which implies centrosymmetry) response occurs when both Eqs. (4.31)
and (4.35) are satisfied, which leads to the following constraint on k, k̂, and k̃

k̂ = k̃ and k =
43± 3

√
177

64
k̃. (4.36)

Now that the symmetries of the ‘condensed’ material have been characterized, it
is desirable that these symmetries also characterize the ‘relaxed’ material. This can
be achieved by constraining all the free parameters, except Q35, ∆M15, ∆M16, and
∆A11, in the matrices Q, ∆M, and ∆A, Eq. (4.17).
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4.4 The directional properties of the elastic energy for the
SGE material

Inspired by [29], a further insight on the anisotropy of the effective SGE material
is provided by analyzing the effect on the stored energy density USGE related to a
rotation of a fixed kinematic input. Restricting for the moment the attention only to
the curvature part UA∗ of the energy density USGE, Eq. (4.5), generated by a curvature
input q∗ transformed by the rotation matrix R∗

T

[q∗](θ),

UA∗ (q
∗, θ) =

1
2
q∗

T
R∗

T

[q∗](θ)A
∗R∗[q∗](θ)q

∗, (4.37)

the energy density UA∗ related to a ‘condensed’ SGE material, equivalent to a lattice
with stiffness bar ratios k̂/k = 10, k̃/k = 100, is reported as polar diagrams in Fig.
4.2 for four different curvature inputs,

q∗[1] =


0
0

−0.278
0.961

 ,q∗[2] =


0.967
−0.254

0
0

 ,q∗[3] =


0
0

0.961
0.278

 ,q∗[4] =


0.254
0.967

0
0

 ,

(4.38)
corresponding to the four eigenvectors of the ‘condensed’ matrix A∗, normalized to
have a unit modulus. The polar diagrams, normalized through division by the max-
imum value of the energy attained with a specific rotation of the kinematic input,
highlight the direction sensitivity of the energy and symmetry in the response with
rotations given by a rotation of θ = nπ/3 with n ∈ Z.

[1]q* [4]q*[3]
q*[2]q*

p

0
p/6

5p
/6

2p/
3 p/2 p/3

q

FIGURE 4.2: Polar diagrams of the curvature energy density UA∗

stored within a ‘condensed’ SGE material, equivalent to a lattice with
stiffness bar ratios k̂/k = 10, k̃/k = 100, when subject to a specific
curvature input q∗[j] (j = 1, ..., 4), Eq. (4.38). The diagrams show
the π/3 simmetry (green coloured curve part) in the constitutive re-
sponse related to curvature through the matrix A∗. The energy den-
sity with varying the rotation angle θ of the related kinematic input
q∗[j] (j = 1, ..., 4) is reported along the radial coordinate normalized

through division by its maximum value.

The total elastic energy density USGE, Eq. (4.5), given by the sum of the Cauchy,
UC, curvature, UA∗ , and mutual UM∗ terms, can be rewritten as

USGE =
1
2
t∗

T
L∗
(

k, k̂, k̃
)
t∗, (4.39)
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where the vector t∗ collects the strain and curvature vectors and the matrix L∗
(

k, k̂, k̃
)

collects the matrices (C, M∗, A∗) characterizing the ‘condensed’ equivalent SGE,

t∗ =

[
pSGE

T

q∗
T

]
, L∗ =

[
C M∗

M∗
T

A∗.

]
(4.40)

With the purpose of analyzing the directional property of the total energy, the fol-
lowing Lagrangian function is introduced

L∗ = t∗
T
L∗ t∗ − ψ (t∗ · t∗ − 1) , (4.41)

where ψ is a Lagrangian multiplier. Imposing the stationarity of the Lagrangian
function, Eqn. (4.41), is equivalent to the following system of equations

∂L

∂t∗
= 2 (L∗ − ψI) t∗ = 0,

∂L

∂ψ
= t∗ · t∗ − 1 = 0,

(4.42)

with Eq. (4.42)1 defining the eigenvectors of the matrix L∗, corresponding to the
seven principal deformations, and Eq. (4.42)2 constraining the norm of such eigen-
vectors to the unitary hypersphere. With reference to the considered ‘condensed’
SGE, equivalent to the lattice with stiffness ratios k̂/k = 10, k̃/k = 100, the following
seven eigenvectors of unit modulus are obtained

t∗[1] =



0.671
0.671

0
0
0

−0.091
0.303


, t∗[2] =



−0.223
−0.223

0
0
0

−0.225
0.922


, t∗[3] =



−0.011
−0.011

0
0
0

−0.970
−0.242


, t∗[4] =



0
0
0

0.967
−0.254

0
0


,

t∗[5] =



0
0
0

0.254
0.967

0
0


, t∗[6] =



0.707
−0.707

0
0
0
0
0


, t∗[7] =



0
0
1
0
0
0
0


,

(4.43)
showing that only the first three eigenvectors have non-null components related to
both deformation and curvature, while t∗[4] and t∗[5] have non-null components only
related to curvature, and t∗[6] and t∗[7] only related to deformation. These seven
eigenvectors are used as kinematic input rotated by an angle θ to analyze the energy
and, similarly to Fig. 4.2, the corresponding polar diagrams are reported in Fig. 4.3
(for a material equivalent to the same pair of stiffness ratios, k̂/k = 10, k̃/k = 100).
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FIGURE 4.3: As for Fig. 4.2, but for the total energy density USGE∗

considering the specific kinematic input t∗[j] (j = 1, ..., 7), Eq. (4.43).
The diagrams show different periodicity in the response: the 2π/3
symmetry in the mutual constitutive response for t∗[1], t∗[2], and t∗[3],
the π/3 symmetry in the curvature only constitutive response, as ev-
ident for t∗[4], t∗[5] as counterpart of kinematic input q∗[2], q∗[4], and
the isotropic behaviour, provided by the symmetry in Cauchy consti-

tutive response, for null curvature inputs t∗[6] and t∗[7].

4.5 Positive definiteness

Stability of the response for higher-order material equivalent to the lattice is related
to the positive definiteness of the obtained effective constitutive tensors. It is known
however that positive definiteness of equivalent higher-order equivalent solids is
not always verified at varying the microstructure properties [5, 6, 15, 45].

With reference to the energy density USGE, Eq. (4.39), the positive definiteness of
the ‘condensed’ SGE corresponds to the positive definiteness of the matrix L∗ col-
lecting the matrices (C, M∗, A∗), Eq. (4.40)2, and defining the ‘condensed’ equivalent
SGE. Considering positive bar stiffnesses (for which the equivalent Cauchy material,
Eq. (4.1), is positive definite), the sets of bar stiffnesses (made dimensionless through
division by k) for which the equivalent material is positive definite and indefinite are
displayed in Fig. 4.4 as green and red regions, respectively.



44 Chapter 4. Derivation of the constitutive law for the equivalent SGE

0
5 10 15 20 25 30

5

10

15

20

25

30

0.4

0.6 0.8
1.0

1.2

0.4

0.6

0.8

1.0

1.2

/

/

FIGURE 4.4: The values of bar stiffnesses corresponding to a positive
definite equivalent second-gradient elastic material correspond to the

green zone; in the red zone the equivalent material is indefinite.

The two cases of isotropy, given by Eq. (4.36), are remarkable. In fact, for both
of them the equivalent material is positive definite, while in the case of three equal
bar stiffnesses, the equivalent material is not positive definite. Note that the positive
definiteness of the equivalent material is not affected by a permutation of k̂ with
k̃. The non positive definiteness issue is discussed further by analyzing the elastic
energy stored within a circular domain at increasing its size.

4.5.1 Variation of the elastic energy with the characteristic length.

Even in the case of non positive definite equivalent constitutive response, the elastic
energy stored within a disk of equivalent material of radius ρ centred at the origin
of the reference system and generated by a quadratic self-equilibrated displacement
field is always positive whenever the ratio between the disk radius ρ and the hexag-
onal lattice side ` exceeds a finite value. Restricting attention to a purely quadratic
self-equilibrated displacement conditions (α = 0)1, the integration of the energy
density, Eq. (4.5), over the aforementioned disk yields

USGE = ρ4C
(
C
(

k, k̂, k̃
)

, β
)

︸ ︷︷ ︸
UC

+ ρ2`2 A
(
A∗
(

k, k̂, k̃
)

, β
)

︸ ︷︷ ︸
UA∗

, (4.44)

where C
(
C(k, k̂, k̃), β

)
is always positive while A

(
A∗(k, k̂, k̃), β

)
has no restric-

tion on its sign, and showing that the Cauchy UC and the higher-order UA∗ energy
parts are ruled by different powers in the disk radius ρ (while the mutual energy
UM∗ is null because of the integration of an odd function over a symmetric domain).

Introducing the parameter R as ratio between the higher-order UA∗ and Cauchy
UC parts of the elastic energy, as

R =
UA∗

UC
, (4.45)

1The condition of purely quadratic self-equilibrated displacement (α = 0) is the most restrictive
for storing a positive energy within a domain, being the Cauchy part UC of the elastic energy always
positive due to the positive definiteness of the matrix C.
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the elastic energy USGE (4.5) can be rewritten as

USGE = (1 +R)UC. (4.46)

Considering expression (4.44), the parameter R (4.45) reduces to

R =
A
(
A∗
(

k, k̂, k̃
)

, β
)

C
(
C
(

k, k̂, k̃
)

, β
) (

`

ρ

)2

, (4.47)

and the following two considerations can be made:

• a positive value for the stored energy USGE, Eq. (4.44), is achieved when fol-
lowing constraint on R holds

A
(
A∗
(

k, k̂, k̃
)

, β
)

C
(
C
(

k, k̂, k̃
)

, β
) (

`

ρ

)2

> −1. (4.48)

which is always satisfied if A
(
A∗
(

k, k̂, k̃
)

, β
)

is greater than zero, since

C
(
C
(

k, k̂, k̃
)

, β
)

always is;

• the larger is the higher-order part UA∗ energy than the Cauchy UC energy, the
larger becomes the parameter R, which can be both achieved either by increas-
ing the ratio `/ρ or the ratio A

(
A∗
(

k, k̂, k̃
)

, β
)/

C
(
C
(

k, k̂, k̃
)

, β
)

.

