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Summary

Localized deformation patterns are experimentally observed to prelude
failure in many ductile materials (such as metal, alloy, granular material and
plastic) and in quasi–brittle materials (such as concrete and rock). Moreover,
the presence of a second phase in composites may promote failure due to stress
concentrations at the inclusion boundaries.

In order to investigate shear bands nucleation, propagation and interaction
with a second phase or a defect, analytical solutions for an infinite nonlinear
elastic solid subject to a uniform far–field deformation increment are obtained
for the following types of inclusion:

i) A crack, revealing features related to the interaction between shear bands
and crack tip fields. This solution is also fundamental to the understand-
ing of the shear band problem;

ii) A rigid line inclusion, the so-called ‘stiffener’, showing the emergence of
shear bands at the stiffener tips in highly deformed ductile materials. For
null prestress the solution is shown to match correctly with photoelastic
experiments and to predict the fracture patterns for a brittle material
containing a stiffener;

iii) A pre–existing shear band, showing that the deformation is highly fo-
cussed and aligned coaxial to the shear band and the energy release rate
to blow up to infinity, for incremental loading occurring when the pre-
stress approaches the elliptic boundary, so that the propagation becomes
‘unrestrainable’.

All these analytical results substantiate the experimental observations that
shear bands emerge at the inclusion tips and they are preferential near-failure
deformation modes.
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Sommario

In molti materiali duttili (come metalli, leghe, materiali granulari e pla-
stiche) e quasi fragili (come cemento e rocce) si osservano sperimentalmente
percorsi di deformazione localizzata prima della rottura. Inoltre, la presenza
nei compositi di una seconda fase può favorire la rottura a causa della con-
centrazione degli sforzi in vicinanza dell’inclusione.

Al fine di studiare la nucleazione di shear band, la propagazione e la loro
interazione con una seconda fase o un difetto, si ottengono soluzioni analitiche
per un solido elastico non lineare soggetto ad un incremento di deformazione
uniforme all’infinito per i seguenti tipi di inclusione:

i) Frattura; la soluzione mostra l’interazione tra le shear band e i campi
vicini a una frattura. Tale soluzione risulta fondamentale anche nella
comprensione del problema della shear band;

ii) Inclusione lineare rigida ‘stiffener’; la soluzione mostra la nascita delle
shear band agli apici dello stiffener in materiali duttili e, per valori nulli di
prestress, risulta essere in accordo con esperimenti fotoelastici e capace di
predire i percorsi di frattura in materiali fragili contenenti tali inclusioni;

iii) Shear band preesistente; la soluzione mostra una deformazione altamente
concentrata e allineata coassialmente alla shear band e dimostra che, per
incrementi di carico sovrapposti ad un prestress prossimo alla perdita di
ellitticità, l’energy release rate incrementale diventa infinito e pertanto la
propagazione della shear band diventa ‘inarrestabile’.

Tutti questi risultati analitici confermano le osservazioni sperimentali re-
lative alla nascita delle shear band agli apici delle inclusioni ed al fatto che
esse rappresentino un modo di deformazione preferenziale in prossimità della
rottura.
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Chapter 1

Introduction

Localized deformation patterns are experimentally observed to prelude failure
in many ductile materials (such as metal, alloy, granular material, plastic)
and in quasi–brittle materials (such as concrete and rock). Moreover, the
presence of a second phase in composites may promote failure due to stress
concentrations at the phase boundaries. In these cases numerical approaches
have hardly the necessary resolution to detail the mechanical fields and only
analytical solutions permit to disclose the mechanisms of failure in highly–
deformed composite materials.

The main goal of this thesis is to provide analytical solutions for nonlin-
ear elastic solids containing a dilute suspension of ‘thin defects’ [modeled as
fractures, rigid line inclusions (stiffeners) and pre–existing shear bands] and
to investigate the shear bands nucleation, propagation and interaction with a
second phase.

The incremental constitutive equations used to describe nonlinear mate-
rials are briefly introduced in Chapter 2 together with the condition for their
positive definiteness, specific cases of material behavior, ellipticity and regime
classification of the incremental constitutive equations, surface instability and
shear band inclination.

The full-field solution for a finite-length crack in a prestressed material is
provided in Chapter 3. This solution is new in the case when the crack is
inclined with respect to the material orthotropic axes and it is fundamental
to the understanding of the shear band problem treated in Chapter 5. More-
over, this solution is interesting in itself since reveals features related to the
interaction between shear bands and crack tip fields, so that it may explain
experimental observations relative to crack growth in ductile materials.
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2 Introduction

A rigid line inclusion, a so-called ‘stiffener’, embedded in a prestressed
material incrementally loaded is considered in Chapter 4. The obtained ana-
lytical solutions explain the experimentally observed emergence of shear bands
at the stiffener tips in highly deformed ductile materials (see Fig. 1.1). For

Figure 1.1: Two-component epoxy resin sample (sample S3, see appendix A) containing an
aluminum platelet loaded uniaxially in vertical compression (photo taken at the University
of Trento at a 50 MPa of compressive stress, experiment performed by G. Noselli). Light
reflection evidences strain localization at the end of the platelet (clearly visible in the detail
on the right, upper part). Note the similarity with the analytical solution (obtained in
§4.1.3) reported on the right, lower part (for a highly anisotropic material, ξ = 0.015,
without prestress, k = 0, near the boundary of ellipticity loss).

null prestress the solution is shown to match correctly with photoelastic ex-
periments (see Fig. 1.2). These experiments also confirm the fracture pat-
terns for a brittle material containing a stiffener (see Fig. 1.3), which do not
obey a hoop-stress criterion and result completely different from those found
for cracks. Moreover, the incremental energy release rate and incremental
J-integral are derived, related to a reduction (or growth inhibition) of the
stiffener.

Finally, in Chapter 5 a weak line inclusion model is introduced to analyt-
ically quantify and investigate the stress state and the growth conditions of
a finite-length pre–existing shear band in a prestressed material. The defor-
mation is shown to become highly focussed and aligned coaxial to the shear
band –a finding that provides justification for the experimentally observed
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Figure 1.2: Isochromatic fringe pattern obtained employing a transmission photoelastic
test at 0.11 MPa mean tensile loading on a two-component epoxy resin sample (sample
S1, see appendix A) containing an aluminum platelet (photo taken at the University of
Trento, experiment performed by G. Noselli). Photoelastic results (right) are compared with
theoretical solution (left) in terms of in-plane principal stress difference contours plotted for
an incompressible and isotropic elastic material, initially unstressed, and deformed in plane
strain (see appendix A for a full discussion).

Figure 1.3: Growth of two fractures at the end of an aluminum platelet embedded in a two-
component epoxy resin sample (sample S2, see appendix A) under tensile loading (photos
taken at the University of Trento, experiment performed by G. Noselli). Both fractures have
initiated horizontally (at a mean stress near to 30 MPa), where the stiffener is still attached
to the resin.

strong tendency towards rectilinear propagation– and the energy release rate
to blow up to infinity, for incremental loading occurring when the prestress
approaches the elliptic boundary. It is concluded that the propagation be-



4 Introduction

comes ‘unrestrainable’, a result substantiating the experimental observation
that shear bands are preferential near-failure deformation modes.



Chapter 2

Incremental constitutive equations for

incompressible nonlinear elasticity

The incremental constitutive equations used later are briefly introduced. Pos-
itive definiteness, specific cases of material behaviour, ellipticity and regime
classification of the incremental constitutive equations, surface instability and
shear band inclinations are also reported.

Small elastic deformations superimposed upon a given state of finite de-
formation are considered within the framework of incremental nonlinear elas-
ticity. We refer to the two–dimensional Biot (1965) theory of incompressible
elasticity. This theory is of great importance, since it provides a simple but
rigorous approach to the behaviour of prestressed solids. In fact, incompress-
ible elasticity is an important model for finitely strained materials for the
following reasons:

i) rubber, which is an important material capable of large elastic strain, is
nearly incompressible;

ii) finite strain elasticity is often used as a model for the plastic branch
of severely deformed ductile metals; for these materials the plastic de-
formation is incompressible and dominates the elastic small deformation
(although with such a model it is not possible to analyze unloading);

iii) the equations governing deformations of incompressible elasticity are in
some cases easier to handle for obtaining analytical solutions [although
from numerical point of view incompressibility remains always a problem,
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6 Incremental constitutive equations

which can be emended using various techniques, for instance boundary
elements methods (Brun et al. 2003a, 2003b; Bigoni et al. 2007)].

Therefore, specific cases of material behaviour, namely the Mooney–Rivlin
and J2-deformation theory of plasticity materials, are presented (§2.2).

2.1 Biot constitutive equations

An incompressible, nonlinear elastic material is considered, deformed under
plane strain condition. According to the Biot (1965) theory, the response to
an incremental loading is expressed in terms of the nominal (unsymmetrical)
stress1 increment ṫ related to the gradient of incremental displacement ∇v ,
satisfying the incompressibility constraint (the usual summation convention
for repeated indices is assumed),

tr∇v = vi,i = v1,1 + v2,2 = 0, (2.1)

through the linear relation

ṫ = G[∇vT] + ṗ I, (2.2)

where the apex T denotes the transpose, ṗ is the incremental in-plane mean
stress and the components of constitutive fourth-order tensor G (possessing
the major symmetry Gijkl = Gklij) are:

G1111 = µ(ξ − k − η), G1122 = −µ ξ, G1112 = G1121 = 0,

G2211 = −µ ξ, G2222 = µ(ξ + k − η), G2212 = G2221 = 0,

G1212 = µ(1 + k), G1221 = G2112 = µ(1 − η), G2121 = µ(1 − k).
(2.3)

The components (2.3) of the constitutive fourth-order tensor G depend on the
current state of stress (expressed through the principal components of Cauchy
stress, T1 and T2) and material response to shear (µ for shear parallel and µ∗
for shear inclined at π/4 with respect to T1)

2 describing orthotropy (aligned

1The Cauchy stress tensor T and the nominal stress tensor t are related through T =
J−1Ft , where F is the deformation gradient and J = detF = 1 for incompressibility.

2The two incremental moduli µ and µ∗ were given by Biot (1965) (see Appendix A by
Brun et al. 2003a for details) in the form

µ =
1

2

λ2
1 + λ2

2

λ2
1 − λ2

2

„
λ1

∂W

∂λ1

− λ2

∂W

∂λ2

«
,

µ∗ =
1

4

„
λ1

∂W

∂λ1

+ λ2

∂W

∂λ2

+ λ2
1

∂2W

∂λ2
1

+ λ2
2

∂2W

∂λ2
2

− 2λ1λ2

∂2W

∂λ1∂λ2

«
,

(2.4)



2.2 Specific cases of material behaviour 7

parallel to the current principal stress directions), see Bigoni and Capuani
(2002; 2005) for details, through the dimensionless quantities:

ξ =
µ∗
µ
, η =

T1 + T2

2µ
, k =

T1 − T2

2µ
. (2.5)

Finally, we note that the costitutive eqns. (2.2)–(2.3) can be rewritten in
the useful form

ṫ11 = µ(2ξ − k − η)v1,1 + ṗ,

ṫ22 = µ(2ξ + k − η)v2,2 + ṗ,

ṫ12 = µ[(1 + k)v2,1 + (1 − η)v1,2],

ṫ21 = µ[(1 − η)v2,1 + (1 − k)v1,2].

(2.6)

2.2 Specific cases of material behaviour

For initially isotropic materials under plane strain condition, Biot (1965) ob-
tained the following relation for the deviatoric dimensionless parameter k, eqn.
(2.5)3,

k =
λ4 − 1

λ4 + 1
, (2.7)

where λ = λ1 is the principal stretch, representing a prestrain measure.

In terms of logarithmic strains ǫi = lnλi (i = 1, ..., 3), the deviatoric
dimensionless parameter k, eqn. (2.7), becomes

k = tanh(2ǫ1). (2.8)

We note from (2.8) that:

|k| < 1, and in particular

{
k = 0, for ǫ1 = 0;

k → ±1, for ǫ1 → ±∞.
(2.9)

Differently from k, the shear moduli ratio ξ, eqn. (2.5)1, is given by the
assumption of a specific material model [as shown for Mooney–Rivlin (§2.2.1)
and for J2-deformation theory (§2.2.2) materials].

where W(λ1, λ2, λ3) represents the strain energy density function [and λi (i=1,2,3) are the
principal stretches].
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2.2.1 Mooney-Rivlin material

For a Mooney-Rivlin material (see appendix B.1 for details), useful to model
isotropic rubber-like elastic media, we have

µ = µ∗ =
µ0

2

(
λ2

1 + λ2
2

)
, (2.10)

where µ0 is the initial shear modulus (C.12), so that

ξ = 1. (2.11)

The curve for a Mooney–Rivlin material is reported in Fig. 2.1 in the k–ξ
plane.

Figure 2.1: Relation between stress deviator k and anisotropy coefficient ξ for Mooney-
Rivlin and J2-deformation theory materials. For a J2-material the hardening exponent N
has been taken equal to 0.1, 0.5 and 0.9. Note that the EC/H boundary is always approached
for every hardening coefficient, while the EI/P boundary is approached for a Mooney-Rivlin
material for infinite stretch λ.

2.2.2 J2-deformation theory of plasticity

For a J2-deformation theory of plasticity (see appendix B.2 for details), par-
ticularly suited to analyse the plastic branch of the constitutive response of
ductile metals, we have

µ =
1

3
Es (ǫ1 − ǫ2) coth (ǫ1 − ǫ2),

µ∗ =
1

9

Es

ǫ2e

[
3(ǫ1 + ǫ2)

2 +N(ǫ1 − ǫ2)
2
]
,

(2.12)
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where Es = Es(ǫe) is a secant modulus (B.13), N ∈]0, 1] is a strain hardening
exponent and ǫe is the effective strain (B.11)2. In the plane strain case (ǫ3 = 0
and ǫ1 = −ǫ2), we obtain

µ =
2ǫ1
3
Es coth (2ǫ1), µ∗ =

N

3
Es, (2.13)

so that

ξ =
N(λ4 − 1)

2(ln λ) (λ4 + 1)
, (2.14)

or, alternatively,

ξ =
N

2ǫ1
tanh(2ǫ1). (2.15)

We note from (2.15) that:

0 < ξ < N, and in particular

{
ξ = N, for ǫ1 = 0;

ξ → 0, for ǫ1 → ±∞.
(2.16)

The curves for a J2-deformation theory material described by eqn. (2.14)
are reported in Fig. 2.1 for different values of N in the k–ξ plane while the
incremental shear modulus µ and µ∗ (2.13) normalized through division by K
(positive constitutive parameter, see Appendix B.2 for details) are reported
in Fig. 2.2.

/Kμ

e1 e1

/Kμ*

N=0.1

N=0.8

N=0.4

N=0.1

N=0.8

N=0.4

Figure 2.2: Incremental shear modulus µ (left) and µ∗ (right) for a J2-material, eqn.
(2.13), normalized through division by K (positive constitutive parameter, see Appendix
B.2 for details) versus the principal strain ǫ1 = ln λ1 for different values of the hardening
parameter N . Note that at null prestress (ǫ1 = 0) both µ and µ∗ tend to infinity so that a
J2–deformation theory material becomes incrementally rigid.
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2.3 Positive definiteness of constitutive tensor

Positive definiteness of the constitutive fourth-order tensor G (2.3) is a local
sufficient condition for uniqueness which, in the two-dimensional context and
under the incompressibility constraint (2.1), can be written as

vj,iGijklvl,k > 0, v2,2 = −v1,1, (2.17)

which can be developed to yield the single condition (note that v2,2 has been
eliminated using incompressibility)

(G1111 − 2G1122 + G2222) v
2
1,1 + G2121v

2
1,2 + 2G1221v1,2v2,1 + G1212v

2
2,1 > 0

(2.18)
an expression coincident with the analogous equation by Hill and Hutchinson
[1975, their eqn. (2.9)]3.

Since all components of the velocity gradient appearing in eqn. (2.18)
are free parameters, the necessary and sufficient conditions for the positive
definiteness to hold are

G1111 − 2G1122 + G2222 > 0, G1212 > 0, G2121G1212 − G
2
1221 > 0, (2.19)

which, assuming µ > 0, can be written in terms of dimensionless constants
(2.5) as

0 < η < 2ξ,
k2 + η2

2η
< 1, (2.20)

which, in the k–ξ plane and for η = k, is the region between the vertical axis
and the lines ξ = k/2 and k = 1 (Fig. 2.5).

Since in the particular case 0 < η = k < 1 and ξ = 1 conditions (2.20) are
satisfied,

bifurcation is always excluded for plane strain uniaxial tension of
a Mooney-Rivlin material.

For uniaxial plane strain tension η = k > 0 parallel to the x1–axis of a
J2–deformation theory material, a substitution of eqns. (2.15) into conditions
(2.20) yields

0 < ε1 < N, with T2 = 0, (2.21)

while T1 is obviously positive.

3There is a misprint in that equation, their term +1/2(σ1 + σ2) reads +1/2(σ1 − σ2).
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2.4 Strong ellipticity and ellipticity

In the two-dimensional context and under the incompressibility constraint,
strong ellipticity [or ellipticity] condition, can be written as

gjniGijklnkgl > 0, [or 6= 0], (2.22)

where the two unit vectors n and g are orthogonal to each other [so that
the incompressibility constraint is automatically satisfied] and given in com-
ponents by

{n} = {cos γ, sin γ}, {g} = {− sin γ, cos γ}, (2.23)

so that γ is the angle between n and the x1–axis, see Fig. 2.3.

Figure 2.3: Unit vectors n (normal to the shear band) and g (parallel to the shear band)
in the x1–x2 plane.

Condition (2.22) yields

G1212 cos4 γ + G2121 sin4 γ + (G1111 − 2G1122 − 2G1221

+G2222) cos2 γ sin2 γ > 0, [or 6= 0], ∀ γ,
(2.24)

which, keeping into account the definition (2.3) of coefficients Gijkl, becomes

µ sin4 γ
[
(1 + k) cot4 γ + 2(2ξ − 1) cot2 γ + 1 − k

]
> 0, [or 6= 0], ∀ γ,

(2.25)
equivalent4 to the three following inequalities

µ > 0, [or µ 6= 0], k2 < 1, 2ξ > 1 −
√

1 − k2. (2.27)

4Note that eqn. (2.25) can be rewritten as

µ cos4 γ
ˆ
(1 − k) tan4 γ + 2(2ξ − 1) tan2 γ + 1 + k

˜
> 0, [or 6= 0], ∀ γ. (2.26)
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For the material model under consideration, we conclude that, assuming
µ > 0, ellipticity and strong ellipticity are equivalent criteria.

Outside the elliptic boundary, localized solutions in terms of shear bands
become possible. A discussion on these is presented in §2.6.

2.5 Regime classification

In the absence of body forces, incremental equilibrium,

ṫij,i = 0, (2.28)

yields for a uniformly prestressed solid the following two equations

ṗ,1 = µ[(1 + k − 2ξ)v1,11 − (1 − k)v1,22],

ṗ,2 = µ[(1 − k − 2ξ)v2,22 − (1 + k)v2,11],
(2.29)

that, together with the incompressibility constraint (2.1), provide a system of
partial differential equations for v1, v2 and ṗ.

Since the material is incompressible, we can introduce a typical expedient
of two-dimensional Fluid Mechanics (Ladyzhenskaya, 1963), namely, a stream
function ψ(x1, x2) with the property

v1 = ψ,2, v2 = −ψ,1, (2.30)

so that the incompressibility constraint is automatically satisfied, while the
elimination of ṗ in eqns. (2.29) gives the fourth-order partial differential equa-
tion

(1 + k)ψ,1111 + 2(2ξ − 1)ψ,1122 + (1 − k)ψ,2222 = 0, (2.31)

derived by Biot [1965, pp. 193, his eqn. (3.7), see also Hill and Hutchinson,
1975, their eqn. (3.3)].

Following Lekhnitskii (1981), a solution of (2.31) can be represented in
terms of the analytic function F

ψ(x1, x2) = F (x1 + Ωx2), (2.32)

where Ω is a complex constant satisfying the biquadratic equation obtained
inserting representation (2.32) in eqn. (2.31),

1 + k + 2(2ξ − 1)Ω2 + (1 − k)Ω4 = 0. (2.33)
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The four roots Ωj (j = 1, . . . , 4) of eqn. (2.33) satisfy5

Ω2
j =

1 − 2ξ + (−1)j
√

4ξ2 − 4ξ + k2

1 − k
, (2.34)

and are real or complex depending on the values of ξ and k. In compact form,
we write

Ωj = αj + iβj , j = 1, . . . , 4, (2.35)

and define the four complex variables

zj = x1 + Ωjx2 = x1 + αjx2 + iβjx2, j = 1, . . . , 4, (2.36)

where i =
√
−1 is the imaginary unit and αj = Re[Ωj] and βj = Im[Ωj ].

Through eqns. (2.32) and (2.36), the general solution of the differential
eqn. (2.31) can be written as

ψ(x1, x2) =

4∑

j=1

Fj(zj). (2.37)

The roots Ωj , defined by eqn. (2.34) and changing their nature according
to the values taken by parameters ξ and k, can be classified as follows.

• In the elliptic imaginary regime (EI), defined as

k2 < 1 and 2ξ > 1 +
√

1 − k2, (2.38)

we have four imaginary conjugate roots

Ω1 = iβ1, Ω2 = iβ2, Ω3 = Ω1, Ω4 = Ω2, (2.39)

where

β1

β2

}
=

√
2ξ − 1 ±

√
4ξ2 − 4ξ + k2

1 − k
> 0. (2.40)

• In the elliptic complex regime (EC), defined as

k2 < 1 and 1 −
√

1 − k2 < 2ξ < 1 +
√

1 − k2, (2.41)

we have four complex conjugate roots

Ω1 = −α+ iβ, Ω2 = α+ iβ, Ω3 = Ω1, Ω4 = Ω2, (2.42)

5It may be instructive to compare eqns. (2.33) and (2.25).
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where

β
α

}
=

√√
1 − k2 ± (2ξ − 1)

2(1 − k)
> 0. (2.43)

• In the hyperbolic regime (H), defined as

k2 < 1 and 2ξ < 1 −
√

1 − k2, (2.44)

we have four real roots

Ω1 = α1, Ω2 = α2, Ω3 = −Ω1, Ω4 = −Ω2, (2.45)

where

α1

α2

}
=

√
1 − 2ξ ±

√
4ξ2 − 4ξ + k2

1 − k
> 0. (2.46)

• In the parabolic regime (P), defined as

k2 > 1, (2.47)

we have two real and two imaginary roots

Ω1 = α, Ω2 = iβ, Ω3 = −Ω1, Ω4 = −Ω2, (2.48)

where

α
β

}
=

√√
4ξ2 − 4ξ + k2 ± (1 − 2ξ)

1 − k
> 0 if k < −1, (2.49)

and

α
β

}
=

√
−
√

4ξ2 − 4ξ + k2 ± (1 − 2ξ)

1 − k
> 0 if k > 1. (2.50)

A sketch of geometrical representation of the roots Ωj in the complex plane
is given in Fig. 2.4, with respect to the different regimes.

The regime classification in the k − ξ plane has been given by Radi et al.
(2002, their Fig. 2) and is now reported in Fig. 2.5. The assumption of a
specific material model (§2.2) determines the relation between ξ and k, which
is graphically represented by a curve in the k − ξ plane of Fig. 2.1.
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Figure 2.4: Roots Ωj in the complex plane within the different regimes: elliptic imaginary
(EI), elliptic complex (EC), hyperbolic (H), and parabolic (P).

2.6 Shear band inclinations

The analysis of shear band inclinations can be easily obtained from eqn.
(2.25), with the following results.

• Within the hyperbolic regime (H), ellipticity is always lost at (assuming
for the moment γSB 6= 0)

cot2 γSB =
1 − 2ξ ±

√
4ξ2 − 4ξ + k2

1 + k
, (2.51)

or equivalently,

tan2 γSB =
1 − 2ξ ±

√
4ξ2 − 4ξ + k2

1 − k
, (2.52)

where γSB is the angle between the shear band normal n and the x1–
axis, see Fig. 2.3. Therefore, within the hyperbolic regime there are
four shear bands.
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Figure 2.5: Regime classification in the k–ξ plane. The surface instability condition is also
indicated, in the particular case when k = η = T1/2, corresponding to a uniaxial principal
stress aligned parallel to a free surface. In the same case, the exclusion condition (2.20)
implies that every bifurcation is excluded in the region bounded by the ξ-axis and the lines
ξ = k/2 and k = 1.

• At the elliptic complex/hyperbolic boundary (EC/H), the following re-
lation holds true

k = sign(k) 2
√
ξ (1 − ξ), (2.53)

and the shear band inclination formula, eqn. (2.51), gives (Hill and
Hutchinson, 1975)

tan2 γSB =
1 + sign(k) 2

√
ξ (1 − ξ)

1 − 2ξ
, (2.54)

so that two shear bands become possible. For instance, in the special
case of ξ = 0.25, eqn. (2.54) gives an inclination of the band normal
γSB = ±62.632◦ for k > 0 and γSB = ±27.368◦ for k < 0, with respect
to the direction of the x1–axis (note that the band is inclined at ±(π/2−
γSB) with respect to the x1–axis). Note that, since ξ ranges between 0
and 1/2 in EC, for k > 0 (k < 0) the shear band is always inclined at
an angle ranging between 45◦ and 0◦ (45◦ and 90◦) with respect to the
x1–axis, see Fig. 2.6.
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Figure 2.6: Possible shear band inclinations at the EC/H boundary, referred to a uniaxial
compressive (tensile) state of stress T1 < 0 (T1 > 0) on the left (on the right).

• Within the parabolic regime (P), two shear bands become possible,
which normal is oriented at an angle γSB solution of

cot2 γSB =





1 − 2ξ +
√

4ξ2 − 4ξ + k2

1 + k
, if k > 1,

1 − 2ξ −
√

4ξ2 − 4ξ + k2

1 + k
, if k < −1,

(2.55)

or equivalently,

tan2 γSB =





1 − 2ξ −
√

4ξ2 − 4ξ + k2

1 − k
, if k > 1,

1 − 2ξ +
√

4ξ2 − 4ξ + k2

1 − k
, if k < −1.

(2.56)

• At the elliptic imaginary/parabolic boundary (EI/P), where

k2 = 1, and 2ξ > 1, (2.57)

we have only one shear band possible, aligned parallel to the x1–axis,
when k = 1,

γSB =
π

2
, (2.58)

or parallel to the x2–axis, when k = −1,

γSB = 0. (2.59)
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• At the hyperbolic/parabolic boundary (H/P), where

k2 = 1, and 2ξ < 1, (2.60)

three shear bands become possible. One is aligned parallel to the x1–axis
(x2–axis), when k = 1 (k = −1), while the other two, are the solutions
of

tan2 γSB =





1

1 − 2ξ
, if k = 1,

1 − 2ξ, if k = −1.

(2.61)

For a Mooney–Rivlin material, eqn. (2.11), loss of ellipticity occurs for
infinite value of stretch λ at the EI/P boundary, see eqn. (2.7).

