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Summary

Through a second-order homogenization procedure, the explicit relation is
obtained between the non-local parameters of a second gradient elastic ma-
terial and the microstructure of a composite material. This result is instru-
mental for the definition of higher-order models, to be used for the analysis
of mechanics at micro- and nano-scale, where size-effects become important.

The obtained relation is valid for both plane and three-dimensional prob-
lems and generalizes earlier findings by Bigoni and Drugan (Analytical deriva-
tion of Cosserat moduli via homogenization of heterogeneous elastic materials.
J. Appl. Mech., 2007, 74, 741753) from several points of view:

i) the result holds for anisotropic phases with spherical or circular ellipsoid
of inertia;

ii) the displacement boundary conditions considered in the homogenization
procedure is independent of the characteristics of the material;

iii) a perfect energy match is found between heterogeneous and equivalent
materials (instead of an optimal bound).

From the obtained solution it follows that the equivalent second-gradient
Mindlin elastic solid:

a) is positive definite only when the discrepancy tensor is negative defined;
b) the non-local material symmetries are the same of the discrepancy tensor;

¢) the non-local effective behaviour is affected by the shape of the RVE, which
does not influence the first-order homogenized response.

Finally, explicit derivations of non-local parameters from heterogeneous
Cauchy elastic composites are obtained in particular cases.
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Chapter 1

Introduction

In the last century composite materials have become fundamental for advanced
applications in aerospatial, bio-mechanical and nano-mechanical engineering.
Since size-effects have been experimentally evidenced in the mechanics at the
micro- or nano-scale, the local constitutive models are unsuitable for the design
of high performance composites.

Despite the formulation of many nonlocal models (Cosserat, 1909; Koiter,
1964; and Mindlin, 1964), the nonlocal constitutive parameters are usually
introduced in a phenomenological way and the explicit evaluation between
the microstructure and the nonlocal effects has been scarcely investigated.'

The main goal of this thesis is to provide through an analytical approach
the explicit evaluation of the constitutive non-local parameters (length-scales)
from the microstructural description.

In Chapter 2 the kinematic primary quantities and the conjugate statical
quantities are introduced for the higher-order material considered, namely, the
Second Gradient Elastic material (Mindlin, 1964). Through the principle of
virtual work, the governing equations and boundary conditions are obtained
and within linear theory, the constitutive response is defined by means of the
local C and non-local A constitutive tensors.

The second-order homogenization procedure is presented in Chapter 3.
While standard (or first-order) homogenization procedures lead to effective ho-
mogeneous Cauchy material equivalent only when linear displacement bound-

!Theoretical considerations were developed by Wang and Stronge, 1999; Achenbach and
Hermann, 1968; and Beran and McCoy, 1970; Pideri and Seppecher, 1997; numerical ap-
proaches were given by Forest, 1998; Ostoja-Starzewski et al. 1999; Bouyge et al. 2001;
experiments were provided by Anderson and Lakes, 1994; Buechner and Lakes, 2003; Lakes,
1986; Gauthier, 1982.



2 Introduction

ary conditions are considered (Fig. 1.1), the proposed procedure extends the
energy equivalence to the case of generic quadratic displacement boundary
conditions, by taking an higher-order solid as effective material material (Fig.
1.2).

I |
I |

Heterogeneous Cauchy material First-order equivalent
matrix C” - inclusion C” homogeneous Cauchy material C*

— —

I~

Figure 1.1: Standard (or first-order) homogenization procedure leading to effective homo-
geneous Cauchy material equivalent only when linear displacement boundary conditions are
considered.

Through the second-order homogenization procedure, the equivalent non-
local constitutive tensor A®? is explicitly evaluated in Chapter 4 in the case
of dilute suspension as

2 ~ ~ ~ ~
A imn = —fpz <Cihln5jm + Cinmn0ji + Cinindim + thmn(sil) :

where p is the radius of the sphere (or circle in 2D) of inertia of the RVE
cell, and C is introduced to define (at first-order in f) the difference between
the local constitutive tensors for the effective material C*¢ (known from first-
order homogenization) and the matrix C™, 5o that

c=cW 4+ fC.

Properties of positive definiteness, nonlocal symmetries and influence of the
volume and shape of the RVE are derived from the obtained solution.
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Heterogeneous Cauchy material Second-order equivalent
matrix C” - inclusion C” homogeneous SGE material C*, A"
S A S~ A

Figure 1.2: The proposed second-order homogenization procedure based on effective
higher-order solid. The equivalence between the heterogeneous and the homogeneous mate-
rial holds for a generic quadratic displacement boundary conditions.

The explicit evaluation of the equivalent nonlocal constitutive tensor A®?
is exploited in Chapter 5 to obtain the non-local parameters in specific appli-
cation cases. The following cases are considered: (i.) isotropic matrix with
spherical elastic inclusions and voids in three-dimensional deformations (Fig.
1.3), (ii.) isotropic matrix with circular elastic inclusions, regular n-polygonal
and circular holes in plane strain and (iii) orthotropic matrix with circular
holes in plane strain.

Conclusions of this thesis are finally reported in Chapter 6.

The results presented in this thesis have been published in (Bacca et al.
2013, a;b), while complementary results on propagation of elastic waves in
periodic composites have been published by Gei et al. (2011; 2013).
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Figure 1.3: Higher-order equivalent constants a2 and a4 of the Second Gradient Elas-
tic material equivalent to a composite made up of an isotropic matrix containing a dilute
suspension of spherical voids. The constants are made dimensionless through division by
parameter fp?p1 and are reported as a function of the matrix Poisson’s ratio v.



Chapter 2

Preliminaries on Second-Gradient
Elasticity

Kinematic variables, principle of virtual work, equilibrium equations and bound-
ary conditions are introduced for a Second-Gradient Elastic material. Within
a linear theory, the local C and non-local A constitutive tensors are introduced
together with the positive definiteness condition (for the case of isotropic ma-
terials).

2.1 Governing equations

The governing equations for the nonlocal material model employed in the
homogenization procedure are briefly presented. In particular, the second-
gradient elasticity (SGE) model considered is a restriction of the nonlocal
model proposed by Mindlin (1964), in which the relative deformation [his eqn
(1.11), and therefore also his stress o;;, eqn (3.4)2] and the coupling between
the stress and the curvature [expressed by his fifth-order tensor fijxpe, eqn
(5.3)1] are both assumed to be null.

Considering a quasi-static deformation process, defined by the displace-
ment field u (function of the position ), the primary kinematical quantities
of the SGE are defined as

€ij = — Xijk = Uk,ij (2.1)
where a comma denotes differentiation, the indices range between 1 and N

5
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(equal to 2 or 3, depending on the space dimensions of the problem consid-
ered), and € and x are the (second-order) strain and the (third-order) curva-
ture tensor fields, respectively, satisfying the following symmetry properties

Eij = Eji Xijk = Xjik- (2.2)

Defining the statical entities Cauchy stress o;;=0;; and double stress 7;;,="7;,
respectively work-conjugate to the kinematical entities € and x, eqn (2.1), the
principle of virtual work can be written for a solid occupying a domain €2, with
boundary 02 and set of edges I' (Fig. 2.1), in the absence of body-force as

/(Uij(sgij + Tijkéxijk) = / (t,éuz + TZD(S’U,Z) + / @Zéuz, (23)
Q oN r

where repeated indices are summed, t represents the surface traction (work-
conjugate to u), while T and © denote the generalized tractions on the surface
00 and along the set of edges I' (work-conjugate respectively to Du and u),
and D = n;0; represents the derivative along the outward normal direction
to the boundary, n (definite only on 92 but not on I'). Through integration

of2

|
i r
_A____A\ o

N\

Figure 2.1: Volume region 2 enclosed by the surface 9Q with the set of edges T

by parts, the equilibrium conditions [Mindlin (1964), his eqns (9.30) with null
inertia terms|, holding for points within the body 2, can be obtained as

aj (O‘jk — 8i7'ijk) =0, in €, (2.4)

while for points on the boundary 0, and along the set of edges Iy, (where
statical conditions are prescribed in terms of ¢, T and ©) as

n;ojk — nin; DTy — 20 D55 + (ning Ding — Djng) 75 = ti,
on 082,
ninTijk = Tk,
(2.5)
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and
emijnismmiTijrl]= O, onl, (2.6)

where e,,;; is the Ricci ‘permutation’ tensor, D; = (0;; —njn;) 9, s is the
unit vector tangent to I" and [[-]] represents the jump of the enclosed quantity,
computed with the normals n defined on the surfaces intersecting at the edge
I'. Finally, kinematical conditions® are prescribed for points on the remaining
boundary 09, = 0Q\0Q, as

L on 0),. (2.7)
D’LLZ' = Dui,

2.2 Linear constitutive response

Introducing the strain energy density w®F = wS%F (e, x), the o and T fields
can be obtained as

8wSGE 8wSGE
) Tijk =

O'Z'j = (2.8)

Oeij IXijk
so that, within a linear theory (with the above-mentioned assumptions of null
relative deformation and no-coupling in the strain energy between strain and
curvature), it follows that

wSGE (

1 1
€,X) = §Cijhk5ij5hk + §AijklmnXiijlmm (2.9)

wSGE.L(g) wSGE.NL(x)

where C and A are the local (fourth-order) and non-local (sixth-order) con-
stitutive tensors, each generating respectively a strain energy density contri-
bution, say ‘local’, wS“FL (corresponding to the energy stored in a Cauchy
material, wS¢EL C) and ‘non-local’, w¥“FNL  Therefore, the linear con-
stitutive equations for the stress and double stress quantities are obtained
as

= w

oij = CijnkEnk, Tijk = AijklmnXimn, (2.10)

which, from eqns (2.1) and (2.8), have the following symmetries

Cijnk = Cjink = Cijen = Chrij, Aiikimn = Ajikimn = Aijkmin = Aimnijk-
(2.11)

In the proposed homogenization procedure only kinematical boundary conditions will
be imposed (992, = 0, so that 9Q,, = 99Q).
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In the case of isotropic response, the constitutive elastic tensors C and A can
be written in the following form

Cijhk = )\(L-jéhk + M(éihéjk + 5ik5jh)a

a
?1 [(52] (5hl5mn + 6hméln) + (5lm (5in5jh + 52h6]n)]

+% [6in (8j10mn + 6jm0in) + G (8i10mn + GimOin)] (2.12)

+2 a3 (6:50hn0im) + as (6:105m + 0im0j1) Onn

Aijhlmn =

+% [Oin (010nm + 6jmOnt) + djn (8i10nm + GimOni)] »
where 0;; is the Kronecker delta, A and p are the usual Lamé constants, defin-
ing the local isotropic behavior, while a; (i = 1,...,5) are the five material
constants (with the dimension of a force) defining the nonlocal isotropic be-
havior. Considering the constitutive isotropic tensors (5.3), the strain energy
density (2.9) becomes

5
A
wSGE(E, X) = §Eiiajj + peijci; + Z arZr(x), (2.13)
k=1
wSGE.L(g) ——

wSCE.NL(x)

where the invariants Zy(x) are

(x)
(x)
T3(Xx) = Xiik Xjjk> (2.14)
(x) = Xijk Xijk(: Xjik Xijk = Xjik Xjik = Xijk ij'k),