The behaviour of the parameter R with varying the ratio `/ρ is displayed in Fig. 4.5
for the pairs of stiffness bars ratio {k̂/k, k̃/k} and the non-null components of the
tensor β given by β222 = −β112 = −β211 = 1, showing that for sufficiently large
disks the stored energy is positive.

=

=

=

20

-10

10

-20
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FIGURE 4.5: Parameter R, Eq. (4.45) versus the ratio ρ/` for
non-null components of the tensor β given by β222 = −β112 =
−β211 = 1. Curves are reported for different pairs of stiffness bars
ratio {k̂/k, k̃/k}, given by {4.5, 3.5} (green), {5, 0.2} (purple) and

{10, 0.1} (orange).
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As a further remark, it is also observed that the higher-order energy contribution
UA∗ becomes negligible with respect to the Cauchy part UC for a threshold of the
ratio ρ/` depending on the considered stiffness bars ratio {k̂/k, k̃/k}.

4.6 Derivation of the constitutive law for the equivalent second-
gradient elastic material

The identification procedure introduced in Chapter 3 of this thesis and so far ex-
ploited only defines an equivalent material in a ‘condensed form’, so that there are
∞4 second-gradient materials all providing a correct energy balance with the discrete
lattice. At this stage a ‘relaxation of the constraints’ has to be introduced to yield an
equivalent second-gradient elastic material in a standard form. This relaxation can
be introduced in several ways and an optimization scheme could be introduced,
however, the simplest approach is pursued in the following, which corresponds to
imposing from the beginning the equivalence between the elastic energies neglect-
ing the equilibrium constraint on the coefficients βijk [Eqs. (3.46) and (3.73) of Chapter
3]. The constraint limiting the variability of the possible coefficients βijk is the reason
why a ‘condensed relation’ was derived.

Removing the constraint on the coefficients βijk yields the following expressions
for the four coefficients Q35, A11, ∆M15, and ∆M16, completely defining the second-
gradient elastic material

Q35 =
I[1]
4C

[
26k

3
(k̂ + k̃)2 − 2k

2
(k̂ + k̃)

(
5k̂2 − 16k̂k̃ + 5k̃2

)
+

I[3]
(
−47k̂2 + 40k̂k̃− 47k̃2

)
− 10k̂2k̃2(k̂ + k̃)

]
,

∆A11 =−

(
2k

2
(k̂ + k̃) + k

(
2k̂2 + 15k̂k̃ + 2k̃2

)
+ 2k̂k̃(k̂ + k̃)

)2
`2

192
√

3I2
[2]C

[
−60k

4
(k̂ + k̃)

+ k
3
(
−155k̂2 + 818k̂k̃− 155k̃2

)
− k

2
(k̂ + k̃)

(
35k̂2 − 211k̂k̃ + 35k̃2

)
+I[3]

(
182k̂2 − 253k̂k̃ + 182k̃2

)
+ 28k̂2k̃2(k̂ + k̃)

]
,

∆M15 =∆M16 = 0,
(4.49)

where C is

C = 5k
4
(k̂ + k̃)2 + k

3
(k̂ + k̃)

(
10k̂2 − 69k̂k̃ + 10k̃2

)
+ k

2
(

5k̂4 + 13k̂3k̃− 78k̂2k̃2 + 13k̂k̃3 + 5k̃4
)

−13I[3](k̂ + k̃)
(

2k̂2 − 3k̂k̃ + 2k̃2
)
− 4k̂2k̃2(k̂ + k̃)2.

(4.50)
The above coefficients have to be substitute in Eqs. (4.17), which are also constrained
by the material symmetry of the ‘condensed solid’ remarked in Sec. 4.3, which yield
to the three constitutive tensors C

(
k, k̂, k̃

)
, M

(
k, k̂, k̃

)
, and A

(
k, k̂, k̃

)
Eqs. (4.1). It

is highlighted that with this choice of coefficients Eqs. (4.49), the domain of positive
definiteness remains the same as the ‘condensed material’.
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Chapter 5

Capability of the SGE solid to be
equivalent to the hexagonal lattice

The capability of the identified strain-gradient elastic solid equivalent to the hexag-
onal lattice is assessed through comparisons in their mechanical response. These
behaviours are analyzed for two basic boundary value problems, simple shear and
uniaxial strain for two different directions (Fig. 5.1), for which the response of the
homogeneous material is provided in closed-form expressions.

U1

x2

U2

x2

x1

x2

U1

x1

U2

x1

FIGURE 5.1: Upper row from left to right: Undeformed lattice and
equivalent SGE material; simple shear parallel to the horizontal direc-
tion; uniaxial strain in the vertical direction. Lower row from left to
right: Undeformed lattice and equivalent SGE material; simple shear
parallel to the vertical direction; uniaxial strain in the horizontal di-
rection. The deformed configurations for the lattice are displayed for

the three bars having the same stiffness, k̂/k = k̃/k = 1.

In the absence of body forces, the stress σij and the double-stress τkij fields within
a homogeneous SGE material are governed by the equilibrium equations

σij,j − τkji,kj = 0, (5.1)
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moreover, the components of the resultant traction vector P (n) associated with the
surface defined by the normal unit vector n are given by

Pk(n) = σjk nj − ni nj D
(
τijk
)
− 2nj Di

(
τijk
)
+
(
ni nj Dl (nl)− Dj (ni)

)
τijk, (5.2)

where the operators Dj ( · ) and D ( · ) are defined as

Dj ( · ) =
(
δjl − njnl

)
( · ),l , D ( · ) = nl ( · ),l . (5.3)

The mechanical response of the lattice and of the related equivalent homoge-
neous solid is compared for different stiffness ratios pairs k̂/k and k̂/k and corre-
sponding identified constitutive parameters µ, λ, m13, a11, a22, a33, and a44 of the
equivalent SGE defined as the six Example cases (Ex1, Ex2, Ex3, Ex4, Ex5, and Ex6)
reported in Table 5.1. The comparison is performed by analysing displacement and
strain energy density fields. As far as regards the geometry:

• for simple shear and uniaxial strain respectively aligned parallel to the x1-axis
and to the x2-axis, the lattice structure is considered to be realized as the pe-
riodic repetition along the x1-axis of one line of 9 unit cells, so that the strip
of equivalent homogeneous solid has sides H = 14` and (by imposing the
equivalence of area) B = 81

√
3`/28, Fig. 5.1 (top);

• for simple shear and uniaxial strain respectively aligned parallel to the x2-axis
and to the x1-axis, the periodic repetition along the x2 axis of two lines of 8 unit
cells realizes the lattice structure, so that the equivalent homogeneous strip has
sides H = 17

√
3`/2 and (by imposing the equivalence of area) B = 48`/17,

Fig. 5.1 (bottom).

TABLE 5.1: The six stiffness ratios pairs k̂/k and k̂/k and the corre-
sponding equivalent constitutive parameters µ, λ, m13, a11, a22, a33,
and a44 (made dimensionless through division by the bar stiffness k)

used for the comparisons reported in Figs. 5.2-5.5.

k̂/k k̃/k µ/k λ/k m/k a11/k a22/k a33/k a44/k

Ex1 1 1 0.433 0.433 0 1.27 0.153 0.135 1.25

Ex2 25 25 1.20 13.52 0 5.902 0.426 0.554 6.03

Ex3 1500 10 1.18 435 78 129 0.413 14.4 143

Ex4 0.75 0.75 0.354 0.367 0 1.19 0.125 0.127 1.188

Ex5 0.05 0.5 0.056 0.39 0.06 0.823 5.45·10−4 0.034 0.857

Ex6 0.5 0.05 0.056 0.39 -0.06 0.823 5.45·10−4 0.034 0.857

5.1 Simple shear problem

The kinematical boundary conditions for a SGE material subject to a simple shear
aligned parallel to the I-axis (I = 1, 2) are

uI (xJ = 0) = 0, uI (xJ = H) = UI , uI,J (xJ = 0) = 0, uI,J (xJ = H) = 0,

uJ (xJ = 0) = 0, uJ (xJ = H) = 0, uJ,J (xJ = 0) = 0, uJ,J (xJ = H) = 0,
for


I = 1, 2,
J = 1, 2,
J 6= I,

(5.4)
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where UI is the imposed displacement aligned parallel the I-direction at the coordi-
nate xJ = H (reported on the left part in Fig. 5.1 for I = 1 and J = 2, top and bottom
part, respectively). Because the boundary conditions are independent of xI and the
SGE material is homogeneous, the displacement fields are only dependent on xJ ,

uI = uI(xJ), uJ = uJ(xJ), (5.5)

so that the equilibrium equations (5.1) in the case of simple shear aligned parallel
the x1-axis (I = 1, J = 2) reduce to

u1,22(x2)− `2 a22

µ
u1,2222(x2) = 0,

u2,22(x2)− `2 a44

(λ + 2µ)
u2,2222(x2) = 0,

(5.6)

and the resultant traction components Eq. (5.2) which arise on a surface parallel to
the x1-axis (and therefore n = e2) result{

P1 (e2) = σ12 − τ221,2 ,

P2 (e2) = σ22 − τ222,2 .
(5.7)

Differently, for simple shear aligned parallel the x2-axis (I = 2, J = 1), the equilib-
rium equations (5.1) reduce to

u1,11(x1) + `

(
m

λ + 2µ
u2,111(x1)− `

a11

λ + 2µ
u1,1111(x1)

)
= 0,

u2,11(x1)− `

(
m

µ
u1,111(x1) + `

a33

µ
u2,1111(x1)

)
= 0,

(5.8)

and the resultant traction components Eq. (5.2) which arise on a surface parallel to
the x2-axis result {

P1 (e1) = σ11 − τ111,1 ,

P2 (e1) = σ12 − τ112,1 ,
(5.9)

where a22 = a11 − 2(a16 + a26), a33 = a11 + a12 − 2(a16 + a26)− a34, and a44 = a11 +
a12 − a34 as given by Eq. (4.1)3.