For a J2–deformation theory material, loss of ellipticity always occurs at
the EC/H boundary, see eqns. (2.41), corresponding to the condition

2ξ = 1 −
√

1 − k2, (2.62)

which, using relations (2.15), yields for the critical logarithmic strain εEL at
ellipticity loss

N = εEL
1 tanh εEL

1 , (2.63)

an equation equivalent to that given by Hutchinson and Tvergaard (1981,
their eqn. (3.6)) and showing that the critical logarithmic deformation for
ellipticity loss depends only on the hardening exponent N .

The inclination of the band normal n with respect to the x1–axis can
be deduced by substituting condition (2.63) into (2.15)1 and the resulting
equation into eqn. (2.54), to obtain

γSB =





arctan eε
EL
1 , if εEL

1 > 0,

π

2
− arctan eε

EL
1 , if εEL

1 < 0,

(2.64)

where it should be noted that since the inclination of the shear band (see Fig.
2.3) is

ϑSB =
π

2
− γSB, (2.65)

eqn. (2.64) coincides with Hutchinson and Tvergaard (1981, their eqn. (3.7))
and Radi et al. (2002, their eqn. (6.3)).
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2.7 The situation when shear banding is an initial

bifurcation mode

Shear banding is an extreme form of instability, usually occurring after infinite
bifurcations are encountered in a loading path. One exception to this rule is
when the problem corresponds to the van Hove conditions,6 generalized by
Ryzhak (1993; 1994), in which case shear banding is an initial7 instability
mode.

Other remarkable exceptions occur in the special, but important, case
when the Hill (1958; 1959) exclusion condition (2.20) fails simultaneously with
ellipticity loss. For instance, considering Fig. 2.5, we note that for uniaxial
tension, η = k, the exclusion condition (2.20) implies that any bifurcation
is excluded for positive k in the elliptic regime and values of ξ higher than
the line ξ = k/2 (drawn dashed in Fig. 2.5). Therefore, as noted by Hill
and Hutchinson (1975, their appendix AII) for ξ ≥ 0.5 and k = η > 0,
diffuse bifurcation modes are excluded in the elliptic regime for an elastic
material (2.3) subject to uniaxial tension, so that shear bands occurs as a first
instability.

More in general, taking η = t k, the Hill exclusion condition is satisfied
within the region in the k–ξ plane bounded by the vertical ξ–axis, by the
inclined line ξ = t k/2, and by the vertical line at k = 2t/(1 + t

2). These two
lines intersect at the point of coordinates [k = 2t/(1 + t

2); ξ = t
2/(1 + t

2)],
see Fig. 2.7, which lies on the EC/H boundary for t < 1 or on the EC/EI
boundary for t > 1.

For a deformation path in the k–ξ plane terminating at the in-
tersection point between the two above lines, shear bands are an
initial bifurcation mode, so that diffuse modes do not occur previ-
ously.

Situations where shear banding are an initial bifurcation mode have been
analyzed in elastoplasticity by Bigoni and Hueckel (1991).

6van Hove (1947) shown that for a homogeneous and homogeneously deformed body,
characterized by an incrementally linear constitutive operator (in our context G) and subject
to prescribed velocity over the entire boundary, the strong ellipticity condition (2.22) for
every unit vector n and non-zero vector g , implies that the velocity problem has at most
one solution.

7We write ‘an initial’ and not ‘the initial’, since there can be contemporaneity of shear
banding with other instability modes.
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Figure 2.7: The Hill exclusion criterion (2.20) represented in the k–ξ plane, assuming
η = t k, with t > 0. For t < 1 (sketched in the figure) the exclusion region touches the
elliptic complex/hyperbolic boundary (EC/H), while for t > 1 the exclusion region touches
the elliptic complex/elliptic imaginary boundary (EC/EI). When t ≤ 1 shear bands are an
initial instablility mode.

2.8 Surface bifurcation

Surface instability may occur only in the elliptic regime, in particular when
[Needleman and Ortiz, 1991, their eqn. (48)]

4ξ − 2η =
η2 − 2η + k2

√
1 − k2

, (2.66)

which, in the particular case of stress parallel to the free surface x1 = 0
(η = k), becomes

ξ =
k

2

(
1 −

√
1 − k

1 + k

)
. (2.67)

In the particular case of a Mooney-Rivlin material (ξ = 1) there is no bi-
furcation for uniaxial tensile stress, while we obtain T1 ≃ −1.678µ for uniaxial
compression stress.

Results pertaining to the J2–deformation theory of plasticity can be ob-
tained using eqns. (2.15) into eqn. (2.67), thus obtaining the condition for
surface bifurcation [Hutchinson and Tvergaard (1980), their eqn. (2.24)]

εsur
1

(
1 − e−2εsur

1

)
= N, (2.68)
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where εsur
1 is the logarithmic strain parallel to the free surface and showing

that it depends only on the hardening parameter N .

Eqn. (2.68) can be numerically solved, thus obtaining results reported in
Table 2.1, where also the critical logarithmic strain for ellipticity loss εEL

1 ,
eqn. (2.63), and the shear band inclination ϑSB (in degrees, calculated from
eqn. (2.64) providing the inclination of the band normal) with respect to the
x1–axis for positive strain are reported (note that the absolute value for loss of
ellipticity remains the same for positive and negative logarithmic strain, while
the band inclination changes is at π/2 minus the value for positive εEL

1 ).

Note that the critical logarithmic strain εPD
1 for the Hill exclusion condi-

tion (2.20) to hold is (2.21), namely, εPD
1 = 0 (so that bifurcation is never

excluded in compression) and εPD
1 = N (so that bifurcation is excluded in

tension for sufficiently small strain).

Table 2.1: Critical logarithmic strains for surface bifurcation εsur
1 and for ellipticity loss

εEL
1 in a J2–deformation theory material prestressed for uniaxial tension (positive sign) and

compression (negative sign) parallel to the free surface (orthogonal to the x2–axis) as a
function of the hardening parameter N .

uniaxial tension uniaxial compression

N εEL
1 εsur

1 ϑSB εsur
1 ϑSB

0.1 ±0.322 0.252 ±35.94◦ -0.201 ±54.06◦

0.2 ±0.463 0.377 ±32.19◦ -0.274 ±57.81◦

0.3 ±0.577 0.484 ±29.33◦ -0.326 ±60.67◦

0.4 ±0.678 0.582 ±26.92◦ -0.368 ±63.08◦

0.5 ±0.772 0.675 ±24.81◦ -0.403 ±65.19◦

0.6 ±0.861 0.766 ±22.91◦ -0.434 ±67.09◦

0.7 ±0.948 0.855 ±21.19◦ -0.461 ±68.81◦

0.8 ±1.032 0.943 ±19.60◦ -0.486 ±70.40◦

0.9 ±1.116 1.031 ±18.13◦ -0.509 ±71.87◦

It can be concluded from Table 2.1 that for a uniaxial state of stress of
a J2–deformation theory of plasticity, loss of ellipticity always occurs after
surface bifurcation.

More in general than for the J2–deformation theory of plasticity, eqn.
(2.67), valid for k = η, is plotted dashed in Fig. 2.5, while the more general
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condition (2.66) is reported dashed in Fig. 2.8. From these figures we can
observe that

surface instability is always possible (in EC and EI, at an appropri-
ate prestress level) for compressive and tensile stresses parallel to
the free surface, with one exception. This is the case of a state of
uniaxial tensile prestress aligned parallel to the surface, k = η > 0,
where surface instability can only occur in EC, while at the EI/P
boundary surface instability degenerates into a shear band mode.

Surface bifurcation, eqn. (2.66), and the Hill exclusion condition, eqn.
(2.20), are reported in Figs. 2.5 and 2.8 for different values of η/k.

Figure 2.8: Surface bifurcation, eqn. (2.66), and the Hill exclusion condition, eqn. (2.20),
for η = t k with t = {4, 2, 1/4, 1/2} in the k−ξ plane, reported with the regime classification.



Chapter 3

Crack in a prestressed material

The full-field solution for a finite-length crack in a prestressed material incre-
mentally loaded under mode I and mode II is provided. This solution is new in
the case when the crack is inclined with respect to the material orthotropic axes
and is fundamental to the understanding of the shear band problem treated in
Chapter 5. Although based on the assumption that dead loading tractions are
present inside the crack to equilibrate the assumed prestress state, this solution
is interesting in itself since, when used near the boundary of ellipticity loss,
it reveals features related to the interaction between shear bands and crack tip
fields, so that it may explain experimental observations relative to crack growth
in ductile materials.

A homogenously prestressed (or prestrained), incompressible elastic infi-
nite plane is considered, characterized by the constitutive equations (2.6) of
incremental, incompressible, orthotropic elasticity, containing a crack of cur-
rent length 2l, taken parallel to the x̂1-axis in the x̂1–x̂2 reference system, and
loaded at infinity by a uniform nominal stress increment t̂∞2n, where n = 1
corresponds to Mode II and n = 2 to Mode I loading (Fig. 3.1). Obviously,
the crack faces cannot be free of tractions, since a dead loading is required to
‘provide’ the prestress state (with principal Cauchy components T1 and T2,
assumed aligned parallel to the x1–x2 reference system, rotated at an angle ϑ0

with respect to the x̂1–x̂2 system). An interesting exception to this rule occurs
when the crack is aligned parallel to the x1-axis and the prestress is aligned
parallel to the crack surfaces, namely, when the x̂1–x̂2 and x1–x2 systems co-
incide, i.e. ϑ0 = 0, and T2 = 0, corresponding to η = k. This situation has

23
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x2
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T2
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x1
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Figure 3.1: Crack of length 2l in a prestressed, orthotropic material inclined at an angle
ϑ0 (positive when anticlockwise) with respect to the orthotropy axes x1 and x2. T1 and
T2 denote the prestress state, expressed through the two in-plane principal Cauchy stresses
aligned parallel to the x1–x2 reference system.

been considered by Guz (1999, and references quoted therein), Cristescu et
al. (2004) and Radi et al. (2002, in the near-tip asymptotic limit). The case
of a generic inclination ϑ0, has never been treated in the case of a prestressed
material, but it is well-known in linear, infinitesimal, anisotropic elasticity
(Savin, 1961; see also Sih and Liebowitz, 1968). Although the assumption
of an inclined crack in a prestressed material may seem rather artificial, the
treatment will provide the key for the modelling of a shear band formation
and its propagation conditions in §5.

Solution to the above-formulated crack problem is obtained by superim-
posing the trivial, unperturbed solution to the perturbation induced by the
crack, the latter denoted with the apex ◦.

The unperturbed solutions are obtained defining the uniform nominal
stress field in the x̂1–x̂2 reference system

t̂22 = t̂∞22, t̂11 = 0, t̂12 = t̂21 = t̂∞21, (3.1)

so that t̂∞21 = 0 (t̂∞22 = 0) for Mode I (Mode II). The stress components in the
x̂1–x̂2 reference system can be obtained through a rotation of the components
in the prestress principal reference system x1–x2, so that, since the two systems
are rotated at an angle ϑ0 (taken positive when anticlockwise), we have

x̂ = QTx , [Q] =

[
cos ϑ0 sinϑ0

− sinϑ0 cos ϑ0

]
, (3.2)

so that the nominal stress increment, incremental displacement and its gradi-
ent can be expressed in the x̂1–x̂2 reference system as

t̂ = QTṫQ, v̂ = QTv , ∇̂v̂ = QT∇vQ, (3.3)
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while the constitutive equations (2.2) transform to

t̂ = Ĝ[∇̂v̂T] + ṗ I, (3.4)

where the components of the transformed fourth-order tensor Ĝ are given by

Ĝijkl = QmiQnjGmnopQokQpl. (3.5)

Note that the above definition (3.1) of Mode I and II loadings is fully
meaningful only when the constitutive equations (2.6) are positive defined,
so that the Hill exclusion condition (2.20) holds true. For a non-positive
definite constitutive equation, definition (3.1) would be better changed to one
concerning the components of the incremental displacement gradient.

Assuming that condition (2.20) holds true, we can directly obtain from
eqns. (2.6) the components of the incremental displacement gradient and the
incremental in-plane mean stress in the x1–x2 reference system

ṗ =
t̂∞22
2

− µkv2,2,

v2,2 = −v1,1 =
t̂∞22 cos 2ϑ0 − 2t̂∞21 sin 2ϑ0

2µ(2ξ − η)
,

v1,2 = −(k + η)
(
t̂∞22 sin 2ϑ0 + 2t̂∞21 cos 2ϑ0

)

2µ(k2 − 2η + η2)
,

v2,1 =
(k − η)

(
t̂∞22 sin 2ϑ0 + 2t̂∞21 cos 2ϑ0

)

2µ(k2 − 2η + η2)
.

(3.6)

The components of the incremental displacement gradient in the x̂1–x̂2 refer-
ence system can be obtained through a rotation of eqns. (3.6), by employing
eqn. (3.3)3.

It should be noticed from eqns. (3.6) that in the absence of prestress,
k = η = 0, eqns. (3.6) fully determine the incremental displacement gradient.
In this case, however, the incremental stress is only related to the symmetric
part of the incremental displacement gradient, so that an arbitrary incremen-
tal rotation can be added without altering the state of stress, a circumstance
not possible when the prestress is different from zero. In other words, when
the prestress is present, loading (3.1) completely defines the incremental dis-
placement gradient (and incremental mean stress) through eqns. (3.6), so that
incremental rigid body rotations remains determined.
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Finally, null incremental normal and shearing nominal tractions are pre-
scribed along the crack surface,

t̂22(x̂1, 0
±) = t̂21(x̂1, 0

±) = 0, ∀|x̂1| < l, (3.7)

where apices + and − denote the upper and lower crack surface, respectively.

3.1 Crack parallel to an orthotropy axis

Before to proceed with the solution of the inclined crack, it becomes instructive
to begin with the simple case of null inclination, in which ϑ0 = 0, so that the
prestress x1–x2 axes are coincident with the x̂1–x̂2 axes.

The perturbed solution is derived separately for the two EI and EC regimes
(beginning with EI).

From representation (2.32), the stream function ψ◦, eqn. (2.30), can be
given in the form

ψ◦(z1, z2) = Re




2∑

j=1

Fj(zj)


 , (3.8)

(note that the summation ranges between 1 and 2, since the Ωj’s are in con-
jugated pairs in E) where zj = x1 + Ωjx2, and with Ωj given by eqn. (2.34),
so that the displacement field becomes

v◦1(z1, z2) = Re




2∑

j=1

ΩjF
′
j(zj)


 , v◦2(z1, z2) = −Re




2∑

j=1

F ′
j(zj)


 , (3.9)

and its gradient can be written as

v◦1,1(z1, z2) = −v◦2,2(z1, z2) = Re




2∑

j=1

ΩjF
′′
j (zj)


 ,

v◦1,2(z1, z2) = Re




2∑

j=1

Ω2
jF

′′
j (zj)


 , v◦2,1(z1, z2) = −Re




2∑

j=1

F ′′
j (zj)


 .

(3.10)
The effects of the applied boundary conditions on the crack surfaces decay to
zero at infinity, so that, from eqns. (3.10) and the constitutive relation (2.6)
we obtain

lim
|zj |→+∞

F ′′
j (zj) = 0, j = 1, 2. (3.11)
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3.1.1 Mode I

To recover traction-free crack faces using superposition, the incremental nomi-
nal stress component ṫ∞22 of reversed sign has to be prescribed at crack surfaces
in the perturbed problem, namely, for Mode I

ṫ◦22(x1, 0
±) = −ṫ∞22 ∀ |x1| < l,

ṫ◦21(x1, 0
±) = 0, ∀x1 ∈ R.

(3.12)

From eqns. (3.12)2 and (3.10) the following relation can be obtained, holding
at every point x1 of the real axis R

F ′′
2 (x1) = −2ξ − η + Λ

2ξ − η − Λ
F ′′

1 (x1), (3.13)

where
Λ =

√
4ξ2 − 4ξ + k2, (3.14)

while from eqn. (3.12)1 the condition

ṫ∞22
µ

= Re
{
Ω1

[
4ξ − 1 − η + Ω2

1(1 − k)
]
F ′′

1 (x1)

+ Ω2

[
4ξ − 1 − η + Ω2

2(1 − k)
]
F ′′

2 (x1)
}
,

(3.15)

follows, to hold true along the crack line |x1| < l.

Elliptic imaginary regime

Within the EI regime, eqns. (2.38), and for Mode I, the Riemann-Hilbert
problem:

−β2ε
2
1 − β1ε

2
2

ε2
Re
[
iF ′′

1 (x1)
]

=
ṫ∞22
µ
, ∀ |x1| < l, (3.16)

where β1 and β2 are defined by eqn. (2.40) and

εn = 1 − η + (1 − k)β2
n, n = 1, 2, (3.17)

has the following solution

F ′′
j (zj) = (−1)ki

ṫ∞22
µ

εk
β2ε21 − β1ε22


1 − zj√

z2
j − l2


 , j, k = 1, 2, j 6= k,

(3.18)
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where the function
√
z2
j − l2 is defined to have a unique branch cut (x1 <

|l|, x2 = 0), chosen1 in such a way that
√
z2
j − l2 =

√
x2

1 − l2, for x1 > l and

x2 = 0.

The perturbed stream function becomes

ψ◦ = − ṫ
∞
22

2µ

ε2
β2ε

2
1 − β1ε

2
2

2∑

j=1

(
−ε1
ε2

)j−1

Im
[
z2
j − zj

√
z2
j − l2 + l2 ln

(
zj +

√
z2
j − l2

)]
,

(3.19)
and the incremental displacements take the form

v◦1 = − ṫ
∞
22

µ

ε2
β2ε21 − β1ε22

Re

[
β1

(
z1 −

√
z2
1 − l2

)
− β2ε1

ε2

(
z2 −

√
z2
2 − l2

)]
,

v◦2 =
ṫ∞22
µ

ε2
β2ε21 − β1ε22

Im

[(
z1 −

√
z2
1 − l2

)
− ε1
ε2

(
z2 −

√
z2
2 − l2

)]
.

(3.20)

Finally, for Mode I in the EI regime, the incremental in-plane mean stress
is given by

ṗ◦ =
ṫ∞22 ε2

β2ε21 − β1ε22

{
ε2β1δ1 − ε1β2δ2

ε2
− Re

[
β1δ1

z1√
z2
1 − l2

− ε1β2δ2
ε2

z2√
z2
2 − l2

]}
,

(3.21)
where

δn = 2ξ − 1 − k − (1 − k)β2
n, n = 1, 2, (3.22)

1Note that function
q

z2
j − l2 has been taken equal to

p
zj − l

p
zj + l, with the usual

branch cut definition for the latter square root functions. Therefore, on the real axis

x2 = 0,
q

z2
j − l2 = ±

q
x2

1 − l2,

with the upper (lower) sign for x1 > l (x1 < −l), while along the branch cut when Im[Ωj ] > 0,

−l < x1 < l
q

z2
j − l2 = ±i

q
l2 − x2

1,

with the upper (lower) sign for x2 = 0+ (x2 = 0−).
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while the incremental nominal stress components are

ṫ◦11 = −ṫ∞22
ε1ε2

β2ε
2
1 − β1ε

2
2

{
β1 − β2 − Re

[
β1

z1√
z2
1 − l2

− β2
z2√
z2
2 − l2

]}
,

ṫ◦22 = −ṫ∞22

{
1 +

ε2
β2ε21 − β1ε22

Re

[
β1ε2

z1√
z2
1 − l2

− ε21β2

ε2

z2√
z2
2 − l2

]}
,

ṫ◦12 = −ṫ∞22
ε2

β2ε21 − β1ε22
Im

[
β2

1ε2
z1√
z2
1 − l2

− ε21β
2
2

ε2

z2√
z2
2 − l2

]
,

ṫ◦21 = −ṫ∞22
ε1ε2

β2ε21 − β1ε22
Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
.

(3.23)

Elliptic complex regime

Within the EC regime, eqns. (2.41), and for Mode I, the Riemann-Hilbert
problem:

2
[
α(δ2 − χ2) + 2βδχ

]
Re

[
F ′′

1 (x1)

χ− iδ

]
=
ṫ∞22
µ
, ∀ |x1| < l, (3.24)

where α and β are defined by eqn. (2.43) and

χ = 2ξ − η, δ = 2(1 − k)αβ =
√

4ξ − 4ξ2 − k2, (3.25)

has the following solution:

F ′′
j (zj) = (−1)k

ṫ∞22
2µ

χ+ (−1)jiδ

α(δ2 − χ2) + 2βδχ


1 − zj√

z2
j − l2


 , j, k = 1, 2, j 6= k,

(3.26)

where function
√
z2
j − l2 has been defined as in eqn. (3.18). Note from eqns.

(2.40) and (2.43) that zj = x1 + iβjx2, with βj > 0 in EI, and zj = x1 +
(−1)jαx2+iβx2, with β > 0 in EC, so that, for both regimes, Im[zj ] = 0 ⇐⇒
x2 = 0.
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The perturbed stream function becomes

ψ◦ = − ṫ∞22
4µ[α(δ2 − χ2) + 2βδχ]

2∑

j=1

Re
{[

(−1)jχ+ iδ
]

×
[
z2
j − zj

√
z2
j − l2 + l2 ln

(
zj +

√
z2
j − l2

)]}
,

(3.27)

and the incremental displacements take the form

v◦1 = − ṫ
∞
22

2µ

1

α(δ2 − χ2) + 2βδχ

{
(αχ− βδ)Re

[(
z1 −

√
z2
1 − l2

)
+

(
z2 −

√
z2
2 − l2

)]

+ (αδ + βχ) Im

[(
z1 −

√
z2
1 − l2

)
−
(
z2 −

√
z2
2 − l2

)]}
,

v◦2 = − ṫ
∞
22

2µ

1

α(δ2 − χ2) + 2βδχ

{
χRe

[(
z1 −

√
z2
1 − l2

)
−
(
z2 −

√
z2
2 − l2

)]

+ δ Im

[(
z1 −

√
z2
1 − l2

)
+

(
z2 −

√
z2
2 − l2

)]}
.

(3.28)
Finally, for Mode I in the EC regime, the incremental in-plane mean stress

is given by

ṗ◦ = − ṫ
∞
22

2

1

α(δ2 − χ2) + 2βδχ

×
{

[(βχ+ αδ)δ + (αχ− βδ)k]

(
2 − Re

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

])

− [(βχ+ αδ)k − (αχ− βδ)δ] Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
,

(3.29)
while the incremental nominal stress components are

ṫ◦11 = − ṫ
∞
22

2

δ2 + χ2

α(δ2 − χ2) + 2βδχ

{
2α− αRe

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

− β Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
,

(3.30)
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ṫ◦22 = − ṫ
∞
22

2

{
2 − Re

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

− β(δ2 − χ2) − 2αδχ

α(δ2 − χ2) + 2βδχ
Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
,

ṫ◦12 =
ṫ∞22
2

{
(α2 − β2)(δ2 − χ2) + 4αβδχ

α(δ2 − χ2) + 2βδχ
Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]

+
2αβ(δ2 − χ2) − 2δχ(α2 − β2)

α(δ2 − χ2) + 2βδχ
Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

ṫ◦21 =
ṫ∞22
2

δ2 + χ2

α(δ2 − χ2) + 2βδχ
Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
.

3.1.2 Mode II

The reverse of the incremental nominal stress component ṫ∞21 has to be applied
at the crack surfaces in the perturbed Mode II solution, namely,

ṫ◦22(x1, 0
±) = 0, ∀x1 ∈ R,

ṫ◦21(x1, 0
±) = −ṫ∞21, ∀ |x1| < l.

(3.31)

Eqns. (3.31)1, (3.9)4 and eqn. (3.31)2 provide the following two conditions,

F ′′
2 (x1) = −Ω1

Ω2

2ξ − η − Λ

2ξ − η + Λ
F ′′

1 (x1), (3.32)

holding at every point x1 of the real axis R, where Λ is defined by eqn. (3.14),
and

ṫ∞21
µ

= Re
{[

1 − η − Ω2
1(1 − k)

]
F ′′

1 (x1) +
[
1 − η − Ω2

2(1 − k)
]
F ′′

2 (x1)
}
,

(3.33)
holding for |x1| < l.
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Elliptic imaginary regime

Within the EI regime, eqns. (2.38), and for Mode II, the Riemann-Hilbert
problem:

β2ε
2
1 − β1ε

2
2

β2ε1
Re
[
F ′′

1 (x1)
]

=
ṫ∞21
µ
, ∀ |x1| < l, (3.34)

has the following solution:

F ′′
j (zj) = (−1)k

ṫ∞21
µ

βkεj
β2ε21 − β1ε22


1 − zj√

z2
j − l2


 , j, k = 1, 2, j 6= k,

(3.35)
so that the perturbed stream function becomes

ψ◦ =
ṫ∞21
2µ

β2ε1
β2ε21 − β1ε22

2∑

j=1

(
−ε2β1

ε1β2

)j−1

Re
[
z2
j − zj

√
z2
j − l2 + l2 ln

(
zj +

√
z2
j − l2

)]
,

(3.36)
and the incremental displacements take the form

v◦1 = − ṫ
∞
21

µ

β1β2ε1
β2ε21 − β1ε22

Im

[(
z1 −

√
z2
1 − l2

)
− ε2
ε1

(
z2 −

√
z2
2 − l2

)]
,

v◦2 = − ṫ
∞
21

µ

β2ε1
β2ε21 − β1ε22

Re

[(
z1 −

√
z2
1 − l2

)
− β1ε2
β2ε1

(
z2 −

√
z2
2 − l2

)]
.

(3.37)

Finally, for Mode II in the EI regime, the incremental in-plane mean stress
and the incremental nominal stress components are given by

ṗ◦ = −ṫ∞21
β1β2ε1

β2ε21 − β1ε22
Im

[
δ1

z1√
z2
1 − l2

− ε2δ2
ε1

z2√
z2
2 − l2

]
,

ṫ◦11 = ṫ∞21
β1β2ε1

β2ε21 − β1ε22
Im

[
ε1

z1√
z2
1 − l2

− ε22
ε1

z2√
z2
2 − l2

]
,

(3.38)
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ṫ◦22 = −ṫ∞21
β1β2ε1ε2
β2ε21 − β1ε22

Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
,

ṫ◦12 = −ṫ∞21
β1β2ε1ε2
β2ε21 − β1ε22

{
β1 − β2 − Re

[
β1

z1√
z2
1 − l2

− β2
z2√
z2
2 − l2

]}
,

ṫ◦21 = −ṫ∞21

{
1 − β2ε1

β2ε21 − β1ε22
Re

[
ε1

z1√
z2
1 − l2

− β1ε
2
2

β2ε1

z2√
z2
2 − l2

]}
.