(x)

Xijk Xkji(= Xjik Xkji = Xjik Xjki = Xijk Xkji)s
so that the linear constitutive relations (2.10) reduce to
Oij = Aeudij + 2pgij,

ay

5 (Xuidjk + 2Xkudij + Xujdix) + a2 (Xaudjk + Xjudik) + 2a3Xukdi;j

Tijk =

+2a4Xijk + a5 (Xkji + Xkij) -
(2.15)
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Since the invariants defined by eqns (2.14) satisfy the following inequalities

2Z1(x) + Zo(x) + Zs(x) =2 0,  Z2(x) >0,  ZI3(x) >0,

Ta(x) 20,  Tu(x)+Zs(x) >0,

(2.16)

the positive definiteness condition for the isotropic strain energy density w®¢¥,

eqn (2.13), corresponds to the usual restraints for the local parameters (given
by the positive definiteness of w L (g))

3N+2p>0, p>0, (2.17)

which are complemented by the following conditions (Mindlin and Eshel, 1968)
on the nonlocal constitutive parameters (given by the positive definiteness of
wSGE,N L(X))

—a4 < as < 2a4, e >0, e >0, 56% < 2ejeg, (2.18)

where

e1 = —4ay + 2a2 + 8az + 6ay — 3as, ez = 5(a1 +az + a3) + 3(ag + as),

e3 = a1 — 2a9 + 4as.
(2.19)



10

Preliminaries on Second-Gradient Elasticity




Chapter 3

The second-order homogenization
procedure

The second-order homogenization procedure is presented, based on the annihi-
lation of the strain energy mismatch between the heterogeneous Cauchy mate-
rial and the equivalent Second Gradient Elastic material. Assumptions about
geometrical properties of matriz and inclusion phases are introduced.

3.1 Description of the homogenization procedure

The proposed homogenization procedure follows Bigoni and Drugan (2007).
In particular, the same' (linear and quadratic) displacement is applied on the
boundary of both the representative volume element RVE and the homoge-
neous equivalent SGE material. Then, the equivalent local C*? and non-local
A°? tensors are obtained imposing the vanishing of the elastic energy mis-
match between the two materials. Since the strain energy in the homogeneous
SGE material is given only by the local contribution when linear displacement
boundary condition are applied (because no strain gradient arises), the equiva-

!Bigoni and Drugan (2007) impose a linear and quadratic displacement field on the
boundaries of the RVE and of the homogeneous equivalent material, which quadratic part
depends on the Poisson’s ratio of the material to which the displacement is applied, so
that the applied displacements are not exactly equal. Furthermore, the equivalent material
considered by Bigoni and Drugan is a non-local Koiter material (1964), which does not
permit the annihilation, but only a minimization of the elastic energy mismatch between
the RVE and the equivalent material.

11
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lent local tensor C* corresponds to that obtained with usual homogenization
procedures. Thus, the remaining unknown of the equivalent SGE material
(namely, the non-local equivalent constitutive tensor A°?) can be obtained by
imposing the vanishing mismatch in strain energy when (linear and) quadratic
displacement are considered. A chief result in the current procedure is that
a perfect match in the elastic energies is achieved, while Bigoni and Drugan
(2007) only obtained an ‘optimality condition’ for the mismatch.
The homogenization procedure is described in the following three steps.

Step 1. Consider a RVE made up of a heterogeneous Cauchy material (C),
Fig. 3.1 (left), occupying a region

0%y = Q¢ Uy,

where an inclusion, phase ‘2’ (occupying the region QS and with elastic
tensor C(2))7 is fully enclosed in a matrix, phase ‘1’ (occupying the region
Q¢ and with elastic tensor C1), so that the constitutive local tensor
C(x) within the RVE can be defined as the piecewise constant function

c zecqf,
c? zeqf,
and the volume fraction f of the inclusion phase can be defined as
QC’
f==F (3.2)
Vv

The equivalent material is a homogeneous SGE material, Fig. 3.1 (right),
occupying the region quGE

Q59 = QG g, (3.3)

and constitutive elastic tensors C*? (local part) and A®? (nonlocal part).
Since the region Q*quE of the equivalent SGE material corresponds by
definition to the region ng p of the heterogeneous RVE, in the following
both these domains may be identified as 2.

Step 2. Impose on the RVE boundary the following second-order (linear and
quadratic) displacement field @, Fig. 3.2 (left)

u = ﬁ, on anVE, (34)
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QSGE

eq

Heterogeneous Cauchy material Homogeneous SGE material
matrix C" - inclusion C* Cc, A"

Figure 3.1: Heterogeneous Cauchy material (left) and homogeneous equivalent SGE ma-
terial (right).

with
U; = Qijxj+ Bijkxjxk, (3.5)
=
Ug a’

1

where «;; and ;55 are constant coefficients, the latter having the sym-
metry B;jk=Di;-
Impose on the equivalent homogeneous SGE boundary again the dis-
placement (3.5), but together with its normal derivative,? Fig. 3.2
(right), so that

U =u,

on 8quGE. (3.6)
Du = Dwu,

The imposition of the boundary conditions (3.4) on the RVE and (3.6) on
the equivalent SGE corresponds, respectively, to the two strain energies

c c c SGE SGE
= w + w = w e
WRVE \/S;lc ‘C(l) ,/Qg |C(2) ) Weq Agf}; ‘C ¢ A

(3.7)
so that for a generic quadratic displacement field, eqn. (3.5), an energy
mismatch (or ‘gap’) G between the two materials arises as a function of
the unknown equivalent constitutive tensor A®?

G <C(1), c®, ce, Aeq) = WgVE — WSIGE. (3.8)

It is shown that imposing Du = D is equivalent (in energetic terms at first-order in
f) to impose Du = Durve (Appendix C).
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e wDu

i | |

| | |

| I I

| |

| I I

L _ _
Heterogeneous Cauchy material Homogeneous SGE material

matrix C” - inclusion C” Cr A

@’ Du’

Figure 3.2: Imposition of the same linear (top) and quadratic (bottom) boundary dis-
placement conditions on the heterogeneous Cauchy RVE (left) and on the homogeneous
equivalent SGE (right).

Step 3. Find the unknown equivalent constitutive tensor A®? by imposing a
null energy mismatch G

g (c<1>, c®. ce‘I,AeQ) —0. (3.9)

Note that in the case of purely linear displacements (8 = 0) the en-
ergy mismatch G is null by definition of C®?. On the other hand, when
quadratic displacements are considered, an energy mismatch G is differ-
ent to zero and it can be tuned to vanish by changing the value of the
unknown tensor A®?. This gives also a null mean stress mismatching as
shown in Appendix D.

The above-procedure is valid for arbitrary concentration (although sub-
sequent calculations will be referred to the dilute approximation) and is a
generalization of Bigoni and Drugan (2007) since (i.) the inclusions are of ar-
bitrary shape and, more interestingly, (ii.) the comparison material, a Mindlin
elastic second-gradient material, allows a perfect match of the energies (while
Bigoni and Drugan (2007) did consider only cylindrical or spherical inclusions
and were only able to provide a minimization of energy gap).
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3.2 Assumptions about geometrical properties of
matrix and inclusion phases

Henceforth the following geometrical properties for both the subsets 2 and
QF will be assumed:?

GP1) The centroids of the matrix and of the inclusion coincide and corre-
spond to the origin of the x;—axes, so that both the static moments of
the inclusion and of the matrix are null

s0fy=0, S5 =o0. (3.12)

GP2) The x;—axes are principal axes of inertia for both the matrix and the
inclusion and the ellipsoids of inertia are a sphere (or a circle in 2D)

BOf) = [0 ofr.  BES) =[] 051 (@13)

where I is the identity second-order tensor and the second-order Euler
tensor of inertia E relative to the x;—axes, defined for a generic solid
occupying the region V as

EZ(V) = / T Ty, (3.14)
\%
while p() = p(QY) and p? = p(QF) are the radii of the spheres (or
circles in 2D) of inertia of the matrix and the inclusion.

GP3) The radius of the sphere of inertia for the inclusion phase vanishes in
the limit of null inclusion volume fraction

lim p®(f) = 0, (3.15)
f—0

3Note that, by definition of static moment vector S and Euler tensor of inertia E, eqn
(3.14), the geometrical properties GP1, eqn (3.12) and GP2, eqn (3.13), of the subsets
OFand QF are also necessarily satisfied by Q% g, so that

S(Q%Gve) =0, E(Q%ve) = p"Qhvel, (3.10)

where the radius p = p(Q%VE) is related to the radii of the matrix p(l) and the inclusion
p(z) as follows

pPP=01-) [p(”r +f [p(”r- (3.11)
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or, equivalently, all the dimensions of the inclusion (and therefore the
radius of the smallest ball containing the inclusion) are zero for f = 0.

Examples of two-dimensional RVE, characterized by the geometrical prop-
erties GP1-GP2 and GP3 are reported in Figs. 3.3 and 3.4, respectively.

ONO A

Figure 3.3: Some examples of two-dimensional RVE with the geometrical properties GP1,
eqn (3.12), and GP2, eqn (3.13), for plane strain condition.

decreasing inclusion volume fraction f

x Satisfying
X
X >< >< " Not satisfying
7N GP3

decreasing inclusion volume fraction f

Figure 3.4: Examples of two-dimensional RVE satisfying (upper part) or not (lower part)
the geometrical property GP3, eqn (3.15).



Chapter 4

Explicit evaluation of the non-local
constitutive tensor

The explicit evaluation of the equivalent non-local constitutive tensor is ob-
tained under the geometrical assumptions introduced in Chapter 8 and the di-
lute approximation. Properties of positive definiteness and non-local symme-
tries for the equivalent SGE material are derived from the obtained solution.

4.1 Equivalent non-local properties in the dilute
case

Homogenization proposition. For a dilute concentration of the inclusion
phase (f < 1) and assuming the geometrical properties GP1 - GP2 - GP3
for the RVE (Section 3.2), the nonlocal sixth-order tensor A®? of the equivalent
SGE material is evaluated (at first-order in f) as

2
A imn = —f% (Cihzn5jm + Citmn9ji + Cinimdim + thmn5il) +o(f), (41)
where p is the radius of the sphere (or circle in 2D) of inertia of the RVE cell,
and C is introduced to define (at first-order in f) the difference between the
local constitutive tensors for the effective material C*? and the matrix C(l)7
so that
c=cW 4 fC, (4.2)

17
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which is assumed to be known from standard homogenization, performed on
linear displacement boundary conditions.

Eqn (4.1) represents the solution of the homogenization problem and is
obtained by imposing the vanishing of the energy mismatch G, eqn (3.9), when
the same second-order displacement boundary conditions are applied both on
the heterogeneous Cauchy material and on the homogeneous equivalent SGE
material, eqns (3.4) and (3.6), respectively.

From the solution (4.1), in agreement with Bigoni and Drugan (2007), it
can be noted that:

e the equivalent SGE material is positive definite if and only if C is nega-
tive definite;

e the constitutive higher-order tensor A®? is linear in f for dilute concen-
tration.