It can be noted that the differential equations governing the displacement com-
ponents are uncoupled when the simple shear is aligned parallel to the x1-axis, while
these become coupled when the simple shear is aligned parallel to the x2-axis, be-
cause of the equivalent non-centrosymmetric behaviour.

The dimensionless differences in the total energy1 is reported in Table 5.2 for the
two directions of simple shear. The difference in the energy is computed between
that stored in the lattice Ulat, within one line of 9 unit cells and two lines of 8 unit
cells, respectively, and that stored within the strip of equivalent solid, with sides
B = 81

√
3`/28 and H = 14`, and B = 48`/17 and H = 17

√
3`/2), respectively.

More specifically, the energy difference is evaluated with respect to the energy stored

1For energy principle, the dimensionless difference in the total energy also coincides with the di-
mensionless difference in the resultant shear stress component, computed as (RI J − BσCau

I J )/RI J for the
equivalent Cauchy and as (RI J − BPI(eJ))/RI J for the equivalent SGE. In these expressions, σCau

I J is
the stress component realized within the equivalent Cauchy solid and RI J is the component along the
xJ axis of the resultant force in equilibrium with the lattice cut with a plane with normal eI (being I the
direction of the simple shear, and J 6= I, with {I, J} = {1, 2}).
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within an equivalent Cauchy solid, UCau, and that stored within the identified equiv-
alent SGE solid, USGE. The reported values show how the difference between the lat-
tice and the model is reduced when the equivalent SGE solid is used for modelling
the lattice.

TABLE 5.2: Errors in the energy matching and in the resultant shear
force between the lattice and the equivalent Cauchy solid and the
equivalent strain-gradient solid for the simple shear problem paral-
lel to x1 and x2 axis considering stiffness ratios Ex1, Ex2, and Ex3 as

defined by Table 5.1.

Simple shear parallel to x1-axis Simple shear parallel to x2-axis

Ulat − UCau

Ulat

Ulat − USGE

Ulat

Ulat − UCau

Ulat

Ulat − USGE

Ulat

Ex1 10.46% 2.14% 16.26% 9.38%

Ex2 16.58% 8.83% 26.74% 19.3%

Ex3 16.4% 8.69% 25.63% 1.14%

The two cases of simple shear aligned parallel the x1-axis and parallel to the x2-
axis are now analyzed in detail.

5.1.1 Simple shear parallel to the x1-axis

Solving the equilibrium equations (5.6) subject to the boundary conditions (5.4) leads
to the following displacement fields within the SGE solid

u1(x2) =

cosh (Zs) x2 +

[
sinh

(
Zs

(
1− 2x2

H

))
− sinh (Zs)

]
H

2Zs

coshZs −
1
Zs

sinhZs

U2

H
, u2(x2) = 0,

(5.10)
and to the corresponding stress and double stress fields

σ12(x2) = µ
2 sinh

( x2

H
Zs

)
sinh

(
Zs

(
1− x2

H

))
coshZs −

1
Zs

sinhZs

U2

H
, τ221(x2) =

a22

a12
τ111(x2),

τ111(x2) = ` a12

2`
H
Zs sinh

(
Zs

(
1− 2x2

H

))
coshZs −

1
Zs

sinhZs

U2

H
, τ122(x2) =

a26

a12
τ111(x2),

(5.11)
showing a centrosymmetric response because of the loading symmetry imposed to
the non-centrosymmetric SGE. From these fields, the components of the resultant
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traction vector associated with the normal n = e2 are found to be given as the fol-
lowing constants

P1 (e2) =
µ

1− 1
Zs

tanhZs

U2

H
, P2 (e2) = 0, (5.12)

and the three contributions UC, UM, and UA to the strain energy density are given
by

UC(x2) = µ
2 sinh2

(
Zs

(
1− x2

H

))
sinh2

( x2

H
Zs

)
(

coshZs −
1
Zs

sinhZs

)2
U2

2
H2 , UM(x2) = 0,

UA(x2) = µ

sinh2
(
Zs

(
1− 2x2

H

))
2
(

coshZs −
1
Zs

sinhZs

)2
U2

2
H2 ,

(5.13)

where

Zs =
H
2`

√
µ

a22
. (5.14)

A comparison in the mechanical response between the lattice, the equivalent Cauchy
solid and the equivalent SGE solid is reported in Fig. 5.2 for the stiffness pairs Ex1
(upper part), Ex2 (central part), and Ex3 (lower part) defined in Table 5.1. In particu-
lar, the deformed configuration, the displacement u1(x2), and the strain energy den-
sity U(x2) are reported from left to right. Averages over each unit cell are reported
as yellow dots, while the fields evaluated within the equivalent Cauchy and the
SGE solids are reported as dashed and purple lines, respectively. The improvement
in modeling the lattice with the identified SGE instead of the equivalent Cauchy
material may be noted analyzing the comparisons in the mechanical fields for the
different cases.
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FIGURE 5.2: Simple shear aligned parallel the x1-axis. From left to
right: Deformed configuration, displacement field u1(x2), and strain
energy density U(x2) for the three cases Ex1 (upper part), Ex2 (central
part), and Ex3 (lower part) as defined in Table 5.1. Mechanical fields
within the equivalent Cauchy and SGE solids are reported as dashed
and purple lines, respectively, while the values averaged within the

lattice (at the same coordinate x2) are reported as yellow dots.

5.1.2 Simple shear parallel the x2-axis

In this case the governing equilibrium equations (5.8) are coupled. When subject to
the boundary conditions (5.4), their solution can be obtained in a closed-form but
very convoluted, because of the non-centrosymmetric terms, so that is not reported
here. As for the previous case, the mechanical responses for the stiffness ratios cor-
responding to Ex1, Ex2, and Ex3 (defined in Table 5.1) are reported in Fig. 5.3 (from
left to right) with reference to the deformed configuration, the displacement field
u2(x1), and the strain energy density U(x1) (from the upper part to the lower part).
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U/k

u /U2 2

x /H1 x /H1 x /H1

Ex2Ex1 Ex3

FIGURE 5.3: From top to bottom: deformed configuration, displace-
ment field u2(x1), and strain energy density U(x1) for the stiffness
ratios Ex1, Ex2, and Ex3 as defined by Table 5.1 from left to right.
In purple it is portrayed the solution for the SGE material, in black-
dashed the solution for a classic Cauchy material, and the yellow dots

the quantities related to the lattice.

5.2 Uniaxial strain problem

The kinematical boundary conditions for a SGE material subject to a uniaxial strain
parallel toThe kinematical boundary conditions for a SGE material subject to a uni-
axial strain parallel to the I-axis (I = 1, 2) are

uI (xI = 0) = 0, uI (xI = H) = UI , uI,J (xI = 0) = 0, uI,J (xI = H) = 0,

uJ (xI = 0) = 0, uJ (xI = H) = 0, uJ,J (xI = 0) = 0, uJ,J (xI = H) = 0,
for


I = 1, 2,
J = 1, 2,
J 6= I,

(5.15)
where UI is the imposed displacement aligned parallel the I-direction at the coor-
dinate xI = H (reported on the right of Fig. 5.1 for the cases I = 1 and J = 2,
respectively top and bottom). Because the boundary conditions are independent of
xJ and the SGE material is homogeneous, the displacement fields are only dependent
on xI ,

uI = uI(xI), uJ = uJ(xI), (5.16)

so that the equilibrium (5.1) and the traction (5.2) equations, in the case of uniaxial
strain aligned parallel the x1-axis (I = 1, J = 2) reduce to Eqs. (5.8) and Eqs. (5.9),
respectively, while for uniaxial strain aligned parallel the x2-axis (I = 2, J = 1)
reduce to Eqs. (5.6) and Eqs. (5.7), respectively.
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As for the simple shear case, the governing equations are uncoupled when the
uniaxial strain is imposed aligned parallel the x2-axis, while are coupled when the
uniaxial strain is aligned parallel the x1-axis because of the effective non-centrosym-
metric response. Similarly to the Table 5.2 for the simple shear analysis, the energy
equivalence differences for the uniaxial strain examples are presented in Table 5.3
for Ex1, Ex4, and Ex5 as defined by Table 5.1.2

TABLE 5.3: Errors in the energy matching and in the resultant nor-
mal force between the lattice and the equivalent Cauchy solid and
the equivalent strain-gradient solid for the uniaxial problem paral-
lel to x1 and x2 axis considering stiffness ratios Ex1, Ex4, and Ex5 as

defined by Table 5.1.