Elliptic complex regime

Within the EC regime, eqns. (2.41), and for Mode II, the Riemann-Hilbert
problem:

−2
[
α(δ2 − χ2) + 2βδχ

]
Re

[
F ′′

1 (x1)

(α+ iβ)(χ + iδ)

]
=
ṫ∞21
µ
, ∀ |x1| < l,

(3.39)
has the following solution:

F ′′
j (zj) = − ṫ

∞
21

2µ

[α− (−1)j iβ][χ− (−1)jiδ]

α(δ2 − χ2) + 2βδχ


1 − zj√

z2
j − l2


 , j = 1, 2,

(3.40)
so that the perturbed stream function becomes

ψ◦ = − ṫ
∞
21

4µ

1

α(δ2 − χ2) + 2βδχ

2∑

j=1

Re
{
[α− (−1)jiβ][χ− (−1)j iδ]

×
[
z2
j − zj

√
z2
j − l2 + l2 ln

(
zj +

√
z2
j − l2

)]}
,

(3.41)

and the incremental displacements take the form

v◦1 =
ṫ∞21
2µ

α2 + β2

α(δ2 − χ2) + 2βδχ

{
χRe

[(
z1 −

√
z2
1 − l2

)
−
(
z2 −

√
z2
2 − l2

)]

− δ Im
[(
z1 −

√
z2
1 − l2

)
+
(
z2 −

√
z2
2 − l2

)]}
,

(3.42)
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v◦2 =
ṫ∞21
2µ

1

α(δ2 − χ2) + 2βδχ

{
(αχ− βδ)Re

[(
z1 −

√
z2
1 − l2

)
+

(
z2 −

√
z2
2 − l2

)]

− (βχ+ αδ) Im
[(
z1 −

√
z2
1 − l2

)
−
(
z2 −

√
z2
2 − l2

)]}
.

Finally, for Mode II in the EC regime, the incremental in-plane mean stress
and the incremental nominal stress components are given by

ṗ◦ =
ṫ∞21
2

α2 + β2

α(δ2 − χ2) + 2βδχ

{
(δ2 − kχ)Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]

+ δ(χ+ k) Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

ṫ◦11 =
ṫ∞21
2

α2 + β2

α(δ2 − χ2) + 2βδχ

{
(δ2 − χ2)Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]

+ 2δχ Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

ṫ◦22 =
ṫ∞21
2

(α2 + β2)(δ2 + χ2)

α(δ2 − χ2) + 2βδχ
Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
,

ṫ◦12 = − ṫ
∞
21

2

(α2 + β2)(δ2 + χ2)

α(δ2 − χ2) + 2βδχ

{
2α − αRe

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

− βIm

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
,

ṫ◦21 =
ṫ∞21
2

{
−2 + Re

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

− β(δ2 − χ2) − 2αδχ

α(δ2 − χ2) + 2βδχ
Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
.

(3.43)
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3.1.3 Incremental stress intensity factors

Similarly to the problem of fracture in small-strain elasticity, Radi et al. (2002)
have defined

K̇I = lim
r→0

√
2πr ṫ22(r, ϑ = 0), K̇II = lim

r→0

√
2πr ṫ21(r, ϑ = 0), (3.44)

for Mode I and Mode II incremental loading, respectively, in the polar coordi-
nate system (r, ϑ) centered at the crack tip (x̂1 = l, x̂2 = 0), so that r denotes
the radial distance from the crack tip and ϑ indicates values of the polar co-
ordinate (anti-clockwise) angle singling out r from the x̂1 axis (so that ϑ=0
corresponds to points ahead of the crack tip, see Fig. 3.2 with ϑ0 = 0). From
the above full–field solution (for uniform incremental loading at infinity), they
result

K̇I = ṫ∞22
√
πl, K̇II = ṫ∞21

√
πl, (3.45)

for Mode I and Mode II loading, respectively. Note that, eqns. (3.45) coincide
with their counterpart in elasticity without prestress, except that now the
incremental nominal stress ṫij replaces the Cauchy stress Tij .

T1

T2

r

J0

(   =x   l,1 x2=0)

x1

J

Figure 3.2: Polar coordinate system (r, ϑ) centered at the crack tip (x̂1 = l, x̂2 = 0). The
prestress axes x1 − x2 are inclined at an angle ϑ0 with respect the crack axis x̂1.

3.1.4 Crack solution and surface bifurcation condition

The previously obtained crack solution remains valid except when the surface
bifurcation condition, eqn. (2.66), is met. This condition corresponds to the
two conditions

β2ε
2
1 − β1ε

2
2 = 0, α(δ2 − χ2) + 2βδχ = 0, (3.46)
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valid in EI and EC, respectively. When the surface bifurcation condition
is approached, the fields, solution of the crack problem, tend to blow up, a
peculiarity first noticed by Guz (1999, and references quoted therein).

For values of parameters ξ, k, and η beyond the surface instability thresh-
old, the obtained solution still works, from a purely mathematical point of
view. However, the crack faces cannot be maintained straight after a sur-
face bifurcation point has been passed, so that the solution looses its physical
meaning (the incremental energy release rate, that will be obtained in §3.4,
becomes negative in this situation).

3.2 Crack inclined with respect to the orthotropy

axes

We consider now a crack inclined with respect to the x1–x2 axes defining the
prestress directions and the orthotropy axes. Therefore, the x1–x2 reference
system has to be distinguished from the system x̂1–x̂2, where the x̂1 axis is
aligned parallel to the crack. The transformation between the two systems
is expressed by eqn. (3.2), while the transformations between incremental
displacement, its gradient, nominal stress and constitutive tensor are given by
eqns. (3.3)–(3.5).

The trick to solve the inclined crack problem can be deduced from Savin
(1961, see also Sih and Liebowitz, 1968) and consists in the introduction of
a function analogous to (3.19) [see also eqns. (3.27), (3.36), and (3.41)], but
now defined in the x̂1–x̂2 reference system, namely,

ψ̂◦
M (x̂1, x̂2) =

t̂∞2n

2µ

2∑

j=1

Re
{
AM

j

[
ẑ 2
j − ẑj

√
ẑ 2
j − l2 + l2 ln

(
ẑj +

√
ẑ 2
j − l2

)]}
,

(3.47)
(which automatically satisfies the decaying conditions of fields at infinity)
where n = 1 and M = II for Mode II (n = 2 and M = I for Mode I), so
that t̂∞21 (t̂∞22) is the traction component parallel (orthogonal) to the crack line.
Moreover, a new variable, replacing zj (2.36), is introduced

ẑj = x̂1 +Wj x̂2, (3.48)

where

Wj =
sinϑ0 + Ωj cos ϑ0

cos ϑ0 − Ωj sinϑ0
, (3.49)

and the roots Ωj are defined by eqn. (2.34).
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Complex constants AM
j in eqn. (3.47) can be obtained by imposing the

boundary conditions on the crack faces, which are

for Mode I

{
t̂◦21(x̂1, 0

±) = 0,

t̂◦22(x̂1, 0
±) = t̂◦22 = −t̂∞22,

∀ |x̂1| < l; (3.50)

for Mode II

{
t̂◦21(x̂1, 0

±) = t̂◦21 = −t̂∞21,

t̂◦22(x̂1, 0
±) = 0,

∀ |x̂1| < l. (3.51)

Imposing conditions (3.50) or (3.51) yields a linear algebraic system for the
real and imaginary parts of constants AM

j




c11 c21 c12 c22
−c21 c11 −c22 c12
c31 c41 c32 c42
−c41 c31 −c42 c32







Re[AM
1 ]

Im[AM
1 ]

Re[AM
2 ]

Im[AM
2 ]


 =




−1
0
0
0




︸ ︷︷ ︸
for Mode I

or




0
0
−1
0




︸ ︷︷ ︸
for Mode II

, (3.52)

where M = I for Mode I (M = II for Mode II) and coefficients cij are

2µ c1j = Ĝ1112 − Ĝ1222 − Re[Wj]
[
Ĝ1111 − 2Ĝ1122 − Ĝ1221 + Ĝ2222

+Re[Wj ]
(
2Ĝ1121 − 2Ĝ2122 + Re[Wj ]Ĝ2121

)]

+Im[Wj ]
2
(
2Ĝ1121 − 2Ĝ2122 + 3Re[Wj ]Ĝ2121

)
,

2µ c2j = Im[Wj]
[
Ĝ1111 − 2Ĝ1122 − Ĝ1221 + Ĝ2222

+Re[Wj ]
(
4Ĝ1121 − 4Ĝ2122 + 3Re[Wj]Ĝ2121

)
− Im[Wj ]

2
Ĝ2121

]
,

2µ c3j = −Ĝ1221 + Re[Wj ]
[
Ĝ1121 − Ĝ2122 + Re[Wj]Ĝ2121

)
− Im[Wj]

2
Ĝ2121,

2µ c4j = Im[Wj]
(
−Ĝ1121 + Ĝ2122 − 2Re[Wj ]Ĝ2121

)
, j = 1, ..., 4,

(3.53)
and depend on the crack inclination ϑ0 and on the prestress and orthotropy
parameters ξ, k, and η.

The determinant of the coefficient matrix in eqn. (3.52) is null only when
the surface instability condition, eqn. (2.66), is met, so that in all other cases,
system (3.52) can be solved and the solution of the inclined crack follows.
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The perturbed incremental displacement along the crack faces can be ob-
tained in the form

v̂◦M
1 (x̂1, x̂2 = 0±) =

t̂∞2n

2µ
Re

[
(W1A

M
1 +W2A

M
2 )

(
x̂1 ∓ i

√
l2 − x̂2

1

)]
,

v̂◦M
2 (x̂1, x̂2 = 0±) = − t̂

∞
2n

2µ
Re

[
(AM

1 +AM
2 )

(
x̂1 ∓ i

√
l2 − x̂2

1

)]
,

(3.54)
so that the jump in incremental displacements across the crack surfaces (|x̂1| <
l, x̂2 = 0), denoted with the brackets [[·]], takes the form

[[v̂M
1 ]] =

t̂∞2n

µ
Im[W1A

M
1 +W2A

M
2 ]
√
l2 − x̂2

1,

[[v̂M
2 ]] = − t̂

∞
2n

µ
Im[AM

1 +AM
2 ]
√
l2 − x̂2

1,

(3.55)

where n = 1 and M = II (n = 2 and M = I) for Mode II (Mode I).
It is worth noting that the following conditions, proven in the particular

cases of null prestress (k = η = 0) or crack parallel to the orthotropy axes
(ϑ0 = 0), have been in general verified numerically to hold

Re[AI
1 +AI

2] = 0, Re[W1A
II
1 +W2A

II
2 ] = 0, (3.56)

showing that the incremental perturbed displacement along the x1-axis outside
the crack is only longitudinal, i.e. v̂◦2 = 0, (transversal, i.e. v̂◦1 = 0,) for Mode
I (for Mode II), a circumstance noticed also by Broberg (1999, §4.14) for
infinitesimal anisotropic elasticity.

In addition to eqns. (3.56), the following conditions are obtained in the particular case
of a crack parallel to the orthotropy x1-axis (ϑ0 = 0),

Im[W1A
I
1 + W2A

I
2] = 0, Im[AII

1 + AII
2 ] = 0, (3.57)

from which the solution obtained in §3.1 can be easily recovered.

Finally, the incremental stress intensity factors for an inclined
crack can be calculated and again result in the form (3.45), found
for a crack parallel to the orthotropy axes.
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The inclined crack solution becomes particularly simple in the case when the prestress
is null, k = η = 0. In particular, for Mode I we have:

AI
j = −(−1)j cos 2ϑ0

2
√

1 − ξ
− i

1 − ξ − (−1)j
√

1 − ξ sin 2ϑ0

2(1 − ξ)
√

ξ
, j = 1, 2, (3.58)

while for Mode II:

AII
j = (−1)j

"
sin 2ϑ0

2
√

1 − ξ
+ i

cos 2ϑ0

2
p

(1 − ξ)ξ

#
, j = 1, 2. (3.59)

The following properties can also be proven

W1A
I
1 + W2A

I
2 = 0, AII

1 + AII
2 = 0. (3.60)

An interesting feature that does not hold when the prestress is present and the crack is
inclined can be deduced from eqns. (3.55), (3.60)1 and (3.59), namely, that a Mode I (Mode
II) loading does not produce longitudinal, v1, (transversal, v2,) incremental displacements
along the crack line, so that for (|x̂1| < l, x̂2 = 0) we have

[[v̂ ]] =


t̂∞21

µ
√

ξ

q
l2 − x̂2

1,
t̂∞22

µ
√

ξ

q
l2 − x̂2

1

ff
, (3.61)

which is independent of the crack inclination ϑ0.

As an example of the previous calculations, the deformed crack line and
surfaces (incremental displacement components, reported on the vertical axis
for v̂2 and on the horizontal axis for x̂1 + v̂1, are normalized through division
by l) for Mode I (left) and Mode II (right) loading at infinity are illustrated
in Fig. 3.3 for a Mooney-Rivlin material (ξ = 1) at null prestress k = 0 and
at k = 0.8 for a crack parallel to the orthotropy x1-axis, i.e. ϑ0 = 0, and
inclined at ϑ0 = π/6. Note that the Mode II deformation at null prestress,
k = 0 coincides with the horizontal axis and is therefore not visible.

Interesting features emerging from Fig. 3.3 are:

i) the crack faces result displaced to the shape of an ellipse;

ii) this ellipse degenerates into a segment for Mode II and null prestress;

iii) the prestress introduces an incremental rigid-body rotation in the Mode I
and Mode II solutions.

3.3 Shear bands interacting with a finite-length crack

In the spirit of the perturbative approach proposed by Bigoni and Capuani
(2002), the role of shear banding in the incremental deformation fields around
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Figure 3.3: Deformed shape of a crack of length 2l, subject to Mode I (left) and Mode II
(right) incremental loading (t̂∞22/µ = 0.01 and t̂∞21/µ = 0.01). A Mooney-Rivlin material is
considered with null prestress k = 0 (continuous curve) and a prestress defined by k = 0.8
(reported dashed). A crack is parallel to the x1-orthotropy axis, ϑ0 = 0 (upper part), while
a second crack is inclined at an angle ϑ0 = π/6 (lower part).

a crack of length 2l is investigated. This crack is assumed to be present in the
material with a dead loading on its surfaces to maintain the state of prestress,
before the incremental Mode I and Mode II loading is assigned.

The crack is considered in a J2-deformation theory material, inclined at
an angle ϑ0 corresponding to the shear band inclination ϑSB at the EC/H
boundary, eqn. (2.64). In particular, for the two values of hardening exponent
N = 0.1 and N = 0.8, the critical logarithmic strain for localization (and
the shear band inclination with respect to x1-axis) are εEL ≃ 0.322 (ϑSB ≃
35.95◦) and εEL ≃ 1.032 (ϑSB ≃ 19.60◦), respectively (note that for a J2–
deformation theory material the prestrain, instead than the prestress, is used
as the parameter controlling the current state).

The level sets of the modulus of incremental deviatoric strain have been
mapped in Figs. 3.4 and 3.5, for low strain hardening N = 0.1 and high strain
hardening N = 0.8, respectively.

The investigation has been carried out with a choice of η, namely, η/k =
0.311 for N = 0.1 and η/k = 0.775 for N = 0.8, such that the Hill exclusion
condition (2.20) is satisfied.
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Figure 3.4: Interaction of shear bands and mechanical fields near a crack of length 2l
(evidenced with a thin rectangle, providing the scale bar of the representation). A J2–
deformation theory material has been considered at low strain hardening N = 0.1, at null
prestrain ε = 0 (on the left) and prestrained near the elliptic border ε = 0.306 (on the
right). The crack is aligned parallel to a shear band direction, ϑ0 = ϑSB = 35.95◦. Two
parallel bands emerge for Mode I incremental loading, while for Mode II two conjugate band
directions are visible.



42 Crack in a prestressed material

Figure 3.5: Interaction of shear bands and mechanical fields near a crack of length 2l
(evidenced with a thin rectangle, providing the scale bar of the representation). A J2–
deformation theory material has been considered at high strain hardening N = 0.8, at null
prestrain ε = 0 (on the left) and prestrained near the elliptic border ε = 0.981 (on the
right). The crack is aligned parallel to a shear band direction, ϑ0 = ϑSB = 19.60◦. Two
parallel bands emerge for Mode I incremental loading, while for Mode II two conjugate band
directions are visible.
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It can be easily concluded from Figs. 3.4 and 3.5 that:

near the elliptic border the deformation fields become highly fo-
cussed and aligned parallel to the shear band conjugate directions.

An analysis of the figures reveals that it becomes difficult to predict how
the fracture will grow when loaded near the elliptic border. However, we have
to keep in mind that the analyzed crack has been taken aligned parallel to
one shear band direction. It becomes instructive now to analyze the case of
a horizontal crack (lying therefore in a symmetry axis with respect to the
conjugate band directions), reported in Fig. 3.6, for a J2–deformation theory
material at high strain hardening N = 0.8, near the EC/H boundary, and
loaded under incremental Mode I. Results are qualitatively analogous for dif-

Figure 3.6: Interaction of shear bands and mechanical fields near a crack of length 2l
(evidenced with a thin rectangle, providing the scale bar of the representation) under Mode
I incremental loading. A J2–deformation theory material has been considered at high strain
hardening N = 0.8, prestrained near the elliptic border ε = 0.981. The crack is horizontal
ϑ0 = 0, while the shear bands are inclined at ϑSB = ±19.60◦. Note that four shear bands
emerge.

ferent values of strain hardening and for Mode II loading, in particular, the
Mode II incremental deformation fields are dominated near the elliptic border
by localized deformations aligned parallel to the two shear bands conjugate
directions, in a way quite similar to Fig. 3.6.

We can observe that:

two symmetric shear bands emerge near the crack tip,
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and their interaction may lead to failure of the material under shear in front
of the crack, a situation compatible with Mode I growth, to be interpreted
as a sort of ‘alternating sliding off and cracking’, as suggested by McClintock
(1971), Kardomateas (1986) and Kardomateas and McClintock (1989). The
situation is more complicated for Mode II loading, but our results agree with
the consideration made by and Hallbäck and Nilsson (1994), that ‘Mode II
failure results when the direction of the prospective shear band coincides with
the crack surface direction, while Mode I type failure occurs when the shear
bands are inclined to the direction of crack surfaces.’

3.4 Incremental energy release rate for crack growth

We slightly generalize Rice (1968) and start referring to Fig. 3.7 and com-
paring two incremental boundary value problems (for finite bodies subject to
identical conditions on the external boundaries Sσ ∪ Sv, namely, prescribed
incremental nominal tractions σ̇

0 on Sσ and incremental displacements v = v̄

on Sv) only differing in the sizes of the void that they contain. Note that we
are addressing an incremental problem, so that the surface of the void can
be loaded by dead loading. In particular, the void in the body on the right

v v=

∆Vi
V V\ V∆ i
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Figure 3.7: Two elastic, prestressed bodies are compared (left), having identical shape,
boundary conditions, elastic properties, prestress, and prestrain, but voids of different size.
The detail of the void and its surface is reported on the right; note the unit normal vector,
defined to point outward the elastic body and toward the void. Incremental deformation
of prestressed solids are considered, so that the surface of the void can be subject to finite
dead loading and surface ∆S∗

i must be subject to the nominal tractions present on the same
surface embedded in the material in the configuration on the left.

(of volume Vi ∪ ∆Vi, enclosed by surface S∗
i ∪ ∆S∗

i ) has been obtained by
increasing the size of the void in the body on the left (of volume Vi, enclosed



3.4 Incremental energy release rate for crack growth 45

by surface Si).
Since we want to include prestress in an incremental formulation, nominal

(finite) dead tractions identical to those existing within the material contain-
ing the void Vi must be applied on the surface ∆S∗

i of the material containing
the void Vi ∪ ∆Vi.

We define the incremental displacement and nominal traction fields, so-

lutions to the two problems, as v 0 and ṫ
0

for the problem on the left and

v = v 0 + ṽ and ṫ = ṫ
0

+ t̃ for the problem on the right. Since the void

surfaces are subject to dead loading, ṫ
0T

n = 0 and ṫ
T
n = 0, within Vi and

Vi ∪ ∆Vi, respectively.
The two bodies are assumed to be identically prestressed and prestrained,

although not necessarily in a homogeneous way. If the expedient of prescribing
‘ad hoc’ dead tractions on ∆S∗

i is not considered and the void surface is free
of tractions, in order to have identical prestress and prestrain, the two current
configurations shown in Fig. 3.7 must have special geometries and loadings,
as will be the case of a crack aligned parallel to a principal stress direction
with the other principal stress to be null and, more important, of a shear band
model (§5.1).

The incremental potential energy decrease for a void growth in an elastic
(incompressible or compressible, generically anisotropic and prestressed) body,
takes an expression analogous to that reported by Rice [1968, his eqn. (55),
pp. 207], namely,

−∆Ṗ =

∫

∆Vi

φ(∇v0)dV − 1

2

∫

∆S∗

i

n · t0ṽdS, (3.62)

a quantity which when positive, implies void growth. Note that the scalar
function φ is the incremental gradient potential defined as

ṫij =
∂φ(∇v )

∂vj,i
+ ṗ δij , φ(∇v ) =

1

2
vj,iGijhkvk,h. (3.63)

Turning now the attention to a thin void inclusion, namely, a crack aligned
parallel to the x̂1–axis (Fig. 3.1), the volume integral in eqn. (3.62) vanishes,
so that taking the limit of the length increase ∆l → 0 at fixed incremental
stress intensity factor K̇, eqn. (3.62) becomes

Ġ = −dṖ
dl

= lim
∆l→0

1

2∆l

∫ ∆l

0
t̂2i(r, 0)[[v̂i(∆l − r, π)]] dr, (3.64)

where the symbol ·̂ denotes that we are using the inclined crack solution, the
repeated index is summed, the brackets [[·]] denote the jump in the relevant
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argument across the crack, r denotes the radial distance from the crack tip and
0 and π indicate values of the polar coordinate (anticlockwise) angle singling
out r from the x̂1 axis (so that ϑ = 0 corresponds to points ahead of the crack
tip, see Fig. 3.2). Eqn. (3.64) defines

the incremental energy release rate for a mixed mode growth of a
crack in an elastic, incompressible or compressible body, generi-
cally anisotropic and prestressed.

The proof that the incremental energy release rate (3.64) coincides with the path–
independent incremental J̇–integral

J̇ =

Z

Γ

„
φ̂ n̂1 − n̂j t̂ji

∂ v̂i

∂ x̂1

«
dΓ, (3.65)

has not yet been explicitly obtained, but the validity of Ġ = J̇ has been numerically verified.

The incremental energy release rate (3.64) can be developed making use
of the asymptotic near-tip incremental nominal stress ahead of the crack

t̂22(r, 0) =
K̇I√
2πr

, t̂21(r, 0) =
K̇II√
2πr

, (3.66)

and incremental displacement on the crack faces (where constants have been
neglected)

v̂1(∆l − r,±π) = ±
√

2l
√

∆l − r

2µ
Im
[
t̂∞22(W1A

I
1 +W2A

I
2) + t̂∞21(W1A

II
1 +W2A

II
2 )
]
,

v̂2(∆l − r,±π) = ∓
√

2l
√

∆l − r

2µ
Im
[
t̂∞22(A

I
1 +AI

2) + t̂∞21(A
II
1 +AII

2 )
]
,

(3.67)
holding for ‘small’ ∆l.

Employing the asymptotic near-tip representations (3.66) and (3.67) in
eqn. (3.64) we obtain

Ġ = −K̇2
I

Im
[
AI

1 +AI
2

]

4µ
+ K̇2

II

Im
[
W1A

II
1 +W2A

II
2

]

4µ

+K̇IK̇II

Im
[
W1A

I
1 +W2A

I
2 −AII

1 −AII
2

]

4µ
,

(3.68)
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the incremental energy release rate for an inclined crack loaded
in mixed mode in a prestressed, orthotropic and incompressible
material.

From eqn. (3.68) the incremental energy release rate for a mixed mode loading of a crack

parallel to the orthotropy axes (i.e. ϑ0 = 0) can be made explicit

Ġ =
Λ

µ

K̇ 2
I

√
1 − k + K̇ 2

II

√
1 + k

(2ξ − η + Λ)2
√

2ξ − 1 − Λ − (2ξ − η − Λ)2
√

2ξ − 1 + Λ
, (3.69)

where there is no coupling between the two Modes I and II.

Another interesting special case is that of null prestress (k = η = 0), in which for an
inclined crack (ϑ0 6= 0) the following expression of the incremental energy release rate can
be obtained

Ġ =
K̇2

I + K̇2
II

4µ
√

ξ
, (3.70)

which agrees with the known isotropic elasticity solution in the incompressible limit, recov-
ered for ξ = 1.

Note that both incremental energy release rates (3.69) and (3.68) generally
(an exception to this rule will be shown in Fig. 3.8) blow up to infinity when
the surface bifurcation, eqn. (2.66) or (3.46), is approached, as in the case
of the crack aligned parallel to one of the orthotropy axes. This feature is
evident in the example reported below.

An example of calculation of incremental energy release rate for inclined (at
ϑ0 = {0, π/4, π/2}) Mode I and a Mode II cracks in an incrementally isotropic
material (ξ = 1) as a function of the prestress parameter k is reported in Fig.
3.8, where Ġ has been normalized through division by K̇2

M and multiplication
by 4µ. In order to explore the incremental energy release rate until close to
the elliptic boundary (more precisely, to the EI/P boundary), we have taken
η = k > 0, so that the Hill condition (2.20) excludes all possible bifurcations
within EI (Fig. 2.5). It may be interesting to observe from Fig. 3.8 that,
with the exceptions of ϑ0 = 0 for Mode I and ϑ0 = π/2 for Mode II, the
incremental energy release rate blows up to infinity when k approaches 1.
These exceptions can be motivated by the circumstance that at the EI/P
boundary only one shear band forms aligned parallel to the major principal
(tensile in this case) stress component, T1. Therefore, for Mode I (Mode
II) a crack parallel (orthogonal) to the shear band is not influenced by the
progressive weakening in the shear band direction occurring when the elliptic
boundary is approached.
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Figure 3.8: Incremental stress release rate for a Mode I and Mode II cracks of legth 2l
inclined at ϑ0 = {0, π/4, π/2} with respect to the principal stress axes in an incrementally
isotropic material (ξ = 1) as a function of the prestress parameter k, taken positive and
equal to η, so that the Hill exclusion criterion (2.20) is satisfied.

Note that for a Mooney-Rivlin material µ is a function of k, blowing up to
infinity, when the EI/P boundary (k = 1) is approached. As a consequence,
for a Mooney-Rivlin material the energy release rate remains finite when k
tends to 1.

Note that for null prestress, η = k = 0, eqn. (3.70) shows that the incremental energy
release rate blows up to infinity when ξ tends to zero, which corresponds to the EC/H
boundary and to the appearance of the two shear bands inclined at π/4 with respect to the
principal stress direction, typical of Mises plasticity.

Fig. 3.8 reveals another interesting feature, namely, that the curves cor-
responding to ϑ0 = {0, π/4, π/2} in Mode I are identical to the curves corre-
sponding, respectively, to ϑ0 = {π/2, π/4, 0} in Mode II. More in general, the
following relation can be proven in the absence of prestress using eqns. (3.58)
and (3.59)

ĠI(ϑ0)

K̇2
I

=
ĠII(π/2 − ϑ0)

K̇2
II

, (3.71)

and has been numerically found to hold also when the prestress is different
from zero.