This properties are treated in Section 4.2.

Proof of the homogenization proposition

i) Consider the second-order (linear and quadratic) displacement boundary
condition (3.6) applied on the boundary of a homogeneous SGE material
with constitutive tensors C and A. In the absence of body force, b = 0, let
us consider the extension within the body of the quadratic displacement
field @, eqn (3.5), applied on the boundary

U = x5 + PijrT T, xin {2, (4.3)
—— ==
a B
u; Uu;

(2
providing the following deformation € and curvature x fields
Qij + g
2
and the following stress o and double-stress T fields,

€ij = + (Bijk + Bjir)xk, Xijk = 2Bkij (4.4)

0ij = Cijnkonk + 2C;ijnkBnkixi, Tijk = 2R jkimnBnim- (4.5)

The stress field (4.5) follows from the displacement field (4.3) and satisfies
the equilibrium equation (2.4) if and only if !

CijnkBni; = 0, (4.6)

Note that the constraint (4.6) arises independently of whether the material is Cauchy
or SGE.
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which for isotropic homogeneous materials reduces to the condition ob-
tained by Bigoni and Drugan (2007)

Bjji = —(1 = 2v) Bk, (4.7)

(with Poisson’s ratio v = A/2(A + p)). Henceforth it is introduced the
notation that, when the components of 3 satisfy eqn (4.6) or (4.7) for
isotropy, these will be denoted with the superscript ©.2

ii) Consider an auxiliary material with local constitutive tensor C*, defined
as a first-order perturbation in f to the equivalent local constitutive tensor
C® namely,

C*=C4 f (é - (:) , (4.8)

(where C remains for the moment unspecified together with C*), so that
using eqn (4.2) we can write

c'=cW 4 fC. (4.9)

By definition, the displacement field

uf = aga;+ B, @inQ (4.10)
. —
u?{ u@@*
7

is equilibrated [in other words satisfies eqn (4.6)] in a homogeneous ma-
terial characterized by the constitutive tensor C* and it corresponds to
the following quadratic displacement field on the boundary

U; = ijjrj + Bria, x on OS). (4.11)
S N———
;' i
(2

iii) Apply on the boundary 8Q}CW g of the heterogeneous Cauchy material
(RVE) the displacement boundary condition (4.11),

2Following this rule, whenever the third-order tensor 3 is considered and the equilibrium
is satisfied, eqn (4.6), the tensor 3 and the arising displacement u? fields are denoted as (3°
and u”°.
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According to Lemma 1 (Section 4.1.1), the strain energy in the RVE is
at first-order in f the sum of a strain energy due to the linear (o) and
nonlinear (3) fields, and the mutual strain energy, say, the ‘a — 3 energy
term’ is null,® so that

Wiy () = Why g (B%) + Wiy g (ﬂﬁo*> +o(f). (4.14)

iv) Apply on the boundary 0 of the homogeneous SGE material the
same displacement boundary condition @*, eqn (4.11), imposed to the
RVE and complemented by the higher-order boundary condition in terms
of displacement normal derivative taken equal* to Du*

SGE
Qe

on dQSGE, (4.15)
_ q
Du Y = pw*,
According to the result presented in Lemma 2 (Section 4.1.1), the o — 3
energy term is null and the strain energy in Q;?qG E s

WECE (a*, Du*) = WGP (w®, Da®) + WEP (@, Da" ), (4.16)

where D@® and DuP”" are the contributions of the imposed normal
derivative depending on a and 3 terms in Du*, respectively.

v) The energy minimization procedure, eqn (3.9), can be performed using the
energy stored in the heterogeneous Cauchy material W}%, 5y eqn (4.14),

3Considering that the RVE satisfies geometrical symmetry conditions, in addition to the
geometrical properties GP1 and GP2, it can be proven that the mutual energy is identically
null even in the case of non-dilute suspension of inclusion

Whve (@) = Weve @) +Wive (@), V7. (4.13)

“The displacement field eqn (4.10) is the solution for a homogeneous SGE when bound-
ary conditions (4.15) are imposed. It can be easily proven that the result of the pro-
posed homogenization procedure holds when the higher-order boundary condition changes
as Du” " = D"V E since the strain energy developed in the SGE material is the same at
the first order

WiGE (E*yDﬂRVE) _ WiGE (@, D) + o(f).
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vi)

and in the homogeneous SGE material WEqGE , eqn (4.16), so that the
energy mismatch is given by

G (c<1>, c®, e, Aeq) ~ go (cu), c® cea, Aeq>

4.17
Vel (C(1)7c(2)7ceq7Aeq> 7 (417)

where

g (€W, c®,c,A) = W, () - WECE (u®, Due),

G (C(l), c®, ce, Aeq) = Whyp (@) -WiFP @, Da”).
(4.18)
Since only the local contribution (depending on C®?) arises in the SGE

strain energy when the linear boundary displacement condition (3% =
——SGE

0 and w°%* = @, Du = Dwu®) is imposed (while the non-local
contribution depending on A®? is identically null because higher-order
stress and curvature are null), the energy mismatch G* due to the «
terms is null by definition of C®? (which is known from the first-order

homogenization procedure)
G (c<1>, c®, ¢, AeQ) = g° (c<1>, c®, ceq) —0. (4.19)

Therefore, the proposed energy minimization procedure, based on lin-
ear and quadratic displacement boundary condition and leading to the
definition of A%, can be performed referring only to the 5%* terms,

G (c<1>, c® ce, Aeq) —g* (c<1>, c® ce A@q) . (4.20)

Keeping into account the results presented in Lemma 3 (Section 4.1.1)
and Lemma 4 (Section 4.1.1), the energy mismatch (4.20) is given by
the difference of the following two terms

___[0* 1 * *
Wy p(@") = 20°QCL), 553550 + ol f). (4.21)
and

quqGE(ﬁB " pE) = 20 <p2cfj‘.’hk5lm + A;?ikmh> o Bkm + o(f)-
(4.22)
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vii) Therefore, from eqns (4.2), (4.21) and (4.22), the annihilation of the strain
energy gap G, eqn (4.20) (between the real heterogeneous Cauchy and the
equivalent homogeneous SGE materials) is represented by the condition

<fp2(~:ijhk5lm + Ajélz’kmh) o1Bikm +o(f) = 0. (4.23)

viii) The energy annihilation (4.23) has been obtained for a nonlinear displace-
ment field 3%, in equilibrium within a homogeneous material with local
constitutive tensor C*. But, since this tensor is arbitrary, it follows

(fpzéijhk(slm + A;zlz’kmh) BijiBrkm + o(f) = 0, (4.24)

where the components of 3 are unrestricted, except for the symmetry
Biik=Pikj. Eventually, the annihilation of energy mismatch G, eqn (4.24),
defines the non-local constitutive tensor A®? for the equivalent SGE ma-
terial as in eqn (4.1). O

4.1.1 Proofs of lemmas 1-4

Lemma 1: Null mutual a—3 energy term for the RVE at the first-
order in concentration f

Statement. When a quadratic displacement @*, eqn (4.11), is applied on
the boundary of a RVE satisfying the geometrical property GP1 and GP3,
the strain energy at first-order in f is given by eqn (4.14).

Proof. By the superposition principle, the fields originated by the applica-
tion of @* = w* 4w’ " are given by the sum of the respective fields originated
from the boundary conditions @* and @°"

e(x) = e(x) + 7 (), o(z) = o%(x) + o (x), (4.25)

(the latter calculated through the constitutive eqn (2.10);) so that the strain
energy (3.7)1 becomes

Wiy (@) = Wiy 5(@*) + Wiy p(@) + Wiy (@ a”") (4.26)

mutual energy
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where .
Whvp(@) =5 [ @) Cunm()efs(a)
Qr

O* O %

__pox 1
Wavs(@) =5 [ & @Coml@)ely (@), (1.27)
R

Ok

Wy p(@®;a’") :/Q e%(2)Cijnn(z)er, ().
R

Through two applications of the principle of virtual work® the mutual
energy (4.27)3 can be computed as

Wiy p(@a”") :aij/ﬂ O’Z-Bj (x), (4.29)
R

which, using the constitutive relation (2.10); and the symmetries of the local
constitutive tensors C) and C(2), can be decomposed as the sum of two
contributions

o o 1 ox 2 1 ox
W}%/E(U ;u’ ):aijcz(j})zk/ﬂ “g,k(‘r)Jraij( z('ji)m_ z(ﬂ)m> /Q “g,k(w)'
R R
©(4.30)

Through two further applications of the divergence theorem and using the
geometrical property GP1 for the RVE,® the first term on the right-hand-side

5In the first application, the fields corresponding to the solution (4.25) are considered
/ el (@)l (z) = / as(x)t? (x), (4.28)
Qr QR

while in the second application, the kinematical field generated by the admissible displace-
ment u® (4.10) within the RVE is considered so that the mutual energy (4.29) is obtained.

SIn the first application of the divergence theorem, u =af O*, eqn (4.11), is considered
on the boundary 0€Qr, so that

O .
/ ugk (z) = Zlm/ NEL1Tm, (4.31)
QR a0n

while, in the second application, the kinematically admissible displacement field ﬂ50*7 eqn
(4.10), is considered within the RVE, yielding

Z;m/ NETITm = 26}2;]@/ x, (432)
15195 Qr

so that the geometrical property GP1 for the RVE leads to eqn (4.33).
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of eqn (4.30) results to be null
1 Ok
aijcgﬂ)lk/ ugk (z) =0. (4.33)
Qr
Introducing the mean value over a domain  of the function f(x) as

1
Falla=g [ @) (4.34)
Q
the second term on the right-hand-side of eqn (4.30) can be rewritten as
2 1 Ok
aii (CH — Ci) e <u£7k(a:)>‘QR . (4.35)
2

Assuming the geometrical property GP3 for the RVE, the displacement field
in the presence of the inclusion is given by the asymptotic expansion in the
volume fraction f

Wl = B+ f1a 4 o(f), (4.36)

subject to the constraint
0<g<1, (4.37)

and considering the geometrical property GP1 for the RVE, together with
the definition of volume fraction f, eqn (3.2), expression (4.35) becomes

fq+1Qaij (Cgf)m - ci;;l,k) <ﬂ§:(w)> (4.38)

)
Qr,

from which, considering the restriction on the power ¢ (C.11), the second term
on the right-hand-side of eqn (4.30) is null at first-order in f

o (€ =€) [ uli@) = o). (439
R

2

Considering results (4.33) and (4.39), the mutual energy in the RVE (4.27)3
is null at first-order in f and proposition (4.14) follows. O

Lemma 2: Null mutual a—03 energy term for the SGE

Statement. When a quadratic displacement w*, eqn (4.11), and the nor-
mal component of its derivative Du* are applied on the boundary of a SGE
satisfying the geometrical property GP1, the strain energy is given by eqn
(4.16).
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Proof. By the superposition principle, the fields originated by the applica-
tion of the boundary conditions (@* = @ + @’", Du* = Du® + Du’"")
can be obtained as the sum of the respective fields arising from the boundary
conditions (@®, D@*) and (@®", D@’"") in the forms

e(z) =e(z) + " (), x(@) = x*(z) + X" (@),

4.40
o(@)=0%2)+o" (), T(e)=7%)+ 1" (2), A0

(the latter calculated through the constitutive eqn (2.10)) so that the strain
energy (3.7)2 becomes

WECE(@*, Da*) = WSCE @®, Du®) + WCE (@, Da’"")

direct eng?;gy o 4.41
+ W F(@®, Dua”, Da’) ey

mutual energy

where
1
SGE (—a 1y
Wea (85 D) - 5| [B@chene
eq
"'X%l(m)Ag']zhka%km(m)] )
O% O% 1 Ok Ok
SGE (— _
Wey (@, D) - §/ [eg (x)cffhkegk (z)
Qe (4.42)
BO* 60*
X (m)Ag']lhkahkm(:E)} :
SGE — — __[ROx* _ [QOx* o
Wi Dw e 0wT) = [ [ @
eq

+X%l(w)AZ'Ilhkagkm(w)] .