Uniaxial strain parallel to x1-axis Uniaxial strain parallel to x2-axis

Ulat − UCau

Ulat

Ulat − USGE

Ulat

Ulat − UCau

Ulat

Ulat − USGE

Ulat

Ex1 8.16% -6.83% 14.52% -1.24%

Ex4 8.67% -7.47% 14.75% 0.57%

Ex5 11.93% -8.23% 16.5% -0.72%

5.2.1 Uniaxial strain parallel to the x2-axis

Considering the boundary conditions (5.15) for the governing equations (5.6) leads
to the following displacement field within the SGE solid

u1(x2) = 0, u2(x2) =
x2 cosh(Zu) +

H
2Zu

[
sinh

(
Zu

(
1− 2x2

H

))
− sinh(Zu)

]
cosh(Zu)−

1
Zu

sinh(Zu)

U2

H
,

(5.17)
to which correspond the stress fields

σ11(x2) =

λ

[
cosh(Zu)− cosh

(
Zu

(
1− 2x2

H

))]
− 2`

H
mZu sinh

(
Zu

(
1− 2x2

H

))
cosh(Zu)−

1
Zu

sinh (Zu)

U2

H
,

σ22(x2) =

(λ + 2µ)

[
cosh(Zu)− cosh

(
Zu

(
1− 2x2

H

))]
− 2`

H
mZu sinh

(
Zu

(
1− 2x2

H

))
cosh(Zu)−

1
Zu

sinh (Zu)

U2

H
,

(5.18)

2As in the simple shear case, the dimensionless energy difference reported in Table 5.3 also ex-
presses the dimensionless difference in the resultant normal stress evaluated as (RI I − BσI I)/RI I for
the equivalent Cauchy and as (RI I − BPI(eI))/RI I for the equivalent SGE, where RI I is the component
along the xI axis of the resultant force in equilibrium with the lattice cut with a plane with normal eI
(being I the direction of the uniaxial strain, I = {1, 2}).
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and double stress fields

τ112(x2) = `

m

[
cosh(Zu)− cosh

(
Zu

(
1− 2x2

H

))]
+

2`
H
a34Zu sinh

(
Zu

(
1− 2x2

H

))
cosh(Zu)−

1
Zu

sinh (Zu)

U2

H
,

τ222(x2) = `

−m
[

cosh(Zu)− cosh
(
Zu

(
1− 2x2

H

))]
+

2`
H
a44Zu sinh

(
Zu

(
1− 2x2

H

))
cosh(Zu)−

1
Zu

sinh (Zu)

U2

H
,

τ211(x2) = `

m

[
cosh(Zu)− cosh

(
Zu

(
1− 2x2

H

))]
+

2`
H
a45Zu sinh

(
Zu

(
1− 2x2

H

))
cosh(Zu)−

1
Zu

sinh (Zu)

U2

H
,

(5.19)
showing that, although the governing equations (5.8) are decoupled, the mechani-
cal fields are affected by possible non-centrosymmetry terms. The components of
resultant traction vector associated with the normal n = e2 can be obtained as the
following constants

P1 (e2) = 0, P2 (e2) =
λ + 2µ

1− 1
Zu

tanhZu

U2

H
, (5.20)

and the three contributions UC, UM, and UA of the strain energy density can be
evaluated as

UC(x2) =

(λ + 2µ)

[
cosh (Zu)− cosh

(
Zu

(
1− 2x2

H

))]2

2
(

cosh (Zu)−
1
Zu

sinh (Zu)

)2 ,

UM(x2) =
2`
H

mZu sinh
(
Zu

(
1− 2x2

H

)) [
cosh

(
Zu

(
1− 2x2

H

))
− cosh(Zu)

]
(

cosh(Zu)−
sinh(Zu)

Zu

)2
U2

2
H2 ,

UA(x2) =

(λ + 2µ) sinh2
(
Zu

(
1− 2x2

H

))
2
(

cosh (Zu)−
1
Zu

sinh (Zu)

)2 ,

(5.21)
where

Zu =
H
2`

√
λ + 2µ

a44
. (5.22)

It is worth to note that the mutual energy, given as the integral of UM(x2) over the
set x2 ∈ [0, H], is always null.

To better appreciate the improvement in the modelling by considering the iden-
tified SGE solid instead of a Cauchy solid, their mechanical responses are compared
with that of the lattice in Fig. 5.4 for the stiffness ratios corresponding to Ex1, Ex4,
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and Ex5 as defined in Table 5.1 from upper to lower part. In particular, the de-
formed configuration, the displacement u2(x2), and the strain energy density U(x2)
are reported from left to right. Similarly to Figs. 5.2 and 5.3, the averages over each
unit cell are reported as yellow dots, while the fields evaluated within the equiv-
alent Cauchy and the SGE solids are reported as black-dashed and purple lines,
respectively. It is worth to mention that for Ex5, due to its non-centrosymmetric
response, the strain energy density is not symmetric across the height H, namely
U(x2) 6= U(H − x2).

u /U1 1 U/k

x /H2

x /H2

x /H2

Ex
4

Ex
5

Ex
1

FIGURE 5.4: Uniaxial strain aligned parallel to the x2-axis. From
left to right: Deformed configuration, displacement field u2(x2), and
strain energy density U(x2) for the three stiffness ratios Ex1, Ex4, and
Ex5 defined in Table 5.1 from top to bottom. In purple it is portrayed
the solution for the SGE material, in black-dashed the solution for a
classic Cauchy material, and the yellow dots the quantities related to

the lattice.

5.2.2 Uniaxial strain parallel to the x1-axis

Similarly to the case of the simple shear problem aligned parallel the x2 axis, the
solution of the equilibrium equations (5.8) subject to the boundary conditions of
uniaxial strain aligned parallel the x1-axis (5.15) is provided by tangled expressions,
due to presence of non-centrosymmetric terms, and therefore not reported for con-
ciseness. The mechanical responses for the three stiffness ratios Ex1, Ex4, and Ex5
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(defined in Table 5.1) are reported in Fig. 5.5 (left to right), with reference to the de-
formed configuration, the displacement field u1(x1), and the strain energy density
U(x1) (from the upper part to the lower part).

U/k

u /U1 1

x /H1 x /H1x /H1

Ex4Ex1 Ex5

FIGURE 5.5: Uniaxial strain aligned parallel to the x1-axis. From top
to bottom: Deformed configuration, displacement field u1(x1), and
strain energy density U for the three stiffness ratios corresponding to
Ex1, Ex4, and Ex5 defined in Table 5.1 (from left to right). In purple
it is portrayed the solution for the SGE material, in black-dashed the
solution for a classic Cauchy material, and the yellow dots the quan-

tities related to the lattice.

5.2.3 An example of extreme reticular structures far from a Cauchy solid

In this short section is presented an example for which, due to the use of extreme
hight values for the ratio between the stiffnesses, the effective Cauchy material is
no longer capable of produce an acceptable representation for the lattice structure,
while the second gradient material performs very well.
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u /U1 1

U/k

x /H1

u /U2 1

FIGURE 5.6: From top to bottom: deformed configuration, displace-
ment field u1(x1), displacement field u2(x1), and strain energy den-
sity U(x1) for the following stiffness bars ratios k̃/k = {1, 2.5 · 104, 5 ·
104}. In purple it is portrayed the solution for the SGE material, in
black-dashed the solution for a classic Cauchy material, and the yel-

low dots the quantities related to the lattice.
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TABLE 5.4: Evaluation of the discrepancy between the dimension-
less energy of both the equivalent Cauchy (UCau) and the equivalent
second-gradient elastic (USGE) solids and the dimensionless energy

of the lattice (Ulat) for the two uniaxial problems.

Shear strain x2-axis

k̂/k k̃/k
Ulat − UCau

Ulat

Ulat − USGE

Ulat

2.5·104 5·104 91.63% 15.52%

5.2.4 A remark on non-centro-symmetric behaviour

A last remark is made on the possible non-centrosymmetric behaviour predicted
for idenfied SGE solid equivalent to the lattice structure. As highlighted in the
anisotropy analysys, such a non-centrosymmetric response arises whenever the three
stiffnesses k, k̂, and k̃ do not satisfy Eq. (4.32). On the other hand, the following re-
lations for the equivalent matrices C

(
k, k̂, k̃

)
, M

(
k, k̂, k̃

)
, and A

(
k, k̂, k̃

)
, Eq. (4.1),

hold with the permutation of the non-perimeter springs

C (κ1, κ2, κ3) = C (κ1, κ3, κ2) , M (κ1, κ2, κ3) = −M (κ1, κ3, κ2) ,

A (κ1, κ2, κ3) = A (κ1, κ3, κ2) ,
(5.23)

where three stiffnesses κ1, κ2, and κ3 defining the lattice structure.
With the purpose to provide evidence of non-centrosymmetric response for the

lattice and the appropriate modelling of the identified equivalent SGE material, over-
coming the inherent limits of the equivalent Cauchy material, the deformed config-
urations and the transversal displacement field u2(x1) are displayed in Fig. 5.7 for
uniaxial strain condition. More in particular, the behaviour is reported for lattices,
and corresponding equivalent SGE solids, characterized by stiffness ratios Ex5 and
Ex6 as defined in Table 5.1 subject to compressive (U1 < 0) and tensile (U1 > 0) uni-
axial strain for a geometry defined by H = {4

√
3 + 1/2, 8

√
3 + 1/2, 16

√
3 + 1/2}`.