Chapter 4

Stiffener in a prestressed material

A rigid line inclusion, a so-called ‘stiffener’, embedded in a prestressed ma-
terial incrementally loaded is considered. The obtained analytical solutions
explain the experimentally observed localized deformation patterns in highly
deformed soft materials containing thin, stiff inclusions. For null prestress,
the full-field solution is shown to match correctly with photoelastic experi-
ments, confirming also the fracture patterns for a brittle material containing
a stiffener, which do not obey a hoop-stress criterion and result completely dif-
ferent from those found for cracks. Moreover, the incremental energy release
rate and incremental J-integral are derived, related to a reduction (or growth
inhibition) of the stiffener. It is shown that this is always negative, but tends
to zero approaching the ellipticity boundary, which implies that reduction of
the lamellar inclusion dies out and, simultaneously, shear bands develop.

Imposing large deformation to a soft, ductile metal matrix containing a
thin lamellar hard phase is a well-established industrial process for the pro-
duction of ultra high strength materials (Öztürk et al. 1994, Michler et al.
2004). Experiments on these materials show that localized deformations in
the form of shear bands nucleate at inclusion boundaries, where they grow
and subsequently develop complex interactions between themselves and the
second phase. Therefore, the presence of defects is crucially important in the
understanding of failure in ductile matrix composites, particularly when de-
fects involve stress concentrations, as is the case of the lamellar suspensions
experimentally investigated in metals (Öztürk et al., 1991), plastics (Fig. 1.1),
and rocks (Misra and Mandal, 2007).

49
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The availability of an analytical solution for a thin, rigid inclusion, a so-
called ‘stiffener’, embedded in a remotely-loaded, infinite medium –in which
stress and displacement fields can be obtained for an incremental perturbation
superimposed upon a stress state near the boundary of ellipticity loss– is
important for understanding the mechanical behaviour of the above-mentioned
composite materials. Moreover, we also notice that (even for linearly elastic
isotropic materials) a stiffener determines a singular solution that poses a
number of questions, not arising in other situations (particularly, in the case
of a crack, which induces the same singularity). In fact, it can be observed
that:

i) While cracks can ‘naturally’ exist in ordinary materials, can a stiffener
–which necessarily is something artificial– be in practice introduced in a
real material?

ii) Due to several possible discrepancies (not arising in the crack problem)
between model and reality (a stiff, thin inclusion has a finite thickness
and stiffness, and adhesion at the stiffener/matrix contact is necessarily
imperfect), will the real stress state correspond to the elastic solution?

iii) Unlike cracks, stiffeners can produce a singular, nontrivial stress even
when they are subject to compressive stresses or when they are pulled in
uniaxial tension parallelly to them. Will a material in these cases fail due
to the presence of the singularity?

iv) For tensile (or compressive) loading parallel (or orthogonal) to the stiff-
ener, the material is predicted to fail through the generation of a fracture
orthogonal to the stiffener at its end and not following the hoop-stress
criterion valid for cracks. Will this prediction be in practice true?

Having found nothing on these issues in the literature, we have designed and
realized stiffeners in a real material and produced and tested samples (details
are reported in appendix A).1 Results of two experiments are shown in Figs.
1.2 and 1.3.

In particular, the isochromatic fringe pattern recorded in a transmission
photoelastic test performed with a plane polariscope is reported in Fig. 1.2,
strikingly confirming the analytical solution for the in-plane principal stress
difference contours (an incompressible, isotropic material initially unstressed
has been considered).

1Additional experimental results are available on:
http://www.ing.unitn.it/dims/laboratories/structural modeling photoelasticity.php
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The fracture growth sequence for tensile loading parallel to the stiffener
is reported in Fig. 1.3, which –according to the linear elastic theory (with
null prestress)– develops orthogonally to the stiffener end. Therefore, our
experiments provide positive answers to the questions listed above, so that the
stiffener model may be considered a sound model in elasticity2 (a systematic
discussion on Mode I fracture modes at a stiffener tip is reported in §4.1.2).

Going back now to the main goal of this Chapter, a homogenously pre-
stressed (or prestrained), incompressible elastic infinite plane is considered,
characterized by the constitutive equations (2.6) of incremental, incompress-
ible, orthotropic elasticity, containing a stiffener of length 2l, taken parallel
to the x̂1-axis in the x̂1–x̂2 reference system (Fig. 4.1). The fact that a stiff-

Figure 4.1: The rigid line inclusion (of length 2l) in an infinite, incompressible, homoge-
neously prestressed material. The state of stress has the principal axes x1–x2 inclined with
respect to the x̂1–x̂2 reference system at an angle ϑ0 (positive when anticlockwise).

ener can only suffer an incremental rigid-body motion is expressed by the
kinematical boundary conditions





v̂1(x̂1, 0) = v̂1(0, 0),

v̂2(x̂1, 0) = v̂2(0, 0) + ωS x1,

∀ |x̂1| < l, (4.1)

so that v̂1(0, 0), v̂2(0, 0) and ωS represent unknown quantities to be deter-

2It may be worth noting that our photoelastic and failure experiments show that the hy-
potheses of plane strain and incompressibility do not alter results qualitatively. Regarding
the former assumption, since a stiffener imposes null deformation on his surface, any suffi-
ciently wide platelet embedded in a material will have a state of plane strain prevailing near
its centre (see also the discussion reported in appendix A). Regarding the latter assumption,
extension of our results to compressible orthotropic, incremental elasticity is straightforward
and does not change qualitatively results for shear band emergence.
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mined as a part of the solution,3 by imposing boundary conditions to ensure
equilibrium of the stiffener in terms of incremental ‘global’ axial and shearing
forces, and incremental moment, respectively





Ṅ =

∫ l

−l

[[t̂21(y, 0)]] dy = 0,

Ṫ =

∫ l

−l

[[t̂22(y, 0)]] dy = 0,

Ṁ =

∫ l

−l

[[t̂22(y, 0)]] y dy = 0,

(4.3)

where the brackets [[·]] denote the jump in the relevant argument, taken across
the stiffener.

The Mode I and Mode II asymptotic fields when the x1–x2 axes, defining
the prestress directions, coincide with the x̂1–x̂2 axes are obtained in §4.1.1,
revealing a stress singularity ∼ 1/

√
r, as in the case when the prestress is ab-

sent. Moreover, a perturbation in the form of a uniform Eulerian strain incre-
ment field is considered at infinity (§4.1.3). In this case, only the perturbation
stress fields satisfying Mode I symmetry are non-trivial (for incremental shear
deformation at infinity the stiffener leaves the fields unperturbed) and their
determination represents the solution of a Riemann-Hilbert problem, which is
already known in the absence of prestress for isotropic or anisotropic (com-
pressible) elasticity (Wang et al. 1985; Ballarini, 1987; Wu, 1990; Hurtado
et al. 1996; Dascalu and Homentcovschi, 1999; Homentcovschi and Dascalu,
2000; see also Koiter, 1955; Erdogan and Gupta, 1972; Atkinson, 1973 where
an elastic lamellar inclusion has been considered), but has never been consid-
ered for a prestressed material.4

These solutions can be exploited until near the boundary of ellipticity
loss to investigate shear band nucleation and growth. Shear bands are shown
(§4.1.5):

i) to be strongly promoted by the near-tip singularity;

3The kinematical boundary conditions (4.1) imply

v̂1,1(x̂1, 0) = v̂2,11(x̂1, 0) = 0, ∀|x̂1| < l, (4.2)

4A.N. Guz and co-workers (see Guz, 1999 and references quoted therein) and E. Soós and
co-workers (see Cristescu et al. 2004 and references quoted therein) have solved a number
of problems for prestressed elastic materials, but they have never considered stiffeners.
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ii) to emanate radially from the tip of the stiffener;

iii) to have an inclination independent of the perturbing agent;

iv) to form patterns sharing a strict similarity (results obtained with our
solution are shown in Figs. 4.2, right, and 1.1, right, lower part) with
those experimentally investigated:

• by Öztürk et al. (1991) in a ductile Cu matrix containing stiff W
platelets, see Fig. 4.2, left;

• by us on a two-component epoxy resin square plate (sample S3, see
appendix A) containing an aluminum platelet and subject to uniaxial
in-plane compression orthogonal to the long edge of the platelet, see
Fig. 1.1, left and right (upper part).
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3.0

3.0

1.5
1.5
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0.5

1.0
1.02.0

2.0

2.0

2.0

Figure 4.2: Deformation near a thin and stiff inclusion: experimental results, deformation
map in a Cu matrix near a W platelet (adapted from Öztürk et al. 1991), left, versus
analytical solution for a J2–material, prestrained until close to the boundary of ellipticity
loss (ǫ = 0.675 and N = 0.4), right.

Moreover, the full-field solution for a uniform Mode I perturbation is also
obtained in the generic case of a stiffener inclined with respect to the prestress
directions (§4.2).5 Considering a J2–deformation theory material the obtained
solution shows the development of two shear bands, with, for low hardening,
the one closest in alignment with the stiffener being the more pronounced.6

Therefore, a stiffener embedded in a low hardening matrix tends to focus the
deformation parallel to its line, a finding substantiated by the experimental

5Note that Mode I loading is defined with respect to the axes parallel and orthogonal to
the stiffener.

6Differently from the case of a stiffener parallel to prestress axis, now the two axial-
symmetries are lost, so that the shear bands are not symmetrical with respect to the stiffener
line and one of the two becomes a preferential failure mode.
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results by Misra and Mandal (2007), referred to geological formations and to
models prepared with PMMA containing metal inclusions.7

Accepting the fact that decay of the incremental fields does not occur and
incremental strain and stress becomes infinite along certain shear band direc-
tions, the obtained solution is extended and investigated outside ellipticity,
namely, in the parabolic and hyperbolic regimes in §4.3. Here it is shown that
the solution is not unique, so that one, two, three or four (one or two) differ-
ently inclined shear bands are predicted to become possible in the hyperbolic
(parabolic) range. This result substantiates with an analytical solution the
well-known difficulties connected to the numerical treatment of ill-posed (i.e.
non-elliptic) boundary value problems.

Finally, analogously to the akin crack problem (Rice, 1968), it is possible
to analyze the energy release rate involved with a growth of the stiffener.
This problem has never been considered (even for linear isotropic elasticity
without prestress) and can be more effectively understood in relation to a
reduction than to a growth of a stiffener. In fact, reduction can model the
situation in which an intact, thin and finite-length material layer is present
within a (uniformly) damaged material and progressively reduces its length,
due to damage growth.8 This situation can be related to damage progression,
which may under special circumstances spread through solids evidencing a
fingering, similar in a sense to the fingering flow phenomena observable in
porous systems or to the adhesion-induced instability in thin films (Saffman
and Taylor, 1958; Ghatak and Chaudhury, 2003). Therefore, investigation of
energy release rate for a stiffener changing in length may shed light on the
problem of damage growth in solids.

The incremental energy release rate for stiffener growth (we refer to growth
to keep contact with the analogous problem of fracture mechanics, so that
reduction is simply understood as a negative growth) is solved in §4.4 for in-
cremental deformation superimposed upon a given state of stress and strain
(initially assumed generic, but later uniform in the applications) of an in-
compressible elastic solid. However, since these results are new, we remark

7We include in appendix D the solution where for a stiffener forced to incrementally
rotate (through application of an external incremental bending moment) of a given amount,
a problem modelling the mechanical fields generated through the so–called ‘vane test’ in soil
mechanics. Differently from the case when the inclusion is embedded in a matrix and loaded
at infinity, in this situation we show that the two shear bands more inclined with respect to
the stiffener become the preferred failure modes.

8In a different setting, stiffener and matrix could be the two (the former much stiff than
the latter) phases of a material, so that stiffener growth or reduction would be related to a
progression or regression of a phase transformation.
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that the small strain theory and the compressible prestressed elasticity can be
immediately obtained from our formulation.

It will be shown that, differently from the well-known formulae of fracture
mechanics, the incremental energy release rate is always negative (so that
reduction is always predicted and growth never occurs). Moreover, the incre-
mental energy release rate is shown to vanish when the elliptic boundary is
approached (more precisely, there may be exceptions to this rule at the EI/P
boundary, a circumstance that will be detailed later). This finding implies
that the reduction of the stiffener dies out when the boundary of ellipticity is
approached and, at the same time, our previous results show that shear bands
begin to emerge at the stiffener tip. We therefore find an intriguing interplay-
ing between shear band nucleation and slowing down of stiffener reduction
process.

4.1 Stiffener parallel to an orthotropy axis

The solutions obtained in this Section are strictly valid when the state of
prestress upon which the perturbations are superimposed is uniform and has
principal axes aligned with respect to stiffener line (Fig. 4.1 with ϑ0 = 0).
When a perturbation through an incremental Mode I or II loading is applied,
the incremental displacement field satisfy the symmetry conditions, which are

for Mode I

{
v1(x1, x2) = v1(x1,−x2),

v2(x1, x2) = −v2(x1,−x2);
(4.4)

for Mode II

{
v1(x1, x2) = −v1(x1,−x2),

v2(x1, x2) = v2(x1,−x2).
(4.5)

Obviously, such a uniform prestress state cannot result from uniform re-
mote loading of a homogeneous material containing a stiffener. Therefore,
our calculations are strictly applicable to a model problem, which describes a
situation in which a uniform stress is generated, for instance, through a con-
strained transformation strain (such a uniform temperature variation or phase
transformation of a specimen with prevented displacements at the boundary,
see Li et al. 2003 and Zheng et al. 2000), or in which a rigid thin layer is
‘welded’ subsequently to a uniform prestrain of a material. However, direct
comparison of our solutions with experimental results performed by Öztürk et
al. (1991) and by us shows that our model is able to correctly predict the shear
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band patterns evidenced near the tip of the stiffener when the surrounding
field is inhomogeneously deformed (a circumstance also confirmed by numeri-
cal solutions not reported for conciseness). The explanation for this is that the
incremental deformation found near the elliptic boundary in a homogeneously
prestressed material is a sort of ‘ultimate deformation mode’, sweeping the
previously accumulated strain and dominating the near-failure fields. Some-
thing similar is occurring for perfectly plastic solids, where slip line solutions,
obtained without consideration of the previous stress/strain evolution, are in
pretty close agreement with shear bands visible in experiments.

4.1.1 Asymptotic solution

Near the tip of the rigid line inclusion the kinematic and static fields may
be approximated by their asymptotic expansions. Let us focus on the tip of
coordinates (l, 0). The complex variables zj (j = 1, . . . , 4) defined in (2.36)
admit the polar representation

zj = l + rje
iϑj , j = 1, . . . , 4; no sum on index j, (4.6)

with
rj = r

√
(cos ϑ+ αj sinϑ)2 + β2

j sin2 ϑ, (4.7)

tanϑj =
βj sinϑ

cos ϑ+ αj sinϑ
, j = 1, . . . , 4; no sum on index j,

where r and ϑ are the polar coordinates of a generic point (see Fig. 3.2, in
which the crack should be thought to represent a stiffener and ϑ0 = 0).

In the neighbourhood of the tip (l, 0) the stream function can be now
expressed in the power-expansion form

ψ(x1, x2) =
2K̇

3µ
√
π

4∑

j=1

Aj(zj − l)γ =
4K̇

3µ
√
π

2∑

n=1

Re[Anw
γ
n], (4.8)

where the notation,

wj = zj − l = rje
iϑj , j = 1, . . . , 4, (4.9)

has been introduced. The last term is a two-term summation because wγ
j = wγ

j

and, as the stream function must be real-valued, the complex constants Aj

satisfy the property,
A3 = A1, A4 = A2. (4.10)
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Constants An (n = 1, 2) may be represented as

An = an + ibn n = 1, 2, (4.11)

with an and bn real constants. The parameter K̇ plays the role of an incre-
mental intensity factor, remains undetermined in an asymptotic analysis and
will be discussed in detail later in this Section.

Elliptic complex regime

In the EC regime the roots Ωj (j = 1, . . . , 4) assume the form (2.43). The
asymptotic expansions of the incremental quantities may be obtained by sub-
stituting the expression of the stream function (4.8)2 in (2.30), (2.6), and
(2.29) (see Radi et al. 2002 for details) to yield

v1 =
4γK̇

3µ
√
π

2∑

n=1

{
(−1)nαRe

[
Anw

γ−1
n

]
− βIm

[
Anw

γ−1
n

]}
,

v2 = − 4γK̇

3µ
√
π

2∑

n=1

Re
[
Anw

γ−1
n

]
,

ṫ11 =
4γK̇

3
√
π

(γ − 1)

2∑

n=1

{(−1)n(βδ + χα)Re[Anw
γ−2
n ] + (αδ − χβ)Im[Anw

γ−2
n ]},

ṫ22 =
4γK̇

3
√
π

(γ − 1)
2∑

n=1

{(−1)n(βδ − χα)Re[Anw
γ−2
n ] + (αδ + χβ)Im[Anw

γ−2
n ]},

ṫ12 = −4γK̇

3
√
π

(γ − 1)

2∑

n=1

{(χβ2 − χα2 + 2αβδ)Re[Anw
γ−2
n ]

+(−1)n(δα2 − δβ2 + 2χαβ)Im[Anw
γ−2
n ]},

ṫ21 = −4γK̇

3
√
π

(γ − 1)

2∑

n=1

{χRe[Anw
γ−2
n ] + (−1)nδIm[Anw

γ−2
n ]},

ṗ =
4γK̇

3
√
π

(γ − 1)

2∑

n=1

{(−1)nα[2(1 − k)β2 + k]Re[Anw
γ−2
n ]

+β[2(1 − k)α2 − k]Im[Anw
γ−2
n ]},

(4.12)
where coefficients χ, δ depend on the prestress and on the incremental moduli
through the eqn. (3.25).
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Mode I Through eqn. (2.43) and the definition (4.9) of wj , Mode I sym-
metry conditions (4.4) write

v1(w1, w2) = v1(w2, w1), v2(w1, w2) = −v2(w2, w1), (4.13)

which imply

An = (−1)na+ ib n = 1, 2, (4.14)

where a and b are real constants. The boundary conditions (4.2) on the
rigid line inclusion (ϑ = π or, equivalently, ϑn = π) lead to the following
homogeneous system for the constants a and b,

[
α cos γπ −β cos γπ

0 sin γπ

] [
a
b

]
=

[
0
0

]
. (4.15)

Non-trivial solution for a and b of the system (4.15) exists if and only if
the determinant of the associated matrix vanishes,

α sin(2γπ) = 0. (4.16)

Note that α vanishes when

ξ =
1

2

(
1 +

√
1 − k2

)
, (4.17)

which represents the boundary between EI and EC domains (see eqn. (2.38)2).
Therefore, within the EC regime and assuming boundedness of incremental
energy, we find

γ = 3/2,  ṫ ∼ 1√
r
, (4.18)

similarly to the stiffener problem in classical linear elasticity. For this value
of γ, eqn. (4.15)2 gives

b = 0. (4.19)

The asymptotic analysis is completed by expressing each variable appear-
ing in (4.12) as a product of a term depending on the radius r with that
describing the angular dependence around the rigid-line tip (variable ϑ)

v(r, ϑ) =
K̇

µ

√
r

2π
ω(ϑ), ṫ(r, ϑ) =

K̇√
2πr

τ (ϑ), ṗ(r, ϑ) =
K̇√
2πr

ρ(ϑ).

(4.20)
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Since the constants K̇ remains undetermined in an asymptotic analysis, it
is expedient now to introduce a normalization. The definition (3.44) of incre-
mental stress intensity factors used for the crack problem becomes unpractical
in the present context. In fact, τ22(0) (and τ21(0) for Mode II) vanishes for

η = 1 −
√

1 − k2, (4.21)

indicated by a dashed curve in Fig. 4.3 (note that τ22(0) = 0 –and τ21(0) = 0
for Mode II– even in the case when the prestress is zero).9

Figure 4.3: Line (dashed) of points, eqn. (4.21), where the incremental stress intensity
factors (3.44) vanish simultaneously for Mode I and Mode II (K̇I = K̇II = 0) in the prestress
plane T1/µ −T2/µ. The white zone denotes the elliptic and the hyperbolic (EI ∪ EC ∪ H)
regimes, while the grey zones refer to the parabolic (P) regime.

Therefore, since ω2,2 (or ω2,1) never vanishes (under the assumption that
α 6= 0) for Mode I (or for Mode II), we follow the suggestion by Wu (1990)
and introduce the definition

K̇(ǫ) I = lim
r→0

2µ
√

2πr v2,2(r, ϑ = 0), K̇(ǫ) II = lim
r→0

2µ
√

2πr v2,1(r, ϑ = 0),

(4.23)
yielding for Mode I the representation

v (r, ϑ) =
K̇(ǫ) I

µ

√
r

2π
ω(ϑ), ṫ(r, ϑ) =

K̇(ǫ) I√
2πr

τ (ϑ), ṗ(r, ϑ) =
K̇(ǫ) I√

2πr
ρ(ϑ).

(4.24)

9Note that condition (4.21) does not satisfy the Hill exclusion condition (2.20)2, in fact
when (4.21) holds then

k2 + η2

2η
= 1. (4.22)
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The relation between the definitions (4.23) of incremental stress intensity fac-
tors and the energy release rate is obtained in §4.4 and it is shown to be
particularly convenient from a mathematical point of view.

The components of the angular functions defined in (4.24) for a generic
Mode I symmetry assume the following analytical expressions valid for ϑ ∈
[0, π],

ω1(ϑ) = 2a

2∑

n=1

[αcn(ϑ) − (−1)nβsn(ϑ)] ,

ω2(ϑ) = −2a
2∑

n=1

(−1)ncn(ϑ),

τ11(ϑ) = a

2∑

n=1

[(βδ + χα)ĉn(ϑ) − (−1)n(αδ − χβ)ŝn(ϑ)] ,

τ22(ϑ) = a
2∑

n=1

[(βδ − χα)ĉn(ϑ) − (−1)n(αδ + χβ)ŝn(ϑ)],

τ12(ϑ) = −a
2∑

n=1

[(−1)n(χβ2 − χα2 + 2αβδ)ĉn(ϑ)

−(δα2 − δβ2 + 2αβχ)ŝn(ϑ)],

τ21(ϑ) = −a
2∑

n=1

[(−1)nχĉn(ϑ) − δŝn(ϑ)],

ρ(ϑ) = a

2∑

n=1

{α[2(1 − k)β2 + k]ĉn(ϑ) − (−1)nβ[2(1 − k)α2 − k]ŝn(ϑ)]},

(4.25)
where the following angular functions have been introduced

gn(ϑ) =

√
[cos ϑ+ (−1)nα sinϑ]2 + β2 sin2 ϑ,

cn(ϑ) =
√
gn(ϑ) + cos ϑ+ (−1)nα sinϑ, ĉn(ϑ) =

cn(ϑ)

gn(ϑ)
,

sn(ϑ) =
√
gn(ϑ) − cos ϑ− (−1)nα sinϑ, ŝn(ϑ) =

sn(ϑ)

gn(ϑ)
.

(4.26)
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The definition (4.23)1 of K̇(ǫ) I introduces the normalization condition

dω2(ϑ)

dϑ

∣∣∣∣
ϑ=0

= 2, (4.27)

leading to the following expression,

a = − 1

4
√

2 α
. (4.28)

Mode II Through eqn. (2.43) and the definition (4.9) of wj , Mode II sym-
metry conditions (4.5) write

v1(w1, w2) = −v1(w2, w1), v2(w1, w2) = v2(w2, w1), (4.29)

which imply

An = −a− (−1)ni b n = 1, 2, (4.30)

being a and b real constants. The boundary conditions (4.2) yield the homo-
geneous linear problem

[
β sin γπ α sin γπ
cos γπ 0

] [
a
b

]
=

[
0
0

]
, (4.31)

that leads, again, to (4.16). For γ = 3/2, eqn. (4.31)1 defines a constraint on
the constants a and b,

b = −β
α
a. (4.32)

Analogously to Mode I, the asymptotic fields may be represented as a
product between the Mode II incremental stress intensity factor K̇(ǫ) II (eqn.
(4.23)2) and two functions depending on r and ϑ, respectively as

v (r, ϑ) =
K̇(ǫ) II

µ

√
r

2π
ω(ϑ), ṫ(r, ϑ) =

K̇(ǫ) II√
2πr

τ (ϑ), ṗ(r, ϑ) =
K̇(ǫ) II√

2πr
ρ(ϑ),

(4.33)
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where ω(ϑ), τ (ϑ) and ρ(ϑ) assume, in the range ϑ ∈ [0, π], the form

ω1(ϑ) = −2a
α2 + β2

α

2∑

n=1

(−1)ncn(ϑ),

ω2(ϑ) = 2a
1

α

2∑

n=1

[αcn(ϑ) + (−1)nβsn(ϑ)],

τ11(ϑ) = a
α2 + β2

α

2∑

n=1

[−(−1)nχĉn(ϑ) + δŝn(ϑ)],

τ22(ϑ) = a
α2 + β2

α

2∑

n=1

[(−1)nχĉn(ϑ) + δŝn(ϑ)],

τ12(ϑ) = −aα
2 + β2

α

2∑

n=1

[(αχ− βδ)ĉn(ϑ) + (−1)n(αδ + βχ)ŝn(ϑ)],

τ21(ϑ) = −a 1

α

2∑

n=1

[−(αχ− βδ)ĉn(ϑ) + (−1)n(αδ + βχ)ŝn(ϑ)],

ρ(ϑ) = a
α2 + β2

α

2∑

n=1

[−(−1)nkĉn(ϑ) + δŝn(ϑ)].