Application of the boundary condition (w®, Du®) on 0, leads to the
displacement field u®(x), eqn (4.10), so that x“(x) = 0 and, considering the
symmetries of the equivalent local constitutive tensor C®, the mutual energy
simplifies in the local contribution

WEGE (g, Daos ™, D) = a3y, / up (). (4.43)

eq
Through two applications of the divergence theorem and using the geomet-
rical property GP1 of the SGE, the mutual energy (4.43) is null and then

proposition (4.16) follows. [
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Lemma 3: 3 term in the strain energy W}%,E

Statement. When a quadratic displacement @, eqn (4.11) with o =
0, is applied on the RVE boundary, the strain energy at first-order in the
concentration f is given by eqn (4.21).

Proof. The strain energy W}%, B (@”"") stored in the RVE, when a quadratic
displacement field @#"" (4.11) is applied on its boundary dQgy g, is bounded
by (Gurtin, 1972)

A __[3%* A _ pox A
/a ol —U(eS) < Wy @) < W), (a4
RVE

where €54 is a kinematically admissible (satisfying the kinematic compatibil-

ity relation (2.1); and the imposed displacement boundary conditions) strain
field, o°4 is a statically admissible (satisfying the equilibrium condition, eqn
(2.4) with T = 0) stress field, while U%;, o (094) and W, ;(eX4) are respec-
tively the following stress and strain energies

1 _
Uivple™) =5 [ of @ @i (@),
R

. (4.45)
Whvs(e) = 3 | i (@)Cm(@)efil @),
R
Considering the kinematically admissible strain field
et = (B7 + Bon) T (4.46)

and assuming the geometrical properties GP2 and GP3, an estimate for the
upper bound in eqn (4.44) is the strain energy WS, given by eqn (A.5);
(Appendix A.1), so that

—[3o* 1 * QO*
Weyp(@”") < 2029(:23'2% 1B +o(f). (4.47)
Considering now the statically admissible stress field

ot = 2Ch Bk, (4.48)

where C* is a first-order perturbation in f to the material matrix C(l), eqn
(4.9), and assuming the geometrical property GP2, the stress energy L{gv B
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is given by eqn (A.5)2 (Appendix A.1). Moreover, since the application of the
divergence theorem yields

__[Bo* 1 A " «
/ UiSjA"i“y@ = 4p%Q (cz(jf)zk + fcijhk> BBk (4.49)
g
an estimate is obtained for the lower bound in eqn (4.44) as

___RO* 1 * *
Weyp(@”) > 2P29C§jf)mﬁfjl ok -+ o(f) (4.50)

which, together with the upper bound (4.47), leads to eqn (4.21). O

Lemma 4: 3 term in the strain energy Wg(‘;]GE

Statement. When a quadratic displacement °"", eqn (4.11) with e« = 0,
and the normal component of its gradient D@”°" are imposed on the boundary
of the homogeneous SGE equivalent material, the strain energy at first-order
in the concentration f is given by eqn (4.22).

Proof. The strain energy Wg(‘;]GE (@®", Da’"") stored in the SGE, when a

quadratic displacement field w?" (4.11) and the normal component of its
gradient Dw?"" are imposed on its boundary 0€eq, is bounded as (Appendix
B)

O* O* O%
/8 ) <tZ$Aﬂf + IS4 D! ) n /F o547’ —USGE(gSA 754 <
eq eq

< WSZIGE(HB *,Dﬂﬁ *) < )/\)éS(’ZGE(EKA7XKA)7

(4.51)
with
t}gA :leO'f];A — nmjDT{?,‘? — 2leDiT5]?
+ (nyn;Ding — Djny) T{jﬁ, on 08¢, (4.52)
T4 =ning Tk,
and
@fA = [[emlj Tl,’Smang?H ) on Peq, (453)

where %4 and x4 are kinematically admissible strain and curvature fields
(satisfying the kinematic compatibility relation (2.1) and the imposed dis-
placement boundary conditions), o4 and 754 are statically admissible stress



28 Explicit evaluation of the non-local constitutive tensor

and double-stress fields (satisfying the equilibrium equation (2.4)), while Z/{%GE

and WS;GE are respectively the stress and the strain energies given by

1
Uz P (a5 = fo,, 05 (@) C i (x)
1
+3 fQ 2jh )Affhkzmﬂﬁfn(m)v
(4.54)

SGE( KA KA
Weq " (€ )

' X = 2fQ 5 Cze]qhk’fhk (z)

+§ erq Xijh ( )Amhklmxklm( )

Considering the kinematically admissible strain €54 (4.46) and curvature
field

Xzyk = 251%]7 (4.55)

and assuming geometrical property GP2, an estimate for the upper bound in
eqn (4.51) is the strain energy W5CF given by eqn (A.8); (Appendix A.2) as

WEGE @ Da’™) < 206585 ( 2cwqh,€5lm + Aﬂlkmh> (4.56)

Considering the statically admissible stress 054 (4.48) and double-stress field

le = 2A§?zkmh5hkma (4.57)

where C* is a first-order perturbation in f to the material matrix C*, eqn
(4.8) and assuming the geometrical property GP2, the stress energy uquE is
given by eqn (A.9) (Appendix A.2). Moreover, since the application of the
divergence theorem yields

/ (thﬂfo* + TZ-SADﬂfO*) + [ e’
02eq Peq (4.58)

- 4p2Q |: ijhk + f < ijhk — Cijhk)] fj*nﬁhkny
an estimate is obtained for the lower bound in eqn (4.51) as
WEqGE(ﬂﬁo*,DHBQ*) > 20877 Brkm, (pch]‘.’hk&m + Aj}ﬂkmh) +o(f), (4.59)

which, together with the upper bound (4.56), leads to eqn (4.22). O
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4.2 Some properties of the effective SGE solid

Some properties of the effective SGE solid are obtained below from the defi-
nition of the effective higher-order constitutive tensor A, eqn (4.1).

4.2.1 Heterogeneous Cauchy RVE leading to positive definite
equivalent SGE material

Statement. For constituents characterized by a positive definite strain en-
ergy, a positive definite equivalent SGE material is obtained if and only if the
first-order discrepancy tensor C is negative definite.

Proof. For constituents characterized by a positive definite strain energy,
the first-order homogenization always leads to a positive definite equivalent
fourth-order tensor C®?, so that a positive strain energy (see eqn (9) in Part
I) is stored within the equivalent SGE material if and only if

A XijhXimn >0 VX # 0 with Xijk = Xjiks (4.60)

where the summation convention over repeated indices is used henceforth.
Considering the form (4.1) of A®? (note the ‘—’ sign), a positive definite equiv-
alent SGE material is obtained when

Cijnixujxine <0 Vx #0 with xix = Xjik- (4.61)

Since the discrepancy tensor has the minor symmetries, C;jnr = Cjing = éz‘jkm
the condition (4.61) can be written as

Cijne(Xtij + Xiji) Xk + Xuen) <0 Vx # 0 with X0 = xjik,  (4.62)

which corresponds to the negative definite condition for the fourth-order con-
stitutive tensor C, because xy;; + X5 = 0 if and only if x = 0”0

"The last statement can be proven as follows. With reference to a third-order tensor ¢; ks
symmetric with respect to the first two indices (Sijx = §jix), we define the tensor v, as

Yijk = Sijk + Sikj, (4.63)

resulting symmetric with respect to the last two indices (vijx = 7ik;). Relation (4.63) is
invertible, so that

Gijk = W7 (4.64)

and therefore v = 0 if and only if ¢ = 0.
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4.2.2 Higher-order material symmetries for the equivalent SGE
solid

Statement. The higher-order material symmetries of the equivalent SGE
solid coincide with the material symmetries of the first-order discrepancy ten-
sor C.

Proof. A class of material symmetry corresponds to indifference of a con-
stitutive equations with respect to application of a class of orthogonal trans-
formations represented through an orthogonal tensor Q.

An higher-order material symmetry for the equivalent SGE material occurs
when

A”hlmn szquQthlstthu pqrstuv (4.65)

that, with reference to the form (4.1) for A°? and through the property of
orthogonal transformations (QQT = I), is equivalent to the corresponding
symmetry condition for the first-order discrepancy tensor,

zghk szquQthks DTS (4'66)

so that the higher-order material symmetries for the equivalent SGE solid
coincide with the material symmetry of C. [J

4.2.3 Influence of the volume and shape of the RVE on the
higher-order constitutive response

In addition to the dependence on the shape of the inclusion, typical of first-
order homogenization, the representation (4.1) of A°? shows that the higher-
order constitutive response in the dilute case depends on the volume and the
shape of the RVE through its radius of inertia p. This feature distinguishes
second-order homogenization from first-order, since in the latter case C*? in
the dilute case is independent of the volume and shape of the RVE. There-
fore, two composite materials M and A differing only in the geometrical
distribution of the inclusions correspond to the same equivalent local ten-
sor C*Y(M) = C*YN), but lead to a different higher-order equivalent tensor
AU M) #£ A%(N).

An example in 2D is reported in Fig. 4.1 where the hexagonal RVE (N)
compared to the squared RVE (M) yields

AT (M) — 3\5fA64(/\/) ~ L.O39AC(A), (4.67)
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while in the 3D example reported in Fig. 4.2 a truncated-octahedral RVE (N\)
is compared to a cubic RVE (M) yielding
16v/2

A“I(M) = —T=AN) ~ LOGIA“(N). (4.68)

M N

Figure 4.1: Two composite materials M (squared RVE) and A/ (hexagonal RVE) differing
only in the geometrical distribution of the inclusions, therefore leading to the same equivalent
local tensor, C°?(M) = C*(N), but to different higher-order equivalent tensors, A/(M) #
AY(N), see eqn (4.67).
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Figure 4.2: Similarly to Fig. 4.1, two composite materials M (cubic RVE) and N
(truncated-octahedral RVE) leading to the same equivalent local tensor, C*(M) = C°Y(N),
but to different higher-order equivalent tensors, A (M) #£ A°Y(N), see eqn (4.68).
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Chapter 5

Application cases

The explicit expression for the non-local constitutive tensor A is exploited to
evaluate the non-local parameters in the following cases: (i.) isotropic matrix
with spherical elastic inclusions and voids for three-dimensional deformations,
(ii.) isotropic matriz with circular elastic inclusions, regular n- polygonal and
circular holes in plane strain and (iii) orthotropic matriz with circular holes
i plane strain.