Being Ex5 obtained as the permutation of the perimeter springs of Ex6 (and vicev-
ersa), the respective equivalent constitutive parameters m have same absolute value
but different sign, so that a permutation of the non-perimeter springs is expected to
introduce a change in sign in the transversal displacement field u2(x1), as shown in
Fig. 5.7. It is finally noted that the diagrams u2(x1)/U1 are insensitive of the sign
of the imposed displacement U1, and that an effective Cauchy solid would simply
predict null transversal displacement u2(x1) = 0, and therefore would not capture
such a feature of the lattice motion.
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FIGURE 5.7: Deformed configurations and dimensionless transver-
sal displacement u2(x1)/U1 for lattice (and corresponding equivalent
SGE solid) of properties Ex5 and Ex6 (one is the permutation in the
non-perimeter springs of the other, Table 5.1) subject to compressive
(U1 < 0) and tensile (U1 > 0) uniaxial strain aligned parallel to the
x1-axis. Different geometries are reported, H = {4

√
3 + 1/2, 8

√
3 +

1/2, 16
√

3 + 1/2}`.
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Chapter 6

Conclusions

A class of homogeneous second-gradient elastic materials has been identified as en-
ergetically equivalent to an hexagonal lattice structure with three orders of different
linear elastic bars hinged at the ends. The energy matching has been imposed by
considering at infinity a quadratic displacement boundary condition, which has re-
quired the introduction of corrective fields to enforce equilibrium. The identified
homogeneous material displays mechanical properties of: (i.) non-locality, (ii.) non-
centrosymmetry, and (iii.) anisotropy (although the local behaviour is isotropic as
consequent to the hexagonal geometry). The second-gradient elastic material has
been analyzed in terms of symmetry classes and positive definiteness of the elastic
energy, disclosing special sets of lattice properties for which centrosymmetry and
isotropy are recovered. A comparison is provided between lattice structures (subject
to overall conditions of simple shear and uniaxial strain), which can be analytically
solved with Mathematica, and their equivalent material counterparts, for which an-
alytical solutions have been derived, and the results provides a validation to our
homogenization technique both qualitatively and quantitatively.
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Appendix A

Components of the matrices H[r]

and G[r]

The coefficients of the H[r] are

H
[1]
11 =

3
16

(
2I[1] +

9I[3]
I[2]

)
, H

[1]
12 =

3
16

(
2I[1] −

9I[3]
I[2]

)
, H

[1]
13 = 0,

H
[1]
22 =

3
16

(
2I[1] +

9I[3]
I[2]

)
, H

[1]
23 = 0, H

[1]
33 =

27I[3]
16I[2]

(A.1)

H
[2]
11 =

27
√

3I[3](2I[1] I[2] + 9I[3])
16I[1] I2

[2]

, H
[2]
12 =

27
√

3I[3](9I[3] − 2I[1] I[2])
16I[1] I2

[2]

, H
[2]
13 = 0,

H
[2]
14 = 0, H

[2]
21 = −

81
√

3I[3](2I[1] I[2] + 3I[3])
16I[1] I2

[2]

, H
[2]
22 = −

27
√

3I[3](2I[1] I[2] + 9I[3])
16I[1] I2

[2]

,

H
[2]
23 = 0, H

[2]
24 = 0, H

[2]
31 = 0,

H
[2]
32 = 0, H

[2]
33 =

27
√

3I[3](2I[1] I[2] − 9I[3])
16I[1] I2

[2]

, H
[2]
34 = −

27
√

3I[3](2I[1] I[2] + 9I[3])
16I[1] I2

[2]
(A.2)

H
[3]
11 =

27
√

3I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

, H
[3]
12 =

27
√

3I[3](9I[3] − 2I[1] I[2])
32I[1] I2

[2]

,

H
[3]
13 = −

81I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

, H
[3]
14 = −

243I[3](2I[1] I[2] + 3I[3])
32I[1] I2

[2]

,

H
[3]
21 = −

81
√

3I[3](2I[1] I[2] + 3I[3])
32I[1] I2

[2]

, H
[3]
22 = −

27
√

3I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

,

H
[3]
23 =

81I[3](9I[3] − 2I[1] I[2])
32I[1] I2

[2]

, H
[3]
24 =

81I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

,

H
[3]
31 = −

81I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

, H
[3]
32 =

81I[3](2I[1] I[2] − 9I[3])
32I[1] I2

[2]

,

H
[3]
33 =

27
√

3I[3](2I[1] I[2] − 9I[3])
32I[1] I2

[2]

, H
[3]
34 = −

27
√

3I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]
(A.3)
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H
[4]
11 = 0, H

[4]
12 = 0, H

[4]
13 =

3(k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I[1] I2

[2]

,

H
[4]
14 = −

9(k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
16I[1] I2

[2]

, H
[4]
21 = 0, H

[4]
22 = 0,

H
[4]
23 =

3(k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I[1] I2

[2]

,

H
[4]
24 = −

9(k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
16I[1] I2

[2]

,

H
[4]
31 = 0, H

[4]
32 = 0, H

[4]
33 = 0, H

[4]
34 = 0

(A.4)

H
[5]
11 =

81I[3](2I[1] I[2] + 9I[3])(8I[1] I[2] + 9I[3])
16I2

[1] I
3
[2]

, H
[5]
12 =

2187I2
[3](2I[1] I[2] + 3I[3])

16I2
[1] I

3
[2]

,

H
[5]
13 = 0, H

[5]
14 = 0, H

[5]
22 =

729I2
[3](2I[1] I[2] + 9I[3])

16I2
[1] I

3
[2]

, H
[5]
23 = 0,

H
[5]
24 = 0, H

[5]
33 =

81I[3](2I[1] I[2] − 9I[3])2

16I2
[1] I

3
[2]

, H
[5]
34 =

81I[3]

(
81I2

[3]

I2
[1]

− 4I2
[2]

)
16I3

[2]

,

H
[5]
44 =

81I[3](2I[1] I[2] + 9I[3])2

16I2
[1] I

3
[2]

(A.5)

H
[6]
11 =

81I[3](2I[1] I[2] + 9I[3])(7I[1] I[2] + 18I[3])
32I2

[1] I
3
[2]

, H
[6]
12 =

243I[3]
(
−2I2

[1] I
2
[2] + 9I[1] I[2] I[3] + 54I2

[3]

)
32I2

[1] I
3
[2]

,

H
[6]
13 = −

81
√

3I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

, H
[6]
14 = −

243
√

3I[3](2I[1] I[2] + 3I[3])
32I[1] I2

[2]

,

H
[6]
22 =

243I[3]
(

2I2
[1] I

2
[2] − 15I[1] I[2] I[3] + 54I2

[3]

)
32I2

[1] I
3
[2]

, H
[6]
23 =

81
√

3I[3](2I[1] I[2] − 9I[3])
32I[1] I2

[2]

,

H
[6]
24 = −

81
√

3I[3](2I[1] I[2] + 9I[3])
32I[1] I2

[2]

, H
[6]
33 =

81I[3]
(

2I2
[1] I

2
[2] + 9I[1] I[2] I[3] + 162I2

[3]

)
32I2

[1] I
3
[2]

,

H
[6]
34 =

81I[3]
(
−2I2

[1] I
2
[2] + 81I[1] I[2] I[3] + 162I2

[3]

)
32I2

[1] I
3
[2]

, H
[6]
44 =

81I[3](2I[1] I[2] + 9I[3])(13I[1] I[2] + 18I[3])
32I2

[1] I
3
[2]

(A.6)
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H
[7]
11 =

81I[3](2I[1] I[2] + 9I[3])(8I[1] I[2] + 9I[3])
16I2

[1] I
3
[2]

, H
[7]
12 =

2187I2
[3](2I[1] I[2] + 3I[3])

16I2
[1] I

3
[2]

,

H
[7]
13 = −

81
√

3I[3](2I[1] I[2] + 9I[3])
16I[1] I2

[2]

, H
[7]
14 = −

243
√

3I[3](2I[1] I[2] + 3I[3])
16I[1] I2

[2]

,

H
[7]
22 =

729I2
[3](2I[1] I[2] + 9I[3])

16I2
[1] I

3
[2]

, H
[7]
23 =

81
√

3I[3](2I[1] I[2] − 9I[3])
16I[1] I2

[2]

,

H
[7]
24 = −

81
√

3I[3](2I[1] I[2] + 9I[3])
16I[1] I2

[2]

, H
[7]
33 =

81I[3](2I[1] I[2] − 9I[3])2

16I2
[1] I

3
[2]

,

H
[7]
34 =

81I[3]

(
81I2

[3]

I12 − 4I2
[2]

)
16I3

[2]

, H
[7]
44 =

81I[3](2I[1] I[2] + 9I[3])2

16I2
[1] I

3
[2]

(A.7)
H
[8]
11 = 0, H

[8]
12 = 0,

H
[8]
13 = −

27
√

3I[3](k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

,

H
[8]
14 =

81
√

3I[3](k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

, H
[8]
22 = 0,

H
[8]
23 = −

27
√

3I[3](k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

,

H
[8]
24 =

81
√

3I[3](k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

,

H
[8]
33 = 0, H

[8]
34 = 0, H

[8]
44 = 0

(A.8)
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H
[9]
11 = 0, H

[9]
12 = 0,

H
[9]
13 = −

27
√

3I[3](k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
32I2

[1] I
3
[2]