(4.34)

The normalization condition,

ω2(0) = 4, (4.35)

now fixes the constant a to be

a =
1

4
√

2
. (4.36)

Elliptic imaginary regime

Roots Ωj (j = 1, . . . , 4) take the form (2.40) in the EI regime. The asymptotic
expansions of the incremental quantities may be obtained by substituting the
expression of the stream function (4.8)2 in eqns. (2.30), (2.6), and (2.29) (see
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also Radi et al. 2002) to yield

v1 = − 4γK̇

3µ
√
π

2∑

n=1

βn Im[Anw
γ−1
n ],

v2 = − 4γK̇

3µ
√
π

2∑

n=1

Re[Anw
γ−1
n ],

ṫ11 = −4γK̇

3
√
π

(γ − 1)

2∑

n=1

εnβn Im[Anw
γ−2
n ],

ṫ22 =
4γK̇

3
√
π

(γ − 1)

2∑

n=1

χnβn Im[Anw
γ−2
n ],

ṫ12 = −4γK̇

3
√
π

(γ − 1)
2∑

n=1

χnβ
2
n Re[Anw

γ−2
n ],

ṫ21 = −4γK̇

3
√
π

(γ − 1)

2∑

n=1

εn Re[Anw
γ−2
n ],

ṗ =
4γK̇

3
√
π

(γ − 1)
2∑

n=1

δnβn Im[Anw
γ−2
n ],

(4.37)

where εn and δn are defined by eqns. (3.17) and (3.22), respectively, and

χn = 4ξ − 1 − η − (1 − k)β2
n, n = 1, 2. (4.38)

Mode I Through eqn. (2.40) and the definition (4.9) of wj , Mode I sym-
metry conditions (4.4) write

v1(w1, w2) = v1(w1, w2), v2(w1, w2) = −v2(w1, w2), (4.39)

which imply

a1 = a2 = 0, (4.40)

so that

An = ibn, n = 1, 2. (4.41)

The boundary conditions (4.2), applied for ϑn = π, provide the homoge-
neous system,

[
β1 cos γπ β2 cos γπ
sin γπ sin γπ

] [
b1
b2

]
=

[
0
0

]
, (4.42)
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which (for β1 6= β2) admits a non-trivial solution if and only if γ is 3/2.
Note that the condition β1 6= β2 corresponds to eqn. (4.17), which sets the
boundary between the two elliptic regimes (see eqn. (2.38)2). For γ = 3/2,
the relation

b1 + b2 = 0, (4.43)

is obtained from eqn. (4.42)2.
The components of the angular functions defined by eqns. (4.24) for a

generic Mode I take the following analytic expressions, valid for ϑ ∈ [0, π],

ω1(ϑ) = −2
2∑

n=1

bnβn

√
gn(ϑ) + cos ϑ,

ω2(ϑ) = 2

2∑

n=1

bn
√
gn(ϑ) − cos ϑ,

τ11(ϑ) = −
2∑

n=1

bnεnβn

√
gn(ϑ) + cos ϑ/gn(ϑ),

τ22(ϑ) =

2∑

n=1

bnχnβn

√
gn(ϑ) + cos ϑ/gn(ϑ),

τ12(ϑ) = −
2∑

n=1

bnχnβ
2
n

√
gn(ϑ) − cos ϑ/gn(ϑ),

τ21(ϑ) = −
2∑

n=1

bnεn
√
gn(ϑ) − cos ϑ/gn(ϑ),

ρ(ϑ) =

2∑

n=1

bnδnβn

√
gn(ϑ) + cos ϑ/gn(ϑ),

(4.44)

where

gn(ϑ) =

√
cos2 ϑ+ β2

n sin2 ϑ. (4.45)

The normalization condition (4.27) provides b1 and b2 as

bn =
1

2
√

2(βn − βm)
n,m = 1, 2, m 6= n. (4.46)

where the equalities

εn = χm, n,m = 1, 2, m 6= n, (4.47)

obtained from eqns. (3.17) and (4.38), have been used.
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Mode II Through eqns. (2.40) and the definition (4.9) of wj , Mode II
symmetry conditions (4.5) write

v1(w1, w2) = −v1(w1, w2), v2(w1, w2) = v2(w1, w2), (4.48)

that imply
b1 = b2 = 0, (4.49)

and, as a consequence,
An = an, n = 1, 2. (4.50)

The boundary conditions provide the homogeneous system
[
β1 sin γπ β2 sin γπ
cos γπ cos γπ

] [
a1

a2

]
=

[
0
0

]
, (4.51)

which admits non-trivial solution for γ = 3/2 and defines the constraint

a1β1 + a2β2 = 0. (4.52)

The functions defined by eqns. (4.33), valid for ϑ ∈ [0, π], now become

ω1(ϑ) = −2

2∑

n=1

anβn

√
gn(ϑ) − cos ϑ,

ω2(ϑ) = −2
2∑

n=1

an

√
gn(ϑ) + cos ϑ,

τ11(ϑ) =
2∑

n=1

anεnβn

√
gn(ϑ) − cos ϑ/gn(ϑ),

τ22(ϑ) = −
2∑

n=1

anχnβn

√
gn(ϑ) − cos ϑ/gn(ϑ),

τ12(ϑ) = −
2∑

n=1

anχnβ
2
n

√
gn(ϑ) + cos ϑ/gn(ϑ),

τ21(ϑ) = −
2∑

n=1

anεn
√
gn(ϑ) + cos ϑ/gn(ϑ),

ρ(ϑ) = −
2∑

n=1

anδnβn

√
gn(ϑ) − cos ϑ/gn(ϑ).

(4.53)

From the normalization condition (4.35) we obtain the following condition,

an =
βm

2
√

2(βn − βm)
n,m = 1, 2, m 6= n. (4.54)
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4.1.2 The strange failure modes near a stiffener in a brittle
material

The analysis of the near-tip asymptotic fields reveals interesting features, de-
serving a detailed description, confined here to Mode I loading, eqns. (4.44).
In particular, let us start with the angular distribution of Mode I asymptotic
near-tip fields, represented in Fig. 4.4 for a Mooney-Rivlin material, ξ = 1 at
different levels of prestress k = {−0.4, 0, 0.4}. The values k = ±0.4 are suf-
ficiently far from the EI/P boundary, which is attained by a Mooney-Rivlin
material at an infinite stretch, when k = ±1. The value k = 0 pertains to the
case of the isotropic incompressible elasticity with null prestress.

The normalization (4.23) is used, so that the loading is given by an in-
cremental dilatation orthogonal to the stiffener v2,2 > 0 (which, due to in-
compressibility, is equivalent to a contraction parallel to the stiffener). We
may note from the figure that the angular distribution is not affected much
by prestress, except that the two nominal shear stresses separate and that the
radial stress always remains negative for k = 0.4.

Interestingly, compressive stresses dominate and, in particular, the hoop
stress is always negative for k > 0. Therefore, assuming that the material
is brittle, in the sense that it fails when the maximum principal tensile stress
reaches a limit value, we note that:

• the maximum hoop-stress criterion (Erdogan and Sih, 1963) does not
work;

• failure will not occur with a fracture aligned parallel to the stiffener, even
when this is subject to a Mode I loading.

For simplicity, let us focus on the situation without prestress (k = 0)
and assume that the matrix material is brittle, therefore failing in agreement
with a maximum principal stress criterion (so that obviously the following
considerations will depend on these assumptions). The maximum principal
stress is attained at the stiffener line (ϑ = π) and is inclined at π/4 (Fig.
4.5, left). In this case, the failure mode is not easy to be envisaged. Our
interpretation is that:

a crack starts on the surface of the inclusion inclined at π/4 (or-
thogonal to the principal, near-tip tensile direction) and then im-
mediately the stiffener delaminates and the crack propagates under
opening mode (orthogonally to the loading direction);
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Figure 4.4: Angular representation of asymptotic Mode I stress field near the tip of a
stiffener in an incompressible, elastic Mooney-Rivlin material at different levels of prestress
k.

this situation has been in fact observed in one of our experiments, see appendix
A and Fig. 4.7.

If now a dilatation parallel to the stiffener is considered, v1,1 > 0 (Fig. 4.5,



68 Stiffener in a prestressed material

Figure 4.5: Sketch of the predicted fracture modes for a stiffener embedded in an isotropic,
not prestressed, brittle matrix (where cracks develop orthogonally to the maximum tensile
stress), subject to orthogonal (left) and parallel (right) dilatation. Compare the failure mode
shown on the left with Fig. 4.7, that shown on the right with Fig. 1.3 and Fig. 4.6.

right), all signs of the stresses reverse in the graphs reported in Fig. 4.4 and
we may understand that

failure occurs due to the maximum radial stress,

which is the maximum near-tip principal tensile stress.
The fracture patterns sketched in Fig. 4.5 have been confirmed by three

experiments. In particular, fractures similar to that shown in Fig. 4.5 (right)
have been found in samples S2, S1, reported in Figs. 1.3 and 4.6, respectively.
Fractures similar to that shown in Fig. 4.5 (left) have been found in sample
S4, see Fig. 4.7.

Until now we have investigated a brittle matrix material, so that a mod-
erate prestress has been considered and its effects have been shown to be rel-
atively limited. However, ductile materials can be subject to severe prestress
and its effects become dramatic when the prestress parameter approaches
the value for ellipticity loss and in this case near-tip localized deformations
emerge, a situation that completely changes the failure modes (§4.1.5).

4.1.3 Full-field solution for a uniform incremental Mode I at
infinity

The full-field solution is obtained for the problem where a uniformly pre-
stressed, infinite plane containing a stiffener of length 2 l (aligned parallel
to the principal stress directions) is subject to remote incremental loading,
with prescribed incremental displacement gradient. In particular, the non-
null far-field stress components ṫ∞11 and ṫ∞22 are prescribed (respectively, along
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Figure 4.6: Progressive fracture of sample S1 subject to a tensile load directed parallel
the inclusion (photo taken at the University of Trento, experiment performed by G. Noselli).
Note that there are two fractures, one at the upper tip and another, much less developed,
at the lower tip of the aluminum lamina.

Figure 4.7: Fracture mode of sample S4 subject to a tensile load orthogonal to the in-
clusion. The aluminum lamina is visible in the upper part, while the two near-tip details
are shown in the central part. A ‘post-mortem’ view of the fracture is shown in the lower
part, where the two pieces of the sample have been separated. Note the initial inclinations
(approximately π/4) of the fractures near the aluminum lamina tips (photos taken at the
University of Trento, experiment performed by G. Noselli).

directions x1 and x2, Fig. 4.1 with ϑ0 = 0), corresponding to a type of Mode
I loading. Mode II will not be considered since a stiffener aligned parallel to
axis x1 does not perturb a uniform incremental shear parallel to the axes (a
fact that can be intuitively appreciated thinking about a shearing deformation
of a deck of cards and its associated strain ellipses, see Appendix C.2).

Taking 2ξ 6= η for simplicity, the constitutive equations (2.6) allow us to
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relate the displacement gradient and the incremental pressure in the form

v∞1,1 = −v∞2,2 =
ṫ∞11 − ṫ∞22

2µ(2ξ − η)
, v∞1,2 = v∞2,1 = 0,

ṗ∞ =
ṫ∞11(2ξ + k − η) + ṫ∞22(2ξ − k − η)

2(2ξ − η)
,

(4.55)

so that we can equivalently prescribe remote incremental nominal stresses
(ṫ∞ij ) instead of incremental displacement gradient components (v∞i,j).

Similarly to the crack problem (§3.1), we solve the perturbed problem
introducing a stream function, eqn. (3.8), so that eqns. (3.9)-(3.11) follow.

To recover the constraint introduced by the stiffener, eqns. (4.2), the dis-
placement gradient components v1,1 and v2,1, of opposite sign to that imposed
at infinity, are applied on the line representing the lamellar inclusion, namely10

(
−v◦1,1(x1, 0

±) =
)
v◦2,2(x1, 0

±) = −v∞2,2 ∀ |x1| < l,

v◦2,1(x1, 0
±) = −v∞2,1(x1, 0

±) = 0, ∀x1 ∈ R,

(4.56)

where apices + and − denote the upper and lower stiffener surface, respec-
tively.

Moreover, eqns. (4.56)2 and (3.9)2 provide

v◦2,1(x1, 0) = −F
′′+
1 (x1) − F ′′−(x1)

2
− F ′′+

2 (x1) − F ′′−
2 (x1)

2
= 0, ∀x1 ∈ R,

(4.57)
which yields the key property

(
F ′′

1 (x1) + F ′′
2 (x1)

)+
=
(
F ′′

1 (x1) + F ′′
2 (x1)

)−
, ∀x1 ∈ R. (4.58)

Condition (4.58) implies that the function F ′′
1 (x1)+F

′′
2 (x1) is continuous across

the branch cut (|x1| < l, x2 = 0), so that it results analytic in the whole Ox1x2

plane, and, assuming also boundedness, it results constant from Liouville’s
theorem. Such a constant is zero since at infinity the function must be zero,
see eqn. (3.11). As a conclusion, we obtain

F ′′
1 (x1) = −F ′′

2 (x1), ∀x1 ∈ R. (4.59)

The set of equation (4.59), plus (2.40), (2.43), and (3.9) allow us to represent
function v◦1,1 in the form

v◦1,1(x1, 0) = −2αRe
[
F ′′

1 (x1)
]
+(β1−β2)Re

[
iF ′′

1 (x1)
]
, ∀ |x1| < l, (4.60)

10Note that, due to Mode I symmetry, v2,11 = 0 is equivalent to v2,1 = ωS = 0.
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so that condition (4.56)1 takes the form

−2αRe
[
F ′′

1 (x1)
]
+ (β1 − β2)Re

[
iF ′′

1 (x1)
]

= v
(∞)
2,2 , ∀ |x1| < l. (4.61)

Elliptic complex regime

In the elliptic complex regime, β1 = β2, so that eqn. (4.61) simplifies to

−2αRe
[
F ′′

1 (x1)
]

= v
(∞)
2,2 ∀ |x1| < l. (4.62)

The following Riemann-Hilbert problem can be formulated for function F ′′
1 (z),

i.e.

F ′′+
1 (x1) + F ′′−

1 (x1) = −
v
(∞)
2,2

α
∀ |x1| < l, (4.63)

whose solution is given by (Muskhelishvili, 1953, §110) in the form

F ′′
1 (z1) = −

v
(∞)
2,2

2α
√
z2
1 − l2

[
1

2πi

∫ l

−l

√
t2 − l2

t− z1
dt+ P (z1)

]
, (4.64)

where P (z1) is a polynomial that must be zero for the condition (3.11). The
solution is

F ′′
1 (z1) = −

v
(∞)
2,2

2α

(
1 − z1√

z2
1 − l2

)
, (4.65)

and through eqn. (4.59)

F ′′
2 (z2) =

v
(∞)
2,2

2α

(
1 − z2√

z2
2 − l2

)
. (4.66)

By integration, eqn. (3.8)1 provides ψ(◦) within the EC regime. In this regime,
the stream function ψ writes

ψ = ψ(◦) + ψ(∞) = −
v
(∞)
2,2

4α

{
Re

[
β2 z

2
1 − z2

2

α2 + β2
− z1

√
z2
1 − l2 + z2

√
z2
2 − l2

+l2 ln

(
z1 +

√
z2
1 − l2

z2 +
√
z2
2 − l2

)]
+ Im

[
αβ

z2
1 + z2

2

α2 + β2

]}
.

(4.67)
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The incremental displacement field and its gradient can be calculated from
eqns. (2.30) and are

v1 = −
v
(∞)
2,2

2α

{
αRe

[√
z2
1 − l2 +

√
z2
2 − l2

]

− β Im

[
z1 − z2 −

(√
z2
1 − l2 −

√
z2
2 − l2

)]}
,

v2 =
v
(∞)
2,2

2α

{
Re

[
β2 z1 − z2
α2 + β2

−
(√

z2
1 − l2 −

√
z2
2 − l2

)]
+ αβ Im

[
z1 + z2
α2 + β2

]}
,

v1,1 = −
v
(∞)
2,2

2α

{
αRe

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

+β Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
= −v2,2,

v1,2 =
v
(∞)
2,2

2α

{
(α2 − β2)Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]

+2αβ Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

v2,1 = −
v
(∞)
2,2

2α
Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
.

(4.68)
Eqns. (2.6) and (2.29) provide the incremental nominal stress field in the form

ṗ = ṗ(∞) −
µ v

(∞)
2,2

2α

{
−α[2(1 − k)β2 + k] Re

[
2 − z1√

z2
1 − l2

− z2√
z2
2 − l2

]

−β[2(1 − k)α2 − k] Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]}
,

(4.69)
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ṫ11 = ṗ(∞) −
µ v

(∞)
2,2

2α

{
(βδ + χα)Re

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

−(αδ − χβ) Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
− 2α[2(1 − k)β2 + k]

}
,

ṫ22 = ṗ(∞) −
µ v

(∞)
2,2

2α

{
(βδ − χα)Re

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]

−(αδ + χβ) Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
− 2α[2(1 − k)β2 + k]

}
,

ṫ12 = −
µ v

(∞)
2,2

2α

{
(
χβ2 − χα2 + 2αβδ

)
Re

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]

−(δα2 − δβ2 + 2αβχ) Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

ṫ21 = −
µ v

(∞)
2,2

2α

{
χRe

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
− δ Im

[
z1√
z2
1 − l2

+
z2√
z2
2 − l2

]}
,

where ṗ(∞) is given by eqn. (4.55)3 and the parameters χ and δ are defined
by eqns. (3.25).

Elliptic imaginary regime

In the elliptic imaginary regime, α = 0, so that eqn. (4.61) becomes

(β1 − β2)Re
[
iF ′′

1 (x1)
]

= v
(∞)
2,2 if |x1| < l, (4.70)

providing the following Riemann-Hilbert problem in terms of F ′′
1 (z)

F ′′+
1 (x1) + F ′′−

1 (x1) = −i
2 v

(∞)
2,2

β1 − β2
if |x1| < l. (4.71)

The solution of eqn. (4.71) corresponds to

F ′′
1 (z1) = −i

v
(∞)
2,2

β1 − β2

(
1 − z1√

z2
1 − l2

)
, (4.72)
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while eqn. (4.59) provides

F ′′
2 (z2) = i

v
(∞)
2,2

β1 − β2

(
1 − z2√

z2
2 − l2

)
. (4.73)

Analogously to the EC regime, the stream function ψ(◦) can be obtained
integrating eqns. (4.72) and (4.73) and employing eqn. (3.8)2. This gives

ψ = ψ(∞) + ψ(◦) = −
v
(∞)
2,2

2(β1 − β2)
Im

[
(β1 + β2)

β1z
2
2 − β2z

2
1

2β1β2
+ z1

√
z2
1 − l2

−z2
√
z2
2 − l2 + l2 ln



z2 +

√
z2
2 − l2

z1 +
√
z2
1 − l2




 .

(4.74)
The incremental displacement field and its gradient are

v1 = −
v
(∞)
2,2

β1 − β2
Re

[
(β1 + β2)

z2 − z1
2

+ β1

√
z2
1 − l2 − β2

√
z2
2 − l2

]
,

v2 =
v
(∞)
2,2

β1 − β2
Im

[
(β1 + β2)

β1z2 − β2z1
2β1β2

+
√
z2
1 − l2 −

√
z2
2 − l2

]
,

v1,1 = −
v
(∞)
2,2

β1 − β2
Re

[
β1

z1√
z2
1 − l2

− β2
z2√
z2
2 − l2

]
= −v2,2,

v1,2 =
v
(∞)
2,2

β1 − β2
Im

[
β2

1

z1√
z2
1 − l2

− β2
2

z2√
z2
2 − l2

]
,

v2,1 =
v
(∞)
2,2

β1 − β2
Im

[
z1√
z2
1 − l2

− z2√
z2
2 − l2

]
.

(4.75)
Eqns. (2.6) and (2.29) lead to the incremental nominal stress, whose compo-
nents can be expressed in terms of parameters εn (3.17), δn (3.22), and χn
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(4.38) as

ṗ = ṗ(∞) −
µ v

(∞)
2,2

β1 − β2
Re

[
δ1β1

(
1 − z1√

z2
1 − l2

)
− δ2β2

(
1 − z2√

z2
2 − l2

)]
,

ṫ11 = ṗ(∞) −
µ v

(∞)
2,2

β1 − β2
Re

[
δ1β1 − δ2β2 + ε1β1

z1√
z2
1 − l2

− ε2β2
z2√
z2
2 − l2

]
,

ṫ22 = ṗ(∞) −
µ v

(∞)
2,2

β1 − β2
Re

[
δ1β1 − δ2β2 − χ1β1

z1√
z2
1 − l2

+ χ2β2
z2√
z2
2 − l2

]
,

ṫ12 =
µ v

(∞)
2,2

β1 − β2
Im

[
χ1β

2
1

z1√
z2
1 − l2

− χ2β
2
2

z2√
z2
2 − l2

]
,

ṫ21 =
µ v

(∞)
2,2

β1 − β2
Im

[
ε1

z1√
z2
1 − l2

− ε2
z2√
z2
2 − l2

]
.

(4.76)

4.1.4 Incremental stress intensity factors

Employing the definition of K̇(ǫ) I given by eqn. (4.23)1 in the full-field solution
in the EC regime, eqn. (4.68)3, or in the EI regime, eqn. (4.75)3, we obtain

K̇(ǫ) I = 2µ v
(∞)
2,2

√
πl, (4.77)

while, if we use the definition (3.44)1 of incremental stress intensity factor
[instead of definition (4.23)1], we get

K̇I = −µ v(∞)
2,2

√
πl
[√

1 − k2 − 1 + η
]
, (4.78)

Note that, due to the different normalizations, both the definitions (4.77)
and (4.78) differ from that employed by Cristescu et al. (2004) for cracks
and by Ballarini (1990) for stiffeners in the infinitesimal theory. Interestingly,
the incremental stress intensity factor (4.77) [differently from (4.78)] results
independent of the prestress parameters ξ, k, η (but µ may depend on the
full set of current state variables). Moreover, the incremental stress intensity
factor (4.78) vanishes for condition (4.21).

We note that the full-field solution (4.69) matches the asymptotic one
(4.20), (4.25) when both z1 and z2 approach l. Moreover, all terms of the
type zn/

√
z2
n − l2 (n = 1, 2) become leading order contributions, behaving as

1/
√
r near the line tip.
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4.1.5 Shear bands interacting with a stiffener

The analytical solutions found in §4.1.1 and §4.1.3 are now employed to in-
vestigate the incremental fields until near the boundary of ellipticity loss.

All cases have been investigated for simplicity with a horizontal tensile or
compressive prestress T1, while vertical prestress has been taken null, T2 = 0,
so that k = η.

We begin with the simple case of a Mooney-Rivlin (ξ = 1), which results
are presented in Fig. 4.8 for different values of the prestress dimensionless
parameter k.

According to the Mooney-Rivlin material model, the response always lies
in the EI regime and reaches the EI/P boundary at an infinite stretch. Would
this boundary be attained, a shear band in terms of discontinuity of velocity
gradient across a planar band would be predicted to occur aligned parallel to
the maximum prestress (which can be positive or null for uniaxial tension and
compression, respectively).

The figures are organized as follows. The case of null prestress (k = 0) is
on the upper part, while (the absolute value of) prestress increases from the
top to the bottom of the figures, in particular k = ±0.7 and k = ±0.985 are
considered. When the prestress is increased almost close to the boundary of
ellipticity loss (which corresponds to k = ±1), shear bands clearly emerge.
In particular, two shear bands form aligned parallel (or orthogonal) to the
stiffener for tensile k = 0.985 (or compressive, k = −0.985) prestress. The
orthogonal bands nucleate as induced by a sort of ‘Poisson effect’. As already
noticed by Bigoni and Capuani (2002; 2005), even in the present context we
find that shear bands, which are excluded in terms of incremental displacement
gradient discontinuity for a Mooney-Rivlin material, become visible, thanks to
our perturbative approach, in which the stiffener plays the role of a perturbing
agent.

Results reported in Figs. 4.9–4.10 refer to a J2–deformation theory ma-
terial. Here the prestrain is prescribed, in terms of the logarithmic strain
ε = lnλ (where λ is the in-plane maximum stretch). This parameter is used
to ‘tune’ the distance to the elliptic boundary, in particular, EC/H is now
approached. The critical logarithmic strain εEL for shear band formation
in terms of incremental displacement gradient discontinuities and their incli-
nation at the EC/H boundary can be calculated employing eqns. (2.63) and
(2.64) respectively. In particular, εEL ≃ ±0.3216 and εEL ≃ ±0.6778 corre-
spond to points at the EC/H boundary for the two values of the hardening
parameter N , 0.1 and 0.4, assumed in the subsequent examples. The following
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Figure 4.8: Interaction of shear bands and mechanical fields near a stiffener of length 2l
(evidenced with a thin rectangle, providing the scale bar of the representation). A Mooney-
Rivlin material at different values of prestress parameter k (increasing from the top to the
bottom of the figure) subject to a uniform incremental Mode I perturbation at infinity is
considered. For k = 0.985 a shear band emerges aligned parallel to the stiffener, while for
k = −0.985 two shear bands form orthogonally to the tips of the stiffener.
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Figure 4.9: Interaction of shear bands and mechanical fields near a stiffener of length
2l (evidenced with a thin rectangle, providing the scale bar of the representation). A J2–
deformation theory material with N = 0.1 at different values of logarithmic prestrain ε
(increasing from the top to the bottom of the figure) subject to a uniform incremental Mode
I perturbation at infinity is considered. For ε = 0.32 (−0.32) shear bands emerge inclined
at ϑSB ≃ ±35.942◦ (±54.058◦) with respect to the stiffener axis x1.
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Figure 4.10: As for Fig. 4.9, but for higher hardening exponent N = 0.4. For ε = 0.675
(−0.675) shear bands emerge inclined at ϑSB ≃ ±26.918◦ (±63.082◦) with respect to the
stiffener axis x1. Note the difference with the shear band inclinations visible in that figure.
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shear band inclinations ϑSB (measured from the x1-axis) can be calculated at
the EC/H boundary:

for N = 0.1, ϑSB ≃
{ ±35.942◦, if ε > 0,

±54.058◦, if ε < 0;

for N = 0.4, ϑSB ≃
{ ±26.918◦, if ε > 0,

±63.082◦, if ε < 0.

Results for N=0.1 and 0.4 are reported in Figs. 4.9 and 4.10, respectively.
The striking difference between the Mooney-Rivlin case, Fig. 4.8, and the

J2–deformation theory of plasticity, Figs. 4.9 - 4.10, is the inclination of the
shear bands, which, in the latter case, is similar to that typical of metals.

We end our investigation, reporting asymptotic results for Mode II loading
in Figs. 4.11–4.13. In particular Fig. 4.11 pertains to a Mooney-Rivlin
material, while Figs. 4.12–4.13 to a J2–deformation theory material, both
investigated at increasing values of prestress (for Mooney-Rivlin) or prestrain
(for J2–material).

As final comments, we remark that:

i) the presence of a stiffener strongly promotes shear band formation;

ii) shear bands develop radially from the stiffener tip;

iii) shear bands maintain the inclination that can be calculated in terms of
singularity of the acoustic tensor at the boundary of ellipticity;

iv) the band inclination is independent of the perturbation mode.
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Figure 4.11: Interaction of shear bands and mechanical fields near the tip of a stiffener
(asymptotic solution). A Mooney-Rivlin material at different values of prestress parameter
k (increasing from the top to the bottom of the figure) subject to an incremental Mode II
perturbation (asymptotic solution) is considered.
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Figure 4.12: Interaction of shear bands and mechanical fields near the tip of a stiffener
(asymptotic solution). A J2–deformation theory material with N = 0.1 at different values
of logarithmic prestrain ε (increasing from the top to the bottom of the figure) subject to
an incremental Mode II perturbation is considered.
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Figure 4.13: As for Fig. 4.12, but for higher hardening exponent N = 0.4.
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4.2 Mode I perturbation of a stiffener in an infinite

material subjected to finite simple shear defor-
mation

In this section the problem of a rigid line inclusion of length 2l embedded
in an elastic material, homogeneously prestressed within the elliptic regime
by a finite simple shear (appendix C.2) parallel to the inclusion, subject to a
uniform perturbation under Mode I is considered (for uniform Mode II loading
the stiffener leaves the medium unperturbed).

The homogeneous state of prestress is defined by the shear amount γ and
has the principal stress axes inclined of ϑE, eqn. (C.22), with respect to the
inclusion line and is taken as the reference state11 on which a perturbation
corresponding to remote uniform Mode I incremental deformation v̂∞2,2 is su-
perimposed.

A x̂1–x̂2 reference system located at the stiffener centre, taken with the
inclusion line parallel to the x̂1-axis, is inclined at an angle ϑ0 (taken equal to
ϑE) with respect to the x1–x2 system, defining the principal stress directions,
Fig. 4.1.

Due to central symmetry considerations (with respect to the stiffener cen-
tre) involved in the far-field loading problem under analysis and the specific
form of solution sought in the following, the boundary conditions (4.1) and
(4.3) can be reduced to the following homogeneous incremental displacement
gradient conditions:





v̂1,1(x̂1, 0) = 0,

v̂2,1(x̂1, 0) = ωS,

∀ |x̂1| < l, (4.79)

plus the requirement that the normal stress increment t̂22 be continuous across
the stiffener

[[t̂22(x̂1, 0)]] = 0, ∀ |x̂1| < l, (4.80)

a condition allowing determination of ωS .