Cases where the homogenized material results isotropic are first consid-
ered and finally some cases of anisotropic behaviour are presented (cubic and
orthotropic symmetries).

5.1 Equivalent isotropic SGE

For an isotropic composite, the first-order discrepancy tensor Cis

~.1S0

Cijne = :\5ij5hk + [1(0in 0k + 0irbjn), (5.1)

so that the equivalent sixth-order tensor A®, eqn (4.1), is given by

2 ~
A?thlmn = _fpz {/\ [5lh (6j15mn + 5jm51n) + 5jh (5215mn + 52m51n)]
+1i (2 (6120 jm + Simbj1) Ohn + Sin (8j10nm + 0jmOnt) (52
+5jn ((5i[5hm + 5im5hl)]} )

33
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which is a special case of isotropic sixth-order tensor
himn, = 5 (055 (OniOmn + OnmOin) + Otm (Sindjn + 0indjn)]

a
5 [Bin (818mn + Ojnin) + Ojn (Fd + Sim )] 5
+2 a3 (81j0hndum) + a1 (0djm + Gimdjt) Onn '
as

+3 [0in (0510hm + 0jmOnt) + djn (0i10nm + GimOni)] »

with the following constants

2 2
a1 =az =0, as = —f;)\, a4 = a5 = —f;ﬂ. (5.4)

The related strain energy is positive definite when parameters a; (i =
1,...,5) satisfy eqn (18) of Part I, which for the values (5.4) implies

K <0, p<0, (5.5)

where K is the bulk modulus, equal to 5\—1—2/1 /3 in 3D and A [ in plane strain,
and corresponding to the negative definiteness condition for C, according to
our previous results (Section 4.2.1).

An explicit evaluation of the constants (ag, ay = as) is given now, in the
case when an isotropic fourth-order tensor C is obtained from homogenization
of a RVE with both isotropic phases, matrix denoted by ‘1’ (with Lamé con-
stants A1 and 1) and inclusion denoted by ‘2" (with Lamé constants Ag and

12), having a shape leading to an isotropic equivalent constitutive tensor
Ciink = AeqdijOnk + fieq(Oindj + dirdjn), (5.6)

where _ N
Aeg = A1+ fA, feg = 11+ fiL K=K+ fK. (5.7)

In particular, the following forms of inclusions are considered within an isotropic
matrix.

e For 3D deformation:
— spherical elastic inclusions.
e For plane strain:

— circular elastic inclusions;
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— regular n-polygonal holes with n # 4 (the case n = 4 leads to an
orthotropic material and is treated in the next section).

For all of the above cases it is shown that a positive definite equivalent
SGE material, eqn (5.5), is obtained only when the inclusion phase is ‘softer’
than the matrix in terms of both shear and bulk moduli,

Ho < 1, Ky < Kl, (5.8)

which is always satisfied when the inclusions are voids. The positive defi-
niteness condition (5.8) can be written in terms of the ratio pua/p; and the
Poisson’s ratio of the phases vy and v [where v; = \;/(2(\; + 1i))] as

1-2
H2  min {1; v } , (5.9)

for the case of plane strain, and

pe o (L+ )1 = 2v)
Z <m1n{1, (1_1_1/2)(1_21/1)}7 (5.10)

for three-dimensional case. The regions where a positive definite SGE material
is obtained, eqns (5.9) - (5.10), are mapped in the plane uy/uy — 11 for different
values of the inclusion Poisson’s ratio v, (Fig. 5.1, plane strain on the left and
3D-deformation on the right).

Cylindrical elastic inclusions The elastic constants K., and p, of the
isotropic material equivalent to a dilute suspension of parallel isotropic cylin-
drical inclusions embedded in an isotropic matrix have been obtained by
Hashin and Rosen (1964), in our notation

o (B — KKy + )

B Ko + 111 ’ o=

21 (2 — p1) (K1 + pr)
212 + Ky (p1 + p2)

(5.11)

Exploiting equation (5.4), the equivalent higher-order constants a; (i =
1,...,5) can be obtained from the first-order discrepancy quantities, eqn (5.11),
so that the non-null constants are evaluated as

(K — Kp) (K +pn) (g — po) (Ko + i)
Ko+ 2pp2 + Ko (p1 + po2)

P g (1 — po) (K + )
2 2pypg + Ky (p1 + p2)

)

2
ay = f%
(5.12)

ag =as = f
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Figure 5.1: Regions in the plane p2/p1 — v1 where the higher-order effective constitutive
tensor A°? is positive definite (for different values of v2). The regions for the plane strain
case, eqn (5.9), are reported on the left, while the case of three-dimensional deformations,
eqn (5.10), is reported on the right.

The higher-order equivalent constants as and a4 given by eqn (5.12) are re-
ported in Figs. 5.2 and 5.3 as a function of the ratio us/p; and for different
Poisson’s ratios of matrix and inclusion. In all the figures, a red spot denotes
the threshold for which the strain energy of the equivalent material looses
positive definiteness. The dashed curves refer to regions where this positive
definiteness is lost.

With reference to Fig. 5.2, we may note that as — oo in the limit v; —
1/2. Furthermore, a4 is not affected by the Poisson’s ratio of the inclusion vy,
except that the threshold for positive definiteness condition for the equivalent
material strain energy of the changes, eqn (5.9).

Spherical elastic inclusions The equivalent elastic constants K.q and 4
of the isotropic material equivalent to a dilute suspension of isotropic spherical
inclusions within an isotropic matrix have been obtained by Eshelby (1957)



5.1 Equivalent isotropic SGE 37

and independently by Hashin (1959), in our notation

(3K1 + 4p1) (K2 — K1)
3Ko + 4
B Sp1(pe — p1) (3K + 4p1)
p1 (3K + 4pa) + 23K + 4pa)(p2 + pa)’

K =

(5.13)

i

so that, through equation (5.4), the non-null equivalent higher-order constants
are given by

p* [(BKy + 4p)(Kz — K1)
fE 3Ko + 4
2 Sp1(pe — p1) (3K + 4pr)
313Ky + 4po) + 2(3K1 + 4pn) (u2 + ) ]

o= a5 = fp_2 5pa(p2 — pa) (3K + 4pa)
2 w1 (3K + 4ps) + 23Ky + 4p)(pe + p1)’

ay =

(5.14)

which are reported in Fig. 5.4 and Fig. 5.5 as a function of the shear stiffness
ratio po/puq and for different Poisson’s ratios of the phases. In these figures
the curves become dashed when the strain energy of the equivalent material
looses positive definiteness. Moreover, the higher-order constants are reported
in Fig. 5.6 as a function of the matrix Poisson’s ratio v in the particular case
of spherical voids.

Similar to the case of cylindrical elastic inclusions, as — oo in the limit
vy — 1/2 and a4 is not affected by the Poisson’s ratio of the inclusion vs,
except for the threshold of strain energy’s positive definiteness, eqn. (5.10).

Regular n-polygonal holes (n #4) The elastic constants p., and K¢, of
the isotropic material equivalent to a dilute suspension of n-polygonal holes
(n #4) in an isotropic matrix have been obtained by Jasiuk et al. (1994) and
Thorpe et al. (1995), from which the first-order discrepancy stiffness can be
written in our notation as

- Ky +

K(n) = —A(n)[1-B(n)] K, ji(n) = —A@m)L+B(n) Lt

1
M1 Ky a

(5.15)
where A(n) and B(n) are constants depending on the number of edges n of
the regular polygonal hole, which can be approximated through numerical
computations, and are reported in Tab. 5.1 for n={3;5;6}. In the case of a
regular polygon with infinite number of edges, in other words a circle, the value
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of the constants is A(n — o00) = 3/2 and B(n — oo) = 1/3, so that the case
of cylindrical void inclusion is recovered, eqn (5.11) with pue = Ko = 0. The
equivalent higher-order constants can be obtained from eqn (5.4) by using
the first-order discrepancy quantities, eqn (5.15), from which the non-null
constants follow

2
or = A {1 = BT — [L+ Bt} Sk (5.16)
a4 = as = fp—;.A(n)[l + B(n)]KlT—Fllul,ul’

and are shown in Fig. 5.7 as functions of the matrix Poisson’s ratio vy .

Approximated values
Polygonal hole | n | A(n) B(n)
Triangle 3 | 2.1065 0.2295
Pentagon 5 | 1.6198 0.3233
Hexagon 6 | 1.5688 0.3288
Circle 00 3/2 1/3

Tab. 5.1: Values of the constants A(n) and B(n) for triangular (n = 3), pentagonal (n = 5),
hexagonal (n = 6), and circular (n — 00) holes in an isotropic elastic matrix (Thorpe et al.,
1995). These values are instrumental to obtain the equivalent properties K (n) and fi(n),
eqn (5.15), of the higher-order material.

5.2 [Equivalent cubic SGE

When the first-order discrepancy tensor € has a cubic symmetry, it can be
represented in a cartesian system aligned parallel to the symmetry axes as
(Thomas, 1966)

~ cub ~1S0

Ciink = Cijni + & [(8:2053 + 0i3052) (6n20ks + Gp3k2)
+ (6i16;3 + 043051) (On10k3 + On30k1) (5.17)

+ (01652 + 0i2051) (On10k2 + On20k1)]
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where € is given by eqn (5.1). The sixth-order tensor A°? for the equivalent
material is obtained using eqn (4.1) in the form

e 180 a
A imn = Ahimn + 76 [(6i10n2 + 0i20m1) (0110n2 + 0126n1) Gjm

+ (5j15h2 + 5j25h1) (0m16n2 + 0m2dn1) 0ji (5.18)

+ (8;10n2 + 52081) (8116n2 + 8120n1) Oim
+ (6j10n2 + 052011) (Om10n2 + dm2dn1) dul

with A®° given by eqn (5.3), parameters a; (i = 1,...,5) by eqn (5.4), and

ag = — €. (5.19)

According to results presented in sections 4.2.1 and 4.2.2, the effective
higher-order tensor A®? results to be a cubic sixth-order tensor and is positive
definite when é, eqn (5.17), is negative definite, namely, eqn (5.5) together
with

£4 <0, (5.20)

Aligned square holes within an isotropic matrix There are no results
available for the plane strain homogenization of a dilute suspension of square
holes periodically distributed (with parallel edges) within an isotropic matrix.
Therefore, we have compared with a conformal mapping technique (Misseroni
et al. 2013) stress and strain averages, and found the following discrepancy
at first-order in the constitutive quantities!

< Ky +
A= —(1.198K? — 1.864p2) ——=,
( 1 1) K1t
K
= —1geai i (5.21)
K,
;o Ky 4w
£ =—0.796 e

showing that Cis negative definite, eqn (5.20), and therefore the corresponding
effective higher-order tensor A®l, eqn (5.18), is positive definite.