,

H
[9]
14 =

81
√

3I[3](k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
32I2

[1] I
3
[2]

, H
[9]
22 = 0,

H
[9]
23 = −

27
√

3I[3](k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
32I2

[1] I
3
[2]

,

H
[9]
24 =

81
√

3I[3](k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
32I2

[1] I
3
[2]

,

H
[9]
33 = −

81I[3](k̂− k̃)(I[1] I[2] − 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

,

H
[9]
34 =

81I[3](k̂− k̃)(I[1] I[2] + 9I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

,

H
[9]
44 =

243I[3](k̂− k̃)(I[1] I[2] + 3I[3])(k̂k̃− 2k(k̂ + k̃))
16I2

[1] I
3
[2]

(A.9)

H
[10]
13 = H

[10]
14 = H

[10]
23 = H

[10]
24 = 0
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H
[10]
11 =

9I[3]
64I2

[1] I
4
[2]

[(
−50(k̂ + k̃)3k

5 − (k̂ + k̃)2
(

100k̂2 + 359k̃k̂ + 100k̃2
)

k
4
+

−(k̂ + k̃)
(

50k̂4 + 419k̃k̂3 + 339k̃2k̂2 + 419k̃3k̂ + 50k̃4
)

k
3
+

+2k̂k̃
(

24k̂4 + 459k̃k̂3 + 1853k̃2k̂2 + 459k̃3k̂ + 24k̃4
)

k
2
+

+k̂2k̃2(k̂ + k̃)
(

219k̂2 + 1283k̃k̂ + 219k̃2
)

k + 121k̂3k̃3(k̂ + k̃)2
)
`2
]
+

+
[
45I[3](2I[1] I[2] + 9I[3])(5I[1] I[2] + 9I[3])

]
/
(

64I2
[1] I

3
[2]

)
,

H
[10]
12 =

9I[3]
64I2

[1] I
4
[2]

[(
10(k̂ + k̃)3k

5
+ 5(k̂ + k̃)2

(
4k̂2 + 5k̃k̂ + 4k̃2

)
k

4
+

+(k̂ + k̃)
(

10k̂4 − 71k̃k̂3 − 303k̃2k̂2 − 71k̃3k̂ + 10k̃4
)

k
3
+

+2k̂k̃
(

6k̂4 − 9k̃k̂3 + 641k̃2k̂2 − 9k̃3k̂ + 6k̃4
)

k
2
+

−k̂2k̃2(k̂ + k̃)
(

33k̂2 + k̃k̂ + 33k̃2
)

k− 35k̂3k̃3(k̂ + k̃)2
)
`2
]
+

+
[
(45I[3]

(
−2I2

[1] I
2
[2] + 27I[1] I[2] I[3] + 81I2

[3]

)]
/
(

64I2
[1] I

3
[2]

)
,

H
[10]
22 =

9I[3]
64I2

[1] I
4
[2]

[(
−10(k̂ + k̃)3k

5 − (k̂ + k̃)2
(

20k̂2 − 137k̃k̂ + 20k̃2
)

k
4
+

−(k̂ + k̃)
(

10k̂4 − 53k̃k̂3 + 219k̃2k̂2 − 53k̃3k̂ + 10k̃4
)

k
3
+

+2k̂k̃
(

12k̂4 − 45k̃k̂3 + 349k̃2k̂2 − 45k̃3k̂ + 12k̃4
)

k
2
+

+k̂2k̃2(k̂ + k̃)
(

51k̂2 − 197k̃k̂ + 51k̃2
)

k + 17k̂3k̃3(k̂ + k̃)2
)
`2
]
+

+
[
45I[3]

(
2I2

[1] I
2
[2] − 9I[1] I[2] I[3] + 81I2

[3]

)]
/
(

64I2
[1] I

3
[2]

)
,

H
[10]
33 =

3
64I2

[1] I
4
[2]

[(
2(k̂ + k̃)3

(
4k̂2 − 7k̃k̂ + 4k̃2

)
k

6
+

+(k̂ + k̃)2
(

16k̂4 − 132k̃k̂3 + 181k̃2k̂2 − 132k̃3k̂ + 16k̃4
)

k
5
+

+(k̂ + k̃)
(

8k̂6 − 110k̃k̂5 + 301k̃2k̂4 + 667k̃3k̂3 + 301k̃4k̂2 − 110k̃5k̂ + 8k̃6
)

k
4
+

+2k̂k̃
(

4k̂6 + 27k̃k̂5 − 101k̃2k̂4 − 587k̃3k̂3 − 101k̃4k̂2 + 27k̃5k̂ + 4k̃6
)

k
3
+

−k̂2k̃2(k̂ + k̃)
(

6k̂4 − 121k̃k̂3 − 349k̃2k̂2 − 121k̃3k̂ + 6k̃4
)

k
2
+

−k̂3k̃3(k̂ + k̃)2
(

4k̂2 + 43k̃k̂ + 4k̃2
)

k + 2k̂4k̃4(k̂ + k̃)3
)
`2
]
+

+
[
45I[3]

(
2I2

[1] I
2
[2] − 9I[1] I[2] I[3] + 81I2

[3]

)]
/
(

64I2
[1] I

3
[2]

)
,

(A.10)
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H
[10]
34 = − 9

64I2
[1] I

4
[2]

[(
2(k̂ + k̃)3

(
4k̂2 + 3k̃k̂ + 4k̃2

)
k

6
+

+(k̂ + k̃)2
(

16k̂4 + 4k̃k̂3 − 63k̃2k̂2 + 4k̃3k̂ + 16k̃4
)

k
5
+

+(k̂ + k̃)
(

8k̂6 + 6k̃k̂5 − 267k̃2k̂4 − 173k̃3k̂3 − 267k̃4k̂2 + 6k̃5k̂ + 8k̃6
)

k
4
+

+2k̂k̃
(

4k̂6 − 15k̃k̂5 + 115k̃2k̂4 + 461k̃3k̂3 + 115k̃4k̂2 − 15k̃5k̂ + 4k̃6
)

k
3
+

−k̂2k̃2(k̂ + k̃)
(

6k̂4 + 71k̃k̂3 + 43k̃2k̂2 + 71k̃3k̂ + 6k̃4
)

k
2
+

−k̂3k̃3(k̂ + k̃)2
(

4k̂2 + 35k̃k̂ + 4k̃2
)

k + 2k̂4k̃4(k̂ + k̃)3
)
`2
]
+

+
[
45I[3]

(
−2I2

[1] I
2
[2] + 27I[1] I[2] I[3] + 81I2

[3]

)]
/
(

64I2
[1] I

3
[2]

)
,

H
[10]
44 =

9
64I2

[1] I
4
[2]

[(
2(k̂ + k̃)3

(
12k̂2 − k̃k̂ + 12k̃2

)
k

6
+

+(k̂ + k̃)2
(

48k̂4 + 260k̃k̂3 + 103k̃2k̂2 + 260k̃3k̂ + 48k̃4
)

k
5
+

+(k̂ + k̃)
(

24k̂6 + 286k̃k̂5 + 583k̃2k̂4 − 255k̃3k̂3 + 583k̃4k̂2 + 286k̃5k̂ + 24k̃6
)

k
4
+

+2k̂k̃
(

12k̂6 − 3k̃k̂5 − 735k̃2k̂4 − 1753k̃3k̂3 − 735k̃4k̂2 − 3k̃5k̂ + 12k̃6
)

k
3
+

−k̂2k̃2(k̂ + k̃)
(

18k̂4 + 309k̃k̂3 + 937k̃2k̂2 + 309k̃3k̂ + 18k̃4
)

k
2
+

−k̂3k̃3(k̂ + k̃)2
(

12k̂2 + 17k̃k̂ + 12k̃2
)

k + 6k̂4k̃4(k̂ + k̃)3
)
`2
]
+

+
[
45I[3](2I[1] I[2] + 9I[3])(5I[1] I[2] + 9I[3])

]
/
(

64I2
[1] I

3
[2]

)
and the coefficients of the G[r] are

G
[1]
ij =

3
4

√
3Cij (A.11)

G
[2]
11 =

9
2
(C11 + C12D1 + C13D5) , G

[2]
12 =

9
2
(C12D2 + C13D6) ,

G
[2]
13 =

9
2
(C12D3 + C13D7 + C13) , G

[2]
14 =

9
2
(C12D4 + C13D8) ,

G
[2]
21 =

9
2
(C12 + C22D1 + C23D5) , G

[2]
22 =

9
2
(C22D2 + C23D6) ,

G
[2]
23 =

9
2
(C22D3 + C23D7 + C23) , G

[2]
24 =

9
2
(C22D4 + C23D8) ,

G
[2]
31 =

9
2
(C13 + C23D1 + C33D5) , G

[2]
32 =

9
2
(C23D2 + C33D6) ,

G
[2]
33 =

9
2
(C23D3 + C33D7 + C33) , G

[2]
34 =

9
2
(C23D4 + C33D8) .