Prescribing an incremental deformation v̂∞2,2 at infinity, analogously to the
crack problem analyzed in §3.2, the stream function of the perturbed problem

11The analysis can be carried with respect to a generic, uniform state of prestress (with
principal values inclined at ϑ0 different from ϑE), not necessarily generated through a simple
shear deformation.
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ψ̂◦ can be sought in the form

ψ̂◦(x̂1, x̂2) =
v̂∞2,2

2

2∑

j=1

Re
{
Dj

[
ẑ 2
j − ẑj

√
ẑ 2
j − l2 + l2 ln

(
ẑj +

√
ẑ 2
j − l2

)]}
,

(4.81)
satisfying automatically the decaying condition on the velocity, incremental
strain and stress at infinity (in the elliptic regime) and providing a stress
square-root singularity at the stiffener tips.

Imposing the stream function (4.81) to satisfy the boundary conditions
along the stiffener line (4.79) and (4.80) yield the following linear problem for
the complex constants D1 and D2




Re[W1] −Im[W1] Re[W2] −Im[W2]
Im[W1] Re[W1] Im[W2] Re[W2]

0 1 0 1
−c21 c11 −c22 c12







Re[D1]
Im[D1]
Re[D2]
Im[D2]


 =




1
0
0
0


 , (4.82)

where the real constants c1j and c2j (j=1,..,4) are defined by eqns. (3.53) and
depend on the stiffener inclination ϑ0 and on the prestress and orthotropy
parameters ξ, k, and η. We introduce the normalized stiffener rotation Γ as

Γ =
ωS

v̂∞2,2

= −Re[D1 +D2], (4.83)

and since analytical proof looks awkward, we have numerically checked that:

i) the solution of the present problem is independent of the in-plane stress
parameter η;

ii) the coefficients Dj (j = 1, 2) solving system (4.82) satisfy the following
two equations

W 2
1D1 +W 2

2D2 = W1 +W2 + ΓW1W2,

W 3
1D1 +W 3

2D2 = W 2
1 +W1W2 +W 2

2 + ΓW1W2(W1 +W2);

(4.84)

iii) the rotation parameter Γ (4.83) satisfies the conditions

Γ (k = 0, ϑ0) = Γ (k, ϑ0 = 0) = Γ (k, ϑ0 = π/2) = 0,

Γ = Γ(k, ϑ0) = −Γ (−k, π/2 − ϑ0) .
(4.85)
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Defined in terms of incremental velocity gradient as in the case of a stiffener
aligned to an orthotropy axis, eqn. (4.23)1, the incremental stress intensity
factor under Mode I loading is

K̇(ǫ) I = 2µ lim
x̂1→l+

√
2π (x̂1 − l) v̂2,2(x̂1, x̂2 = 0) = 2µ v̂∞2,2

√
πl, (4.86)

resulting independent of the prestress parameters ξ, k, η (but µ may depend
on the full set of current state variables) and of the angle ϑ0 between the
stiffener and the directions of principal stress T1.

The solution for a stiffener aligned parallel to the principal stress directions
(§4.1.3) can be now recovered by setting ϑ0 = 0 and thus obtaining

D1 = −D2 = − 1

2α
, Γ = 0, in EC,

D1 = −D2 = − i

β1 − β2
, Γ = 0, in EI,

(4.87)

showing that in the case of a stiffener aligned parallel to prestress principal
axes there is no rigid rotation of the line due to the symmetry of the problem.
The stiffener rotation ωS is null also in an another case corresponding to k = 0
(and {ϑ0, η} 6= 0),

D1 = −D2 =
1

2
√

1 − ξ
(− cos 2ϑ0 + i

√
ξ sin 2ϑ0), Γ = 0. (4.88)

The normalized stiffener rotation Γ (4.83) is reported in Fig. 4.14, for
a J2–deformation theory material, showing an antisymmetric behaviour with
respect to the shear parameter γ. Note that results reported in Fig. 4.14 are
independent of the hardening parameter N , except for the fact that the curve
terminates at failure of ellipticity γEL = γEL(N).

The previously obtained solution can be now employed to analyze the
incremental strain field near the stiffener. In particular, level sets of the
modulus of perturbed incremental deviatoric strain for J2–deformation theory
of plasticity are reported in Fig. 4.15 for low N = 0.1 (upper part) and high
N = 0.8 (lower part) strain hardening.

For a J2–deformation theory material the loss of ellipticity occurs at γEL =
0.654 for N = 0.1 and at γEL = 2.452 for N = 0.8. Two values of amount of
shear γ have been considered in Fig. 4.15, namely, γ = 0 corresponding to a
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Figure 4.14: The normalized stiffener rotation Γ = ωS/v̂∞

2,2 of the stiffener in a J2–
deformation theory material generated by an incremental Mode I superimposed upon a
simple shear of finite amount γ.

material with null prestress12 and γ ≃ 0.95γEL, namely, close to the boundary
of ellipticity loss, before the Mode I perturbation is applied.

When the perturbation is applied at high prestrain, the incremental de-
formation fields appear strongly focussed along the near-tip directions of the
shear bands formally possible at ellipticity loss. Moreover, the results per-
taining to low strain hardening (N = 0.1, upper part of Fig. 4.15) show
that

the bands closest to the stiffener line result to be privileged, so that
a form of a ‘thick’ shear band parallel to the stiffener appears,

a finding in qualitative agreement with experimental results by Misra and
Mandal (2007).

12At null prestress, the J2–deformation theory of plasticity becomes incrementally rigid
(since both µ and µ∗ tend to infinity, see Fig. 2.2, but their ratio ξ tends to N). It is
expedient therefore to plot results normalized through division by µ, so that they tend to
results pertaining to an incompressible orthotropic material deformed in small strain. The
axes of orthotropy are therefore inclined at 45◦ with respect to the stiffener line in Fig. 4.15.
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Figure 4.15: Interaction of shear bands and mechanical fields near a stiffener (evidenced
with a thin rectangle, providing the scale bar of the representation) embedded in a J2–
deformation theory material (with N = 0.1 (upper part) and N = 0.8 (lower part)) subject
to a finite simple shear of amount γ and a subsequent Mode I incremental uniform remote
load. Null shear before the perturbation is considered on the left, while a shear equal to 0.95
times the amount at ellipticity loss, γEL, is considered on the right. Note that the prestress
(of principal components T1 and T2) generated through the shear deformation is inclined
with respect to the stiffener line (and sketched in the figures).



4.3 Incremental solution in the parabolic and hyperbolic regimes89

4.3 Incremental solution in the parabolic and hy-

perbolic regimes

Accepting non-decaying of the solution and infinite strain (and stress) incre-
ment along certain shear band lines, the previously obtained solution can be
extended to the parabolic and hyperbolic regimes. Since beyond the elliptic
range a problem is known to be ill-posed, the analysis of the solution within
the parabolic and hyperbolic regimes is instructive to reveal features related
to ill-posedness.

To obtain a solution (which need not to be unique) beyond the elliptic
range, we have to go back to the representation of the stream function (4.81),
where now the indices have to range from 1 to n, so that

ψ̂◦(x̂1, x̂2) =
v̂∞2,2

2

n∑

j=1

Re
{
Dj

[
ẑ 2
j − ẑj

√
ẑ 2
j − l2 + l2 ln

(
ẑj +

√
ẑ 2
j − l2

)]}
,

(4.89)
where n indicates the number of non-conjugate roots [i.e. n = 4 (n = 3) in H
(P)].

Outside the elliptic regime, the characteristic lines defined as

ẑj = const ⇒ dx̂2

dx̂1
= − 1

Wj
, (4.90)

become real and correspond to four (two) different families in the hyperbolic
(parabolic) regime and, in particular, their inclinations correspond to the
following shear band inclinations with respect to the x̂1 axis

ϑ̂SB
j = − arctan

[
1

Wj

]
= ϑ0 − arctan

[
1

Ωj

]
= ϑ0 − ϑSB

j , j = 1, ..., 4. (4.91)

The decaying of solution (4.89) is lost along the characteristic lines ema-
nating from the stiffener tips, where, additionally, the increment of strain, and
consequently stress, becomes infinite (while for the other characteristic lines
cutting the stiffener the solution remains always bounded). In contrast, in-
cremental displacements remain continuous and finite everywhere, even along
characteristics.
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The system of linear equations





n∑

j=1

Re[Wj]Re[Dj ] − Im[Wj ]Im[Dj ] = 1,

n∑

j=1

sign[Im[Ωj ]] {Im[Wj ]Re[Dj ] + Re[Wj ]Im[Dj ]} = 0,

n∑

j=1

sign[Im[Ωj ]]Im[Dj ] = 0,

n∑

j=1

sign[Im[Ωj ]] {−c2jRe[Dj ] + c1jIm[Dj ]} = 0,

(4.92)

replaces system (4.82) and determine the n complex constants Dj, providing
the solution. Note that the determination of these 2n real constants depend
on 4 equations, so that ∞2n−4 solutions are possible.

Focussing attention to the hyperbolic regime, where the roots Wj are real,
the system (4.92) simplifies to





4∑

j=1

WjRe[Dj ] = 1,

4∑

j=1

WjIm[Dj ] = 0,

4∑

j=1

Im[Dj ] = 0,

4∑

j=1

W 2
j

[
2
(
Ĝ2221 − Ĝ2111

)
−Wj Ĝ2121

]
Im[Dj ] = 0,

(4.93)
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so that the general solution of linear system (4.93) can be written as




D1

D2

D3

D4




= ζ1




1

0

0

0




+ ζ2




0

1

0

0




+ ζ3




0

0

1

0




+
1 − ζ1W1 − ζ2W2 − ζ3W3

W4




0

0

0

1




+ i ̺




(c14 − c13)W2 + (c12 − c14)W3 + (c13 − c12)W4

(c13 − c14)W1 + (c14 − c11)W3 + (c11 − c13)W4

(c14 − c12)W1 + (c11 − c14)W2 + (c12 − c11)W4

(c12 − c13)W1 + (c13 − c11)W2 + (c11 − c12)W3



,

(4.94)
where ζ1, ζ2, ζ3, and ̺ are arbitrary real constants.

Since system (4.93) admits ∞4 solutions, we have chosen to represent
in Fig. 4.16 the deformed shape of an area near the stiffener, for the four
solutions corresponding (from left to right and from the upper to the lower
part) to index h ranging between 1 and 4 so that13

Dh =
1

Wh

, Dj = 0, j 6= h, j ∈ [1, 4]. (4.95)

We can note from Fig. 4.16 that for given uniform Mode I remote loading
of a stiffener embedded in a medium uniformly prestrained beyond the elliptic
range:

i) an infinite number of solutions is possible;

ii) these solutions do not decay at infinity;

iii) they correspond to infinite incremental strain and stress along shear bands,

iv) these shear bands emanate from the tips of the stiffener.

13The values in (4.95) are achievable for ̺ = 0 and

ζh =
1

Wh

, ζk = 0, k 6= h, if h = 1, 2, 3,

ζ1 = ζ2 = ζ3 = 0, if h = 4.

.
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The above conclusion, based on an analytical solution, explains the difficulties
typically encountered in the numerical analyses of ill-posed boundary value
problems.

Figure 4.16: Deformed configurations (the grey square represent the undeformed, pre-
stressed material) for a stiffener (evidenced with a thin rectangle, providing the bar scale of
the representation) embedded in a J2–deformation theory material (with N = 0.1, subject to
a finite shear of amount γ = 1.2γEL) and a subsequent Mode I incremental uniform remote
load. Four solutions are reported among the ∞4 possible within the hyperbolic range, where
characteristics are inclined at bϑSB ≃ { 62.984◦, −5.874◦, 5.434◦, 74.292◦}, with respect to
the x̂1-axis.
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4.4 Incremental energy release rate for stiffener

growth (or reduction)

We attack now the problem of incremental energy release rate for stiffener
growth. To this purpose, we refer to Fig. 4.17, where two incremental bound-
ary value problems are compared (for finite bodies subject to identical con-
ditions on the external boundaries Sσ ∪ Sv, namely, prescribed incremental
nominal tractions σ̇

0 on Sσ and incremental displacements v = v̄ on Sv; note
the similarity with the void problem, see Rice, 1968, p. 205) only differing in
the sizes of the rigid body that they contain. In particular, the inclusion in

Figure 4.17: Two elastic, prestressed bodies are compared (left), having identical shape,
boundary conditions, elastic properties, prestress, and prestrain, but inclusions of different
size. The detail of the rigid inclusion and its surface is reported on the right; note the unit
normal vector, defined to point outward the elastic body and toward the inclusion.

the body on the right (of volume Vi ∪∆Vi, enclosed by surface S∗
i ∪∆S∗

i ) has
been obtained by increasing the size of the inclusion in the body on the left (of
volume Vi, enclosed by surface Si). We define the incremental displacement

and nominal traction fields, solutions to the two problems, as v 0 and ṫ
0

for

the problem on the left and v = v0 + ṽ and ṫ = ṫ
0
+ t̃ for the problem on the

right. Note that v0 and v are rigid body incremental displacements within Vi

and Vi ∪ ∆Vi, respectively.

The two bodies are assumed to be identically prestressed and prestrained,
although not necessarily in a homogeneous way. Obviously, in order to have
identical prestress and prestrain, the two current configurations shown in Fig.
4.17 cannot be reached through a continuous deformation path starting from
unloaded configurations containing different rigid inclusions. The situation
sketched in Fig. 4.17 can be obtained through a ‘rigidification’ of different
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volumes (corresponding to the two inclusions) at a stage of a deformation
process.14

Neglecting body forces, the incremental potential energy functional Ṗ used
by Hill (1961), minimal for the incremental displacement field solution of the
incremental problem, is:

Ṗ 0 =

∫

V

φ(∇v 0)dV −
∫

Sσ

σ̇
0
· v0dS, (4.96)

for the body on the left in Fig. 4.17, and

Ṗ 0 + ∆Ṗ =

∫

V \∆Vi

φ(∇v 0 + ∇ṽ)dV −
∫

Sσ

σ̇
0
· (v 0 + ṽ )dS, (4.97)

for the body on the right, where the incremental displacement gradient po-
tential φ is defined by eqn. (3.63).

Note that when quantity −∆Ṗ is greater (smaller) than zero in eqns. (4.96)
and (4.97), growth (reduction) of the inclusion is expected. This quantity can
be obtained by subtracting eqn. (4.97) from eqn. (4.96) as

−∆Ṗ =

∫

∆Vi

φ(∇v0)dV−
∫

V \∆Vi

φ(∇ṽ)dV−
∫

V \∆Vi

t̃
T

·∇v0dV+

∫

Sσ

σ̇
0
· ṽ dS,

(4.98)
where T denotes the transpose.

We begin noting that ṽ = 0 on Sv; moreover, we extend the nominal
stress field ṫ inside the rigid inclusion (which is always possible using incre-
mental equilibrium stress fields), therefore the divergence theorem applied to
the domain on the left of Fig. 4.17 yields

∫

Sσ

σ̇
0
· ṽ dS =

∫

V

t̃
T

·∇v0 dV, (4.99)

where, as φ(∇v ) in eqn. (3.63)2 is a biquadratic form, the equality

t0T
·∇ṽ = t̃

T
·∇v0, (4.100)

has been exploited. We therefore arrive at

−∆Ṗ =

∫

∆Vi

φ(∇v 0)dV −
∫

V \∆Vi

φ(∇ṽ )dV +

∫

∆Vi

t̃
T

·∇v 0 dV. (4.101)

14The rigidification could for instance be obtained in a porous material through infiltration
of a resin.
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Noting again that the field ṫ extended into the rigid inclusion makes the
field t̃ equilibrated at every point and that v0 is a rigid-body incremental
displacement within the inclusion Vi, we have

∫

∆Vi

t̃
T

·∇v 0 dV = −2

∫

∆Vi

φ(∇v 0)dV. (4.102)

Since σ̃ = t̃
T
n = 0 on Sσ, application of the divergence theorem to the domain

on the right of Fig. 4.17 provides

−
∫

V \∆Vi

φ(∇ṽ )dV =
1

2

∫

S∗

i ∪∆S∗

i

t̃
T
n · v 0dS, (4.103)

obtaining finally

−∆Ṗ = −
∫

∆Vi

φ(∇v 0)dV +
1

2

∫

S∗

i ∪∆S∗

i

t̃
T
n · v 0dS. (4.104)

Note that eqn. (4.104) is valid both for compressible and incompressible
materials since ṗ in eqn. (3.63) is workless.

Eqn. (4.104) represents the incremental potential energy decrease
for a growth of a rigid inclusion in an elastic, incompressible or
compressible body, generically anisotropic and prestressed. It is
transparent from eqns. (4.103) and (4.104), that the incremental
potential energy decrease is negative, implying a reduction of the
inclusion, when the Hill exclusion condition (2.20) holds true.

Note that the second integral on the right hand side of eqn. (4.104) is extended
on the whole rigid inclusion (having an external surface S∗

i ∪ ∆S∗
i ). To keep

contact with the analogous void problem, it is expedient now to re-write eqn.
(4.104) with reference to the surface ∆Si enclosing the volume ∆Vi, namely

−∆Ṗ = −
∫

∆Vi

φ(∇v 0)dV +
1

2

∫

∆Si

t̃
T
n · v0dS, (4.105)

and split the incremental displacement field as

v 0 = v ∗ + v̂ , (4.106)

where v ∗ vanishes inside the rigid inclusion Vi and v̂ is the rigid body in-
cremental displacement of the inclusion extended to the whole body V . The
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incremental potential energy decrease is not affected by v̂ , while, in the second
term of eqn. (4.105) the integral along ∆Si \∆S∗

i is null because v ∗ vanishes
there. We therefore obtain

−∆Ṗ = −
∫

∆Vi

φ(∇v∗)dV +
1

2

∫

∆S∗

i

t̃
T
n · v∗dS. (4.107)

Eqn. (4.107) represents the incremental potential energy decrease
for a growth of a rigid inclusion in an elastic (incompressible
or compressible, generically anisotropic and prestressed) body, ex-
pressed analogously to the corresponding expression in the void
problem [see Rice, 1968, his eqn. (55), p. 207].

Turning now the attention to a thin rigid body, namely, a stiffener, the
volume integral in eqn. (4.104) vanishes, so that taking the limit of the length
increase ∆l → 0 at fixed incremental stress intensity factor K̇, eqn. (4.107)
becomes

Ġ = −dṖ
dl

= − lim
∆l→0

1

2∆l

∫ ∆l

0
[[t̂2i(∆l − r, π)]]v̂i(r, 0) dr, (4.108)

where the symbol ·̂ denotes that we are using the inclined stiffener solution,
the repeated index is summed, the brackets [[·]] denote the jump in the relevant
argument across the stiffener, r denotes the radial distance from the stiffener
tip and 0 and π indicate values of the polar coordinate (anticlockwise) angle
singling out r from the x̂1 axis (so that ϑ = 0 corresponds to points ahead of
the stiffener tip, see Fig. 3.2 in which the crack should be thought to represent
a stiffener). Eqn. (4.108) defines

the incremental energy release rate for a mixed mode growth of a
stiffener in an elastic, incompressible or compressible body, gener-
ically anisotropic and prestressed.

The proof that the incremental energy release rate (4.108) coincides with the path–

independent incremental J̇–integral (3.65) has not yet been explicitly obtained, but the

validity of Ġ = J̇ has been verified numerically.
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4.4.1 Stiffener parallel to the orthotropy axis

For a stiffener aligned with respect to the principal stress axis x1 (ϑ0 = 0), the
incremental energy release rate (4.108), due to the symmetry, can be written
as

ĠI = − lim
∆l→0

1

∆l

∫ ∆l

0
ṫ21(∆l − r, π)v1(r, 0) dr, (4.109)

for Mode I loading and

ĠII = − lim
∆l→0

1

∆l

∫ ∆l

0
ṫ22(∆l − r, π)v2(r, 0) dr, (4.110)

for Mode II loading (note the differences with the analogous formulae for
fracture mechanics, see Cristescu et al. 2004).

In the absence of prestress and for compressible isotropic elasticity, the
available expression for energy release rate for stiffener growth (Wang et al.
1985) is not similar to that corresponding to fracture growth. Employing
our definition (4.23) of stress intensity factors, it becomes now possible to
express the energy release rate for stiffener growth in a form strictly similar
to that known for a fracture, which is obtained for the infinitesimal theory in
appendix E. That expression can be generalized for incremental deformations
superimposed upon a given homogeneous state of stress using the asymptotic
analysis derived in §4.1.1 as

Ġ = −
K̇ 2

(ǫ) I

√
1 − k + K̇ 2

(ǫ) II

√
1 + k

4
√

2µ

√
2ξ − 1 +

√
1 − k2, (4.111)

valid in both the EI and EC regimes and independent of η. Note that the
negative sign in eqn. (4.111) shows that:

reduction of the stiffener is always predicted.

The incremental energy release rate (4.111) is represented in Fig. 4.18
for Mooney-Rivlin material (upper part) and J2–deformation theory material
(lower part) as a function of the prestress parameter k in the former case and
of the prestrain parameter ε in the latter.

The most interesting feature emerging from Fig. 4.18 is that Ġ always
vanishes at the EC/H boundary, eqn. (2.62).

At the EI/P boundary the situation is more complicated, so that Ġ be-
comes null at k = 1 and k = −1 for Mode I and Mode II, respectively, but
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Figure 4.18: Incremental energy release rate in a Mooney-Rivlin (upper part) and a J2–
deformation theory (lower part) material. Note that the incremental release rate always
vanishes at the EC/H boundary, except for Mooney-Rivlin material at k = −1 for Mode I
and k = 1 for Mode II.

remains different from zero in the other cases. This conclusion can be reached
solving eqn. (4.111) for k = ±1, which gives

Ġ = −
√

2ξ − 1

4µ
×





K̇ 2
(ǫ) II for k = 1,

K̇ 2
(ǫ) I for k = −1.

(4.112)

Note that when the incremental energy release rate vanishes, reduction of
the stiffener is inhibited.
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4.4.2 The inclined stiffener

The asymptotic fields for a stiffener inclined with respect to the prestress axis
(§4.2) result (constant terms have been neglected)

[[t̂21(∆l − r, π)]] = −v̂∞2,2

√
2l√

∆l − r
Ĝ2121Im[W 2

1D1 +W 2
2D2],

[[t̂22(∆l − r, π)]] = −v̂∞2,2

√
2l√

∆l − r

{
2(Ĝ2221 − Ĝ2111)Im[W 2

1D1 +W 2
2D2]

−Ĝ2121Im[W 3
1D1 +W 3

2D2]
}
,

v̂1(r, 0) = −v̂∞2,2

√
2lr,

v̂2(r, 0) = −Γv̂∞2,2

√
2lr,

(4.113)
from which the incremental energy release rate for stiffener growth (4.108)
can be calculated in the form

ĠI = −
K̇2

(ǫ) I

8µ2

{[
Ĝ2121 + 2Γ(Ĝ2221 − Ĝ2111)

]
Im[W 2

1D1 +W 2
2D2]

−ΓĜ2121Im[W 3
1D1 +W 3

2D2]
}
.

(4.114)

We have numerically checked that:

i) ĠI is independent of η;

ii) ĠI is always negative in the elliptic regime, so that stiffener reduction is
predicted.

The behaviour of the incremental energy release rate for a stiffener embed-
ded in a J2–deformation theory material is reported in Fig. 4.19 as a function
of the amount of shear γ, for different values of the hardening parameter N .
It should be noted from the figure that the maximum of the curves always
occurs at null shear γ = 0 for every N , and that

at ellipticity loss the incremental energy release rate vanishes, so
that stiffener reduction is inhibited.

Note that µ is a function of γ and, in particular, µ tends to infinite when γ
tends to zero. We have selected to normalize the plot through multiplication
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Figure 4.19: Mode I incremental energy release rate for a stiffener embedded in a J2–
deformation theory material subjected to a finite shear parallel to the stiffener line and
defined by the shear amount parameter γ. Different hardening parameters N are considered.

by µ/K̇2
(ǫ) I

to recover linear elasticity results in the special case of absence of

prestress (where the J2–deformation theory of plasticity looses meaning and
our plot refers to an elastic orthotropic material with orthotropy axes inclined
at 45◦ with respect to the stiffener line).

To understand the reasons for the vanishing or not of the incremental
energy release rate, it becomes instrumental to digress now on the evaluation
of the incremental axial force along the stiffener. Since a full-field solution is
needed and this has been found for Mode I (since for Mode II the stiffener is
neutral), the following analysis is restricted to this condition.

4.4.3 The incremental axial force in the stiffener under Mode
I perturbation

Stiffener parallel to an orthotropy axis

Using the expressions for the nominal shear stress increments obtained in
§4.1.3 into the definition of incremental axial force in the stiffener, eqn. (4.3)1,
we get

Ṅ (x1) = −2
√

2µ v
(∞)
2,2

√
1 − k

√
2ξ − 1 +

√
1 − k2

√
l2 − x2

1, (4.115)

valid in both the EI and EC regimes and independent of η.
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Values of the incremental axial force in the stiffener Ṅ (divided by 4µv
(∞)
1,1

so that a dilatation parallel to the stiffener is considered) are reported in Fig.
4.20 for Mooney-Rivlin material and J2–deformation theory material, with
N = 0.4, for different values of prestress in the former case and logarithmic
prestrain in the latter.

Figure 4.20: The incremental axial force in a stiffener embedded in a prestressed Mooney-
Rivlin material (upper part, for different values of prestress k) and in a J2–deformation
theory material (lower part, for different values of logarithmic prestrain ε). Note that the
incremental axial force in the stiffener vanishes at the elliptic boundary (k = 1 for Mooney-
Rivlin and εEL ≃ ±0.6778 for J2–deformation theory).

It can be noted from Fig. 4.20 and, more precisely, from eqn. (4.115) that:

i) the maximum incremental axial force in the stiffener is always attained
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at x1 = 0;

ii) the incremental axial force in the stiffener vanishes

• always at the EC/H boundary;

• when k = 1 at the EI/P boundary.

In other words, the incremental axial force does not vanish only at the
EI/P boundary when k = −1.

The last of the above points can be explained considering that at the EI/P
boundary, with k = −1, a shear band forms orthogonally to the stiffener tips,
so that this can continue to carry an axial load.

Now we are in a position to set the relation (for a uniform Mode I loading)
between the incremental energy release rate, ĠI , and the maximum value of
the incremental axial force in the stiffener

Ṅmax = Ṅ (x1 = 0), (4.116)

[where Ṅ is given by eqn. (4.115)] which indeed can be obtained as

ĠI =
π v

(∞)
2,2

4
Ṅmax. (4.117)

Inclined stiffener

The jump of the perturbed shear nominal traction increment (§4.2) can be
evaluated to be

[[t̂21(x̂1, 0)]] = −2v̂∞2,2 Ĝ2121Im[W 2
1D1 +W 2

2D2]
x̂1√
l2 − x̂2

1

, ∀ |x̂1| < l, (4.118)

so that, using the identity (4.84) (that has only been numerically checked to
hold), the incremental axial force in the stiffener related to a Mode I loading
is

Ṅ (x̂1) = −2v̂∞2,2 Ĝ2121Im[W1 +W2 + ΓW1W2]
√
l2 − x̂2

1, ∀ |x̂1| < l,
(4.119)

resulting again independent of the in-plane mean stress, parameter η.
Note that the maximum of the axial force always occurs at the stiffener

centre and we have numerically verified that the incremental maximum axial
force is related to the incremental energy release rate by eqn. (4.117), which
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is always negative in the elliptic regime, so that the stiffener is subject to
compression for positive v̂∞2,2.