'Thorpe et al. (1995) give results for composites with a random orientation of square
holes, so that the effective behaviour is isotropic and given by eqn (5.15) with A(n =4) =
1.738 and B(n = 4) = 0.306. This isotropic effective response can be independently obtained
by averaging the cubic effective response given by eqn (5.21) over two orientations of the
square hole differing by an angle /4.
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The equivalent higher-order constants a; (¢ = 1,...,6) can be obtained
from the first-order discrepancy quantities, eqn (5.21), so that the non-null
constants are evaluated by exploiting eqns (5.4) and (5.19) as

K
as = fp? (0.599K2 — 0.9323) L1,
Kiyp
K

as=as = 0-932ff’2M#1, (5.22)

K

K

ag = 0-398fP2MM1

K,

These three independent constants are reported in Fig. 5.8 as functions of
the matrix Poisson’s ratio vy.

5.3 Equivalent orthotropic SGE

When the first-order discrepancy tensor C is orthotropic, it can be represented
in a cartesian system aligned parallel to the symmetry axes as (Spencer, 1982)

~orth ~150

Cijne = Cijni + €1 (01203 + 0i30;2) (On2dks + On30a)
+EMT (611853 + 8i36;1) (On10k3 + On3d1)

+gIII (01052 + 0i2641) (Op10k2 + On20k1)
(5.23)

+@1610;10n10k1 + 01 8;30;36n30k3
+H (8;56n30k3 + Onkdisdss)
+&TV (8:10;10n30k3 + 6i30730R16k1) ,

where 111 ol ¢l ¢l G HIT and &V are seven independent constants (in
addition to A and fi) defining the orthotropic behaviour in 3D.2 The in-plane
behaviour is defined by groups of four independent constants, which for the
21-%2 plane are {5\;/1; EIII;LDI}.

In the case of orthotropic C, eqn (4.1) defining the sixth-order nonlocal
tensor A% leads to

*Note that the cubic representation (5.

_ c 16 1€ 17) is obtained as a particular case by setting
£I:£II:£I:fand(:)I:(:)II:LDIII 1%

»IV =o0.
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A%

ijhlmn —

S0
ijhlmn

O [(6:10h2 + 6i20m1) (511602 + 61261) Ojm
3j16n2 + 052081) (Om16n2 + Omadn1) 0j1
0;10n2 + 8520m1) (011002 + 0120n1) Oim

1102 + 8320n1) (Om10n2 + Om2dn1) 0l

[(0510n3 + 0i30n1) (01103 + 0130n1) Ojm
0i1003 + 0i30n1) (6m10n3 + 6m3dn1) 61

7103 + 0330n1) (011003 + 0130n1) Oim

2
(
(
(6
a7
2
(
(6
(0510h3 + 0j3081) (6m10n3 + Om3dn1) dit)

L
N
N
N
+
+
N
N
N

% [(0i20n3 + i30h2) (012003 + 0130n2) Ojm~+

(0i20n3 + 0:30n2) (6m20n3 + 6m3dn2) 051

+ (052003 + 6j30n2) (0120n3 + 0130n2) Oim +

(052003 + 0330n2) (Om20n3 + Om3dn2) dil]

+% (0410110110010 5m 4 0310110m10n161

+616110110010im + 6510810m16n1041)

—I—% (0430130130030 jm + 0;30130m30n3051

+0;30130130n30im + 0;30130m30n30i1)

+% [(0in0130n3 + 1n0i3083) Ojm + (0inOm30n3 + Omndizdns) ;i
+ (0in0130n3 + 01n0j3013) Oim + (0j0m30n3 + Omn0;30n3) 0il]
+ 532 (81811603 + 01304001811) G

+ (041081 0m30n3 + 0i30830m10n1) 051

+ (071011013003 + 0;30430110n1) Sim

+ (610116m30n3 + 030830m10n1) Oit]
(5.24)
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with A™° given by eqn (5.3), parameters a; (i = 1,...,5) by eqn (5.4), and

2 2 2
ac=—f5EM, ar= -8 as= 58

’ ’ ’ i ’
w

ag = —f =&, aig = —f%@ ; ai; = —f% v

; a1y = — 2o,
(5.25)
According to the results presented in sections 4.2.1 and 4.2.2, the effective

higher-order tensor A®? results to be an orthotropic sixth-order tensor, positive
definite when C, eqn (5.23), is negative definite, namely
it @i <o,
p+ét <o,
i+éh<o,
A+ 201 + @ <0,
~ ~ (5.26)
4pN+ @) + (AN +2p)@r <0,
8/13 _ @1@1112 4 4/12((:)1 4 (:)II 4 2(:)111)

A (1272 + @@ 4+ 4@ + ol - oTV) — o1V2)

_2/1 (2@]1]2 _ (I}[((:JII + 2(:}[[[) + 2@[1[&*}]‘/ + (DIVZ) < 0’
while in the case of plane strain, conditions (5.26) become, in the z1—x9 plane

i€ <0,
A+ 20+ @r <0, (5.27)

4N+ 1) + (N + 2@)@r < 0.

Orthotropic matrix with cylindrical holes We consider the plane strain
of an orthotropic matrix containing a dilute suspension of circular holes with
centers aligned parallel to the orthotropy symmetry axes. In particular, as-
suming xg as the out-of-plane direction and z; and x5 as the orthotropy axes,
the discrepancy tensor has the form (5.23) and is characterized by the follow-
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ing constants 3 (Tsukrov and Kachanov, 2000)

35— Y(A1 4+ 201) y
(=1 4+ ) A1+ 2yp1] (A + A1+ 2yp1)
{[(=14+9)? = L+ 78] AT+ 2[2(=1+7)y = (1 +7)8) M + 49217 }
i = — ()\1 + 2/11) y
2[(=1 4 7)1 4 2yp] (A1 + A1+ 2yp1)
[(—1+2) (=149 = A +2(=1 + (2 + 27 — )M
+y (y+97 +0) ui]
- _a- (147 +8) A1+ 2u) [(=1 + A1 4 2ypn] (A +yM + 2’W1).
(=2 + 2y = 62) M + 4ypn — 262)?
G i v (A1 +2u) y
2[(=147)A1 4+ 2yp1] (A1 + A1+ 2y)
{(=14+9) (=1 +7+ )N +2(=1+7) [0 + 291 +7)(1 + 8] M
+H2 (147 +y0)ui},
(5.28)
where
v=T2 - A, 5:\/F+\/Z+\/F—\/Z,
r— 201 (1 + wr) + Ar(pr — & +wr)
(A1 +2u1) (1 + &) ’
A [—2&1 (A 4+ 201 + &) + (A1 + 2p0)w1] [2p01 (1 +wi) + A1 (201 + wi)]

(A1 +2p1)% (1 + &1)?
(5.29)

The non-null constants as, ay = as, ag, and ag defining the effective higher-
order tensor A°l can explicitly be evaluated using eqns (5.4) and (5.25), when
a specific orthotropic matrix is considered. With reference to orthotropic

3For conciseness, in this section the in-plane orthotropy parameters ¢/7 and w?! are

denoted by £ and w, respectively, in the representation of both matrix and discrepancy
quantities.
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properties of olivine, pine wood, olivinite, marble, and canine femora (which
orthotropic constitutive parameters are reported in Tab. 5.2 for the three
possible orientations of orthotropy) used as matrix material, the corresponding
non-null higher-order constants are given in Tab. 5.3 for a dilute suspension
of cylindrical holes with centers aligned parallel to the in-plane orthotropy
axes. All the three possible orientations (Orl, Or2, Or3) are considered for
the axis of the cylindrical inclusion, defining the out-of-plane direction in the

plane strain problem considered.

Matrix material | Orientation A1 1 & w1
Orl 66.000 | 47.000 | —17.000 | 32.000
Olivine Or2 60.000 | 106.000 | —75.000 | —80.000
Or3 56.000 | 52.000 | —27.500 | 112.000
Orl 0.740 8.180 —7.590 | —15.860
Pine (softwood) Or2 0.760 0.515 —0.476 —0.550
Or3 0.940 8.080 —7.625 | —15.310
Orl 93.000 | 58.500 | —21.85 22.000
Olivinite Or2 92.000 | 53.500 | —18.05 33.000
Or3 82.000 | 64.000 —29.7 | —11.000
Orl 51.000 | 29.500 | —14.65 9.000
Marble Or2 52.000 | 26.000 | —10.65 15.000
Or3 47.000 | 31.500 —15.2 —6.000
Orl 9.730 6.235 —2.900 | —3.200
Canine femora Or2 11.900 | 8.900 —6.065 | —10.700
Or3 11.900 | 5.150 —2.815 7.500

Tab. 5.2: Values of the elastic constants A1, p1,&1,w:1 for different orthotropic materials,
namely: olivine (Chevrot and Browaeys, 2004), pine wood (Yamai, 1957), olivinite, marble
(Aleksandrov, Ryzhove and Belikov, 1968), and canine femora (Cowin and Van Buskirk,

1986). The reported values are in GPa.
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. . . . a2 a4 G a9
Matrix material | Orientation 2m | 7oom | Tem | Tm
Orl 2426 | 1.661 3.077 | —1.198
Olivine Or2 1.133 | 2.105 | —1.014 | —1.804
Or3 3.254 | 1.497 | 0.858 | —0.780
Orl 0.269 | 3.789 | —3.754 | —3.737
Pine wood Or2 10.297 | 3.551 | —3.268 | —3.497
Or3 0.142 | 3.478 | —3.455 | —3.399
Orl 3.119 | 1.644 | —0.220 | —1.045
Olivinite Or2 4398 | 1.414 | 0.804 | —0.675
Or3 4.011 1.481 0.487 | —0.782
Orl 4.023 | 1.629 | —0.257 | —1.068
Marble Or2 5.866 | 1.389 0.823 | —0.768
Or3 5.080 | 1.532 0.440 | —1.015
Orl 8.279 | 1.219 2.465 | —0.801
Canine femora Or2 4.401 2.110 | —1.875 | —1.788
Or3 4.273 | 1.660 | —0.690 | —1.063