(A.12)
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G
[3]
11 =

9
4

(√
3C11D5 + C11 + C12D1 + C13

(√
3D1 +D5

))
,

G
[3]
12 =

9
4

(√
3C11D6 + C12D2 + C13

(√
3D2 +D6 +

√
3
))

,

G
[3]
13 =

9
4

(√
3C11D7 + C12D3 + C13

(√
3D3 +D7 + 1

))
,

G
[3]
14 =

9
4

(√
3C11D8 + C12

(
D4 +

√
3
)
+ C13

(√
3D4 +D8

))
,

G
[3]
21 =

9
4

(√
3C12D5 + C12 + C22D1 + C23

(√
3D1 +D5

))
,

G
[3]
22 =

9
4

(√
3C12D6 + C22D2 + C23

(√
3D2 +D6 +

√
3
))

,

G
[3]
23 =

9
4

(√
3C12D7 + C22D3 + C23

(√
3D3 +D7 + 1

))
,

G
[3]
24 =

9
4

(√
3C12D8 + C22

(
D4 +

√
3
)
+ C23

(√
3D4 +D8

))
,

G
[3]
31 =

9
4

(√
3C13D5 + C13 + C23D1 + C33

(√
3D1 +D5

))
,

G
[3]
32 =

9
4

(√
3C13D6 + C23D2 + C33

(√
3D2 +D6 +

√
3
))

,

G
[3]
33 =

9
4

(√
3C13D7 + C23D3 + C33

(√
3D3 +D7 + 1

))
,

G
[3]
34 =

9
4

(√
3C13D8 + C23

(
D4 +

√
3
)
+ C33

(√
3D4 +D8

))
.

(A.13)

G
[4]
ij =

3
2`

√
3M∗ij (A.14)
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G
[5]
11 = 9

√
3
(
C11 + 2C12D1 + 2D5(C13 + C23D1) + C22D

2
1 + C33D

2
5
)

,

G
[5]
12 = 9

√
3(D2(C12 + C22D1 + C23D5) +D6(C13 + C23D1 + C33D5)),

G
[5]
13 = 9

√
3(D3(C12 + C22D1) + C13(D7 + 1)

+C23(D1D7 +D1 +D3D5) + C33D5(D7 + 1)),

G
[5]
14 = 9

√
3(D4(C12 + C22D1 + C23D5) +D8(C13 + C23D1 + C33D5)),

G
[5]
22 = 9

√
3
(
C22D

2
2 +D6(2C23D2 + C33D6)

)
,

G
[5]
23 = 9

√
3(C22D2D3 + C23(D2D7 +D2 +D3D6) + C33D6(D7 + 1)),

G
[5]
24 = 9

√
3(C22D2D4 + C23D2D8 + C23D4D6 + C33D6D8),

G
[5]
33 = 9

√
3
(
D3(C22D3 + 2C23(D7 + 1)) + C33(D7 + 1)2) ,

G
[5]
34 = 9

√
3(C22D3D4 + C23(D3D8 +D4D7 +D4) + C33(D7 + 1)D8),

G
[5]
44 = 9

√
3
(
C22D

2
4 +D8(2C23D4 + C33D8)

)
.
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G
[6]
11 =

9
4

((
3
√

3C11 + 6C13 +
√

3C33

)
D2

5

+2
(

3C11 +
(

3C12 +
√

3C23 + 3C33

)
D1 +

√
3C13(3D1 + 1)

)
D5+

+
√

3C11 +D1

(
2
√

3C12 + 6C13 +
(√

3C22 + 6C23 + 3
√

3C33

)
D1

))
,

G
[6]
12 =

9
4

(√
3C12D2 + 3C11D6 + C13

(
3D2

(√
3D5 + 1

)
+

√
3(3D1 + 1)D6 + 3D5

(
2D6 +

√
3
)
+ 3
)
+

+D1

(√
3C22D2 + 3C12D6 + 3C33

(√
3D2 +D6 +

√
3
)

+C23

(
6D2 +

√
3D6 + 3

))
+

+D5

(
3C12D2 + C33

(
3D2 +

√
3D6 + 3

)
+
√

3(C23D2 + 3C11D6)
))

,

G
[6]
13 =

9
4

(√
3C12D3 + 3C11D7 +D5

((
3C12 +

√
3C23 + 3C33

)
D3

+
√

3(D7C33 + C33 + 3C11D7)
)
+

+C13

(
3D5 +

√
3(3D1D7 +D7 + 1) + 3

(√
3D5D3 +D3 + 2D5D7

))
+

+D1

(√
3C22D3 + 3C12D7 + 3C33

(√
3D3 +D7 + 1

)
+C23

(
6D3 +

√
3(D7 + 1)

)))
,

G
[6]
14 =

9
4

(
C22D1

(√
3D4 + 3

)
+ C12

(
3D5D4 +

√
3D4 + 3

√
3D5 + 3D1D8 + 3

)
+3C11

(√
3D5D8 +D8

)
+

+C33

(
3D4D5 +

√
3D8D5 + 3D1

(√
3D4 +D8

))
+C13

(√
3(3D1 + 1)D8 + 3

(√
3D5D4 +D4 + 2D5D8

))
+

+C23

((√
3D4 + 3

)
D5 +D1

(
6D4 +

√
3(D8 + 3)

)))
,

G
[6]
22 =

9
4

(√
3C22D

2
2 + 2C23

(
3D2 +

√
3D6 + 3

)
D2

+3D6

(
2C12D2 +

√
3C11D6 + 2C13

(√
3D2 +D6 +

√
3
))

+

+C33

(
3
√

3D2
2 + 6

(
D6 +

√
3
)
D2 +D6

(√
3D6 + 6

)
+ 3
√

3
))

,
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G
[6]
23 =

9
4

(√
3C22D2D3 + 3

(
C12D2 +

√
3C13(D2 + 1)

)
D7

+3D6

(√
3D3C13 + 2D7C13 + C13 + C12D3 +

√
3C11D7

)
+

+C23

(
D3

(
6D2 +

√
3D6 + 3

)
+
√

3D2(D7 + 1)
)

+C33

(
3D3

(√
3D2 +D6 +

√
3
)
+
(

3D2 +
√

3D6 + 3
)
(D7 + 1)

))
,

G
[6]
24 =

9
4

(
C22D2

(√
3D4 + 3

)
+ 3
√

3C12D6 + 3
(
C12D2 +

√
3C13(D2 + 1)

)
D8+

+3D6

(
C12D4 +

√
3C13D4 +

√
3C11D8 + 2C13D8

)
+C33

(
3D4

(√
3D2 +D6 +

√
3
)
+
(

3D2 +
√

3D6 + 3
)
D8

)
+

+C23

(√
3D4D6 + 3

(
D4 +D6 +

√
3
)
+D2

(
6D4 +

√
3(D8 + 3)

)))
,

G
[6]
33 =

9
4

(√
3C22D

2
3 + 2C23

(
3D3 +

√
3(D7 + 1)

)
D3

+C33

(
3
√

3D2
3 + 6(D7 + 1)D3 +

√
3(D7 + 1)2

)
+

+3D7

(
2C12D3 +

√
3C11D7 + 2C13

(√
3D3 +D7 + 1

)))
,

G
[6]
34 =

9
4

(
C22D3

(√
3D4 + 3

)
+ 3
√

3C12D7

+3D4

((
C12 +

√
3C13

)
D7 + C33

(√
3D3 +D7 + 1

))
+

+
(

3(C12 + C33)D3 + 3C13

(√
3D3 + 2D7 + 1

)
+
√

3(D7C33 + C33 + 3C11D7)
)
D8+

+C23

((√
3D4 + 3

)
(D7 + 1) +D3

(
6D4 +

√
3(D8 + 3)

)))
,

G
[6]
44 =

9
4

(
3
√

3C33D
2
4 + 6

(
C12 +

√
3C13 + C33

)
D8D4

+
(

3
√

3C11 + 6C13 +
√

3C33

)
D2

8+

+C22

(
D4

(√
3D4 + 6

)
+ 3
√

3
)
+ 6
√

3C12D8

+2C23

(
3D2

4 +
√

3(D8 + 3)D4 + 3D8

))
.
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G
[7]
11 = 9

(
D1

(
2
√

3C12 + 3C13 +
√

3C22D1 + 3C23D1

)
+C11

(
3D5 +

√
3
)
+

+D5

(
3D5C13 + 2

√
3C13 + 3C12D1

+2
√

3C23D1 + 3C33D1 +
√

3C33D5

))
,

G
[7]
12 =

9
2

(
2
√

3C12D2 + 3C33D5 + 3C11D6+

D5

(
3C12D2 + 2

√
3C23D2 + 3C33D2 + 2

√
3C33D6

)
+

+C13

(
3D2 + 6D5D6 + 2

√
3D6 + 3

)
+D1

(
2
√

3C22D2 + 3(C12 + C33)D6 + C23

(
6D2 + 2

√
3D6 + 3

)))
,

G
[7]
13 =

9
2

(
2
√

3C12D3 + 3C11D7 +D1

(
2
√

3C22D3

+3C12D7 + 3C33(D7 + 1)) +

+D5

(
3(C12 + C33)D3 + 2

√
3C33(D7 + 1)

)
+2C23

(
D3

(
3D1 +

√
3D5

)
+
√

3D1(D7 + 1)
)
+

+C13

(
3D3 + 2

√
3(D7 + 1) +D5(6D7 + 3)