Eqn. (4.117) explains the fact that the incremental Mode I energy release
rate vanishes if and only if the incremental maximum axial force vanishes too,
a circumstance clarifying the conditions for annihilation or not of stiffener
reduction.
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Chapter 5

Shear band in a prestressed material

A weak line inclusion model in a nonlinear elastic solid is proposed to analyt-
ically quantify and investigate the stress state and the growth conditions of a
finite-length pre–existing shear band in a prestressed material. The deforma-
tion is shown to become highly focussed and aligned coaxial to the shear band
–a finding that provides justification for the experimentally observed strong
tendency towards rectilinear propagation– and the energy release rate to blow
up to infinity, for incremental loading occurring when the prestress approaches
the elliptic boundary. It is concluded that the propagation becomes ‘unrestrain-
able’, a result substantiating the experimental observation that shear bands are
preferential near-failure deformation modes.

Localized deformations in the form of shear bands emerging from a slowly
varying deformation field are known to be preferential near-failure deformation
modes of ductile materials (for instance, Bei et al., 2006; Lewandowski and
Greer, 2006; Rittel et al., 2006; Fenistein and van Hecke, 2003). Therefore,
shear band formation is the key concept to explain failure in many materials
and, accordingly to its theoretical and ‘practical’ importance, it has been
the focus of an enormous research effort in the last thirty years. From the
theoretical point of view, this effort has been mainly directed in two ways,1

namely, the dissection of the specific constitutive features responsible for strain

1Features of strain localization occurring after its onset, have scarcely been theoretically
explored. For instance, there is almost nothing about post-localization behaviour. Research
devoted to this topic has been developed by Gajo et al. (2004), Hutchinson and Tvergaard
(1981), Petryk and Thermann (2002) and Tvergaard (1982).

105
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localization in different materials,2 and the struggle for the overcoming of
difficulties connected with numerical approaches.3 Although these problems
still seem far from being definitely solved, the most important questions in
this research area have only marginally been approached and are therefore
still awaiting explanation. These are the following.

i) The highly inhomogeneous stress/deformation state developing near a
shear band tip is unknown from analytical point of view (and numerical
techniques can hardly have the appropriate resolution to detail this).

ii) It is not known if a shear band tip involves a strong stress concentration.

iii) The fact that shear bands grow quasi-statically and rectilinearly for re-
markably long distances under mode II loading conditions, while the same
feature is not observed in the akin problem of crack growth, remains un-
explained.

iv) Finally, and most important, the reason why shear bands are preferen-
tial failure modes for quasi-statically deformed ductile materials has no
justification.

Surprisingly, analytical investigation of the above problems and even of the
stress field generated by a finite-length shear band, possibly including near-
tip singularities, has never been attempted. Moreover, shear band growth
has been considered only in a context pertaining to slope-stability problems
in soil mechanics (Palmer and Rice, 1973; Rice, 1973), an approach recently
developed by Puzrin and Germanovich (2005).

A full-field solution is given for a finite-length shear band in an anisotropic,
prestressed, nonlinear elastic material, incrementally loaded under mode II
and revealing: stress singularity, highly inhomogeneity of the deformation
and its focussing parallel and coaxially aligned to the shear band. Moreover,
the incremental energy release rate is shown to blow up when the stress state
approaches the condition for strain localization (i.e. the elliptic boundary).
These general findings are applied to the so-called ‘J2–deformation theory
material’ (see appendix B.2) and provide justification to the above-mentioned
aspects of shear banding in ductile materials.

2This line of research has been initiated by Rudnicki and Rice (1975) and developed in a
number of directions [including: gradient effects (Aifantis, 1987; Aifantis and Willis, 2005),
temperature effects (Benallal and Bigoni, 2004; Gioia and Ortiz, 1996), anisotropy effects
(Bigoni and Loret, 1999), and yield-vertex effects (Petryk and Thermann, 2002)].

3Reviews on the numerical work developed in these years have been given by Needleman
and Tvergaard (1983) and Petryk (1997).
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5.1 The shear band model

An infinite, incompressible elastic material obeying to constitutive equations
(2.6) is considered homogeneously and quasi-statically deformed in a given
loading path directed toward the elliptic boundary. Inspired by the experi-
mental observation that the sensibility of a material to shear banding is linked
to pre-existing defects (Xue and Gray, 2006), we assume that there is an im-
perfection present in the material, in the form of a thin zone of ‘weak’ material,
which touches the EI/P or EC/H boundary and is transformed into a shear
band of length 2l, while the surrounding material is still in the elliptic regime,
although near the boundary of ellipticity loss. In this situation, we analyze
the response to an incremental loading perturbation, with the purpose of de-
termining the stress state near a finite-length shear band and on the shear
band growth conditions.

A shear band is a thin layer of material across which certain components
of the incremental nominal tractions vanish, namely, the incremental nominal
shear component tangential to the shear band, for the material model (2.6)
considered here. It becomes therefore spontaneous to model a shear band
in such a material as a ‘slip discontinuity surface’ across which the normal
component of incremental displacement remain continuous, while the tan-
gential incremental nominal stress component vanishes (Fig. 5.1). Such a

Figure 5.1: Sketch of a weak interface (right) to model a shear band (left, inspired by a
deformation band observed in dry sandstone by Sulem and Ouffroukh, 2006). The hinged
quadrilateral should be thought to have zero thickness, so that materials in contact can freely
slide incrementally along a weak surface, across which normal incremental displacement
remains continuous.

discontinuity surface is not a crack, since normal incremental tractions can
be transmitted across it, but it can behave equivalently to a crack in certain
special symmetry conditions. This is the case when the shear band is aligned
parallel to one of the principal orthotropy axes x1 or x2, corresponding either
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to a shear band formed at the EI/P boundary or to a shear band formed at
the EC/H boundary at ξ = 0 (where two shear bands orthogonal to each other
form simultaneously). In these cases, the slip surface model behaves as a crack
when subject to a Mode II loading increment and can be directly analyzed
with the solution developed in §3.1. In a more general case, a solution for a
slip surface embedded in a prestressed material has to be developed and is
proposed below.

We analyze the symmetry case corresponding to the EI/P boundary, in
which shear band and crack are equivalent models, and the generic situation,
corresponding to the EC/H boundary.

In summary, for the proposed weak line model of a shear band of length
2l aligned with respect to x̂1–axis (and centered at its origin, see Fig. 5.2),
the incremental boundary conditions on the shear band surfaces are:

• null incremental nominal shearing tractions,

t̂21(x̂1, 0
±) = 0, ∀|x̂1| < l; (5.1)

• continuity of the incremental nominal normal traction,

[[t̂22(x̂1, 0)]] = 0, ∀|x̂1| < l; (5.2)

• continuity of normal incremental displacement,

[[v̂2(x̂1, 0)]] = 0, ∀|x̂1| < l; (5.3)

where the brackets [[·]] denotes the jump in the relevant argument, taken across
the shear band.

Before to proceed with the analysis, a digression becomes necessary. It is
assumed in our model setting that a sliding surface abruptly forms when a
weak thin zone of material touches the elliptic boundary. This model is obvi-
ously a strong idealization, since in reality the weak material approaches the
elliptic boundary becoming incrementally less and less stiff in a continuous
way. The abrupt formation of a sliding surface within an infinite solid may,
depending on the stress conditions, generate a sudden ‘spurious’ interfacial
instability, so that in this condition the shear band model becomes oversim-
plified. Therefore, we have to limit the analysis to situations in which all
instabilities are a-priori excluded until the elliptic boundary is met, as is the
case when the Hill exclusion condition, eqn. (2.20), holds true. Fortunately,
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Figure 5.2: Shear band of length 2l in a prestressed, orthotropic material inclined at an
angle ϑ0 (positive when anticlockwise) with respect to the orthotropy axes x1 and x2. T1

and T2 denote the prestress state, expressed through the two in-plane principal Cauchy
stresses aligned parallel to the x1–x2 reference system.

this condition is so general that all points of the EC/H and EI/P can be ex-
plored (by selecting appropriate values for η, to enforce the validity of the Hill
exclusion condition until the elliptic boundary is touched for the given loading
path, see Fig. 2.8).

5.2 The stress state near a shear band and its prop-

agation

5.2.1 Shear band at the EI/P boundary

All points of the elliptic imaginary/parabolic boundary can be approached
while the Hill exclusion condition holds true when η = k > 0, corresponding
to a uniaxial tensile stress state, T1 > 0, T2 = 0. In this situation, one
shear band forms at the EI/P boundary, k = 1, parallel to the tensile loading
direction (2.58) so that the problem is symmetric and the crack solution,
eqns. (3.37) and (3.38), can be used. In fact, due to symmetry, the normal
displacement increment and all nominal incremental traction components are
null (and therefore a fortiori continuous) at the shear band boundary, under
a Mode II loading increment.

Eqns. (3.37) have been used to obtain results shown in Fig. 5.3, where
the level sets of incremental deviatoric strain are reported at different levels
of prestress, namely, at null prestress, k = 0, and at k = 0.95, a value very
close to the EI/P boundary. Results similar to those obtained in Fig. 5.3, but
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Figure 5.3: Interaction of shear bands and mechanical fields near a shear band of length
2l (evidenced with a thin rectangle, providing the scale bar of the representation) in an
incrementally isotropic, ξ = 1, material without prestress, k = 0, and prestressed near the
EI/P boundary, k = η = 0.95. Incremental Mode II loading is considered.

limited to fields near the tip of the shear band can also be obtained employing
the asymptotic analysis presented by Radi et al. (2002).

It should be noticed from Fig. 5.3, that the incremental deformation field
evidences a strong focussing in the direction of the shear band. Moreover,
the incremental energy release rate for shear band growth can be deduced
from the formula for crack advance under Mode II, eqn. (3.69). The energy
released for an incremental advance of shear band has the typical behaviour
shown in Fig. 3.8 (for Mode II and ϑ0 = 0), evidencing an asymptote at the
EI/P boundary (there are no qualitative changes when other values of the
parameter ξ ≥ 0.5 are considered, so that the asymptote at k = 1 is always
present).

5.2.2 Shear band at the EC/H boundary

According to eqn. (2.54), at the EC/H boundary two shear bands form in-
clined with respect to the x1–x2 axes, so that one of these is taken aligned
parallel to the x̂1–axis inclined at ϑSB with respect the x1–axis.4 Using the
weak line model, only Mode II loading plays a role, while a Mode I loading
leaves the material unperturbed.

Therefore, with reference to Fig 5.2 and employing a representation similar

4The analysis can be carried with respect to a generic, uniform state of prestress with
principal values inclined at ϑ0 different from ϑSB.
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to (3.47), namely,

ψ̂◦(x̂1, x̂2) =
t̂∞21
2µ

2∑

j=1

Re
{
BII

j

[
ẑ 2
j − ẑj

√
ẑ 2
j − l2 + l2 ln

(
ẑj +

√
ẑ 2
j − l2

)]}
,

(5.4)
and imposing the boundary conditions (5.1)–(5.3) at a sliding surface yields
the following algebraic system for the unknown constants BII

j



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2 ]
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 =




0
−1
0
0


 , (5.5)

where coefficients cij are again those defined by eqns. (3.53). The determi-
nant of the coefficient matrix in eqn. (5.5) vanishes both when the surface
bifurcation condition, eqn. (2.66) or (3.46), is met and at the EC/H boundary.

Similarly to the crack solution, the asymptotic fields near the shear band
tip result for the incremental nominal stress to be given by

t̂22(r, 0) = −ΥK̇II√
2πr

, t̂21(r, 0) =
K̇II√
2πr

, (5.6)

ahead of the tip, where

Υ =
t̂◦22
t̂∞21

= c11Re[BII
1 ] + c12Im[BII

1 ] + c13Re[BII
2 ] + c14Im[BII

2 ], (5.7)

and for the incremental displacements (where constants have been neglected)

v̂1(∆l − r,±π) = ± t̂
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21
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II
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Im
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BII

1 +BII
2

]
,

(5.8)

holding at the shear band surfaces, for ‘small’ ∆l.

The following properties5 of function Υ

Υ(k = 0, ϑ0) = Υ(k, ϑ0 = 0) = Υ(k, ϑ0 = π/2) = 0, (5.9)

5Note the similarity of eqns. (5.9), (5.10) with eqn. (4.85).
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have been proven, while the properties

Υ = Υ(k, ϑ0) = −Υ(−k, π/2 − ϑ0), (5.10)

have been numerically found to hold, from which the identities

Υ(k, ϑ0 = π/4) =
1 −

√
1 − k2

k
, Υ(k, ϑ0 = π/3) =

√
3(2 + k − 2

√
1 − k2)

4 + 5k
, (5.11)

follow with the help of a symbolic manipulator.

Employing the asymptotic near-tip representations (5.6) and (5.8) in eqn.
(3.64) we obtain

ĠSB = K̇2
II

Im
[
W1B

II
1 +W2B

II
2

]

4µ
. (5.12)

Note that the perturbed solution for the shear band model can be alternatively obtained
providing a mixed mode loading to an inclined crack, in which the Mode I loading component
is ‘calibrated’ with respect to the Mode II component in such a way to eliminate the jump in
normal incremental displacement along the crack faces generated by a pure Mode II loading,
in other words, to satisfy condition (5.3). All this procedure bears on the special feature
found in the solution of the crack problem that a Mode I loading uniform along the crack faces
is sufficient to eliminate a Mode II transversal mismatch in incremental displacements. In
particular, eqn. (5.12) can be obtained from eqn. (3.68), considering a mixed mode defined
by t̂∞22 = −Υt̂∞21, so that the condition of continuity of transversal incremental displacement
yields

Im[AII
1 + AII

2 ] − ΥIm[AI
1 + AI

2] = 0, (5.13)

and the constants defining the crack and shear band solutions are related through

BII
j = AII

j − ΥAI
j , j = 1, 2. (5.14)

Therefore, the difference between the crack and shear band problems lies in a uniform
nominal normal stress increment applied at the crack surfaces.

Level sets of the modulus of incremental deviatoric strain for a J2– defor-
mation theory material (which is a particular case of the developed theory,
see §B.2 and §2.2.2) are reported in Fig. 5.4 for low (N = 0.1) – and in Fig.
5.5 for high (N = 0.8) – strain hardening.

In both cases, null prestrain (and prestress) and a value of prestrain near
the EC/H boundary have been considered. Moreover, parameter η has been
taken equal to 0.311 k for N = 0.1 and equal to 0.775 k for N = 0.8, to ensure
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Figure 5.4: Interaction of shear bands and mechanical fields near a shear band of length
2l (evidenced with a thin rectangle, providing the scale bar of the representation) in a J2–
deformation theory material at low (N = 0.1) strain hardening, not prestrained (ε = 0, on
the left), and near the EC/H boundary (ε = 0.306, on the right).

the validity of the Hill exclusion condition (2.20) near the EC/H boundary.
Note that, for null prestrain ε = 0, the shear band model behaves as a fracture,
since the normal component of incremental displacement remains continuous
for a crack in an orthotropic, incompressible material at null prestress. There-
fore, Figs. 5.4 and 5.5 (left) are identical to the analogue cases reported in
Figs. 3.4 and 3.5 (upper parts, right). The difference between the shear band
model and the crack becomes evident comparing Figs. 3.4 and 3.5 (lower
parts, right) with Figs. 5.4 and 5.5 (right), where in the former figures both
conjugate directions of shear bands are activated under Mode II loading, while
only the direction aligned to the shear band is activated in the latter case.

We can conclude from Figs. 5.4 and 5.5 that:

the incremental deformation field near a finite-length shear band is
localized, elongated, and evidences a strong focussing in the direc-
tion aligned parallel to the shear band. This finding suggests that,
while Mode II rectilinear crack propagation in a homogeneous ma-
terial usually does not occur (since in first approximation cracks
deviate from rectilinearity following the maximum near-tip hoop
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Figure 5.5: Interaction of shear bands and mechanical fields near a shear band of length
2l (evidenced with a thin rectangle, providing the scale bar of the representation) in a J2–
deformation theory material at high (N = 0.8) strain hardening, not prestrained (ε = 0, on
the left), and near the EC/H boundary (ε = 0.981, on the right).

stress inclination), shear band growth is very likely to occur aligned
with the shear band itself. This observation explains the strong
tendency that shear bands evidence toward rectilinear propagation
for long (compared to their thickness) distances (see, for instance
Anand and Spitzig, 1980; 1982). Moreover, the focussing of in-
cremental deformation and the stress singularity strongly promote
shear band growth.

To further analyze shear band growth, the incremental energy release
rate for an infinitesimal shear band advance ĠSB can be evaluated for an
orthotropic prestressed material using eqn. (5.12) and it can be shown to
blow up to infinity when the EC/H boundary is approached. In particular,
calculations of the incremental energy release rate (made dimensionless by
multiplication by 4µ/K̇2

II) for shear band growth in a J2–deformation theory
material at low (N = 0.1) and high (N = 0.8) strain hardening are reported
in Fig. 5.6, from which the following conclusion can be deduced.

It is assumed in fracture mechanics that a crack advances under
small scale yielding when the energy release rate exceeds a critical
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Figure 5.6: Incremental energy release rate for shear band growth in a J2–deformation
theory material at low (N = 0.1) and high (N = 0.8) strain hardening, as a function of
the prestrain ε. The curve presents an asymptote at the EC/H boundary (εEL ≃ 0.322, for
N = 0.1 and εEL ≃ 1.032, for N = 0.8), so that shear band growth becomes ‘unrestrainable’
when prestress approaches this point.

threshold, believed to be a characteristic of the material. Whether
this criterion can be generalized to the present context or not can
still be a matter of discussion, but the important point is that the
incremental energy release rate blows up to infinity when the el-
liptic boundary is approached. In these conditions, a shear band
can drive itself on and overcome possible barriers, in other words,
can grow ‘unrestrainable’, a finding which, together with the pre-
vious results on near-tip stress/deformation states, legitimizes the
common experimental observation that shear bands are preferred
near-failure deformation modes.
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Appendix A

Experiments on two-component epoxy

resin specimens embedding an aluminum

thin platelet

A commercial two-part epoxy resin (Crystal Resin c© by Gedeo, 305 Avenue
du pic de Bretagne, 13420 Gemenos, France), commonly used for produc-
ing highly transparent non-yellowing casts has been employed to produce an
elastic material enclosing a thin rigid lamina, to be used with transmission
photoelasticity. Samples made with this resin have been de-moulded after
twelve hours and tested after at least one week. To realize the stiffener, we
have used a 0.3 mm thick aluminum sheet, which its superficial rugosity has
been improved to enhance adhesion, using a fine (P 180) sandpaper. Seven
samples have been produced, five of which are shown in Fig. A.1.

The square 100 mm × 100 mm × 18 mm sample (S3 in Fig. A.1) has a 44
mm × 18 mm × 0.3 mm aluminum platelet embedded and has been produced
following the supplier’s instructions, namely, mixing one part of hardener B
with two parts of resin A. When solid, after ten days, the sample has been
cut to obtain parallel edges and finally polished.

The thick rectangular 195 mm × 94.3 mm × 10.3 mm sample (S1) has
a 20 mm × 10.3 mm × 0.3 mm aluminum platelet embedded and has been
produced by mixing 1 part of hardener B with 1 part of resin A. In this
way, a very soft material (deformed 40% longitudinally under a 0.196 MPa
uniaxial mean stress at failure) has been obtained by direct casting, without
any polishing.

All the other samples have been produced by mixing one part of hardener
B with 2.25 parts of resin A.
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Figure A.1: The two-component epoxy resin samples with lamellar (aluminum) inclusions
used in our tests. A rectangular thick sample (S1), a dog-bone shaped sample (S2), a square
sample (S3), two rectangular thin samples (S4, S5) are shown.

The dog-bone shaped sample (S2), of thickness equal to 10.6 mm and
transverse width of 39.5 mm, contains a 30 mm × 10.6 mm × 0.3 mm alu-
minum platelet. This sample has been cut from a circular disk sample of 115
mm diameter and finally polished.

The two rectangular 340 mm × 100 mm × 3.2 mm samples (S4, S5) contain
a 15 mm × 3.2 mm × 0.3 mm aluminum platelet (parallel to the long sides
in one sample and orthogonal in the other) and have been obtained by direct
casting into a mould, without any further treatment.

The sample S3 has been tested under compression orthogonal to the long
edge of the stiffener by imposing a vertical displacement, obtained at constant
velocity of 0.1 mm/min (a Galdabini PMA 10 universal testing machine has
been used). After a photoelastic investigation of the stress state has been
conducted at low stress, we have tried to break the sample in compression,
to investigate cracking. The material has revealed a remarkable ductile be-
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haviour and the sample suffered an out-of-plane buckling. Therefore, the test
was stopped after a large strain had occurred and before the final rupture.
Interestingly, strain localization near the edges of the stiffener emerged and
was made visible by reflected bright light used to illuminate the sample (Fig.
1.1).

The dog-bone shaped sample (S2) has been tested under tensile stress
parallel to the long edge of the stiffener, by imposing a vertical displacement,
obtained at constant velocity of 0.1 mm/min (a Galdabini PMA 10 universal
testing machine has been used). Photoelastic investigation has been performed
up to near failure stress. The sample failed at a mean stress near 36 MPa.
Before failure, an out-of-plane delamination started near the lower edge of
the stiffener, due to Poisson effect. Subsequently, two nearly simultaneous
fractures started to grow horizontally and perpendicularly to the stiffener
(Fig. 1.3). Initial propagation was slow, so that a few minutes elapsed from
when a first fracture was visible and the photo on the left in Fig. 1.3 was taken
(so that 30 camera shots were manually taken when a fracture was already
visible, before the photo on the left in Fig. 1.3 was taken). About a minute
elapsed and 13 camera shots were taken between the photos shown on the left
and on the centre were taken. No photos were taken between those shown
centrally and on the right in Fig. 1.3.

The three rectangular samples (S1, S4, S5) have been loaded through the
imposition of dead loadings, with tensile stresses parallel to the long sides. By
means of a plane polariscope, a photoelastic investigation was performed on
these samples at small stress (near 4 MPa for S4 and S5, and 11 kPa for S1)
giving the best quality photos, approximately identical for the three tests (Fig.
A.2). In particular, the isochromatic fringe patterns shown in Fig. 1.2 have
been obtained on the soft, 10.3 mm thick rectangular sample (S1). Additional
results are reported in Fig. A.2, where, in particular, photos reported on the
left and central have been taken on sample (S1), while the photo reported on
the right has been taken on the 3.2 mm thick sample (S5).

In general, we note that plane strain deformation prevails near the stiffener,
while plane stress dominates at a sufficient distance from it, particularly in
samples S1 and S2. The solution for a stiffener in plane stress and plane
strain isotropic (compressible) elasticity can be derived taking the limit of
null semi-axes ratio for the solution of a rigid elliptical inclusion in an infinite
elastic sheet reported by Muskhelishvili (1953, §83a). This solution provides
contour plots of the in-plane principal stress difference qualitatively similar
to the plane strain case and also both solutions do not depend much on the
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Figure A.2: Isochromatic fringe patterns captured in the photoelastic tests. Left: sample
S1 at 51 kPa tensile mean stress (parallel to the stiffener); centre: sample S1 at 11 kPa
tensile mean stress (parallel to the stiffener); right: sample S5 at 4.3 MPa tensile mean
stress (orthogonal to the stiffener). In the left-hand side picture the axes of polarization
are parallel and orthogonal to the stiffener, while these are rotated of π/4 clockwise with
respect to the other two.

Poisson’s ratio. This explains the very good match between the theoretical
results –referred to plane strain incompressible material– and the experiments
shown in Fig. 1.2.

Although the rectangular samples provided the best photoelastic results,
these analyses have been performed on all samples and always gave similar
results. At very high stress, near failure under tensile stress for the dog-bone
shaped specimen, the shape of the photoelastic contours evidenced details
which might be better interpreted with our results for a prestressed material.
However, since we had only a few of these data, we decided not to report
them.



Appendix B

Material behaviour

An incompressible (λ1λ2λ3 = 1) hyperelastic material is defined by the con-
stitutive relation

Ti = p̂+ λi
∂W(λ1, λ2, λ3)

∂λi

, i = 1, 2, 3; no sum on index i, (B.1)

where W is the strain energy density, function of the principal stretches λi,
and p̂ represents the mean stress,

p̂ =
trT

3
=

T1 + T2 + T3

3
. (B.2)

B.1 The Mooney-Rivlin material

The Mooney-Rivlin material (Mooney, 1940) is defined by the strain energy
density function

W(B) =
µ1I1(B) − µ2I2(B)

2
, (B.3)

where I1(B) and I2(B) are two invariants of the left Cauchy-Green strain
tensor B ,

I1(B) = trB , I2(B) =
1

2

[
(trB)2 − tr

(
B2
)]
, (B.4)

or equivalently,

W(B) =
µ1

2

(
λ2

1 + λ2
2 + λ2

3

)
− µ2

2

(
1

λ2
1

+
1

λ2
2

+
1

λ2
3

)
. (B.5)
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Using the strain energy density function (B.3) in the constitutive relation
(B.1), we obtain

T = qI + µ1B + µ2B
−1, (B.6)

or equivalently,

Ti = q + µ1λ
2
i +

µ2

λ2
i

, i = 1, 2, 3; no sum on index i, (B.7)

where q is related to the mean stress p̂ (B.2) through

q = p̂− µ1I1(B) − µ2I2(B). (B.8)

Note that for plane strain deformation, employing arbitrariness of p̂, there
is no difference between Mooney–Rivlin and Neo–Hookean constitutive mod-
elling.

B.2 The J2–deformation theory of plasticity

The J2–deformation theory of plasticity has been introduced by Hutchinson
and Neale (1979) (see also Hutchinson and Tvergaard, 1980; Neale, 1981) and
is the most important constitutive model for the plastic response of ductile
metals subject to monotonically increasing loading.