Tab. 5.3: Higher-order equivalent constants a2, as = as, as, and ag, eqns (5.4) and (5.25),
of the orthotropic SGE material equivalent to an orthotropic matrix containing a dilute
suspension of cylindrical holes, collinear to three possible orientations of orthotropy. The
constants are made dimensionless through division by parameter fp?u; and are reported for
different matrices, which orthotropy parameters are given in Tab. 5.2.
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Figure 5.2: Higher-order equivalent constant as, eqn (5.12)1, of the SGE solid equivalent
to a composite made up of an isotropic matrix containing a diluite suspension of cylindrical
elastic inclusions, as a function of the ratio u2/u1, for different values of the Poisson’s ratio
of the phases {v1,v2} ={-0,5;-0.25;0;0.4}. The constant as is made dimensionless through
division by parameter fp“ui. The curves are dashed where the strain energy of the equivalent
material is not positive definite, a red spot marks where the positive definiteness loss of A%?
occurs.
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Figure 5.3: Higher-order equivalent constant as = as, eqn (5.12)2, of the SGE solid
equivalent to a composite made up of an isotropic matrix containing a dilute suspension of
cylindrical elastic inclusions, as a function of the ratio pa/u1, for different values of Poisson’s
ratio of the phases {vi,v2} ={-0,5;-0.25;0;0.4}. The constant a4 is made dimensionless
through division by parameter fp?u;. Note that the curves are not affected by the Poisson’s
ratio of the inclusion vs, except that the threshold (red spot) for positive definiteness of
the equivalent material strain energy changes, eqn (5.9). Dashed curve represents values for
which the strain energy of the equivalent material is not positive definite.
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Figure 5.4: Higher-order equivalent constant as, eqn (5.14)1, of the SGE solid equivalent
to a composite made up of an isotropic matrix containing a dilute suspension of spherical
elastic inclusions as a function of the ratio s /1, for different values of Poisson’s ratio of the
phases {v1,v2} ={-0,5;-0.25;0;0.4}. The constant as is made dimensionless through division
by parameter fp?p1. The curves are dashed where the strain energy of the equivalent
material is not positive definite, a red spot marks where the positive definiteness loss of A®?
occurs.
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Figure 5.5: Higher-order equivalent constant as = as, eqn (5.14)2, of the SGE solid
equivalent to a composite made up of an isotropic matrix containing a dilute suspension of
cylindrical elastic inclusions as a function of the ratio pa/u1, for different values of Poisson’s
ratio of the phases {vi,v2} ={-0,5;-0.25;0;0.4}. The constant a4 is made dimensionless
through division by parameter fp?u;. Note that the curves are not affected by the Poisson’s
ratio of the inclusion vz, except that the threshold (red spot) for positive definiteness of the
equivalent material strain energy changes, eqn (5.10). Dashed curve represents values for
which the strain energy of the equivalent material is not positive definite.
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Figure 5.6: Higher-order equivalent constants as and a4 = as of the equivalent SGE
material for a composite made up of an isotropic matrix containing a dilute suspension of
spherical voids as a function of the matrix Poisson’s ratio v1, eqn (5.14) with ps = Ko = 0.
The constants are made dimensionless through division by parameter fp?pu.
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Figure 5.7: Higher-order equivalent constants as and a4 = as of the equivalent SGE
material for a diluite suspension of triangular (n = 3), pentagonal (n = 5), hexagonal
(n = 6), and circular (n — oo) holes in an isotropic matrix, as functions of the matrix
Poisson’s ratio vi, eqn (5.16). The constants are made dimensionless through division by
parameter fp2pu;.
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Figure 5.8: Higher-order equivalent constants az, a4 = as, and ae of the equivalent SGE
material for the plane strain case of a dilute suspension of periodically-distributed (with
parallel edges) square holes in an isotropic matrix, as a function of the matrix Poisson’s
ratio v1, eqn (5.22). The constants are made dimensionless through division by parameter

[P
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Chapter 6

Conclusions

Micro- or nano-structures embedded in solids introduce internal length-scales
and nonlocal effects within the mechanical modelling, leading to higher-order
theories. We have provided an analytical approach to the determination of
the parameters defining an elastic higher-order (Mindlin) material, as the
homogenization of a heterogeneous Cauchy elastic material, eqn (4.1).

This result, obtained through the proposed homogenization procedure, is
limited to the dilute approximation (thought we believe it can be generalized
to the non-dilute case), but is not restricted to isotropy of the constituents
and leaves a certain freedom to the shape of the inclusions. A perfect match
between the elastic energies of the heterogeneous and homogeneous materials,
for a general class of displacements prescribed on the two respective bound-
aries, is obtained. However, it has been shown that, to achieve a positive
definite strain energy of the equivalent higher-order material, the inclusions
have to be less stiff (in a way previously detailed) than the matrix, a situation
already found by Bigoni and Drugan (2007) for Cosserat equivalent materials,
which limits the applicability of the presented results, but explains the inter-
pretation of previous experiments and results showing nonlocal effects for soft
inclusions and ‘anti-nonlocal’ behaviour for stiff ones.
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Appendix A

Elastic energies based on the displacement
field u””

In this Appendix it is assumed a = 0. The field u?"", eqn (4.10), is a
kinematically admissible displacement for both boundary conditions @*°", eqn
(4.12), and (ﬂﬁo*, Dw@?”"), eqn (4.15), applied on the boundary of the RVE
and the SGE, respectively. The related strain and stress energies in the RVE
and in the SGE are obtained below.

e In Section A.1 the strain energies are computed with the kinemati-
cally admissible deformation €54, eqn (4.46), and curvature x%4, eqn
(4.55), originated by the kinematically admissible displacement u?,
eqn (4.10);

e In Section A.2 the stress energies are computed with the statically
admissible stress o4, eqn (4.48), and double-stress 754, eqn (4.57),
originated by the above mentioned kinematically admissible fields 4
andx®4 within a homogeneous material with constitutive tensors C*
and A%

A.1 Strain and stress energies in the RVE

The kinematically admissible deformation e%4, eqn (4.46), and the statically
admissible stress 54, eqn (4.48), provide the strain and stress energies (4.45)
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in the RVE

Weyp(e™4) = /2Cijhk(iﬂ)ﬁfﬁﬁﬁzmxl$m,
“ (A1)
Uvplo™) = [ 25 @) Tt

which, introducing the definition (3.14) of the Euler tensor of inertia E, can
be rewritten as

WI%VE(EKA) = 2 [ngzzkElm(Qc) + CEJF)LkElm(QC)] /BZJI hkm7

ugVE(GSA) = 2C2]lm {Cgﬂ)ﬂg (Qc) + C'f?})Lk nt(Qg)} chkrsﬁlmn rst
(A.2)
Assuming the geometrical property GP2 and considering the identity (3.11),
the strain and stress energies (A.2) simplify as

2
©)
1 14 1 2
WgVE(EKA): 207 Cz(ﬂ)m_f<—p) [Cz('ji)Lk_Cz(j})zk] 5mﬁhkla

2
(2) 1 —1
1) 2 1
54) Gitm cz(jhk: _f< > {cz('ji)Lk _cz('ji)Lk] X

* Ok QO*
hkrsFlmnFrsn:

Assuming the geometrical property GP3

p® =52 4 o(f), (A.4)

with 0 < r < 1, and C* as a first-order perturbation in f to the material
matrix C(l), eqn (4.9), the strain and the stress energies are given in the
dilute case (f < 1) by

Whyp(e"?) = 2929(:1(31%5”15;;1@1 +o(f),
1 ) (A.5)
Uy (o) = 2p°Q (Cz(jf)zk + 2fcijhk) 1B+ o(f)-

A.2 Strain and stress energies in the SGE

The kinematically admissible deformation and curvature fields [e%4, eqn (4.46);
x84, eqn (4.55)] together with the statically admissible stress and double-
stress fields [0%4, eqn (4.48); 794, eqn (4.57)] provide the strain and stress
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energies (4.54) in the SGE
WETE (R4, x K4 :/522 [ijhkxlxm"i'A;?ikmh] i31Bhkm>

SGE( _SA _SA
ueq (U y T ) = /522{ z(jlmczjhk Chkrsxn‘rt + Amnlstr} lortm ?;ktv
(A.6)
which, introducing the definition (3.14) for the Euler tensor of inertia E, can
be rewritten as

SGE (KA (KA _ q SGE SGFE peq
Weq ( 7X ) - [Cljthlm(Qeq ) + Qeq Ajllk:mh:| /Bz]l/Bhkynj
SGE( _SA _SA _ eq~! SGE
USEE (054, 75%) = 2{ €l Cfhn s Bt (Q5CT)
SGE eq
Q Amnlstr}ﬁlmn T’St

(A.7)
Assuming the geometrical property GP2, the strain and stress energies (A.7)
simplify as

UES[IGE(USA7 TSA) = 20 { Clﬂmcljhkl Zkrsént + Amnlstr} lortm :;kt'
(A.8)
Finally, assuming C* as a first-order perturbation in f to the equivalent local
tensor C®, eqn (4.8), the stress energy is given in the dilute case (f < 1) by

USEE (o4, 794 = 20 {p2 [Cffhk +2f (éijhk - éijhk)} Ont

mnlstr} /Blmn Tst + O(f)

(A.9)
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Appendix B

Energy bounds for SGE Material

are imposed

Statement. When boundary displacement conditions @, Du
Du) is bounded

on the boundary 9€)., of a SGE, the strain energy WquE (w,
as

Wel P(@.Du) > [oo (6747 + TH4Dw;) + [r, 0747 —USTF (054, 754)

WEqGE(ﬁ’ m) < WES[IGE(EKA, KA),

(B.1)
where X4 and x4 are kinematically admissible strain and curvature fields
(satisfying the kinematic compatibility relation (2.1) and the imposed dis-
placement boundary conditions), o4 and 794 are statically admissible stress
and double-stress fields (satisfying the equilibrium equation (2.4)) and the
other statically admissible quantities ¢4, T4 and ©°4 are given by eqns
(4.52) and (4.53), while L{ES;GE(USA,TSA) and W%GE(EKA,XKA) are respec-
tively the stress and the strain energies, eqns (4.54); and (4.54)s.

Proof. Considering the displacement field 4 solution to the displacement
boundary conditions &, Dw and the related statical fields ¢®? and 7¢¢ in
equilibrium, through the difference fields Aef4, AxE4, Ac™4, AT54 the
kinematically and statically admissible fields can be defined as

EKA — g% 4 Aé.KA7 XKA — Xeq + AXKA,
(B.2)
o4 = 0% 4 AgS4, 794 = e 4 ATS4,
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Using the discrepancy fields Ae®4 and Ax®4 the term representing the upper
bound in eqn (B.1) can be rewritten as

WiGE (XA X KA) = WECE (, Du) + WECE (AekA, AxK4)

+/Q (CijthZ'IAE}[L{kA + AijklmnX?kaXl[r{néJ ;

' (B.3)
which provides a proof to the upper bound, since the strain energy is positive
definite and the third term in the RHS of eqn (B.3) is null by the principle of
virtual work (2.3) with Au = ADwu = 0 on the boundary.

Using the discrepancy fields Ag&4 and A754 the term representing the
lower bound in eqn (B.1) can be rewritten as

[ e m3Du) + [ et - Ui e o) -
g Legq (B.4)

WquE(H, m) - Z/{eSqGE(AO'SA, ATSA)

which provides a proof to the lower bound, since the strain energy is positive
definite. [



Appendix C

Higher-order displacement boundary
condition Dugyg

C.1 The asymptotic expansion of the displacement
fields

Under the hypothesis of dilute suspension, the relation between the displace-
ment field and the volume fraction of the inclusions can be written in a very
simple way. The formulation of this relation is used in order to obtain a proper
displacement boundary conditions for the homogeneous SGE material.