))
,

G
[7]
14 =

9
2

(
3C13D4 + 6C23D1D4 + 2

√
3C23D5D4

+3C33D5D4 + C22D1

(
2
√

3D4 + 3
)
+

+3C23D5 +
(

3C11 + 2
√

3C13 + 2
√

3C23D1

+3C33D1 + 6C13D5 + 2
√

3C33D5

)
D8+

+C12

(
3D5D4 + 2

√
3D4 + 3D1D8 + 3

))
,

G
[7]
22 = 9

(√
3C22D

2
2 + C23

(
3D2 + 2

√
3D6 + 3

)
D2

+D6

(√
3D6C33 + 3C33 + 3(C12 + C33)D2 + 3C13D6

))
,

G
[7]
23 =

9
2

(
2
√

3C22D2D3 + 3C12D6D3 + 3C13D6 + 3C12D2D7 + 6C13D6D7

+C23

(
D3

(
6D2 + 2

√
3D6 + 3

)
+

+2
√

3D2(D7 + 1)
)
+ C33 (3(D2 + 1)(D7 + 1)

+D6

(
3D3 + 2

√
3(D7 + 1)

)))
,
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G
[7]
24 =

9
2

(
C22D2

(
2
√

3D4 + 3
)
+ 3(C12 + C33)D4D6

+
(

3C12D2 + 6C13D6 + C33

(
3D2 + 2

√
3D6 + 3

))
D8+

+C23

(
3D6 +D4

(
6D2 + 2

√
3D6 + 3

)
+ 2
√

3D2D8

))
,

G
[7]
33 = 9

(√
3C22D

2
3 + C23

(
3D3 + 2

√
3(D7 + 1)

)
D3

+3D7(D7C13 + C13 + C12D3)+

+C33(D7 + 1)
(

3D3 +
√

3(D7 + 1)
))

,

G
[7]
34 =

9
2

(
C22D3

(
2
√

3D4 + 3
)
+ 3D4(C33 + (C12 + C33)D7) + 3C13D8+

+
(

3C12D3 + 6C13D7 + C33

(
3D3 + 2

√
3(D7 + 1)

))
D8+

+C23

(
3D7 + 2D4

(
3D3 +

√
3(D7 + 1)

)
+ 2
√

3D3D8 + 3
))

,

G
[7]
44 = 9

(
C22D4

(√
3D4 + 3

)
+D8

(
3(C12 + C33)D4 + 3C13D8 +

√
3C33D8

)
+

+C23

(
3D2

4 + 2
√

3D8D4 + 3D8

))
.

(A.17)

G
[8]
11 =

18
`
(D1M

∗
21 +D5M

∗
31 +M∗11),

G
[8]
12 =

9
`
(D1M

∗
22 +D2M

∗
21 +D5M

∗
32 +D6M

∗
31 +M∗12),

G
[8]
13 =

9
`
(D1M

∗
23 +D3M

∗
21 +D5M

∗
33 +D7M

∗
31 +M∗13 +M∗31),

G
[8]
14 =

9
`
(D1M

∗
24 +D4M

∗
21 +D5M

∗
34 +D8M

∗
31 +M∗14),

G
[8]
22 =

18
`
(D2M

∗
22 +D6M

∗
32),

G
[8]
23 =

9
`
(D2M

∗
23 +D3M

∗
22 +D6M

∗
33 +D7M

∗
32 +M∗32),

G
[8]
24 =

9
`
(D2M

∗
24 +D4M

∗
22 +D6M

∗
34 +D8M

∗
32),

G
[8]
33 =

18
`
(D3M

∗
23 +D7M

∗
33 +M∗33),

G
[8]
34 =

9
`
(D3M

∗
24 +D4M

∗
23 +D7M

∗
34 +D8M

∗
33 +M∗34),

G
[8]
44 =

18
`
(D4M

∗
24 +D8M

∗
34)

(A.18)



Appendix A. Components of the matrices H[r] and G[r] 75

G
[9]
11 =

9
`

(
D1

(
M∗21 +

√
3M∗31

)
+
√

3D5M
∗
11 +D5M

∗
31 +M∗11

)
,

G
[9]
12 =

9
2

(
D1M

∗
22 +
√

3(D1M
∗
32 +M∗31) +D2

(
M∗21 +

√
3M∗31

)
+
√

3D5M
∗
12 +D5M

∗
32 +D6

(√
3M∗11 +M∗31

)
+M∗12

)
,

G
[9]
13 =

9
2`

(
D1M

∗
23 +
√

3D1M
∗
33 +D3M

∗
21 +
√

3D3M
∗
31

+
√

3D5M
∗
13 +D5M

∗
33 +D7

(√
3M∗11 +M∗31

)
+M∗13 +M∗31

)
,

G
[9]
14 =

9
2`

(√
3(D1M

∗
34 +D4M

∗
31) +D1M

∗
24 +

(
D4 +

√
3
)
M∗21

+
√

3D5M
∗
14 +D5M

∗
34 +D8

(√
3M∗11 +M∗31

)
+M∗14

)
,

G
[9]
22 =

9
`

(
D2M

∗
22 +
√

3(D2 + 1)M∗32 +D6

(√
3M∗12 +M∗32

))
,

G
[9]
23 =

9
2`

(
D2M

∗
23 +
√

3D2M
∗
33 +D3M

∗
22 +
√

3D3M
∗
32

+D6

(√
3M∗13 +M∗33

)
+D7

(√
3M∗12 +M∗32

)
+M∗32 +

√
3M∗33

)
,

G
[9]
24 =

9
2`

(√
3(D2M

∗
34 +D4M

∗
32 +M∗34) +D2M

∗
24 +

(
D4 +

√
3
)
M∗22

+D6

(√
3M∗14 +M∗34

)
+D8

(√
3M∗12 +M∗32

))
,

G
[9]
33 =

9
`

(
D3

(
M∗23 +

√
3M∗33

)
+D7

(√
3M∗13 +M∗33

)
+M∗33

)
,

G
[9]
34 =

9
2`

(
D3M

∗
24 +
√

3D3M
∗
34 +

(
D4 +

√
3
)
M∗23 +

√
3D4M

∗
33

+D7

(√
3M∗14 +M∗34

)
+D8

(√
3M∗13 +M∗33

)
+M∗34

)
,

G
[9]
44 =

9
`

((
D4 +

√
3
)
M∗24 +

√
3D4M

∗
34 +D8

(√
3M∗14 +M∗34

))
G
[10]
11 =

3
√

3
`2 A∗11 +

5
8

√
3
(
D2

5(C11 + C33) + C11 + 2C12D1

+2D5(D1(C13 + C23) + C13) +D2
1(C22 + C33)

)
,

G
[10]
12 =

3
√

3
`2 A∗12 +

5
8

√
3 (D6(C11D5 +D1(C13 + C23) + C13)

+D2(C12 +D5(C13 + C23) + C22D1) + C13D5+

+C33(D1D2 +D1 +D5D6)) ,

(A.19)
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G
[10]
13 =

3
√

3
`2 A∗13 +

5
8

√
3 (D7(D5(C11 + C33) +D1(C13 + C23) + C13)

+C12D3 + C13D3D5 + C13 +D1D3(C22 + C33)+

+C23D1 + C23D3D5 + C33D5) ,

G
[10]
14 =

3
√

3
`2 A∗14 +

5
8

√
3 (D8(C11D5 + C13D1 + C13 + C33D5)

+C12(D4 +D5) + C13D4D5 +D1D4(C22 + C33)+

+C23(D1D8 +D1 +D4D5)) ,

G
[10]
22 =

3
√

3
`2 A∗22 +

5
8

√
3 (D6(C11D6 + 2(D2(C13 + C23) + C13))

+C22D
2
2 + C33

(
(D2 + 1)2 +D2

6
))

,

G
[10]
23 =

3
√

3
`2 A∗23 +

5
8

√
3 (C11D6D7 + C13(D2D7 +D3D6 +D7)

+C22D2D3 + C23(D2D7 +D2 +D3D6)+

+C33(D2D3 +D3 +D6D7 +D6)) ,

G
[10]
24 =

3
√

3
`2 A∗24 +

5
8

√
3 (D8(D6(C11 + C33) + C13(D2 + 1)) + C12D6

+D4(C13D6 + C22D2 + C33D2 + C33) +

+C23(D2D8 +D2 +D4D6 + 1)),

G
[10]
33 =

3
√

3
`2 A∗33 +

5
8

√
3
(
C11D

2
7

+2D3D7(C13 + C23) +D3(C22D3 + 2C23) + C33
(
D2

3 + (D7 + 1)2)) ,

G
[10]
34 =

3
√

3
`2 A∗34 +

5
8

√
3 (D8(D7(C11 + C33) + C13D3 + C33)

+C12D7 + C13D4D7 +D3D4(C22 + C33)+

+C23(D3D8 +D3 +D4D7 +D4)) ,

G
[10]
44 =

3
√

3
`2 A∗44 +

5
8

√
3
(
D2

8(C11 + C33) + 2D8(C12 +D4(C13 + C23))

+C22D
2
4 + C22 + 2C23D4 + C33D

2
4

)
.
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A second-gradient elastic material has been identified as the equivalent homogeneous
material of an hexagonal lattice made up of three different orders of linear elastic bars
(hinged at each junction). In particular, the material equivalent to the lattice exhibits:
(i.) non-locality, (ii.) non-centrosymmetry, and (iii.) anisotropy (even if the hexagonal
geometry leads to isotropy at first-order). A Cauchy elastic equivalent solid is only
recovered in the limit of vanishing length of the lattice's bars. The identification of the
second-gradient elastic material is complemented by analyses of positive definiteness
and symmetry of the constitutive operators. Solutions of specific mechanical problems
in which the lattice response is compared to the corresponding response of an
equivalent boundary value problem for the homogeneous second-gradient elastic
material are presented. These comparisons show the efficacy of the proposed
identification procedure.

Gianluca Rizzi
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