Introducing the the logarithmic strains ǫi = lnλi, so that the incompress-
ibility condition becomes

ǫ1 + ǫ2 + ǫ3 = 0, (B.9)

the constitutive law for the J2−deformation theory of plasticity can be ex-
pressed as

Ti =
2

3
Esǫi + p̂, i = 1, 2, 3; no sum on index i, (B.10)

where Es is the secant modulus to the curve representing the effective stress
σe versus effective strain ǫe

σe =

√
3

2

√
(devT)21 + (devT)22 + (devT)23, ǫe =

√
2

3

√
ǫ21 + ǫ22 + ǫ23, (B.11)

where dev Ti are the principal components of deviatoric Cauchy stress T,

devT = T − p̂ I. (B.12)
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The curve is assumed to be determined by

Es = KǫN−1
e , (B.13)

where N ∈]0, 1] is a strain hardening exponent, K is a positive constitutive
parameter, with the dimension of stress. The strain energy density results
therefore to be given by the power–law function

W =
K

N + 1
ǫN+1
e . (B.14)

Under the plane strain condition (ǫ3 = 0) eqn. (B.1) yields

T1 − T2 =
∂W

∂ǫe

(
λ1
∂ǫe
∂ǫ1

∂ǫ1
∂λ1

− λ2
∂ǫe
∂ǫ2

∂ǫ2
∂λ2

)
, (B.15)

where λ1 = 1/λ2 = λ and the effective stress (B.11)1 and strain (B.11)2 reduce
to

σe =

√
3

2
(T1 − T2), ǫe =

2√
3
|ǫ1|, (B.16)

and the secant modulus (B.13) becomes (see Fig. B.1)

Es =

(
2√
3

)N−1

|ǫ1|N−1. (B.17)

Figure B.1: Secant modulus Es (B.17) normalized through division by K as function of
principal strain ǫ1 = ln λ1 for different values of hardening parameter N .
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Finally, we arrive at

T1 − T2 = K

(
2√
3

)N+1

|ǫ1|N−1ǫ1, (B.18)

from which the behaviour in uniaxial plane strain tension/compression is de-
termined taking T2 = 0 (see appendix C.1, eqn. (C.14)).



Appendix C

Simple boundary value problems in finite

elasticity

For plane strain isochoric deformation (with out-of-plane direction singled out
by the unit vector v3) the left Cauchy-Green strain tensor B takes the form

B = λ2v 1 ⊗ v 1 +
1

λ2
v2 ⊗ v2 + v3 ⊗ v3, (C.1)

so that the deformation is defined through the principal stretch λ and the
direction of the principal system v 1–v 2. In the following we analyze the
case of uniaxial extension, where the principal system has constant direction,
and of simple shear, where the principal system changes direction during the
deformation process.

C.1 Uniaxial plane strain tension and compression

of an incompressible elastic block

With reference to Fig. C.1, we consider a plane strain problem of an incom-
pressible elastic block subject to uniaxial tensile or compressive stress in the
direction e1.

Kinematics

We begin with the kinematics, which is an elongation parallel to e1 axis,
so that the deformation is given by

x − o =

(
h

h0
e1 ⊗ e1 +

h0

h
e2 ⊗ e2 + e3 ⊗ e3

)
(x 0 − o) , (C.2)
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Figure C.1: Uniaxial, plane strain elongation in the x1 direction of an incompressible
elastic material.

where the incompressibility constraint,

b

b0
=
h0

h
, (C.3)

has been used. The deformation gradient (F ), the left (U ) and right (V )
stretch tensors and the rotation tensor (R) result

F = U = V =
h

h0
e1 ⊗ e1 +

h0

h
e2 ⊗ e2 + e3 ⊗ e3, R = I, (C.4)

so that the left (B) and right (C ) Cauchy–Green strain tensor are

B = C =
h2

h2
0

e1 ⊗ e1 +
h2

0

h2
e2 ⊗ e2 + e3 ⊗ e3, (C.5)

showing that there is no difference between Lagrangian and Eulerian axes
(coincident to e1 and e2). We can note that uniaxial extension in the x1

direction is equivalent to a pure shear in a reference system rotated of 45◦

with respect to the x1–x2 reference system, as sketched in Fig. C.2.
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Figure C.2: Equivalence of uniaxial elongation in the x1 direction and pure shear in a
reference system rotated of 45◦ with respect to the x1–x2 reference system.

It may be interesting to note that during elongation of the block a circle
in the reference configuration transforms into an ellipse, with axes aligned
parallel and orthogonal to the principal axes of B and C , Fig. C.3, where
λ1 = h/h0.

Let us consider a fiber inclined at an angle ϑ0 with respect to the x1–axis
in the reference configuration. It has been shown by Weissenberg (1935; 1948)
that every fiber inclined at ϑ0 and with the exceptions of ϑ0 = 0, π/4 and π/2,
may be transformed by imposing an appropriate deformation into a fiber with
identical length (but different orientation, say, ϑ). In fact, the stretch of a
fiber initially inclined at ϑ0 with respect to the x1–axis results

λ(ϑ0) =

∣∣∣∣F
[

cos ϑ0

sinϑ0

]∣∣∣∣ =
| cos ϑ0|
λ1

√
λ4

1 + tan2 ϑ0, (C.6)

which is plotted in Fig. C.4. We may observe from Figs. C.3 and C.4 that a
fiber inclined at π/6 suffers a contraction followed by an elongation, so that
for h/h0 = 0.577 the original length of the fiber is recovered. Obviously,
there are no fibers that can be always held at the original length during a
continuous, finite elongation. Note that for ϑ0 = π/4 the tangent of the
graph is horizontal, so that there is no elongation for a deformation increment.
Moreover, the minima of the curves reported in C.4 correspond to

λmin
1 =

√
tan ϑ0, λmin =

√
sin 2ϑ0. (C.7)



128 Simple boundary value problems in finite elasticity

Figure C.3: Uniaxial, plane strain elongation in the x2 direction of an incompressible
elastic material, where λ1 = h/h0: zero elongation line and strain ellipse. Note that the
initial circle has been reported dashed in the deformed configurations for comparison. The
fibers indicated are inclined at ±π/6.
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Figure C.4: Uniaxial, plane strain elongation in the x2 direction of an incompressible
elastic material: stretch of fibers inclined at ϑ0 with respect to the horizontal axis in the
reference configuration, as function of principal stretch λ1 = h/h0.

Stress

For an incompressible, Mooney-Rivlin material, the principal Cauchy stress
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components can be evaluated from eqns. (C.5) and (B.7) in the form

T1 = q + µ1
h2

h2
0

+ µ2
h2

0

h2
, T2 = q + µ1

h2
0

h2
+ µ2

h2

h2
0

, T3 = q + µ1 + µ2. (C.8)

Imposing that the stress is uniaxial,

T2 = 0, (C.9)

allows determination of q, so that the plane strain uniaxial stress state becomes

T1 = (µ1 − µ2)

(
h2

h2
0

− h2
0

h2

)
, T3 = µ1

(
1 − h2

0

h2

)
+ µ2

(
1 − h2

h2
0

)
, (C.10)

or equivalently in terms of logarithmic stretch ǫ = Log(h/h0),

T1 = 2(µ1 − µ2) sinh 2ǫ, T3 = µ1(1 − e−2ǫ) + µ2(1 − e2ǫ). (C.11)

Introducing the shear modulus µ0 defined as

µ0 = µ1 − µ2, (C.12)

the stress state (C.11) corresponds for small ǫ to

T1 ∼ 4µ0ǫ, T3 ∼ 2µ0ǫ, (C.13)

which compared to the plane strain equations of incompressible plane elastic-
ity, shows that µ0 represents the initial shear modulus.

It may be interesting to compare (C.11) with the corresponding response
to an uniaxial elongation for a J2–deformation theory material, eqn. (B.18),

T1 = K

(
2√
3

)N+1

|ǫ|N−1ǫ, T2 = 0, T3 =
T1

2
. (C.14)

This comparison is reported in Fig. C.5, where we can observe that:

i) the behaviours are identical in tension and compression;

ii) the Mooney–Rivlin material has a locking behaviour, so that stiffness
increases at increasing strain, a behaviour expected for rubbers and bio-
logical materials;

iii) the J2–deformation theory material is taylored to mimick the behaviour
of a metal, with a very stiff initial behaviour, followed by a hardening
remaining always positive.
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Figure C.5: Uniaxial, plane strain tension and compression of a Mooney-Rivlin (left) and
of a J2–deformation theory incompressible elastic material (right, for values of the hardening
exponent N = {0.1, 0.4, 0.8}). T1 is the axial Cauchy stress (normalized through division
by µ0 (left) and K (right)) and ǫ1 is the logarithmic strain.

C.2 Simple shear of an elastic block

Kinematics

With reference to Fig. C.6, a block of a material is subject to a simple
shear deformation (Truesdell and Toupin, 1960, §45) when two displacement
components are null (along axes x̂2 and x̂3, see the figure) and the other
component, û1, depends linearly only on x̂0

2, namely

û1(x̂
0
2) = γ x̂0

2, û2 = û3 = 0, (C.15)

so that, if a point at x̂0
2 = h horizontally displaces of s, we can determine the

dimensionless parameter γ = s/h, controlling the amplitude of shear defor-
mation.

The deformation is defined by

x̂ = x̂ 0 + γ(x̂ 0 · ê2)ê1, (C.16)

so that the deformation gradient is

F = I + γ ê1 ⊗ ê2, (C.17)

and the left and right Cauchy-Green deformation tensors are

B = I + γ (ê1 ⊗ ê2 + ê2 ⊗ ê1) + γ2ê1 ⊗ ê1,

C = I + γ (ê1 ⊗ ê2 + ê2 ⊗ ê1) + γ2ê2 ⊗ ê2.

(C.18)
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Figure C.6: Simple shear deformation. Upper part: reference configuration; lower part:
configuration at a shear γ = s/h, with indicated Eulerian and Lagrangian principal axes,
inclined at ϑE and ϑL, respectively. Note the circle in the reference configuration (upper
part, right) that becomes a strain ellipse (lower part, right). In this sketch arctan γ = 34◦,
so that ϑE ≃ 35.682◦ and ϑL ≃ 54.318◦.

Note that detF = 1, so that the simple shear deformation is isochoric.

The eigenvectors of B and of C define the principal Eulerian and La-
grangian axes, so that in the x̂1 − x̂2 plane these are

vj =
1√

4 +
[
γ − (−1)j

√
4 + γ2

]2



γ − (−1)j

√
4 + γ2

2


 ,

uj =
1√

4 +
[
γ + (−1)j

√
4 + γ2

]2




−γ − (−1)j
√

4 + γ2

2


 ,

(C.19)

(where j = 1, 2), respectively, while the principal stretches result to be given
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by

λj = −(−1)j
γ

2
+

√
1 +

(γ
2

)2
. (C.20)

Note that

λ1 − λ2 = γ, (C.21)

so that if γ > 0 (< 0) then λ1 > λ2 (λ1 < λ2).

The eigenvectors (C.19) yield (with an elementary use of trigonometry)
the inclination of the Eulerian, ϑE, and Lagrangian, ϑL, axes with respect to
the x̂1-axis

ϑE =
1

2
arctan

(
2

γ

)
, ϑL =

π

2
− ϑE , (C.22)

plotted in Fig. C.7 as functions of the amount of shear γ.

For γ > 0, note that 0 ≤ ϑE ≤ π/4 and π/4 ≤ ϑL ≤ π/2, so that in the
reference configuration, at null strain, ϑE = ϑL = π/4 and the Lagrangian
and Eulerian axes coincide, while at infinite strain ϑE = 0 and ϑL = π/2.

γ

JE

JL

Figure C.7: Angles of inclination of Eulerian, ϑE, and Lagrangian, ϑL, principal axes
during simple shear deformation, as functions of the amount of shear γ.

With reference to the Cauchy-Green deformation tensors (C.18), we note
that a fiber parallel to the x̂1–axis, singled out by the unit vector ê1 remains
unstretched, since

ê1 · Cê1 = ê1 · B−1ê1 = 1, (C.23)

so that the fibers parallel to the x̂1–axis in Fig. C.6 are so-called ‘zero elon-
gation lines’ (Weissenberg, 1948).
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The left and right stretch tensors are

V =
1√

4 + γ2

[
2 ê1 ⊗ ê1 + γ (ê1 ⊗ ê2 + ê2 ⊗ ê1) + (2 + γ2) ê2 ⊗ ê2

]
,

U =
1√

4 + γ2

[
(2 + γ2) ê1 ⊗ ê1 + γ (ê1 ⊗ ê2 + ê2 ⊗ ê1) + 2 ê2 ⊗ ê2

]
,

(C.24)
and the rotation tensor is

R =
1√

4 + γ2
[2 (ê1 ⊗ ê1 + ê2 ⊗ ê2) + γ (ê1 ⊗ ê2 − ê2 ⊗ ê1)] , (C.25)

so that there is an in-plane rigid-body rotation of an angle (taken positive
when anti-clockwise) arctan(−γ/2).

Stress

For a material isotropic in the reference configuration, the Cauchy stress
is coaxial to the left Cauchy-Green tensor V (C.24)1, so that in the Eulerian
principal reference system we have the spectral representation

T = T1v1 ⊗ v1 + T2v2 ⊗ v2 + T3e3 ⊗ e3, (C.26)

where, in the x̂1–x̂2 reference system, the unit vectors v 1 and v2 are defined
by the components

v 1 =

[
cos ϑE

sinϑE

]
, v 2 =

[ − sinϑE

cos ϑE

]
. (C.27)

Therefore, in the reference system ê1, ê2, we have

T̂11 = T1 cos2 ϑE + T2 sin2 ϑE ,

T̂22 = T1 sin2 ϑE + T2 cos2 ϑE ,

T̂12 = (T1 − T2) cos ϑE sinϑE =
T1 − T2

2
sin 2ϑE ,

(C.28)

which, using simple trigonometric identities, yield

T̂11

T̂22



 = p± T1 − T2

2

γ√
4 + γ2

, T̂12 =
T1 − T2√

4 + γ2
, (C.29)
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where p is the in-plane mean stress,

p =
T1 + T2

2
. (C.30)

From eqns. (C.28) we obtain

T̂11 − T̂22 =
2

tan 2ϑE

T̂12 = γ T̂12, (C.31)

which is independent of the specific constitutive equation and is therefore an
example of a so-called ‘universal relation’. Note that for γ < 1 (γ > 1),
T̂11 − T̂22 < T̂12 (T̂11 − T̂22 > T̂12) and, in particular, the deviatoric stress
T̂11 − T̂22 is of higher order in γ than T̂12.

The stress on the inclined faces of the deformed block (sketched in the
lower part of Fig. C.7) can be obtained from the components of the unit
tangential and normal vector

ẽ1 =




γ√
1 + γ2

1√
1 + γ2


 , ẽ2 =




− 1√
1 + γ2

γ√
1 + γ2


 , (C.32)

in the form

T̃11

T̃22



 = p± T1 − T2

2

γ(3 + γ2)

(1 + γ2)
√

4 + γ2
, T̃12 =

T1 − T2

(1 + γ2)
√

4 + γ2
. (C.33)

Assuming a Mooney-Rivlin response (§B.1) we obtain

T̂11

T̂22



 = p± µ0 γ

2

2
, T̂12 = µ0 γ, (C.34)

in which p remains undetermined.

In the case of a J2–deformation theory material (§B.2) we obtain

T̂11

T̂22



 = p± µγ√

4 + γ2 coth 2ǫ
, T̂12 =

4µ∗ ǫ

N
√

4 + γ2
, (C.35)
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where ǫ = ǫ1 = lnλ1 is the logarithmic stretch, function of γ through eqn.
(C.20), N ∈]0, 1] is the strain hardening exponent, µ and µ∗ are incremental
shear moduli and depend on the current stretch in the following way1

µ = µ 2ǫ |ǫ|N−1 coth 2ǫ, µ∗ = Nµ|ǫ|N−1, (C.36)

where

µ =
K

3

(
2√
3

)N−1

, (C.37)

in which K is a positive stiffness parameter.
Considering small shear amplitude γ, the constitutive relations (C.35) be-

come

T̂11

T̂22



 = p± µ

2N
|γ|N+1 , T̂12 = sign(γ)

µ

2N−1
|γ|N . (C.38)

The deviatoric stress and the shear stress, made dimensionless through
division by µ0 for a Mooney-Rivlin material and for K for a J2–deformation
theory material, are reported in Figs. C.8 and C.9, respectively.

Figure C.8: Simple shear of an elastic (incompressible), Mooney-Rivlin material: stress
response at finite shear amplitude γ.

Note that it is evident from eqn. (C.38) that for γ = 0 the curve represent-
ing the deviatoric stress has an horizontal tangent and the curve representing

1Note that the J2–deformation theory material is a nonlinear elastic material isotropic
in the unloaded state. Due to the fact that the incremental shear moduli µ and µ∗ tend
to infinity when ǫ tends to zero (and N < 1), the ratio µ∗/µ tends to N (and therefore is
different from 1).
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Figure C.9: Simple shear of an elastic (incompressible), J2–deformation theory material:
stress response at finite shear amplitude γ at low N = 0.1 and high N = 0.8 strain hardening.

the shear stress has a vertical tangent. Although the vertical tangent is not
visible in Fig. C.9 (right), it is easy to check its existence; in fact, the incre-
mental equations corresponding to eqn. (C.35) become

Ṫ11 = Ṫ22 = ṗ, Ṫ12 = µ∗γ̇, (C.39)

where γ̇ (ṗ) represents the shear (mean stress) increment, respectively and
µ∗ tends to infinity when γ tends to zero. Moreover, the curve relative to
N = 0.1 coincides with that plotted by Harren et al. (1989, their Fig. 2).

The following features may be observed from the obtained equations, hold-
ing for both Mooney-Rivlin and J2–deformation theory materials.

i) µ represents a shear modulus;

ii) Normal stress is generated through a shear deformation, this is the so-
called ‘Kelvin effect’;

iii) The two normal stress components are not equal, i.e. T̂11 6= T̂22, a feature
representing the so-called ‘Poynting effect’.

iv) The linear theory can be recovered by neglecting terms on the order of
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γ2 or higher. Doing this, we obtain the following linear approximations

λj ∼ −(−1)j
γ

2
+ 1,

ϑE ∼ π − γ

4
,

ϑL ∼ π + γ

4
,

vj ∼
1√
2

{
−(−1)j +

γ

4
, 1 + (−1)j

γ

4

}
,

uj ∼
1√
2

{
−(−1)j − γ

4
, 1 − (−1)j

γ

4

}
,

(C.40)

where j = 1, 2. For a Mooney-Rivlin material

T̂11 ∼ T̂22 ∼ T̃11 ∼ T̃22 ∼ p, T̂12 ∼ T̃12 ∼ µ0γ, (C.41)

while for a J2-deformation theory material a linear theory cannot be ob-
tained starting from an unloaded state, see eqns. (C.38).
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Appendix D

Solution for a prescribed rigid-rotation

of a stiffener in a prestressed medium

We consider the problem of a stiffener subject to a prescribed incremental
rotation ωS and embedded in a homogeneously prestressed material. This
problem may for instance find application to the interpretation of the so-
called ‘vane test’ used in geotechnical engineering. Imposing the satisfaction
of the kinematical boundary conditions along the stiffener line (4.79), where
now ωS is prescribed, we represent the stream function as

ψ̂◦(x̂1, x̂2) =
ωS

2

2∑

j=1

Re
{
EII

j

[
ẑ 2
j − ẑj

√
ẑ 2
j − l2 + l2 ln

(
ẑj +

√
ẑ 2
j − l2

)]}
,

(D.1)
which yields the following linear problem for the complex constants EII

1 and
EII

2




Re[W1] −Im[W1] Re[W2] −Im[W2]
Im[W1] Re[W1] Im[W2] Re[W2]

1 0 1 0
0 1 0 1







Re[EII
1 ]

Im[EII
1 ]

Re[EII
2 ]

Im[EII
2 ]


 =




0
0
−1
0


 . (D.2)

The solution of the present problem does not depend on the in-plane stress
parameter η, similarly to the solution (4.82), and satisfies

W 2
1E

II
1 +W 2

2E
II
2 = W1W2,

W 3
1E

II
1 +W 3

2E
II
2 = W1W2(W1 +W2).

(D.3)
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In the particular case of ϑ0 = 0, the solution becomes

in EC





EII
1 = − 1

2α
(α+ iβ),

EII
2 = − 1

2α
(α− iβ),

⇒ Im[W 2
1E

II
1 +W 2

2E
II
2 ] = 0,

in EI





EII
1 =

β2

β1 − β2
,

EII
2 = − β1

β1 − β2
,

⇒ Im[W 2
1E

II
1 +W 2

2E
II
2 ] = 0.

(D.4)

The incremental stress intensity factor, eqn. (4.23)2, results

K̇(ǫ) II = −2µωS

√
πl, (D.5)

and the asymptotic fields in the polar coordinate system (r, ϑ) centered at the
stiffener tip (x̂1 = l, x̂2 = 0) are (constant terms have been neglected)

[[t̂21(∆l − r, π)]] = −ωS

√
2l√

∆l− r
Ĝ2121Im[W 2

1E
II
1 +W 2

2E
II
2 ],

[[t̂22(∆l − r, π)]] = −ωS

√
2l√

∆l− r

{
2(Ĝ2221 − Ĝ2111)Im[W 2

1E
II
1 +W 2

2E
II
2 ]

−Ĝ2121Im[W 3
1E

II
1 +W 3

2E
II
2 ]
}
,

v̂1(r, 0) = 0,

v̂2(r, 0) = −ωS

√
2lr.

(D.6)
Using the identity (D.3), the incremental energy release rate for stiffener
growth (4.108) can be calculated in the form

ĠII = −
K̇2

(ǫ) II

8µ2

{
2(Ĝ2221 − Ĝ2111)Im[W1W2] − Ĝ2121Im[W1W2(W1 +W2)]

}
,

(D.7)
which has been numerically checked to result always negative in the elliptic
regime. The incremental ‘global’ axial and shear forces can be computed
and result null by equilibrium, while the incremental moment applied to the
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inclusion (taken positive when anti-clockwise) is given by

Ṁ = −
∫ l

−l

[[t̂22(y, 0)]] y dy

= πl2ωS

{
2(Ĝ2221 − Ĝ2111)Im[W1W2] − Ĝ2121Im[W1W2(W1 +W2)]

}
,

(D.8)
that corresponds, when prestress is absent, to the value 2µπl2ωS calculated
by Muskhelishvili (1953, §83a). Note that the following interesting relation
holds true in the elliptic regime:

ĠII = −ṀωS

2l
, (D.9)

from which, due to the negativity of ĠII , we note that Ṁ has always the
same sign of ωS.

The incremental moment and level sets of incremental deviatoric strain are
reported as functions of the simple shear amplitude γ in Figs. D.1 and D.2,
for a J2–deformation theory material at different values of strain hardening
coefficient N . In particular, we note that the maximum incremental moment
divided by µ occurs at null prestress, while at the ellipticity loss the incre-
mental moment vanishes and the shear bands near the direction orthogonal
to the stiffener are privileged.

Figure D.1: Incremental moment Ṁ for an incremental rotation ωS of the stiffener as a
function of the simple shear amplitude γ, for a J2–deformation theory material at different
values of strain hardening coefficient N .
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Figure D.2: Interaction of shear bands and mechanical fields near a stiffener of length 2l
(evidenced with a thin rectangle, providing the bar scale of the representation) embedded
in a J2–deformation theory material (with N = 0.1 (upper part) and N = 0.8 (lower part))
subject to a finite shear of amount γ and a subsequent imposed incremental rigid rotation
ωS. Null shear before the perturbation is considered on the left, while a shear equal to 0.95
times the amount at ellipticity loss, γEL, is considered on the right. Note that the prestress
(of principal components T1 and T2) generated through the simple shear deformation is
inclined with respect to the stiffener line.



Appendix E

A stiffener embedded in a linear,

compressible and isotropic elastic material

We report for completeness the small-strain asymptotic solution for a stiffener
in a linear, elastic, isotropic medium. The Poisson’s ratio ν enters the solution
through the parameter κ defined as

κ =





3 − 4 ν, for plane strain,

3 − ν

1 + ν
, for plane stress.

(E.1)

For Mode I loading the angular functions result

ωr(ϑ) = −a
[
(2κ + 1) cos

3ϑ

2
+ (2κ− 1) cos

ϑ

2

]
,

ωϑ(ϑ) = a (2κ+ 1)

(
sin

3ϑ

2
+ sin

ϑ

2

)
,

τrr(ϑ) = −a
[
(2κ + 1) cos

3ϑ

2
+ 5 cos

ϑ

2

]
,

τϑϑ(ϑ) = a

[
(2κ + 1) cos

3ϑ

2
− 3 cos

ϑ

2

]
,

τrϑ(ϑ) = τϑr(ϑ) = a

[
(2κ + 1) sin

3ϑ

2
− sin

ϑ

2

]
,

(E.2)
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while for Mode II

ωr(ϑ) = b (2κ − 1)

(
sin

3ϑ

2
+ sin

ϑ

2

)
,

ωϑ(ϑ) = b

[
(2κ − 1) cos

3ϑ

2
+ (2κ+ 1) cos

ϑ

2

]
,

τrr(ϑ) = b

[
(2κ − 1) sin

3ϑ

2
+ 5 sin

ϑ

2

]
,

τϑϑ(ϑ) = −b
[
(2κ− 1) sin

3ϑ

2
− 3 sin

ϑ

2

]
,

τrϑ(ϑ) = τϑr(ϑ) = b

[
(2κ − 1) cos

3ϑ

2
− cos

ϑ

2

]
.

(E.3)

We note that in plane strain, for incompressible material (ν = 0.5), it is
τϑϑ(0) = 0 for Mode I and τrϑ(0) = 0 for Mode II.

Employing the definition (4.23), the energy release rate for stiffener growth
can be obtained from the asymptotic formula expressing the near-tip fields in
the form

G = −(1 + κ)
K 2

(ǫ) I
+K 2

(ǫ) II

8µ
, (E.4)

which, except for the negative sign (implying stiffener reduction), has the
same expression for energy release rate in the crack growth problem.

In the incompressible limit and plane strain, the energy release rate (E.4)
can be expressed as

G = −
K 2

(ǫ) I
+K 2

(ǫ) II

4µ
, (E.5)

which can alternatively be (directly) obtained setting k = 0 and ξ = 1 in eqn.
(4.111).



Nomenclature

x : position vector

u : displacement vector, unit vector of Lagrangian reference system

v : incremental displacement vector, unit vector of Eulerian
reference system

x1−x2 : reference system aligned parallel and orthogonal with respect
to the principal strain and stress directions

F : deformation gradient tensor [F = ∇x = RU = VR]

J : determinant of F , path–independent J–integral

U : left (symmetric and positive definite) stretch tensor

V : right (symmetric and positive definite) stretch tensor

R : rotation tensor

B : left Cauchy-Green (symmetric and positive definite) strain tensor[
B = FFT = V 2

]

C : right Cauchy-Green (symmetric and positive definite) strain tensor[
C = FTF = U 2

]

T : Cauchy (symmetric) stress tensor

t : nominal stress tensor
[
t = JF−1T

]

λ : stretch

145



146 Nomenclature

ε : logarithmic strain [ε = lnλ]

εsur : critical logarithmic strain for surface bifurcation

εEL : critical logarithmic strain at the ellipticity loss

εPD : critical logarithmic strain for the positive definiteness condition

ϑE : inclination of the principal Eulerian axes

ϑL : inclination of the principal Lagrangian axes

ϑ0 : inclusion inclination with respect to the x1–axis

ϑSB : shear band inclination with respect to the x1–axis

ϑ̂SB : shear band inclination with respect to the x̂1–axis

γ : finite simple shear amount, exponent in the asymptotic analysis

γSB : inclination of the shear band normal with respect to the x1–axis

ωS : rigid rotation of the stiffener

Re[·] : real part of the relevant argument

Im[·] : imaginary part of the relevant argument

[[·]] : jump in the relevant argument across a discontinuity
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