C.1.1 « term of the displacement field

For imposed displacements from eqn (3.5), with 8 = 0, at the boundary of
the RVE, the displacement field in the presence of the inclusion is given by
the asymptotic expansion in the volume fraction f

ui () = ouja; + g (x) + o(f), (C.1)

with the restriction

0<r<l, (C.2)

and the condition,

() =0 on 0N. (C.3)
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The strain energy stored in the RVE, for the principle of virtual work,' can
be written as,

—a 1 1 2 1
WSR(U )= 59 |:Cz(j)k +f (Cz(jf)zk - C%k)} Qi Chk
(C.5)

1
—f”iﬂ Cijnn (@) 055 ()t 1. () + o f)-

For the classical homogenization method, eqn (4.18) and eqn (4.19) gives
the following equality,

Wi (B) = WSSF (m?) (C.6)
where ]
Wl (a®) = 59 Cl k@it (C.7)

Substituting eqn (C.7) and eqn (C.5) into eqn (C.6), we obtain a new
restriction for the r parameter,

(€2, = €l — Cone) asan — £ /Q Cijni (@), (2)iif 1 () = ol f).
: (C.8)

from which it can be concluded that,

0<r< (C.9)

N =

C.1.2 3 term of the displacement field

For imposed displacements from eqn (3.5), with a = 0, at the boundary of
the RVE, the displacement field in the presence of the inclusion is given by

!The strain energy stored in the RVE, for property (C.1) and condition (C.3), can be
written as,

—a 1
WG, (@) = 59 [Cijl;)uc +f (Cﬁfik - Cijl;)m)] Qij Qhk
7'1 ~a ~a
- 5/ Cijni (@)t (@), k() (C.4)
QR

+f" ; Cijnk(z)ui; (x)tp k. (x) + o(f)

from property (C.3) the third term of the right hand side of the equation becomes null after
application of the principle of virtual work, and eqn (C.5) arises.
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the asymptotic expansion in the volume fraction f

u/” (@) = B+ 1] () + o(f), (C.10)
with the restriction
0<qg<1, (C.11)
and the condition, .
i’ () =0 on 00 (C.12)

The strain energy stored in the RVE, for the principle of virtual work, ? can
be written as,

C ___[3O*
WQR(“B ) 2P2QRc”hk 1Bk

o C.14
- JH5 / Cijnn(@)iiy; ()il (x) + o(f). (1

Comparing eqn (C.14) with eqn (4.21), the following equality arises,

1 5 o
715 [ Com@)al] (@) (@) = ols), (C15)
Qpr
so that the following condition for g is obtained
1

C.2 Energetic equivalence with the higher-order bound-
ary condition Du

For the displacement problem of a generic SGE, the boundary conditions in-
volves the normal component of the gradient of the displacement. In the

2The strain energy stored in the RVE, for property (C.10) and condition (C.12), can be
written as,

WgR( ) 202QRC(Jhkﬁleﬂhkl

_ 2q_ . s T
13 g Cijn(m)ay; (®)a), , (x) (C.13)

Ox ﬁo*

4 f0 / Con (@)l ()il () + o).

from property (C.12) the third term of the right hand side of the equation becomes null
after application of the principle of virtual work, and eqn (C.14) arises.
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previous chapters, this boundary condition has been taken equal to the gradi-
ent of the displacement field applied on the boundary, eqn (3.6). In order to
impose the same boundary conditions on both the RVE and the homogeneous
SGE, we apply,

U =1u,
on 9QSCF. (C.17)
Du = Dupryg,
where Dugy g is the normal component of the gradient of the displacement
of the RVE.

In the case of linear displacements (8 = 0), for eqn (C.1) the higher-
order boundary condition becomes,

Dupyp = Du® + f"Da®, (C.18)
and the energy stored in the homogeneous SGE is,
WEEE (@, Duy ) = WS (w®, Du®) + o(f). (C.19)

Proof Substituting eqn (C.18) into the boundary conditions (C.17), the
energy stored in the SGE becomes,

WaGE (@™, Dugyp) = WGP (@®, Da®) + f W35 (0, Da®)

o T - (C.20)
+fWa,,” (@, DUt 0, Dat),
where,
ngE(ﬂa7 Dw*;0,Du”) = faﬂeq T D, (C.21)
WEEE (0, Da) = 2 Joa,, TEDES |

Since the a terms of the displacement field does not activate the non-local
effects, we can write
T =0 Vi=1,..,N (C.22)

and the energy contribution in eqn (C.21); becomes null. On the other hand,
for eqn (2.5)2, the vector of generalized tractions of eqn (C.21)9 becomes,

T3 = i A i X (C.23)
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substituting the sixth-order tensor of eqn (4.1) into eqn (C.23), for property
(C.9), the energy contribution (C.21)2, becomes

WsEE(0, Da®) = o(f), (C.24)

and eqn (C.19) arises.

In the case of quadratic displacements, for eqn (C.10) the higher-order
boundary condition becomes,

Duy, = Da’ + f1Du”, (C.25)
and the energy stored in the homogeneous SGE is,
WSGE@?, Dufy, ) = WGP (@’ Da’) + o(£). (C.26)

Proof Substituting eqn (C.25) into the boundary conditions (C.17), the
energy stored in the SGE becomes,

WSCE @, Dufy, ) = WEEE (@, Duf) + f2WEEE(0, D) )
+quggE (@’, Du”;0, Du”)

where,
SGE (78 Tyzi8. - _ B 1.
Wa (@w?, Du”;0,Da") = Joao, Ti Di;? 8)
SGE - _1 7B 1.~ ’
WiGE (0, Da) =3 Joa,, T D"

For eqn (2.5)2, the vectors of generalized tractions of eqn (C.28) becomes,

B _ B
T, = "i"jAZ'Zkhszzmn?
(C.29)

B _ . . A€l B
I —”Z”JAijkhllemm

substituting the sixth-order tensor of eqn (4.1) into eqn (C.29), for property
(C.16), the energy contributions (C.28), becomes

WSCE @?, Du’; 0, D) = o(f)
(C.30)
W3SE(0, D) = o(f)

and eqn (C.26) arises.



66

Higher-order displacement boundary condition Dugyg




Appendix D

A different view of the proposed
homogenization approach

The result obtained through the homogenization procedure presented in Chap-
ter 3 is based on the annihilation of the elastic energy mismatch G. In this
Appendix it is shown that the result leads to the same mean values within
the RVE and the SGE.

D.1 Mean values

The mean strain, curvature, stress and double stress values of a generic SGE
material are considered as,

1 1
(€ij)lq = ﬁ/ﬂeij, (Xijk) o = ﬁ/ﬂXijka

) 1 (D.1)
Oalla=g [ Tola=g [ @i+ g
ulla =q |79 uklla =g | % ij
for the Lemma of Green, the kinematical quantities become,
1 1
(€ij)lq = 0l (niug +wing) . (Xijk) g = q itk (D.2)

From property (D.2), and for an imposed displacement and normal compo-
nent of the gradient of displacement on the boundary of the RVE and of the
homogeneous SGE equivalent ! such eqn (3.5), it can be observed that the

!These are the boundary condition of a generic SGE material for the displacement prob-
lem. It corresponds to the imposition of the same displacement field and of the same gradient
of displacement on the boundary of the RVE and of the homogeneous SGE equivalent.
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prescription of the parameters o and 3 leads to the imposition of the mean

strain and mean curvature values 2,

(€ij) = <€ij>’Q§qGE7 (Xijk) = <Xijk>’Q§qGE' (D.4)

’QgVE ‘QgVE

D.2 Mean stress matching

For the classical homogenization method (3 = 0), the energy matching im-
poses the following equality,

such equality gives the matching of the mean stress values, through an appli-
cation of the principle of virtual work 3,

<U%>|QC = <U’Z>|Q§CIGE (D.9)

RVE

D.3 Second order homogenization with § terms

For the proposed homogenization method, the energy matching imposes the
following equality,

WgRVE (ﬁﬁ’ Dﬁﬁ) = WSSZE(Hﬁa Dﬂﬁ) (D.10)

2Considering eqn (3.5) as a kinematically admissible displacement field, the mean strain
and mean curvature values becomes,

Q5 + Qg

(€ij)lg = 5 Xk = 2Bkij, (D.3)

3From eqn (D.5), imposing the same displacement at the boundary and considering the
absence of non-local effect in the homogeneous SGE material, the following equality arises,

/ (a'f‘j — o0y ij) nu; =0 (D.6)
20

where o7; and o¢, ;; are the stress field in the RVE and in the homogeneous SGE equivalent,
respectively. Applying the principle of virtual work, considering the following kinematically
admissible displacement field,
u? = Ty, (D?)
we obtain,
aij/ (Uiaj — O‘eaq ij) = O. (DS)
Q

For the arbitrariness of o parameters and eqn for (D.1)s, eqn (D.9) arises.
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such equality gives the matching of the mean stress-momentum values, through
an application of the principle of virtual work *,

B _ /B
<Tijk>‘ggm - <Tijk>

(D.15)

SGE
Qz5

4From eqn (D.5), imposing the same displacement and the same gradient of the displace-
ment at the boundary, the following equality arises,

/m (40 =4, )al + (17 = 18,)) Dl + / (67 —e%,,)al =0 (D.11)
T

where tf, TZTB, @f and tfqi, qui, @fqi, are the traction and generalized tractions arising
on the boundary and on the edges of the boundary, of the RVE and of the homogeneous
SGE, respectively. Since the sixth-order non-local constitutive tensor of the RVE is null, the

generalized tractions arising on the boundary of the RVE are null,
TP =0, ©7 =0, (D.12)

Applying the principle of virtual work, considering the following kinematically admissible
displacement field,
ug = BijrT;Th, (D.13)

we obtain,

2/Bjki/ [:ciafk - (:ciafq gt qu Uk)} =0 (D.14)
Q

For the arbitrariness of 3 parameters and eqn for (D.1)4, eqn (D.15) arises.



Nomenclature

x (x;) : position vector

u (u;) : displacement vector
Du (Du;) : derivative of the displacement along the outward normal

direction to the boundary 0f2
emij : Ricci ‘permutation’ tensor

: unit vector normal to 0f)
: unit vector tangent to I
: strain tensor

: curvature tensor

)
)
)
)
o (0i;) : stess tensor
) : double stess tensor
) : traction vector on the surface OS2
) : generalized traction vector on the surface 02
) : generalized traction vector along the set of edges I'
RV E : Representative volume element
SGE : Second Gradient Elastic
Q}CW  : RVE made up of a heterogeneous Cauchy material

Q¢ : matrix made up of a homogeneous Cauchy material
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Qs -

SGE
Qg

SGE

SGE
Weq

c®
c®
C (C
Acd (Aeq

ZJhlmn

( Uhk)
(C)
)
)
)

( ijhk

~

inclusion made up of a homogeneous Cauchy material

: equivalent SGE material

: strain energy density of a SGE material
ng g ¢ Strain energy stored in the RVE

: Strain energy stored in the SGE material

: Strain energy mismatch between the RVE and the SGE

material

: matrix constitutive tensor

: inclusion constitutive tensor

: equivalent local (Cauchy) constitutive tensor

: equivalent nonlocal (Mindlin) constitutive tensor

: discrepancy tensor at the first-order in f between the RVE

and the SGE

: volume fraction of the inclusion phase
: radious of inertia of the RVE
: orthogonal tensor

: jump in the relevant argument across the surfaces

intersecting at the edge I'
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()]q : mean value of the relevant argument over a domain {2
SA : Statical admissible

KA : Kinematical admissible
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